N
N

N

Loo/L1 Duality Results In Optimal Control Problems

HAL

open science

Dan Goreac, Alain Rapaport

» To cite this version:

Dan Goreac, Alain Rapaport. Loo/L1 Duality Results In Optimal Control Problems. 2023.

04087227v1

HAL Id: hal-04087227
https://hal.inrae.fr /hal-04087227v1

Preprint submitted on 3 May 2023 (v1), last revised 16 Jan 2024 (v2)

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.

hal-


https://hal.inrae.fr/hal-04087227v1
https://hal.archives-ouvertes.fr

L°° /L' Duality Results In Optimal Control Problems

Dan Goreac!? and Alain Rapaport?

ISchool of Mathematics and Statistics, Shandong University,
Weihai 264209, PR China
2LAMA, Univ. Gustave Eiffel, UPEM, Univ. Paris Est Creteil, CNRS,
F-77447 Marne-la-Vallée, France
E-mail: dan.goreac@univ-eiffel.fr

SMISTEA, Univ. Montpellier, INRAE, Institut Agro,
34060 Montpellier, France
E-mail: alain.rapaport@inrae.fr

May 3, 2023

Abstract

We provide a duality result linking the value function for a control problem with
supremum cost H under an isoperimetric inequality G < gmqq, and the value function
for the same controlled dynamics with cost G and state constraint H < hpyq.. This
duality is proven for initial conditions at which lower semi-continuity of the value func-
tions can be guaranteed, and is completed with optimality considerations. Furthermore,
we provide structural assumptions on the dynamics under which such regularity can
be established. As a by-product, we illustrate the partial equivalence between recent
works dealing with non-pharmaceutically controlled epidemics under peak or budget
restrictions.

Key words. Optimal control, L cost, isoperimetric inequality, state constraint, value
function, duality.

1 Introduction

In the present paper, given a controlled system set on some Euclidean space and whose
solution is denoted by x*** for initial condition xy and control u(-), we focus on the duality
between an IL*°-cost problem under an isoperimetric (or area) inequality

V(203 go) := irg sup h(z**(t)) subject to / g(@™"(t))dt < go,
ul-) t>0 0

and the optimization of the total area under a state constraint, i.e.

t>0

V(zo; ho) := 1r(1§/ g(x®"(t))dt subject to suph(x®"(t)) < hy.
u() Jo



The precise formulations and assumptions will be given in the following sections.
Even when isoperimetric constraints are not enforced, the IL>° problem is particularly hard
to tackle, especially when the optimal control is sought. When the time horizon is finite,
dynamic programming approaches have been proposed (e.g. [2]) to characterize the value
function as a viscosity solution to the associated Hamilton-Jacobi equation. On the other
hand, handling a running-cost problem, even under state constraints, is, perhaps, more
accessible, albeit the need for structural conditions of the domain describing the constraints
(see, for instance, [12], [6], [8], [7], [4]). Furthermore, such problems fall under the realm of
Pontryagin’s Maximum Principle and are, therefore, more likely to provide a candidate for
optimality.
From this point of view, a result linking the value functions of the two aforementioned
problems finds its importance, especially if this is accompanied by links between the optimal
controls.

With this in mind, our main result stated in Theorem 4 shows that the value functions
V and V are (generalized) inverse of each-other. This is established under a natural lower
semi-continuity assumption. Furthermore, uniqueness of the optimal control in one of the
problems implies optimality of the same control for the remaining problem. This completes
the duality of the two formulations.

The present work has been indeed motivated by two complementary contributions to the
study of an epidemiological model.

1. In the recent paper [1], the authors consider, in connection with a SIR-model, the problem
of minimizing a budget functional corresponding to some ¢ running cost function, while
maintaining constrained the infection peak to some upper ICU-related constraint i.e.
h(s,1) := i < imax (see also [10]). The control parameter takes its values in some compact
set U := [0,7] specifying no-confinement to maximally acceptable confinement policies
u. For a particular choice of the running cost ¢(s,i,u) := u, it is shown in [1]| that the
"greedy" control acting only as the trajectory reaches the boundary of viability kernel
linked to the i, restriction is the unique optimal one. Further insights on the geometry
and Hamilton-Jacobi approaches make the object of [9].

