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7 Conclusion

Ce stage avait pour objectif de modéliser la dynamique des populations de Ceratitis capitata dans le
cadre de la technique de l’insecte stérile (TIS), c’est-à-dire en considérant un paramètre � représentant
le nombre de mâles stériles lâchés dans les di↵érents modèles établis. L’étude des modèles a permis de
donner accès à un seuil � minimal entrainant un déclin de la population de cératites pour chacun des
modèles. Ce seuil di↵ère considérablement pour le modèle prenant en compte l’erreur de stérilisation
dans la probabilité de fécondation par rapport aux deux autres modèles, dont l’un considère que
tous les mâles irradiés sont stériles, et l’autre ajoute les mâles irradiés non stériles au compartiment
des mâles fertiles. Ces résultats suggèrent que la prise en compte de l’erreur de stérilisation dans les
modèles peut encore être a�née, notamment avec les données de laboratoire pour préciser le taux de
stérilité résiduelle. Cependant, dans le cas de la TIS des lâchers inondatifs sont e↵ectués, il vaut donc
mieux lâcher trop de mâles stériles que pas assez, ainsi le seuil trouvé pour le modèle 2, modèle tenant
compte de l’erreur de stérilisation des mâles en impactant la probabilité de fécondation, semble être le
plus adapté. En e↵et, le seuil obtenu dans le cas de ce modèle permettrait de lâcher su�samment de
mâles stériles pour qu’un e↵et soit significatif sur la population de cératites, tout en limitant le nombre
d’individus lâchés pour limiter le coût de cette technique biologique. De plus dans cette étude, des
lâchers continus ont été considérés, il pourrait être intéressant de faire une comparaison en considérant
des lâchers périodiques pour déterminer la stratégie la plus optimale dans le cadre de la technique de
l’insecte stérile.

Articles consultés pour cette étude :
- modèles sur la technique de l’insecte stérile [3, 2, 1]
- modèle sur Ceratitis capitata [4]
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8
<

:
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tous les mâles irradiés sont stériles, et l’autre ajoute les mâles irradiés non stériles au compartiment
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- modèles sur la technique de l’insecte stérile [3, 2, 1]
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tous les mâles irradiés sont stériles, et l’autre ajoute les mâles irradiés non stériles au compartiment
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des mâles fertiles. Ces résultats suggèrent que la prise en compte de l’erreur de stérilisation dans les
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Ḟ = �µF F + r(1� p)X(S,M)C(F )F
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plus adapté. En e↵et, le seuil obtenu dans le cas de ce modèle permettrait de lâcher su�samment de
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8
<

:
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modèles. Ce seuil di↵ère considérablement pour le modèle prenant en compte l’erreur de stérilisation
dans la probabilité de fécondation par rapport aux deux autres modèles, dont l’un considère que
tous les mâles irradiés sont stériles, et l’autre ajoute les mâles irradiés non stériles au compartiment
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modèles peut encore être a�née, notamment avec les données de laboratoire pour préciser le taux de
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Je tenais également à remercier mes collègues stagiaires de l’équipe M2P2 ainsi que mes colo-
cataires : Sanaa Apoulfadl, Clément Bourgade, Martin Bernet, Lucas Browet, Chaima Chammakhi,
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- modèle sur Ceratitis capitata [4]

8 Remerciements
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Références

[1] Roumen Anguelov, Yves Dumont, and Ivric Valaire Yatat Djeumen. Sustainable vector/pest control
using the permanent sterile insect technique. 43(18) :10391–10412. eprint : https ://onlineli-
brary.wiley.com/doi/pdf/10.1002/mma.6385.

[2] M. Soledad Aronna and Yves Dumont. On nonlinear pest/vector control via the sterile insect
technique : Impact of residual fertility. 82(8) :110.

[3] Pierre-Alexandre Bliman, Daiver Cardona-Salgado, Yves Dumont, and Olga Vasilieva. Implemen-
tation of control strategies for sterile insect techniques. 314 :43–60.

[4] Dorian Chikbouni, Audrey Bouet, and Huiyu Han. Mathematics and informatics modeling of the
sterile insect technique (SIT).

15

+ F

S  =  

M = 

F  =.
.
.

- μSS

- μFF

- μMM F

(1-p) C(F)

p C(F)

r

+ r

Residual fertility 
𝛿, 𝜖 : proportion of non-sterile 

males among the releases

(2)

𝛿 = 0, 𝜖 ≠ 0

Costly fertility 
model

(0)
No Residual 

fertility
𝛿 = 0, 𝜖 = 0

(1)
Cost-free 

fertility model
𝛿 ≠ 0, 𝜖 = 0

 M 
k+M+ηS

 + 𝜖 ηS 

X(S,M, 𝜖 )
X(S,M, 𝜖 )

X(S,M,𝜖): mating probability

X(S,M,𝜖)

𝜖

𝜎

1-𝛿

𝛿

𝜎+ (1- 𝛿 )

+ 𝛿 𝜎

η: Fitness cost



Introduction Model Parameters Equilibria Bifurcation diagrams DiscussionDynamics

The cases with and without fitness costs are considered exclusive. For example, if � is di↵erent from
zero then ✏ is equal to zero and vice versa. The case where � = ✏ = 0 corresponds to an hypothetical
situation with no residual fertility. These three cases: no residual fertility, residual fertility without cost
and residual fertility with cost illustrate an increasing gradient of biological realism.

We assumed that mating probability depends on both the number of fertile males and the number
of attractive males. This corresponds to the biological characteristics of the species C. capitata, whose
males aggregate and form leks in order to attract females for mating (Prokopy and Hendrichs, 1979).
Attractive males must be numerous enough to attract females. At high attractive males density, the
probability is about the ratio between the fertile males and the attractive males. The proportion of
matings is expressed as follows:

X(S,M, ✏) =
M + ✏⌘S

k +M + ⌘S
. (2)

where k > 0 is a constant representing the cost of being to few males and ⌘ represents the attractiveness
of sterile males. We hypothesized that sterile males su↵er from a lack of attractiveness ⌘ 2 [0, 1].
X(S,M, ✏) is bounded by 1 and equal to 0 if there are no males: X(0, 0, ✏) = 0. We have @X

@M > 0 and
9M̄ � 0 such that @X

@S < 0 for M > M̄ . When the number of males M is limiting, adding irradiated males
S improves reproductibility. In the general case, the more males there are, the more likely the females
are to mate.

The competition between females (Papadopoulos et al., 2009) a↵ects the oviposition capacity and thus
the emergence rate. We considered negative density-dependence with the explicit function C(F ) = 1

1+�F
where � represents competition strength. Other forms of competition would be possible, such as the
exponential form used in the study of Aronna and Dumont (2020). System 1 can be made explicit:

8
>>>>><

>>>>>:

Ṡ = �µSS + (1� �)�

Ḟ = �µFF + r(1� p)
M + ✏⌘S

k +M + ⌘S

1

1 + �F
F

Ṁ = �µMM + rp
M + ✏⌘S

k +M + ⌘S

1

1 + �F
F + ��

(3)

The parameter values used to perform the simulations of model (1) were taken from the published
literature. The values and associated units are listed in Table 1.

Table 1: Model parameters

Parameters Descriptions Values Units References

µF Female mortality rate 0.050 day�1 Vargas et al. (2000)
Pieterse et al. (2020)

µM Male mortality rate 0.036 day�1 Vargas et al. (2000)
Pieterse et al. (2020)

µS Sterile male mortality rate 0.057 day�1 Calibrated value
p Sex ratio 0.50 - Pieterse et al. (2020)
r Emergence rate (mean number of 1.19 eggs.~�1.day�1 Shoukry and Hafez (1979)

eggs leading to the adult stage per female) Carey (1982, 1984)
Vargas et al. (1984, 2000)
Krainacker et al. (1987)

Duyck et al. (2002)
Papadopoulos et al. (2002)
Diamantidis et al. (2011)

k Coupling half-saturation constant 1 | density Calibrated value
� Oviposition competition between females 0.85 (~ density)�1 Calibrated value
� Sterile male release rate Variable | density.day�1

1� ⌘ Sterilization cost 0.8 - Calibrated value
� Proportion of non-sterile males among Variable - Studied value

the releases (cost-free fertility)
✏ Proportion of non-sterile males among Variable - Studied value

the releases (costly fertility)

The values noted as ”Calibrated values” were determined from laboratory data.
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avec X(M) =
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k+M+⌘S et C(F ) =
1

1+�F

� > 0, 0  �  1, @X
@M > 0, X(0,0) = 0, 0  X(S,M)  1

9M̄ � 0 tel que
@X
@S < 0 pour M > M̄

C(0)=1, C’(F) < 0, lim
F!+1

C(F ) = 0

Table 1 – Paramètres des modèles

Paramètres Description Valeurs (Unités)