2. On the other hand, in [11], the authors consider a complementary and dual problem.
Their aim is to keep the peak of infection as low as possible given a budgetary constraint.
Using Green-inspired techniques, the main result in [11, Proposition 2| proves directly the
optimality of the same type of greedy policy. The analysis is restrained to a rectangle

B(1—a)
equilibrium (DFE) in a maximally-confined environment (corresponding to policies @).

[0, ﬁ} X [0, imax), the corner (==, imax) roughly corresponding to a disease-free

As a by-product of our duality result, we provide, in Section 4, another proof for the
optimality of the greedy control in the problem of containing the peak of infection given a
budgetary constraint. This is just an illustration of the paradigm emphasized in our opening
argument: the a priori harder control problem V can be reduced to V to which Pontryagin
arguments can be applied. If the optimal control is unique, then, owing to Theorem 4, this
is equally an optimal control for V.

The paper is organized as follows. In Section 2 we specify the dynamics, the assumptions
on the data and the precise formulations for our control problems. Particular emphasis is
put on the viability kernels in terms of support domains of the value functions. The main



contributions of the paper are given in Section 3. On the one hand, we provide, under lower
semi-continuity assumptions, the duality result linking value functions and optimal controls
of the two problems in Theorem 4. On the other hand, we specify, in Section 3.2, explicit
assumptions on the dynamics under which such lower semi-continuity can be achieved. The
Section 4 is devoted to the illustration of the implications of our main result on the SIR
model with non-pharmaceutical control.

2 Preliminaries

2.1 Dynamics and Assumptions

In this work, we shall deal with a controlled dynamics

O {j:(t) = f(z(®),u(®), ae. t>0;

where 2 is a subset of the n € N* -dimensional Euclidean space R", and we assume {2 to
have non-empty interior. We require the following standard assumptions.

Assumption 1

1. The control space U is a compact (subset of a) metric space. The family L°(R;U) of
Borel-measurable functions u : R — U will be referred to as admissible control policies.

2. The map f : QxU — R" is continuous and [f],-Lipschitz continuous in the state variable
x uniformly w.r.t. the control u i.e.

[f]; ==sup  sup
uelU z,y€eQ, z#y ‘33 - y‘

3. The functions h : Q@ — R and g : Q x U — R, are bounded uniformly continuous and
Lipschitz in the state variable x uniformly w.r.t. the control u i.e.

lg(z,u) — gy, u)| + [h(x) — h(y)|

sup  sup < +00.
uelU z,ye, z#y |ZE - y|
We will denote by goo :== sup g(x,u).
(z,u)eQxU

4. The set ) is forward invariant, i.e. any solution x(-) of (1) with xy € Q vverifies x(t) € Q,
for any t > 0.

Under this assumption, the system (1) admits an unique absolutely continuous solution
denoted z%“(-) for zg € Q and u € LO(R; U).
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2.2 The Control Problems

Let us consider the extended dynamics with an additional scalar component z that integrates
the running cost, that is

) );
(2) £(t) = g(a(t), u(t)),
JI(O):I()EQ, Z(O):Z()ER

whose solution is denoted (0% (-), 270:20:%(.)),

We recall our aim to address problems in which the running maximum is minimized while
obeying an area upper bound or, vice-versa, minimize the area quantity while imposing a
running constraint on the trajectories. In this context, and with respect to the newly-
introduced control system, let us define the parameterized viability kernels as follows.

(3)
Viabp(hg) :={zo € Q: Fu € LY(Ry; U); h(z™"(t)) < Vi > 0},
Viaby(go) := {xo € Q: Fu € LY(R,; U); 27004 (¢) § 9o, Vt > 0},
Viabyg(ho, o) == {0 € Q: Ju € LYRL; U); h(x™*(t)) < ho, 2700(t) < go, Yt > 0}.

Remark 1

1. The reader will have noticed that Viaby(ho) is the largest set of initial xo for which the
upper-bound hg is kept on h. Such sets are forward in time viable.

2. The second set Viaby(go) is not a viability kernel per se. To make it one, z should be
considered together with the initial datum zy instead of 0. But, then,

Viaby(go) = {zo € Q: Ju € LY(Ry;U), Iz € Ry st 270%0%(t) — 29 < go, t > 0}.
From this point of view, the initial datum zy acts as a control as well.
3. Similar assertions hold true for Viaby,.

4. Although obvious enough, let us point out that Viaby, Viab, considered as set-valued maps
enjoy monotonicity properties (with the partial order given by the inclusion of sets). Simi-
lar assertions can be given for the set-valued map Viabyg, if one considers the order relation
(hos go) = (ho, 90) defined by ho < hy and go < gp.-

We first consider the optimal problem with state constraint.

Problem 1 Given zy € Q and hy € R,

+o0o
P(zo; ho) : minimize J(xq,u) ::/ g™ (t), u(t))dt
0

over u e L'(R,;U),
s.t. h(z™"(t)) < hgy, ¥Vt > 0.

The value function is denoted by V (z¢; hg), which is set to +o0o when the set of controls
satisfying the constraint is empty.

We consider the dual problem, with integral constraint
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Problem 2 Given zy € 2 and gy € R4,

P(xo;g0) : minimize J(zg,u) := sup h(z™"(t))
>0

over u € LY(R,;U),

s.t. /;OO g(x®" (1), u(t))dt < go.

The value function is denoted by V'(xo; go), which is set to +0o when the set of controls
satisfying the constraint is empty.

We shall denote in the following partial inverses of the viability kernel map V},, as follows

Viabﬁf(xo; ho) := {g0 € Ry ; 20 € Viabng(ho, go)},
Viaby, ! (x0; 9o) := {ho € R ; xg € Viabpg(ho, go)}

Then, one can formulate the following observations.

Remark 2

1. With the viability kernel notations, and by interpreting Viaby, as a set-valued map, our
problems amount to finding

(4) K(ﬁo; hg) = inf Vlab;gg(flfo, ho),
V(zo; g0) = inf Viab,:gh(xo; 90)-

This also renders coherent the fact that we have set 400 as values whenever the sets to
which the inf operator is to be applied are empty.

2. Furthermore, we have

Dom(V (zo;-)) = U Dom (Viab,? (xo; ho)),

ho€ER

Dom(V (zo;-)) = U Dom(Viab;;(xo;go))a

goERL

()

where, as usual, the domain Dom(F) of a set-valued map F : R ~~ R™ is the family of
points 0 € R for which F(0) # 0. In particular, the previously-introduced viability kernel
Viabyg offer a complete description of the two domains. We choose to keep notations like
Dom(V (xg;-)) only for our readers’ sake.

3. The functions V (xo;-), V(zo;-) are bounded on their domains, as g and h are bounded
functions.
Let us begin with some elementary and immediate properties of the two value functions.
Proposition 3 Let zy € ).

1. V(x0;-) and V(xo;-) are non-increasing.



2. If V(xo;-), resp. V(xo;-), is lower-semi-continuous, then it is right-continuous on its
domain.

Proof. Let us consider gy < gor and u(-) a measurable control such that f0+oo g(a®o(t),u(t)) <

go, then one necessarily has fooog(x‘”o’“(t), u(t)) < go, which implies V(z0; gor) < V(20; go).
A similar argument implies that V (xo;-) is non-increasing.
By monotonicity, if hg € Dom(V (z¢;+)), then [hg,00) C Dom(V (zo;-)), and one has

liminf V (zo; h) < V(z0; ho).

h—ho+

Under the further assumption that V(x¢;-) is lower semi-continuous at hg, one gets

liminf V (zo; h) = V (x0; ho),

h—ho+

that is the right continuity of V(z¢;-) at hg. The property for V(x;-) follows in the same
way. W

3 The Main Results

We first show that a duality between problems P and P can be established when the value
functions V., V' are lower semi-continuous. In a second step, we give sufficient conditions for
these value functions to be semi-continuous.

3.1 The Duality Result

The main results of the paper which link problems P and P are gathered in the following
statement.

Theorem 4 Let zq € €.

1. If V(xo;-) is right continuous at go € Ry, then, for any hg € R such that V. (xo; ho) < go,
one has V(xo; go) < ho.
If V(x0; ) is right continuous at hg € R, then, for any gy € R such that V(zo; go) < ho
one has V(xo; ho) < go.

2. If the functions V(xo;-) and V(xo;-) are lower semi-continuous on their domains (5),
then V and V' are generalized inverse i.e.

(6) {K(xo; ho) = inf {go : V(x0;90) < ho}, ho € Dom(V (x;-));

V(o3 go) = inf {ho : V(zo:ho) < go}, go € Dom(V(xo;-)).