F densité de femelles - (ind)
M densité de mâles - (ind)
S densité de mâles stériles - (ind)
p proportion de mâles parmi les nouveaux nés 0.50
r émergence (prend en compte l’oviposition) 1.19 (egg/~/day)
k constante de demi-saturation d’accouplement 1 (densité |)
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µM taux de mortalité des mâles 0.036 (day�1)
µS taux de mortalité des mâles stériles 0.057 (day�1)
� lâchers des mâles stériles nombre ind/piège
� proportion de mâles non stériles parmi les lâchers 0.02
� compétition 0.85 (female density)�1

⌘ perte de compétitivité liée à la radiation 0.2
✏ proportion des mâles irradiés non stériles 0.1

entrâınant une descendance fertile

avec 0  ✏  1

2 Recherche des équilibres

- Isocline nulle en S :

S est considérée déjà à l’équilibre, ce qui permet d’étudier le système M et F

Ṡ = 0 () S⇤
=

(1� �)�

µS
(2)

- Isocline nulle en F :

Ḟ = 0 () F ⇤
(�µF + r(1� p)X(S,M)C(F )) = 0

F ⇤
= 0 (3)
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X(S,M)C(F ) =
µF

r(1� p)
=

1

R
(4)

1
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r émergence (prend en compte l’oviposition) 1.19 (egg/~/day)
k constante de demi-saturation d’accouplement 1 (densité |)
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- Isocline nulle en S :
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- Isocline nulle en M :

Ṁ = 0 () �µMM⇤
+ rpX(S,M⇤

)C(F ⇤
)F ⇤

+ �� = 0
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(1� �)�

µS
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µM
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µF
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R
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µF
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1

R
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µF
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µS
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µS
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1

R
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µF

r(1� p)
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pµF
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��
µM
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µS
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pµF

(1�p)µM
F +

��
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=

µF

r(1� p)
=

1

R
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7 Conclusion

Ce stage avait pour objectif de modéliser la dynamique des populations de Ceratitis capitata dans le
cadre de la technique de l’insecte stérile (TIS), c’est-à-dire en considérant un paramètre � représentant
le nombre de mâles stériles lâchés dans les di↵érents modèles établis. L’étude des modèles a permis de
donner accès à un seuil � minimal entrainant un déclin de la population de cératites pour chacun des
modèles. Ce seuil di↵ère considérablement pour le modèle prenant en compte l’erreur de stérilisation
dans la probabilité de fécondation par rapport aux deux autres modèles, dont l’un considère que
tous les mâles irradiés sont stériles, et l’autre ajoute les mâles irradiés non stériles au compartiment
des mâles fertiles. Ces résultats suggèrent que la prise en compte de l’erreur de stérilisation dans les
modèles peut encore être a�née, notamment avec les données de laboratoire pour préciser le taux de
stérilité résiduelle. Cependant, dans le cas de la TIS des lâchers inondatifs sont e↵ectués, il vaut donc
mieux lâcher trop de mâles stériles que pas assez, ainsi le seuil trouvé pour le modèle 2, modèle tenant
compte de l’erreur de stérilisation des mâles en impactant la probabilité de fécondation, semble être le
plus adapté. En e↵et, le seuil obtenu dans le cas de ce modèle permettrait de lâcher su�samment de
mâles stériles pour qu’un e↵et soit significatif sur la population de cératites, tout en limitant le nombre
d’individus lâchés pour limiter le coût de cette technique biologique. De plus dans cette étude, des
lâchers continus ont été considérés, il pourrait être intéressant de faire une comparaison en considérant
des lâchers périodiques pour déterminer la stratégie la plus optimale dans le cadre de la technique de
l’insecte stérile.
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Figure 1: Flow diagram of the population dynamics model. The compartments correspond to sterile males
S, wild females F and wild males M . Each compartment is associated with a mortality rate, respectively
µS , µF and µM . The proportion of males among o↵spring is symbolized by p. The proportion of
successful matings is represented by X(S,M, ✏). The irradiated male release rate is symbolized by �.
The proportion of non-sterile irradiated males considered as wild males with no fitness cost corresponds
to � while those for which a fitness cost is associated to ✏.

In this work, a SIT model was established, based on di↵erential equations that represent the dynamics
of sterile males, wild males and wild females. We focused on the e↵ect of residual fertility on the
e↵ectiveness of the technique, with or without a fitness cost associated to the irradiated males that
escape sterilization. The model was calibrated with parameters specific to C. capitata to best account
for the biology of the species.

2 Model

2.1 Model description

The model represents the population dynamics of the following three compartments: sterile males S, wild
females F and wild males M (Fig. 1).

The model is defined as follows:
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Ṡ = �µSS + (1� �)�

Ḟ = �µFF + r(1� p)X(S,M, ✏)C(F )F

Ṁ = �µMM + rpX(S,M, ✏)C(F )F + ��.

(1)

In Ẋ, the point represents the time derivative of the population densities. The dynamics of sterile
males S are a↵ected by their mortality µS and the release rate �. In the presence of cost-free residual
fertility, only a proportion (1��) of truly sterile males is added to the compartment. The dynamics of wild
females F are also a↵ected by their mortality µF and the proportion of females generated at each time
step. The latter depends on the emergence rate r, the proportion of females in the o↵spring (1� p), the
proportion of successful matings X(S,M, ✏), as well as the competition between females for oviposition
C(F ). Finally the dynamics of wild males M are a↵ected by their mortality µF and the proportion of
male o↵spring (complementary to the female o↵spring). In the cost-free model, the proportion � of males
among � releases that have been irradiated but remain fertile also contributes to wild males dynamics.
We considered that wild individuals have a lower mortality rate than sterile ones: µM  µS .

In the model with costly residual fertility, we hypothesized that sterile males su↵er from a lack of
attractiveness, which is represented by parameter ⌘ in the mating function. In this model, residual
fertility without fitness cost is reflected by the � parameter, with 0  � < 1, which corresponds to the
proportion of non-sterile males among the � releases. These males are considered as fit as wild males and
are therefore introduced in the M compartment of the model. Residual fertility with cost is taken into
account with the ✏ parameter, with 0  ✏ < 1, included in the proportion of matings that leads to progeny
X(S,M, ✏). These males participate in successful mating, but otherwise have the same characteristics as
the sterile males, in terms of attractiveness and mortality. Therefore, they remain in the S compartment.
We consider the cases with and without fitness costs. For example, if � is di↵erent from zero then ✏ is
equal to zero and vice versa. The case where � = ✏ = 0 corresponds to an hypothetical situation with
no residual fertility. These three cases: no residual fertility, residual fertility without cost and residual
fertility with cost illustrate an increasing gradient of biological realism.
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for the biology of the species.
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among � releases that have been irradiated but remain fertile also contributes to wild males dynamics.
We considered that wild individuals have a lower mortality rate than sterile ones: µM  µS .

In the model with costly residual fertility, we hypothesized that sterile males su↵er from a lack of
attractiveness, which is represented by parameter ⌘ in the mating function. In this model, residual
fertility without fitness cost is reflected by the � parameter, with 0  � < 1, which corresponds to the
proportion of non-sterile males among the � releases. These males are considered as fit as wild males and
are therefore introduced in the M compartment of the model. Residual fertility with cost is taken into
account with the ✏ parameter, with 0  ✏ < 1, included in the proportion of matings that leads to progeny
X(S,M, ✏). These males participate in successful mating, but otherwise have the same characteristics as
the sterile males, in terms of attractiveness and mortality. Therefore, they remain in the S compartment.
We consider the cases with and without fitness costs. For example, if � is di↵erent from zero then ✏ is
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In this work, a SIT model was established, based on di↵erential equations that represent the dynamics
of sterile males, wild males and wild females. We focused on the e↵ect of residual fertility on the
e↵ectiveness of the technique, with or without a fitness cost associated to the irradiated males that
escape sterilization. The model was calibrated with parameters specific to C. capitata to best account
for the biology of the species.
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Ṡ = �µSS + (1� �)�
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In Ẋ, the point represents the time derivative of the population densities. The dynamics of sterile
males S are a↵ected by their mortality µS and the release rate �. In the presence of cost-free residual
fertility, only a proportion (1��) of truly sterile males is added to the compartment. The dynamics of wild
females F are also a↵ected by their mortality µF and the proportion of females generated at each time
step. The latter depends on the emergence rate r, the proportion of females in the o↵spring (1� p), the
proportion of successful matings X(S,M, ✏), as well as the competition between females for oviposition
C(F ). Finally the dynamics of wild males M are a↵ected by their mortality µF and the proportion of
male o↵spring (complementary to the female o↵spring). In the cost-free model, the proportion � of males
among � releases that have been irradiated but remain fertile also contributes to wild males dynamics.
We considered that wild individuals have a lower mortality rate than sterile ones: µM  µS .

In the model with costly residual fertility, we hypothesized that sterile males su↵er from a lack of
attractiveness, which is represented by parameter ⌘ in the mating function. In this model, residual
fertility without fitness cost is reflected by the � parameter, with 0  � < 1, which corresponds to the
proportion of non-sterile males among the � releases. These males are considered as fit as wild males and
are therefore introduced in the M compartment of the model. Residual fertility with cost is taken into
account with the ✏ parameter, with 0  ✏ < 1, included in the proportion of matings that leads to progeny
X(S,M, ✏). These males participate in successful mating, but otherwise have the same characteristics as
the sterile males, in terms of attractiveness and mortality. Therefore, they remain in the S compartment.
We consider the cases with and without fitness costs. For example, if � is di↵erent from zero then ✏ is
equal to zero and vice versa. The case where � = ✏ = 0 corresponds to an hypothetical situation with
no residual fertility. These three cases: no residual fertility, residual fertility without cost and residual
fertility with cost illustrate an increasing gradient of biological realism.
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➡ Search for equilibria to see when the population can't settle. 
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Ṡ = �µSS + (1� �)�
Ḟ = �µFF + r(1� p)X(S,M)C(F )F
Ṁ = �µMM + rpX(S,M)C(F )F + ��

(1)

avec X(M) =
M+✏⌘S

k+M+⌘S et C(F ) =
1

1+�F

� > 0, 0  �  1, @X
@M > 0, X(0,0) = 0, 0  X(S,M)  1

9M̄ � 0 tel que
@X
@S < 0 pour M > M̄

C(0)=1, C’(F) < 0, lim
F!+1

C(F ) = 0

Table 1 – Paramètres des modèles

Paramètres Description Valeurs (Unités)

F densité de femelles - (ind)
M densité de mâles - (ind)
S densité de mâles stériles - (ind)
p proportion de mâles parmi les nouveaux nés 0.50
r émergence (prend en compte l’oviposition) 1.19 (egg/~/day)
k constante de demi-saturation d’accouplement 1 (densité |)
µF taux de mortalité des femelles 0.050 (day�1)
µM taux de mortalité des mâles 0.036 (day�1)
µS taux de mortalité des mâles stériles 0.057 (day�1)
� lâchers des mâles stériles nombre ind/piège
� proportion de mâles non stériles parmi les lâchers 0.02
� compétition 0.85 (female density)�1

⌘ perte de compétitivité liée à la radiation 0.2
✏ proportion des mâles irradiés non stériles 0.1

entrâınant une descendance fertile

avec 0  ✏  1

2 Recherche des équilibres

- Isocline nulle en S :

S est considérée déjà à l’équilibre, ce qui permet d’étudier le système M et F

Ṡ = 0 () S⇤
=

(1� �)�

µS
(2)

- Isocline nulle en F :

Ḟ = 0 () F ⇤
(�µF + r(1� p)X(S,M)C(F )) = 0

F ⇤
= 0 (3)

ou

X(S,M)C(F ) =
µF

r(1� p)
=

1

R
(4)

1
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� proportion de mâles non stériles parmi les lâchers 0.02
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- Isocline nulle en M :

Ṁ = 0 () �µMM⇤
+ rpX(S,M⇤

)C(F ⇤
)F ⇤

+ �� = 0

Il y a deux cas :

(1) Quand F ⇤
= 0 (3) :

Ṁ = 0

() �µMM⇤
+ �� = 0

() M⇤
=

��

µM
= M⇤

0 (5)

On obtient l’équilibre sans ravageurs :

(
(1� �)�

µS
, 0,

��

µM
)

(S⇤, 0,M⇤
0 )

(2) Quand X(S,M)C(F ) =
µF

r(1�p) (4) :

Ṁ = 0

() �µMM⇤
+ rpX(S,M⇤

)C(F ⇤
)F ⇤

+ �� = 0

() �µM +
pµF

(1� p)
F ⇤

+ �� = 0

() µMM⇤
=

pµF

(1� p)
F ⇤

+ ��

() M⇤
(F ) =

pµF

(1� p)µM
F ⇤

+
��

µM

En F = 0, on a :

M⇤
(0) =

��

µM
= M⇤

0 = (5)

Les équilibres sont les valeurs F solutions de X(S,M(F ))C(F ) =
1
R =

µF

r(1�p) pour F�0

X(S,M(F ⇤
))C(F ⇤

) =
1

R
=

µF

r(1� p)

() M⇤
(F ) + ✏⌘S⇤

k +M⇤(F ) + ⌘S⇤ · 1

1 + �F ⇤ =
1

R
=

µF

r(1� p)

()
M⇤

(F ) + ✏⌘ (1��)�
µS

k +M⇤(F ) + ⌘ (1��)�
µS

· 1

1 + �F ⇤ =
1

R
=

µF

r(1� p)

()
pµF

(1�p)µM
F +

��
µM

+
✏⌘(1��)�

µS

k +
pµF

(1�p)µM
F +

��
µM

+ ⌘ (1��)�
µS

· 1

1 + �F
=

µF

r(1� p)
=

1

R
(6)

2

7 Conclusion

Ce stage avait pour objectif de modéliser la dynamique des populations de Ceratitis capitata dans le
cadre de la technique de l’insecte stérile (TIS), c’est-à-dire en considérant un paramètre � représentant
le nombre de mâles stériles lâchés dans les di↵érents modèles établis. L’étude des modèles a permis de
donner accès à un seuil � minimal entrainant un déclin de la population de cératites pour chacun des
modèles. Ce seuil di↵ère considérablement pour le modèle prenant en compte l’erreur de stérilisation
dans la probabilité de fécondation par rapport aux deux autres modèles, dont l’un considère que
tous les mâles irradiés sont stériles, et l’autre ajoute les mâles irradiés non stériles au compartiment
des mâles fertiles. Ces résultats suggèrent que la prise en compte de l’erreur de stérilisation dans les
modèles peut encore être a�née, notamment avec les données de laboratoire pour préciser le taux de
stérilité résiduelle. Cependant, dans le cas de la TIS des lâchers inondatifs sont e↵ectués, il vaut donc
mieux lâcher trop de mâles stériles que pas assez, ainsi le seuil trouvé pour le modèle 2, modèle tenant
compte de l’erreur de stérilisation des mâles en impactant la probabilité de fécondation, semble être le
plus adapté. En e↵et, le seuil obtenu dans le cas de ce modèle permettrait de lâcher su�samment de
mâles stériles pour qu’un e↵et soit significatif sur la population de cératites, tout en limitant le nombre
d’individus lâchés pour limiter le coût de cette technique biologique. De plus dans cette étude, des
lâchers continus ont été considérés, il pourrait être intéressant de faire une comparaison en considérant
des lâchers périodiques pour déterminer la stratégie la plus optimale dans le cadre de la technique de
l’insecte stérile.

Articles consultés pour cette étude :
- modèles sur la technique de l’insecte stérile [3, 2, 1]
- modèle sur Ceratitis capitata [4]
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Je tenais également à remercier mes collègues stagiaires de l’équipe M2P2 ainsi que mes colo-
cataires : Sanaa Apoulfadl, Clément Bourgade, Martin Bernet, Lucas Browet, Chaima Chammakhi,
Alexia Danné, Audrey Dempsey, Juliette Dufour, Léa Humbert, Mathias Launay, François Mallordy,
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Ṡ = �µSS + (1� �)�
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attractiveness, which is represented by parameter ⌘ in the mating function. In this model, residual
fertility without fitness cost is reflected by the � parameter, with 0  � < 1, which corresponds to the
proportion of non-sterile males among the � releases. These males are considered as fit as wild males and
are therefore introduced in the M compartment of the model. Residual fertility with cost is taken into
account with the ✏ parameter, with 0  ✏ < 1, included in the proportion of matings that leads to progeny
X(S,M, ✏). These males participate in successful mating, but otherwise have the same characteristics as
the sterile males, in terms of attractiveness and mortality. Therefore, they remain in the S compartment.
We consider the cases with and without fitness costs. For example, if � is di↵erent from zero then ✏ is
equal to zero and vice versa. The case where � = ✏ = 0 corresponds to an hypothetical situation with
no residual fertility. These three cases: no residual fertility, residual fertility without cost and residual
fertility with cost illustrate an increasing gradient of biological realism.
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S, wild females F and wild males M . Each compartment is associated with a mortality rate, respectively
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successful matings is represented by X(S,M, ✏). The irradiated male release rate is symbolized by �.
The proportion of non-sterile irradiated males considered as wild males with no fitness cost corresponds
to � while those for which a fitness cost is associated to ✏.