3. Let hy be such that V (xo; ho) < 400 and V (xo;-) is lower semi-continuous.

Posit
hy ==inf {h{ : V(xo; hy) = V(zo; ho)}, g0 := V(zo; ho) = V(o; hy)-

If u* is optimal for Problem P(xo;hy), then u* is optimal for Problem P(xo; go).
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4. In particular, if Problem P(xo; ho) admits an unique optimal control u*, then u* is optimal
for Problem P(xo; go) where

go = K(xo; sup h (270 (t))>

>0

5. Let gy be such that V(xo; go) < +0o and V(xg;-) is lower semi-continuous. Posit
99 = inf {96 >0 : 7(550;96) = V(flfosgo)}, ho = V(f’co;go) = V(mo;é_lo)-
If u* is optimal for Problem f(mo;go), then u* is optimal for Problem P(xo; ho).

6. In particular, if Problem P(zo; go) admits an unique optimal control u*, then u* is optimal
for Problem P(xq; ho) where

ho = V(:UO; /O @ ), u*(t))dt) |

Proof.

1. Assume V(zg; ho) < go < 400 for hy < +o00. In particular, for every € > 0, there exists
an admissible control u® such that [ g(z*" (¢), u®(t))dt < V(zo; ho) + € < go + € with
h(xmo,us (t)) < hg, for all t > 0. Then, by definition, V (z¢; go +¢) < hg. The conclusion
follows from the right-continuity of V' (z¢;-) at go. The remaining assertion is shown in
the same way.

2. By Proposition 3 and point 1., gy = V(z0; ho) implies V (z¢; go) < ho. Then, to show
V(wo; ho) = inf {gy = V(03 95) < ho}

we only need to prove the inequality >. We proceed by contradiction and assume that
V(zg; ho) = go < g%:=inf {96 : Vi(zos g) < ho}. By definition of the infimum one has

R® =V (xg; _904590) > hgy and by monotonicity, V (z¢; gy) > h°, Vg, € [90, go;go]- This is

in contradiction with V(z¢; go) < ho. The assertion concerning V is quite similar and its
proof is omitted.

3. Let us fix u* as in the statement. That u* is admissible for Problem P(zg; ho) is clear.
Indeed, by optimality of u*, the area constraint is saturated i.e. [;° g(@™" (¢), u*(t))dt =
V(zo; hy) = go and, as a consequence (by Proposition 3 and point 1.), one gets

V(xo; 90) < hy.

Let us assume that there exists a control @ such that l~10 = j(xo,ﬂ, go) < hg. Then
V(xo; 90) < ho and, thus, V (wo; iLO) < go = V(xo; ho). This inequality is established due
to the first assertion combined with the right-continuity of V (z¢;-) (cf. Proposition 3).
By monotonicity, this can only happen when V (zo; ho) = V (20; ho) which contradicts the
choice of hy.



4. When the optimal control u* is unique, one has V (xo; ho) = V. (x¢; inf>0 h(x‘”o’“* (t))) = qo
and
hy = inf h(z™"(t)).

>0
Ihen, u* is optimal for the Problem P(x¢; k), and therefore also optimal for Problem
P(x0; go) with go = V (o; hy).

The proofs of points 5. and 6. are analogous and are omitted. m

Another remark concerns the equivalent way of writing the statements only through the
viability kernels introduced in (3).

Remark 5 The second assertion in Theorem 4 can, alternatively, be written as follows. Let
xo € Q be such that V(xg,-), respectively V (xo,-), is lower semi-continuous on

U Dom(Viabhg(i_z,')_l(xo)), respectively U Dom(Vz'abhg(~,g)_1(a:0))

heR geERL
Then, one has the equivalence
inf Viab, ! (o, h) < § <= inf Vz'ab,;;(:co,g) < h.

Indeed, if h and § are such that inf Viab, ! (xo, h) < g, then one has V(xo,h) < g from the
first equality in (4) and one gets inf{g : V(xg,g) < h} < g with the first equality in (6),
which implies inf Viab;gh(xo, G) < h. The reverse implication is obtained similarly using the
second equalities in (4) and (6).

It is our belief that the duality is more transparent in the initial formulation, while viability

kernel formulations seem to hint to a hidden game-like behavior. In this direction, we refer
the readers to [3].

Finally, we obtain as a consequence of Theorem 4 the following remarkable property of
functions V' (zo;-), V(xo;-).

Lemma 6 Whenever V(xg;-) and V (xo;-) are lower semi-continuous, one has

{V(ﬂfo; ) is constant on [V (zo; V(20; 90)), 0], Vg0 € Ry;

7 —
() V(wo;-) is constant on [V (zo; V(20; ho)), ho], Vho € R.