In this work, a SIT model was established, based on di↵erential equations that represent the dynamics
of sterile males, wild males and wild females. We focused on the e↵ect of residual fertility on the
e↵ectiveness of the technique, with or without a fitness cost associated to the irradiated males that
escape sterilization. The model was calibrated with parameters specific to C. capitata to best account
for the biology of the species.
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The model represents the population dynamics of the following three compartments: sterile males S, wild
females F and wild males M (Fig. 1).
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male o↵spring (complementary to the female o↵spring). In the cost-free model, the proportion � of males
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In the model with costly residual fertility, we hypothesized that sterile males su↵er from a lack of
attractiveness, which is represented by parameter ⌘ in the mating function. In this model, residual
fertility without fitness cost is reflected by the � parameter, with 0  � < 1, which corresponds to the
proportion of non-sterile males among the � releases. These males are considered as fit as wild males and
are therefore introduced in the M compartment of the model. Residual fertility with cost is taken into
account with the ✏ parameter, with 0  ✏ < 1, included in the proportion of matings that leads to progeny
X(S,M, ✏). These males participate in successful mating, but otherwise have the same characteristics as
the sterile males, in terms of attractiveness and mortality. Therefore, they remain in the S compartment.
We consider the cases with and without fitness costs. For example, if � is di↵erent from zero then ✏ is
equal to zero and vice versa. The case where � = ✏ = 0 corresponds to an hypothetical situation with
no residual fertility. These three cases: no residual fertility, residual fertility without cost and residual
fertility with cost illustrate an increasing gradient of biological realism.
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Ṁ = �µMM + rpX(S,M, ✏)C(F )F + ��.

(1)
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➡ Search for equilibria to see when the population can't settle. 
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(1)

avec X(M) =
M+✏⌘S

k+M+⌘S et C(F ) =
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� > 0, 0  �  1, @X
@M > 0, X(0,0) = 0, 0  X(S,M)  1

9M̄ � 0 tel que
@X
@S < 0 pour M > M̄

C(0)=1, C’(F) < 0, lim
F!+1

C(F ) = 0

Table 1 – Paramètres des modèles

Paramètres Description Valeurs (Unités)

F densité de femelles - (ind)
M densité de mâles - (ind)
S densité de mâles stériles - (ind)
p proportion de mâles parmi les nouveaux nés 0.50
r émergence (prend en compte l’oviposition) 1.19 (egg/~/day)
k constante de demi-saturation d’accouplement 1 (densité |)
µF taux de mortalité des femelles 0.050 (day�1)
µM taux de mortalité des mâles 0.036 (day�1)
µS taux de mortalité des mâles stériles 0.057 (day�1)
� lâchers des mâles stériles nombre ind/piège
� proportion de mâles non stériles parmi les lâchers 0.02
� compétition 0.85 (female density)�1

⌘ perte de compétitivité liée à la radiation 0.2
✏ proportion des mâles irradiés non stériles 0.1

entrâınant une descendance fertile

avec 0  ✏  1

2 Recherche des équilibres

- Isocline nulle en S :

S est considérée déjà à l’équilibre, ce qui permet d’étudier le système M et F

Ṡ = 0 () S⇤
=

(1� �)�

µS
(2)

- Isocline nulle en F :

Ḟ = 0 () F ⇤
(�µF + r(1� p)X(S,M)C(F )) = 0

F ⇤
= 0 (3)

ou

X(S,M)C(F ) =
µF

r(1� p)
=

1

R
(4)
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- Isocline nulle en M :

Ṁ = 0 () �µMM⇤
+ rpX(S,M⇤

)C(F ⇤
)F ⇤

+ �� = 0

Il y a deux cas :

(1) Quand F ⇤
= 0 (3) :

Ṁ = 0

() �µMM⇤
+ �� = 0

() M⇤
=

��

µM
= M⇤

0 (5)

On obtient l’équilibre sans ravageurs :

(
(1� �)�

µS
, 0,

��

µM
)

(S⇤, 0,M⇤
0 )

(2) Quand X(S,M)C(F ) =
µF

r(1�p) (4) :

Ṁ = 0

() �µMM⇤
+ rpX(S,M⇤

)C(F ⇤
)F ⇤
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() �µM +
pµF

(1� p)
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Les équilibres sont les valeurs F solutions de X(S,M(F ))C(F ) =
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+ ⌘ (1��)�
µS

· 1

1 + �F
=

µF

r(1� p)
=

1
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7 Conclusion

Ce stage avait pour objectif de modéliser la dynamique des populations de Ceratitis capitata dans le
cadre de la technique de l’insecte stérile (TIS), c’est-à-dire en considérant un paramètre � représentant
le nombre de mâles stériles lâchés dans les di↵érents modèles établis. L’étude des modèles a permis de
donner accès à un seuil � minimal entrainant un déclin de la population de cératites pour chacun des
modèles. Ce seuil di↵ère considérablement pour le modèle prenant en compte l’erreur de stérilisation
dans la probabilité de fécondation par rapport aux deux autres modèles, dont l’un considère que
tous les mâles irradiés sont stériles, et l’autre ajoute les mâles irradiés non stériles au compartiment
des mâles fertiles. Ces résultats suggèrent que la prise en compte de l’erreur de stérilisation dans les
modèles peut encore être a�née, notamment avec les données de laboratoire pour préciser le taux de
stérilité résiduelle. Cependant, dans le cas de la TIS des lâchers inondatifs sont e↵ectués, il vaut donc
mieux lâcher trop de mâles stériles que pas assez, ainsi le seuil trouvé pour le modèle 2, modèle tenant
compte de l’erreur de stérilisation des mâles en impactant la probabilité de fécondation, semble être le
plus adapté. En e↵et, le seuil obtenu dans le cas de ce modèle permettrait de lâcher su�samment de
mâles stériles pour qu’un e↵et soit significatif sur la population de cératites, tout en limitant le nombre
d’individus lâchés pour limiter le coût de cette technique biologique. De plus dans cette étude, des
lâchers continus ont été considérés, il pourrait être intéressant de faire une comparaison en considérant
des lâchers périodiques pour déterminer la stratégie la plus optimale dans le cadre de la technique de
l’insecte stérile.

Articles consultés pour cette étude :
- modèles sur la technique de l’insecte stérile [3, 2, 1]
- modèle sur Ceratitis capitata [4]
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Ṁ = �µM M + rpX(S,M) C(F )F + ��
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Figure 1: Flow diagram of the population dynamics model. The compartments correspond to sterile males
S, wild females F and wild males M . Each compartment is associated with a mortality rate, respectively
µS , µF and µM . The proportion of males among o↵spring is symbolized by p. The proportion of
successful matings is represented by X(S,M, ✏). The irradiated male release rate is symbolized by �.
The proportion of non-sterile irradiated males considered as wild males with no fitness cost corresponds
to � while those for which a fitness cost is associated to ✏.

In this work, a SIT model was established, based on di↵erential equations that represent the dynamics
of sterile males, wild males and wild females. We focused on the e↵ect of residual fertility on the
e↵ectiveness of the technique, with or without a fitness cost associated to the irradiated males that
escape sterilization. The model was calibrated with parameters specific to C. capitata to best account
for the biology of the species.

2 Model

2.1 Model description

The model represents the population dynamics of the following three compartments: sterile males S, wild
females F and wild males M (Fig. 1).

The model is defined as follows:
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Ḟ = �µFF + r(1� p)X(S,M, ✏)C(F )F

Ṁ = �µMM + rpX(S,M, ✏)C(F )F + ��.

(1)

In Ẋ, the point represents the time derivative of the population densities. The dynamics of sterile
males S are a↵ected by their mortality µS and the release rate �. In the presence of cost-free residual
fertility, only a proportion (1��) of truly sterile males is added to the compartment. The dynamics of wild
females F are also a↵ected by their mortality µF and the proportion of females generated at each time
step. The latter depends on the emergence rate r, the proportion of females in the o↵spring (1� p), the
proportion of successful matings X(S,M, ✏), as well as the competition between females for oviposition
C(F ). Finally the dynamics of wild males M are a↵ected by their mortality µF and the proportion of
male o↵spring (complementary to the female o↵spring). In the cost-free model, the proportion � of males
among � releases that have been irradiated but remain fertile also contributes to wild males dynamics.
We considered that wild individuals have a lower mortality rate than sterile ones: µM  µS .

In the model with costly residual fertility, we hypothesized that sterile males su↵er from a lack of
attractiveness, which is represented by parameter ⌘ in the mating function. In this model, residual
fertility without fitness cost is reflected by the � parameter, with 0  � < 1, which corresponds to the
proportion of non-sterile males among the � releases. These males are considered as fit as wild males and
are therefore introduced in the M compartment of the model. Residual fertility with cost is taken into
account with the ✏ parameter, with 0  ✏ < 1, included in the proportion of matings that leads to progeny
X(S,M, ✏). These males participate in successful mating, but otherwise have the same characteristics as
the sterile males, in terms of attractiveness and mortality. Therefore, they remain in the S compartment.
We consider the cases with and without fitness costs. For example, if � is di↵erent from zero then ✏ is
equal to zero and vice versa. The case where � = ✏ = 0 corresponds to an hypothetical situation with
no residual fertility. These three cases: no residual fertility, residual fertility without cost and residual
fertility with cost illustrate an increasing gradient of biological realism.
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Ṁ = �µMM + rpX(S,M, ✏)C(F )F + ��.

(1)

In Ẋ, the point represents the time derivative of the population densities. The dynamics of sterile
males S are a↵ected by their mortality µS and the release rate �. In the presence of cost-free residual
fertility, only a proportion (1��) of truly sterile males is added to the compartment. The dynamics of wild
females F are also a↵ected by their mortality µF and the proportion of females generated at each time
step. The latter depends on the emergence rate r, the proportion of females in the o↵spring (1� p), the
proportion of successful matings X(S,M, ✏), as well as the competition between females for oviposition
C(F ). Finally the dynamics of wild males M are a↵ected by their mortality µF and the proportion of
male o↵spring (complementary to the female o↵spring). In the cost-free model, the proportion � of males
among � releases that have been irradiated but remain fertile also contributes to wild males dynamics.
We considered that wild individuals have a lower mortality rate than sterile ones: µM  µS .

In the model with costly residual fertility, we hypothesized that sterile males su↵er from a lack of
attractiveness, which is represented by parameter ⌘ in the mating function. In this model, residual
fertility without fitness cost is reflected by the � parameter, with 0  � < 1, which corresponds to the
proportion of non-sterile males among the � releases. These males are considered as fit as wild males and
are therefore introduced in the M compartment of the model. Residual fertility with cost is taken into
account with the ✏ parameter, with 0  ✏ < 1, included in the proportion of matings that leads to progeny
X(S,M, ✏). These males participate in successful mating, but otherwise have the same characteristics as
the sterile males, in terms of attractiveness and mortality. Therefore, they remain in the S compartment.
We consider the cases with and without fitness costs. For example, if � is di↵erent from zero then ✏ is
equal to zero and vice versa. The case where � = ✏ = 0 corresponds to an hypothetical situation with
no residual fertility. These three cases: no residual fertility, residual fertility without cost and residual
fertility with cost illustrate an increasing gradient of biological realism.

3

three cases allow us to define three sub-models that we call respectively: no residual fertility (sub model
0) , cost-free residual fertility (sub model 1) and costly residual fertility (sub model 2).

2.2.1 Search for equilibria and study of their existence

Throughout our study, we assume that S, F and M are not negative since they represent population
densities. S is considered to be already at equilibrium S⇤ = (1��)�

µS
. Equilibria of system (1) thus solve

system (4):

(
F ⇤(�µF + r(1� p)X(S⇤,M⇤, ✏)C(F ⇤)) = 0,

�µMM⇤ + rpX(S⇤,M⇤, ✏)C(F ⇤)F ⇤ + �� = 0.
(4)

We get F ⇤ = 0 or X(S⇤,M⇤, ✏)C(F ⇤) = µF

r(1�p) = 1
R with the first equation of system (4), which

allows to introduce the basic reproduction number R. R is the average number of o↵spring produced
by a female during its lifetime, so it must be greater than 1 otherwise the population is tending towards
extinction.

Thus we easily deduce the pest-free equilibrium (S⇤, 0, ��
µM

), where we note M⇤
0 = ��

µM
. When � = 0

it is a true pest-free equilibrium of the form (S⇤, 0, 0), whereas when � 6= 0 the male compartment is
maintained only by non-sterile males within the releases. The other equilibria are built on the values F ⇤

solutions of:

X(S⇤,M(F ⇤), ✏)C(F ⇤) =
µF

r(1� p)
=

1

R (5)

where M(F ⇤) is expressed, from the second equation of (4), as follows :

M(F ⇤) =
pµF

(1� p)µM
F ⇤ +

��

µM
. (6)

If we note G(M(F ⇤)) = X(S⇤,M(F ⇤), ✏)C(F ⇤) the expression (5) becomes:

G(M(F ⇤)) = X(S⇤,M(F ⇤), ✏)C(F ⇤) =
µF

r(1� p)
=

1

R . (7)

As lim
F!+1

C(F ) = 0, we have lim
M!+1

G(M(F ⇤)) = 0.

• IfG(M⇤
0 ) = X(S⇤,M⇤

0 , ✏) <
µF

r(1�p) =
1
R and max(G(M(F ⇤))) > 1

R (Fig. 2A) there are two solutions

M⇤
2 > M⇤

1 > M⇤
0 , such that dG

dM (M⇤
1 ) > 0 and dG

dM (M⇤
2 ) < 0. We then have the endemic equilibria

(S⇤, F ⇤
1 ,M

⇤
1 ) and (S⇤, F ⇤

2 ,M
⇤
2 ). However, on all generality, there may be more, but an even number.

• If G(M⇤
0 ) = X(S⇤,M⇤

0 , ✏) >
µF

r(1�p) =
1
R (Fig. 2B) there is at least one solution, at which

dG

dM
=

@

@M
(X(S⇤,M(F ⇤), ✏)C(F ⇤)  0

this solution is named M⇤
2 and constitutes the endemic equilibrium (S⇤, F ⇤

2 ,M
⇤
2 ).

In the particular case where there is no residual fertility (� = ✏ = 0), X(S⇤,M⇤
0 , ✏) = X(S⇤, 0, ✏) = 0,

so this second situation cannot happen.

2.2.2 Local stability of model equilibria

We consider the Jacobian matrix of the (F,M) subsystem at S = S⇤. For readability reasons, we redefine
X(S,M, ✏) as X(M). The Jacobian matrix J(F,M) related to the system (1) is:

J(F,M) =

 
@Ḟ
@F

@Ḟ
@M

@Ṁ
@F

@Ṁ
@M

!
=

✓
�µF + (1� p)X(M⇤)r(C 0(F ⇤)F ⇤ + C(F ⇤)) (1� p)C(F ⇤)rF ⇤X 0(M⇤)

pX(M⇤)r(C 0(F ⇤)F ⇤ + C(F ⇤)) �µM + pC(F ⇤)rF ⇤X 0(M⇤)

◆

5

➡ Search for equilibria to see when the population can't settle. 
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Ḟ = �µFF + r(1� p)X(S,M)C(F )F
Ṁ = �µMM + rpX(S,M)C(F )F + ��

(1)

avec X(M) =
M+✏⌘S

k+M+⌘S et C(F ) =
1

1+�F

� > 0, 0  �  1, @X
@M > 0, X(0,0) = 0, 0  X(S,M)  1

9M̄ � 0 tel que
@X
@S < 0 pour M > M̄

C(0)=1, C’(F) < 0, lim
F!+1

C(F ) = 0

Table 1 – Paramètres des modèles

Paramètres Description Valeurs (Unités)

F densité de femelles - (ind)
M densité de mâles - (ind)
S densité de mâles stériles - (ind)
p proportion de mâles parmi les nouveaux nés 0.50
r émergence (prend en compte l’oviposition) 1.19 (egg/~/day)
k constante de demi-saturation d’accouplement 1 (densité |)
µF taux de mortalité des femelles 0.050 (day�1)
µM taux de mortalité des mâles 0.036 (day�1)
µS taux de mortalité des mâles stériles 0.057 (day�1)
� lâchers des mâles stériles nombre ind/piège
� proportion de mâles non stériles parmi les lâchers 0.02
� compétition 0.85 (female density)�1

⌘ perte de compétitivité liée à la radiation 0.2
✏ proportion des mâles irradiés non stériles 0.1

entrâınant une descendance fertile

avec 0  ✏  1

2 Recherche des équilibres

- Isocline nulle en S :

S est considérée déjà à l’équilibre, ce qui permet d’étudier le système M et F

Ṡ = 0 () S⇤
=

(1� �)�

µS
(2)

- Isocline nulle en F :

Ḟ = 0 () F ⇤
(�µF + r(1� p)X(S,M)C(F )) = 0

F ⇤
= 0 (3)

ou

X(S,M)C(F ) =
µF

r(1� p)
=

1

R
(4)

1
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Ṡ = 0 () S⇤
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µF
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- Isocline nulle en M :

Ṁ = 0 () �µMM⇤
+ rpX(S,M⇤

)C(F ⇤
)F ⇤

+ �� = 0

Il y a deux cas :

(1) Quand F ⇤
= 0 (3) :

Ṁ = 0

() �µMM⇤
+ �� = 0

() M⇤
=

��

µM
= M⇤

0 (5)

On obtient l’équilibre sans ravageurs :

(
(1� �)�

µS
, 0,

��

µM
)

(S⇤, 0,M⇤
0 )

(2) Quand X(S,M)C(F ) =
µF

r(1�p) (4) :

Ṁ = 0

() �µMM⇤
+ rpX(S,M⇤

)C(F ⇤
)F ⇤

+ �� = 0

() �µM +
pµF

(1� p)
F ⇤

+ �� = 0

() µMM⇤
=

pµF

(1� p)
F ⇤

+ ��

() M⇤
(F ) =

pµF

(1� p)µM
F ⇤

+
��

µM

En F = 0, on a :

M⇤
(0) =

��

µM
= M⇤

0 = (5)

Les équilibres sont les valeurs F solutions de X(S,M(F ))C(F ) =
1
R =

µF

r(1�p) pour F�0

X(S,M(F ⇤
))C(F ⇤

) =
1

R
=

µF

r(1� p)