Proof. From Proposition 3, V(xo; ) and V (zo;-) are everywhere right-continuous, and one
gets V(xo; V(xo; ho)) < ho and K(azo; V(xo;go)) < go for any hg € R, go € R,.
Take hg = V(20; V. (20, ho)). One has then hy > ho and by monotonicity of V(zo;-), one
gets R -
V(205 ho) < V(203 ho) = V(203 V (20, V(203 ho)))-
On another hand, take gy := V (2o; ho). One has then V (z¢; V(70; Go)) < go that is

V(xo; V (o, V(705 ho))) < V(w03 ho).
One then concludes that
V(203 V(wo; V(w05 +))) = V(o3 -),
and, in a similar way,
V (0; V(203 V(2o;-))) = V(o3 ).
As a consequence, V (z; ), respectively V(z¢;-) are constant on [K(xo;V(xo;go)),gO], re-
spectively [V(:co; V(zo; ho)), ho} . m



3.2 Criteria for lower semicontinuity

As we have seen in the proof of Theorem 4 and also in Proposition 3, the lower semi-continuity
of the value functions is a crucial ingredient to obtain a duality. As a consequence, it is
worthwhile to specify assumptions on the data of the problem that ensure this property.

For this purpose, we shall consider the family of optimal control problems with discounted
cost, for a discount factor ¢ > 0.

Problem 3 Given xzy € €2 and hy € R,

+00
P, (zo; ho) : minimize J(xo,u) :—/ e Tg(a™"(t), u(t))dt
0

over u e LR, ;U),
st h(@™U(t)) < ho, VE > 0.

for which we denote by V. (2¢; ho) the value function (set to +oo when the set of controls
satisfying the constraint is empty).

We shall also require the classical hypotheses in optimal control theory about the extended
velocity set for problem P.

Assumption 2 For any x € €0, one has

U [ g(f(l‘, u) } 15 closed and convex.

T,u) +r
uelU,r>0

For convenience, let us define, for any subset L C Q and (zg,u) € Q x L°(R,;U) the
hitting time function

L T

wou . ) TO0, if x*o%(t) ¢ L, ¥t >0,
inf{t; x*"(t) € L}, otherwise.

Proposition 7 Let xg € Q and hg € R such that z¢ € Viaby(ho).

1. For any q > 0, the map Kq(x0,~) is bounded and lower semi-continuous on [hg, +00).
Moreover, if V(xo;-) = sup V. (wo; ), then it is also bounded and lower semi-continuous.
q>0

2. If furthermore there exists a forward invariant compact set L C  for any control u &
LO(Ry;U) and a number € > 0 such that

min g(y,u) =0, ¥y € L,

ue

(8) T := sup sup sup 10"
he€lho,ho+e) weLO(R;U) z*0-vcViab(h)

< 400,

then V(xg; ) is bounded and lower semi-continuous on [ho, ho + €).

Similar assertions hold true for V(wg; ).



Proof.

Let us fix xy € Q and, for the time being, ¢ > 0. For any hqy such that z¢ € Viab,(hy),
V. (xo;-) is well defined and bounded on [hg, c0). Moreover, V. (zo;) is non-increasing on
[ho,00). As such, the lower semi-continuity of V. (wo;-) at ho only needs to be shown on
decreasing sequences h,, — hg (n > 1). Posit

v :=liminf V. (z; hyn) < +00,

n—o0

and consider, for every n > 1, an admissible control u,, such that

+oo 1
/ e~ g(a™ (), u, (t))dt < Kq(:co; hn) + ﬁ;
0
<

with sup h(z™""(t)) < hy,.

t>0

We then define the sequence of functions
+oo
on(t) = / e g (470 (5 4 ), up (s + £))ds, t > 0.
0

Note that v,(+) is the unique bounded solution of the equation

B () = qua(t) — g™ (1), un (1)), ¢ > 0.

Let us also define the set-valued map

fx,u)
0,1] [ qu —ag(z,u) — (1 — a)geo |’ (z,v) € Q xR,

F(z,v) = U

uel,ac

which is Lipschitz continuous with compact convex values (from Assumptions 1, 2). Clearly,
(x®oun (), v,(+)) is solution of the differential inclusion (&,0) € F(x,v). Passing to the
limit (along some subsequence), for every compact time interval [0, T], (""", v,,) converges
uniformly to some solution (z,v) of (&,0) € F(z,v) with z(0) = zy and v(0) = v (as a
consequence of the Theorem of compactness of solutions of differential inclusions, see e.g.
[5]). Furthermore, v is bounded since v,, are uniformly bounded by §|| gll.- The procedure

can be repeated to obtain a solution (x,v) defined for any ¢ € R,. Furthermore, from
Filippov selection Lemma, there exist admissible controls (u(-), a(-)) such that

x(t) = 2™(t), v(t) = qu(t) — a(t)g(z(t),u(t)) — (1 — a(t))geo, a.e. t>0.