() M⇤
(F ) + ✏⌘S⇤

k +M⇤(F ) + ⌘S⇤ · 1

1 + �F ⇤ =
1

R
=

µF

r(1� p)

()
M⇤

(F ) + ✏⌘ (1��)�
µS

k +M⇤(F ) + ⌘ (1��)�
µS

· 1

1 + �F ⇤ =
1

R
=

µF

r(1� p)

()
pµF

(1�p)µM
F +

��
µM

+
✏⌘(1��)�

µS

k +
pµF

(1�p)µM
F +

��
µM

+ ⌘ (1��)�
µS

· 1

1 + �F
=

µF

r(1� p)
=

1

R
(6)
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Ṡ = 0 () S⇤
=

(1� �)�

µS
(2)

- Isocline nulle en F :

Ḟ = 0 () F ⇤
(�µF + r(1� p)X(S,M)C(F )) = 0

F ⇤
= 0 (3)

ou

X(S,M)C(F ) =
µF

r(1� p)
=

1

R
(4)

1

7 Conclusion

Ce stage avait pour objectif de modéliser la dynamique des populations de Ceratitis capitata dans le
cadre de la technique de l’insecte stérile (TIS), c’est-à-dire en considérant un paramètre � représentant
le nombre de mâles stériles lâchés dans les di↵érents modèles établis. L’étude des modèles a permis de
donner accès à un seuil � minimal entrainant un déclin de la population de cératites pour chacun des
modèles. Ce seuil di↵ère considérablement pour le modèle prenant en compte l’erreur de stérilisation
dans la probabilité de fécondation par rapport aux deux autres modèles, dont l’un considère que
tous les mâles irradiés sont stériles, et l’autre ajoute les mâles irradiés non stériles au compartiment
des mâles fertiles. Ces résultats suggèrent que la prise en compte de l’erreur de stérilisation dans les
modèles peut encore être a�née, notamment avec les données de laboratoire pour préciser le taux de
stérilité résiduelle. Cependant, dans le cas de la TIS des lâchers inondatifs sont e↵ectués, il vaut donc
mieux lâcher trop de mâles stériles que pas assez, ainsi le seuil trouvé pour le modèle 2, modèle tenant
compte de l’erreur de stérilisation des mâles en impactant la probabilité de fécondation, semble être le
plus adapté. En e↵et, le seuil obtenu dans le cas de ce modèle permettrait de lâcher su�samment de
mâles stériles pour qu’un e↵et soit significatif sur la population de cératites, tout en limitant le nombre
d’individus lâchés pour limiter le coût de cette technique biologique. De plus dans cette étude, des
lâchers continus ont été considérés, il pourrait être intéressant de faire une comparaison en considérant
des lâchers périodiques pour déterminer la stratégie la plus optimale dans le cadre de la technique de
l’insecte stérile.

Articles consultés pour cette étude :
- modèles sur la technique de l’insecte stérile [3, 2, 1]
- modèle sur Ceratitis capitata [4]
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Ṡ = �µS S + (1� �)�
Ḟ = �µF F + r(1� p)X(S,M)C(F )F
Ṁ = �µM M + rpX(S,M) C(F )F + ��

(17)
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Figure 1: Flow diagram of the population dynamics model. The compartments correspond to sterile males
S, wild females F and wild males M . Each compartment is associated with a mortality rate, respectively
µS , µF and µM . The proportion of males among o↵spring is symbolized by p. The proportion of
successful matings is represented by X(S,M, ✏). The irradiated male release rate is symbolized by �.
The proportion of non-sterile irradiated males considered as wild males with no fitness cost corresponds
to � while those for which a fitness cost is associated to ✏.

In this work, a SIT model was established, based on di↵erential equations that represent the dynamics
of sterile males, wild males and wild females. We focused on the e↵ect of residual fertility on the
e↵ectiveness of the technique, with or without a fitness cost associated to the irradiated males that
escape sterilization. The model was calibrated with parameters specific to C. capitata to best account
for the biology of the species.

2 Model

2.1 Model description

The model represents the population dynamics of the following three compartments: sterile males S, wild
females F and wild males M (Fig. 1).

The model is defined as follows:
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Ṡ = �µSS + (1� �)�

Ḟ = �µFF + r(1� p)X(S,M, ✏)C(F )F

Ṁ = �µMM + rpX(S,M, ✏)C(F )F + ��.

(1)

In Ẋ, the point represents the time derivative of the population densities. The dynamics of sterile
males S are a↵ected by their mortality µS and the release rate �. In the presence of cost-free residual
fertility, only a proportion (1��) of truly sterile males is added to the compartment. The dynamics of wild
females F are also a↵ected by their mortality µF and the proportion of females generated at each time
step. The latter depends on the emergence rate r, the proportion of females in the o↵spring (1� p), the
proportion of successful matings X(S,M, ✏), as well as the competition between females for oviposition
C(F ). Finally the dynamics of wild males M are a↵ected by their mortality µF and the proportion of
male o↵spring (complementary to the female o↵spring). In the cost-free model, the proportion � of males
among � releases that have been irradiated but remain fertile also contributes to wild males dynamics.
We considered that wild individuals have a lower mortality rate than sterile ones: µM  µS .

In the model with costly residual fertility, we hypothesized that sterile males su↵er from a lack of
attractiveness, which is represented by parameter ⌘ in the mating function. In this model, residual
fertility without fitness cost is reflected by the � parameter, with 0  � < 1, which corresponds to the
proportion of non-sterile males among the � releases. These males are considered as fit as wild males and
are therefore introduced in the M compartment of the model. Residual fertility with cost is taken into
account with the ✏ parameter, with 0  ✏ < 1, included in the proportion of matings that leads to progeny
X(S,M, ✏). These males participate in successful mating, but otherwise have the same characteristics as
the sterile males, in terms of attractiveness and mortality. Therefore, they remain in the S compartment.
We consider the cases with and without fitness costs. For example, if � is di↵erent from zero then ✏ is
equal to zero and vice versa. The case where � = ✏ = 0 corresponds to an hypothetical situation with
no residual fertility. These three cases: no residual fertility, residual fertility without cost and residual
fertility with cost illustrate an increasing gradient of biological realism.
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the sterile males, in terms of attractiveness and mortality. Therefore, they remain in the S compartment.
We consider the cases with and without fitness costs. For example, if � is di↵erent from zero then ✏ is
equal to zero and vice versa. The case where � = ✏ = 0 corresponds to an hypothetical situation with
no residual fertility. These three cases: no residual fertility, residual fertility without cost and residual
fertility with cost illustrate an increasing gradient of biological realism.
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Figure 1: Flow diagram of the population dynamics model. The compartments correspond to sterile males
S, wild females F and wild males M . Each compartment is associated with a mortality rate, respectively
µS , µF and µM . The proportion of males among o↵spring is symbolized by p. The proportion of
successful matings is represented by X(S,M, ✏). The irradiated male release rate is symbolized by �.
The proportion of non-sterile irradiated males considered as wild males with no fitness cost corresponds
to � while those for which a fitness cost is associated to ✏.

In this work, a SIT model was established, based on di↵erential equations that represent the dynamics
of sterile males, wild males and wild females. We focused on the e↵ect of residual fertility on the
e↵ectiveness of the technique, with or without a fitness cost associated to the irradiated males that
escape sterilization. The model was calibrated with parameters specific to C. capitata to best account
for the biology of the species.

2 Model

2.1 Model description

The model represents the population dynamics of the following three compartments: sterile males S, wild
females F and wild males M (Fig. 1).

The model is defined as follows:
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Ḟ = �µFF + r(1� p)X(S,M, ✏)C(F )F

Ṁ = �µMM + rpX(S,M, ✏)C(F )F + ��.

(1)

In Ẋ, the point represents the time derivative of the population densities. The dynamics of sterile
males S are a↵ected by their mortality µS and the release rate �. In the presence of cost-free residual
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proportion of successful matings X(S,M, ✏), as well as the competition between females for oviposition
C(F ). Finally the dynamics of wild males M are a↵ected by their mortality µF and the proportion of
male o↵spring (complementary to the female o↵spring). In the cost-free model, the proportion � of males
among � releases that have been irradiated but remain fertile also contributes to wild males dynamics.
We considered that wild individuals have a lower mortality rate than sterile ones: µM  µS .

In the model with costly residual fertility, we hypothesized that sterile males su↵er from a lack of
attractiveness, which is represented by parameter ⌘ in the mating function. In this model, residual
fertility without fitness cost is reflected by the � parameter, with 0  � < 1, which corresponds to the
proportion of non-sterile males among the � releases. These males are considered as fit as wild males and
are therefore introduced in the M compartment of the model. Residual fertility with cost is taken into
account with the ✏ parameter, with 0  ✏ < 1, included in the proportion of matings that leads to progeny
X(S,M, ✏). These males participate in successful mating, but otherwise have the same characteristics as
the sterile males, in terms of attractiveness and mortality. Therefore, they remain in the S compartment.
We consider the cases with and without fitness costs. For example, if � is di↵erent from zero then ✏ is
equal to zero and vice versa. The case where � = ✏ = 0 corresponds to an hypothetical situation with
no residual fertility. These three cases: no residual fertility, residual fertility without cost and residual
fertility with cost illustrate an increasing gradient of biological realism.
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three cases allow us to define three sub-models that we call respectively: no residual fertility (sub model
0) , cost-free residual fertility (sub model 1) and costly residual fertility (sub model 2).