Note that v is a bounded solution of

(9) 0(t) = qu(t) = g(z™" (1), u(t)) = r(t), =0,

where r is the bounded non-negative function

r(t) = (1= at))(geo — g(z™"(t),u(t), =0,

and that the unique bounded solution of (9) is given by the expression

(10) v(t) = /0 h e Cg(x®™(s+1t),u(s+1))ds+ /0 N e Pr(s+t)ds.

10



Moreover, for any 7" € (0,4+00) and p > 2, the convergence of solutions z**%" and the
continuity and boundedness of h yields

n—oo

T T

Jim inf / B (370w (1)) dt > / BP (20 (4)) dt,
0 0

from which one deduces

sup h(x™"(t)) = sup [h(="") L o.11m)
t€[0,T7 p>2

< sup liminf [[2(2""")[| (0 7),r) = Sup sup mf IR (@™ M Lo o,1:x)
p>2 n—o00 p>2 n>1m n

Z0,Un

< sup inf sup | (z zo’“m)\|Lp([07T1;R) = h,?il}.}f | (> )”ILOO([O,T];R)

n>1 m2n

< liminf sup h(wzo “n(t)) < hy,

n—o0 t>0
and as this last inequality is valid for any 7" > 0, one deduces the inequality

(11) sup h(z®"(t)) < hy.

t>0

Finally, from (10) and (11) one obtains

+00 +o0
=00 = [ e s+ [ (s > Vi),

that is
liminf V. (zo; hn) > V., (w0; ho),

n—00
which proves the lower semi-continuity and boundedness of V_ (xo;-) at ho. As the upper en-

velope supV/, (zo; -) is lower semi-continuous, we deduce that when the value function V (zo; -)
q>0

verifies V(zo;-) = sup,~oV, (zo;-), then it is also lower semi-continuous (and bounded as g
is bounded).

Under assumption (8), one has clearly

T*
Vi) = it [ et
uw€LO(Ry;U) 0
sup h(a*0-4 (-)) <h
and, thus,
— T*
Vegh)= it [ a0, u(®)dt = supV, (asir), B [haho + o)
weld®R ;) Jo q>0
sup (w04 (-)) <h

[ |
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4 Illustration on an epidemiological model

We recall the classical epidemiological SIR model with a non-pharmaceutical control.

8(t) = =B(1 — u(t))s(t)i(t)dt,

(12) i) = B(L —u(t)s@)i(t) — ~i(t),
P(t) = 7i(t),

where s(t), i(t) and r(t) stand for the densities of the susceptible, infected and recovered
populations, respectively. One can check that the property s(t) + i(t) + r(t) = 1 is satisfied
for any ¢ > 0. The control variable u(t) takes values in U = [0,u] with @ < 1. To keep it
simple, we take here n = 2 with state variable (s,7) € Q where

Q:={(s,i)) eR* s>0,i>0, s+i<1},

and consider
h(s,i) =1, g(s,i,u) = A(s,i)u

where A is a smooth function. For coherence, instead of writing hg, we will write i* € [0, 1].

With respect to this system and the aforementioned functionals g and h, the papers [1]
and [11] offer different treatments to Problem 1 and Problem 2 respectively for the particular
case when A = 1. Based on classical Pontryagin’s Maximum Principle arguments, the paper
[1] shows in the main result [1, Theorem 5.6] that the unique optimal control in Problem 1
is the "greedy" one only acting on the boundary on the feasible region. The same type of
control is shown to be optimal for Problem 2 in [11, Proposition 2| using alternative (Green’s
Theorem-based) methods (see for instance Figure 1 for an illustration of an optimal solution
in coordinates (s, 1, z) with the corresponding optimal control).

We shall see in Section 4.3 how to generalize these results to more general functions .