2.2.1 Search for equilibria and study of their existence

Throughout our study, we assume that S, F and M are not negative since they represent population
densities. S is considered to be already at equilibrium S⇤ = (1��)�

µS
. Equilibria of system (1) thus solve

system (4):

(
F ⇤(�µF + r(1� p)X(S⇤,M⇤, ✏)C(F ⇤)) = 0,

�µMM⇤ + rpX(S⇤,M⇤, ✏)C(F ⇤)F ⇤ + �� = 0.
(4)

We get F ⇤ = 0 or X(S⇤,M⇤, ✏)C(F ⇤) = µF

r(1�p) = 1
R with the first equation of system (4), which

allows to introduce the basic reproduction number R. R is the average number of o↵spring produced
by a female during its lifetime, so it must be greater than 1 otherwise the population is tending towards
extinction.

Thus we easily deduce the pest-free equilibrium (S⇤, 0, ��
µM

), where we note M⇤
0 = ��

µM
. When � = 0

it is a true pest-free equilibrium of the form (S⇤, 0, 0), whereas when � 6= 0 the male compartment is
maintained only by non-sterile males within the releases. The other equilibria are built on the values F ⇤

solutions of:

X(S⇤,M(F ⇤), ✏)C(F ⇤) =
µF

r(1� p)
=

1

R (5)

where M(F ⇤) is expressed, from the second equation of (4), as follows :

M(F ⇤) =
pµF

(1� p)µM
F ⇤ +

��

µM
. (6)

If we note G(M(F ⇤)) = X(S⇤,M(F ⇤), ✏)C(F ⇤) the expression (5) becomes:

G(M(F ⇤)) = X(S⇤,M(F ⇤), ✏)C(F ⇤) =
µF

r(1� p)
=

1

R . (7)

As lim
F!+1

C(F ) = 0, we have lim
M!+1

G(M(F ⇤)) = 0.

• IfG(M⇤
0 ) = X(S⇤,M⇤

0 , ✏) <
µF

r(1�p) =
1
R and max(G(M(F ⇤))) > 1

R (Fig. 2A) there are two solutions

M⇤
2 > M⇤

1 > M⇤
0 , such that dG

dM (M⇤
1 ) > 0 and dG

dM (M⇤
2 ) < 0. We then have the endemic equilibria

(S⇤, F ⇤
1 ,M

⇤
1 ) and (S⇤, F ⇤

2 ,M
⇤
2 ). However, on all generality, there may be more, but an even number.

• If G(M⇤
0 ) = X(S⇤,M⇤

0 , ✏) >
µF

r(1�p) =
1
R (Fig. 2B) there is at least one solution, at which

dG

dM
=

@

@M
(X(S⇤,M(F ⇤), ✏)C(F ⇤)  0

this solution is named M⇤
2 and constitutes the endemic equilibrium (S⇤, F ⇤

2 ,M
⇤
2 ).

In the particular case where there is no residual fertility (� = ✏ = 0), X(S⇤,M⇤
0 , ✏) = X(S⇤, 0, ✏) = 0,

so this second situation cannot happen.

2.2.2 Local stability of model equilibria

We consider the Jacobian matrix of the (F,M) subsystem at S = S⇤. For readability reasons, we redefine
X(S,M, ✏) as X(M). The Jacobian matrix J(F,M) related to the system (1) is:

J(F,M) =

 
@Ḟ
@F

@Ḟ
@M

@Ṁ
@F

@Ṁ
@M

!
=

✓
�µF + (1� p)X(M⇤)r(C 0(F ⇤)F ⇤ + C(F ⇤)) (1� p)C(F ⇤)rF ⇤X 0(M⇤)

pX(M⇤)r(C 0(F ⇤)F ⇤ + C(F ⇤)) �µM + pC(F ⇤)rF ⇤X 0(M⇤)

◆

5

➡ Search for equilibria to see when the population can't settle. 
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Ṡ = �µSS + (1� �)�
Ḟ = �µFF + r(1� p)X(S,M)C(F )F
Ṁ = �µMM + rpX(S,M)C(F )F + ��

(1)

avec X(M) =
M+✏⌘S

k+M+⌘S et C(F ) =
1

1+�F

� > 0, 0  �  1, @X
@M > 0, X(0,0) = 0, 0  X(S,M)  1

9M̄ � 0 tel que
@X
@S < 0 pour M > M̄

C(0)=1, C’(F) < 0, lim
F!+1

C(F ) = 0

Table 1 – Paramètres des modèles

Paramètres Description Valeurs (Unités)

F densité de femelles - (ind)
M densité de mâles - (ind)
S densité de mâles stériles - (ind)
p proportion de mâles parmi les nouveaux nés 0.50
r émergence (prend en compte l’oviposition) 1.19 (egg/~/day)
k constante de demi-saturation d’accouplement 1 (densité |)
µF taux de mortalité des femelles 0.050 (day�1)
µM taux de mortalité des mâles 0.036 (day�1)
µS taux de mortalité des mâles stériles 0.057 (day�1)
� lâchers des mâles stériles nombre ind/piège
� proportion de mâles non stériles parmi les lâchers 0.02
� compétition 0.85 (female density)�1

⌘ perte de compétitivité liée à la radiation 0.2
✏ proportion des mâles irradiés non stériles 0.1

entrâınant une descendance fertile

avec 0  ✏  1

2 Recherche des équilibres

- Isocline nulle en S :

S est considérée déjà à l’équilibre, ce qui permet d’étudier le système M et F

Ṡ = 0 () S⇤
=

(1� �)�

µS
(2)

- Isocline nulle en F :

Ḟ = 0 () F ⇤
(�µF + r(1� p)X(S,M)C(F )) = 0

F ⇤
= 0 (3)

ou

X(S,M)C(F ) =
µF

r(1� p)
=

1

R
(4)

1
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S est considérée déjà à l’équilibre, ce qui permet d’étudier le système M et F

Ṡ = 0 () S⇤
=

(1� �)�

µS
(2)

- Isocline nulle en F :

Ḟ = 0 () F ⇤
(�µF + r(1� p)X(S,M)C(F )) = 0

F ⇤
= 0 (3)

ou

X(S,M)C(F ) =
µF
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1

- Isocline nulle en M :

Ṁ = 0 () �µMM⇤
+ rpX(S,M⇤

)C(F ⇤
)F ⇤

+ �� = 0

Il y a deux cas :

(1) Quand F ⇤
= 0 (3) :

Ṁ = 0

() �µMM⇤
+ �� = 0

() M⇤
=

��

µM
= M⇤

0 (5)

On obtient l’équilibre sans ravageurs :

(
(1� �)�

µS
, 0,

��

µM
)

(S⇤, 0,M⇤
0 )

(2) Quand X(S,M)C(F ) =
µF

r(1�p) (4) :

Ṁ = 0

() �µMM⇤
+ rpX(S,M⇤

)C(F ⇤
)F ⇤

+ �� = 0

() �µM +
pµF

(1� p)
F ⇤

+ �� = 0

() µMM⇤
=

pµF

(1� p)
F ⇤

+ ��

() M⇤
(F ) =

pµF

(1� p)µM
F ⇤

+
��

µM

En F = 0, on a :

M⇤
(0) =

��

µM
= M⇤

0 = (5)

Les équilibres sont les valeurs F solutions de X(S,M(F ))C(F ) =
1
R =

µF

r(1�p) pour F�0

X(S,M(F ⇤
))C(F ⇤

) =
1

R
=

µF

r(1� p)

() M⇤
(F ) + ✏⌘S⇤

k +M⇤(F ) + ⌘S⇤ · 1

1 + �F ⇤ =
1

R
=

µF

r(1� p)

()
M⇤

(F ) + ✏⌘ (1��)�
µS

k +M⇤(F ) + ⌘ (1��)�
µS

· 1

1 + �F ⇤ =
1

R
=

µF

r(1� p)