4.1 The geometrical structure of the domain of the value function
of Problem 1

We assume that @ is such that

_ Y
(13) u<l1 3
Remark 8 For Problem 2, it has been shown in [11] that the "null-singular-null" (NSN)
strategy is such that max; u(t) <1 — % This tmplies that this strateqy is admissible when @
verifies condition (13). Moreover, under this condition, the NSN strategy coincides with the
greedy strategy defined in [1], that we recall below and for which we show the optimality in
Section 4.8. This justifies the hypothesis (13).

Let i* € [0,1] be fixed. Then, according to [1, Theorem 2.3|, and provided that * +

B(l’lﬂ) < 1 if fulfilled, one has

~ . %
Sogl—_ﬂ)andlogZ,

B(
(S0,10) € Viab,(i*) < or

S > B(+—ﬂ) and 79 < ﬁ(l—i—log (@)) — Sg + 1",

12
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Figure 1: Example of an optimal solution for § = 0.21, v = 0.07 with ¢* = 0.0115 and
go = 28 when A = 1 (from [11]).

This later condition yields, in an equivalent form

[ig, 00) , if 59 < ﬁ;

[io + S0 — ﬁ [1 + log (5(1;—6)50)} , oo) , otherwise.

(15)  Dom(V(s0,%0);-)) = {

Note that this can be written in a unitary form by replacing, in the later term sy with the
expression max <so, 6(+—ﬂ))
For further developments, we also introduce the invariance kernel associated to ¢*
Invy,(i*) := {(s0,10) € Q: Yu € LUAR,; U); iCo00u(¢) <4, vt >0}
and similar to Viaby(i*) (by formally taking @ = 0), one has

=

so < L and 79 < 7%,
(16) (S0,%0) € Invp(i*) &  or

Sop > 1 and g < %[1+10g (@)} — 8o + .

™R

Concerning the main assumptions, the reader will note that we deal with a control-affine
structure here such that

1. the sets Viab,(i*) C Viab,(1) are compact;

2. the Assumption 2 (convexity of the extended velocity set) is always satisfied.

On Figure 2, the (boundary of the) set Viaby(i*) is represented by the graph of a function
Y depicted in yellow, while the set Invy(i*) has a boundary represented in green as the
graph of a function ¢. The intermediate set B(i*) (defined below in (19)(a)) has a blue
boundary (0B), in complement of the upper barrier i = i*. Furthermore, the DFE (desease-
free equilibria) for u = 0 (resp. u = u) are represented on the upper-part of the graphic.

13
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Figure 2: Geometric zones for § =5, 1 —u =04, vy = {5, i* = 14 x 10‘(*)0800 (from [1]).

4.2 Regularity of the optimal cost
Take i* € Dom(V ((so,4%0);-)) such that i* + z7= ( = < 1, and define the greedy feedback policy

77 ; : B—u)s \ |.

u, 1fs>ﬁ,z — s+ ( [1+log< )},
(17) u*(s,i) = 1_513’ if s € [%,ﬁ and 7 = i*;

0, otherwise,

in which non-zero action is taken only when the trajectory reaches 0Viaby,(i*). The associated
cost satisfies (see |9, Lemma 1|)

(0, if (s0,70) € Inu,(i*);

Yi* I51)

1 525056030 A(s, (6(@*) s—i—ﬁ(f_ﬂ) logs>>ﬂ
s

1 51(s0,10;1™) ~y
: / AL, %) (1 - —> dl, if (so,i0) € B(i") \ Inv,(i");
(18)  J(so,i0;i") = i

A1 —u)

B(1—u)

\ J(g(lv_f),Z*,i*» otherwise,
where
’ (a): B(i") {sz € Viab,(i*) : s+1 <i* _|_ﬁ( 710g<(1 u)s>},
(19) (b) : 51(80,20, i*) > 1 3 is the solution of s; — s¢ — g + =2 log 58— ();
<
(c): 00) =i+ 505 (1 —log 6(—1_@)’
(

d) : s9(s0,10;1") := exp (% (s +ig — F log sp — 9(2*)))
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The cost J (ﬁ,i*; z*) used in expression (18) depends on the function A and does not

have necessarily an explicit expression, excepted when A is constant as in |1, 11].

We claim that the following property is fulfilled.

Lemma 9 Fiz (sg,i9) € Q and (i"),, n € N, a sequence decreasing to i*. Then, one has

(20) lim i(SQ,ig;in> :i(So,iQ;i*).

n—-+oo
Proof.

1. The reader will easily note that one has Invy(i*) = ﬂNI nop(i") (decreasing limit).
ne

2. The same assertion holds true by defining B(i*) given in (19)(a) as B(i*) = ﬂNB(z'"),
ne

where (B(i")), is a non-increasing sequence.

3. If (s0,40) € Inv,(i*), then the equality in (20) follows easily from the inclusion Invy,(i*) C
Invy(i") for every n € N and by recalling that the value function is null at such points.

4. If (so,i0) € B(1*) \ Inv,(i*), then (so,i9) € B(i"), for all n € N. If there existed a
subsequence (¢(n)), such that (sg,i) € Invy, (i‘i’(”)) for any n € N, then, we would have
(S0,70) € Invp(i*) which is not the case.

It follows that, from some ny > 0 large enough and every n > ng, one has (sg,ig) €
B(i") \ Inv,(i"). One easily see that the function

1> 81(80, io; Z)
is right-continuous for ¢ > 0, and we get equality (20) for this framework.

The same arguments can be applied in order to prove (20) on Viaby(imae:) \ B(7*) due to the
continuity of the functions # and s,. m

Finally, we obtain the following result.

Proposition 10 Let (sg,ig) € Q2. Then, the value function i* — J(s,1;1*) is right-continuous

at every point i* € Dom(V (so,io;-)) such that i* < 1 — ﬁ, where Dom(V (sg,10;+)) s

given by (15).

As a consequence, we can apply Theorem 4 to show that, if the (greedy) feedback policy
given in (17) is the unique optimal control to the Problem 1, then it is also an optimal policy
for Problem 2 and vice-versa.

4.3 Differential conditions on A and optimality of the greedy control

Let us now emphasize the conditions needed on A in order to obtain optimality of the feed-
back control u* given in (17). We present two methods.

Method I from [11] consists in writing

udt = l—l ﬁ—@
Bs Yi o yE
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As a consequence, one gets

As,i) (% -1 ~
(S Z)(g >ds B A(S,.l) di —- P(S,i)dS + Q(s,@')di.
vi vt

A(s,i)udt =

One computes

1 81)\ S,i — )\(Szi)
asQ(S7i) - 82P<8,/L) = _88)\(87 Z> + (l - 1) ( ) ) 7 i .
vi s i

Then, the condition in [11] for optimality, based on the use of Green’s Theorem, amounts to
imposing 0,Q) — 0; P < 0 to deal with the case in which % < 89 <

_r
pll-a)’
Method II from [9]. Let us now refer to the conditions given in (16). One writes

- )\(s,i)u‘

li(s,i,u) :==

yiu
Then,

1. The first condition in [9, Eq. (15)] (applicable for initial conditions as specified before),
requires

)\(81<80, ZQ, Z*), Z*) < )\(SO, 20)
yir T o
The reader is recalled that (si(so,;7%),7*) € {(s°0°0(¢),i%0(t)); ¢ > 0}. Then, the
)\(550’iO’O(t),iSO’iO‘O(tD .
TION
non-increasing. One readily computes (with the obvious notation (s,4) = (s%0%0:0, 4%0:i0.0))

1 OiA(s,1)  A(s,1)
'(t) = —0,\(s,1)(—Bsi) + | ——12 — =
§(0) = Z0Ms.)(~fsi) + |22 - 28
The latter quantity is non-positive as soon as 0,() — 9;P < 0. We conclude that, in the
case where sy < 57—, the "O-singular arc-0" control is optimal with the two methods.
This is, of course, a vivid illustration of our main result in the present paper.

(21)

condition (21) is obtained if, for instance, the function t — ¢(t) :=

(Bs — )i = Bsi(9,Q — O; P).

2. The second condition in (16) amounts to have
A(s2(50,707"), 0" — s2(50,%0; ") + 557 10g s2(50, 03 7")) _ Als0, i)

(22) -
7(9* — 59(80, 105 7*) + ﬁ log s2(s0, %0 2*)> o

As before, (s2(sg,170;7"),7*) belongs to the reachable set
{(s%0(t),i00(t)) : ¢ >0}.

Reasoning as we have done for case 1., the condition (22) follows from the same condition
0sQ — 0; P < 0 (on a different part of the space as this time s > ﬁ) The reader is
invited to note that under the condition (22), owing to the result on duality, we are able
to extend the optimality result in [11] to any admissible (s, i) beyond the DFE (disease
free-equilibria) for  := B(1 — @)-contact driven SIR (i.e. extend it to configurations for

. vy
which sq > 5= Bica)
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