()
pµF

(1�p)µM
F +

��
µM

+
✏⌘(1��)�

µS

k +
pµF

(1�p)µM
F +

��
µM

+ ⌘ (1��)�
µS

· 1

1 + �F
=

µF

r(1� p)
=

1

R
(6)
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7 Conclusion

Ce stage avait pour objectif de modéliser la dynamique des populations de Ceratitis capitata dans le
cadre de la technique de l’insecte stérile (TIS), c’est-à-dire en considérant un paramètre � représentant
le nombre de mâles stériles lâchés dans les di↵érents modèles établis. L’étude des modèles a permis de
donner accès à un seuil � minimal entrainant un déclin de la population de cératites pour chacun des
modèles. Ce seuil di↵ère considérablement pour le modèle prenant en compte l’erreur de stérilisation
dans la probabilité de fécondation par rapport aux deux autres modèles, dont l’un considère que
tous les mâles irradiés sont stériles, et l’autre ajoute les mâles irradiés non stériles au compartiment
des mâles fertiles. Ces résultats suggèrent que la prise en compte de l’erreur de stérilisation dans les
modèles peut encore être a�née, notamment avec les données de laboratoire pour préciser le taux de
stérilité résiduelle. Cependant, dans le cas de la TIS des lâchers inondatifs sont e↵ectués, il vaut donc
mieux lâcher trop de mâles stériles que pas assez, ainsi le seuil trouvé pour le modèle 2, modèle tenant
compte de l’erreur de stérilisation des mâles en impactant la probabilité de fécondation, semble être le
plus adapté. En e↵et, le seuil obtenu dans le cas de ce modèle permettrait de lâcher su�samment de
mâles stériles pour qu’un e↵et soit significatif sur la population de cératites, tout en limitant le nombre
d’individus lâchés pour limiter le coût de cette technique biologique. De plus dans cette étude, des
lâchers continus ont été considérés, il pourrait être intéressant de faire une comparaison en considérant
des lâchers périodiques pour déterminer la stratégie la plus optimale dans le cadre de la technique de
l’insecte stérile.

Articles consultés pour cette étude :
- modèles sur la technique de l’insecte stérile [3, 2, 1]
- modèle sur Ceratitis capitata [4]
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Alexia Danné, Audrey Dempsey, Juliette Dufour, Léa Humbert, Mathias Launay, François Mallordy,
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Ṡ = �µS S + (1� �)�
Ḟ = �µF F + r(1� p)X(S,M)C(F )F
Ṁ = �µM M + rpX(S,M) C(F )F + ��

(17)
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Figure 1: Flow diagram of the population dynamics model. The compartments correspond to sterile males
S, wild females F and wild males M . Each compartment is associated with a mortality rate, respectively
µS , µF and µM . The proportion of males among o↵spring is symbolized by p. The proportion of
successful matings is represented by X(S,M, ✏). The irradiated male release rate is symbolized by �.
The proportion of non-sterile irradiated males considered as wild males with no fitness cost corresponds
to � while those for which a fitness cost is associated to ✏.

In this work, a SIT model was established, based on di↵erential equations that represent the dynamics
of sterile males, wild males and wild females. We focused on the e↵ect of residual fertility on the
e↵ectiveness of the technique, with or without a fitness cost associated to the irradiated males that
escape sterilization. The model was calibrated with parameters specific to C. capitata to best account
for the biology of the species.

2 Model

2.1 Model description

The model represents the population dynamics of the following three compartments: sterile males S, wild
females F and wild males M (Fig. 1).

The model is defined as follows:
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Ṡ = �µSS + (1� �)�

Ḟ = �µFF + r(1� p)X(S,M, ✏)C(F )F

Ṁ = �µMM + rpX(S,M, ✏)C(F )F + ��.

(1)

In Ẋ, the point represents the time derivative of the population densities. The dynamics of sterile
males S are a↵ected by their mortality µS and the release rate �. In the presence of cost-free residual
fertility, only a proportion (1��) of truly sterile males is added to the compartment. The dynamics of wild
females F are also a↵ected by their mortality µF and the proportion of females generated at each time
step. The latter depends on the emergence rate r, the proportion of females in the o↵spring (1� p), the
proportion of successful matings X(S,M, ✏), as well as the competition between females for oviposition
C(F ). Finally the dynamics of wild males M are a↵ected by their mortality µF and the proportion of
male o↵spring (complementary to the female o↵spring). In the cost-free model, the proportion � of males
among � releases that have been irradiated but remain fertile also contributes to wild males dynamics.
We considered that wild individuals have a lower mortality rate than sterile ones: µM  µS .

In the model with costly residual fertility, we hypothesized that sterile males su↵er from a lack of
attractiveness, which is represented by parameter ⌘ in the mating function. In this model, residual
fertility without fitness cost is reflected by the � parameter, with 0  � < 1, which corresponds to the
proportion of non-sterile males among the � releases. These males are considered as fit as wild males and
are therefore introduced in the M compartment of the model. Residual fertility with cost is taken into
account with the ✏ parameter, with 0  ✏ < 1, included in the proportion of matings that leads to progeny
X(S,M, ✏). These males participate in successful mating, but otherwise have the same characteristics as
the sterile males, in terms of attractiveness and mortality. Therefore, they remain in the S compartment.
We consider the cases with and without fitness costs. For example, if � is di↵erent from zero then ✏ is
equal to zero and vice versa. The case where � = ✏ = 0 corresponds to an hypothetical situation with
no residual fertility. These three cases: no residual fertility, residual fertility without cost and residual
fertility with cost illustrate an increasing gradient of biological realism.
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µS , µF and µM . The proportion of males among o↵spring is symbolized by p. The proportion of
successful matings is represented by X(S,M, ✏). The irradiated male release rate is symbolized by �.
The proportion of non-sterile irradiated males considered as wild males with no fitness cost corresponds
to � while those for which a fitness cost is associated to ✏.

In this work, a SIT model was established, based on di↵erential equations that represent the dynamics
of sterile males, wild males and wild females. We focused on the e↵ect of residual fertility on the
e↵ectiveness of the technique, with or without a fitness cost associated to the irradiated males that
escape sterilization. The model was calibrated with parameters specific to C. capitata to best account
for the biology of the species.
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C(F ). Finally the dynamics of wild males M are a↵ected by their mortality µF and the proportion of
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attractiveness, which is represented by parameter ⌘ in the mating function. In this model, residual
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X(S,M, ✏). These males participate in successful mating, but otherwise have the same characteristics as
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Figure 1: Flow diagram of the population dynamics model. The compartments correspond to sterile males
S, wild females F and wild males M . Each compartment is associated with a mortality rate, respectively
µS , µF and µM . The proportion of males among o↵spring is symbolized by p. The proportion of
successful matings is represented by X(S,M, ✏). The irradiated male release rate is symbolized by �.
The proportion of non-sterile irradiated males considered as wild males with no fitness cost corresponds
to � while those for which a fitness cost is associated to ✏.
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three cases allow us to define three sub-models that we call respectively: no residual fertility (sub model
0) , cost-free residual fertility (sub model 1) and costly residual fertility (sub model 2).

2.2.1 Search for equilibria and study of their existence

Throughout our study, we assume that S, F and M are not negative since they represent population
densities. S is considered to be already at equilibrium S⇤ = (1��)�

µS
. Equilibria of system (1) thus solve

system (4):

(
F ⇤(�µF + r(1� p)X(S⇤,M⇤, ✏)C(F ⇤)) = 0,

�µMM⇤ + rpX(S⇤,M⇤, ✏)C(F ⇤)F ⇤ + �� = 0.
(4)

We get F ⇤ = 0 or X(S⇤,M⇤, ✏)C(F ⇤) = µF

r(1�p) = 1
R with the first equation of system (4), which

allows to introduce the basic reproduction number R. R is the average number of o↵spring produced
by a female during its lifetime, so it must be greater than 1 otherwise the population is tending towards
extinction.

Thus we easily deduce the pest-free equilibrium (S⇤, 0, ��
µM

), where we note M⇤
0 = ��

µM
. When � = 0

it is a true pest-free equilibrium of the form (S⇤, 0, 0), whereas when � 6= 0 the male compartment is
maintained only by non-sterile males within the releases. The other equilibria are built on the values F ⇤

solutions of:

X(S⇤,M(F ⇤), ✏)C(F ⇤) =
µF

r(1� p)
=

1

R (5)

where M(F ⇤) is expressed, from the second equation of (4), as follows :

M(F ⇤) =
pµF

(1� p)µM
F ⇤ +

��

µM
. (6)

If we note G(M(F ⇤)) = X(S⇤,M(F ⇤), ✏)C(F ⇤) the expression (5) becomes:

G(M(F ⇤)) = X(S⇤,M(F ⇤), ✏)C(F ⇤) =
µF

r(1� p)
=

1

R . (7)

As lim
F!+1

C(F ) = 0, we have lim
M!+1

G(M(F ⇤)) = 0.

• IfG(M⇤
0 ) = X(S⇤,M⇤

0 , ✏) <
µF

r(1�p) =
1
R and max(G(M(F ⇤))) > 1

R (Fig. 2A) there are two solutions

M⇤
2 > M⇤

1 > M⇤
0 , such that dG

dM (M⇤
1 ) > 0 and dG

dM (M⇤
2 ) < 0. We then have the endemic equilibria

(S⇤, F ⇤
1 ,M

⇤
1 ) and (S⇤, F ⇤

2 ,M
⇤
2 ). However, on all generality, there may be more, but an even number.

• If G(M⇤
0 ) = X(S⇤,M⇤

0 , ✏) >
µF

r(1�p) =
1
R (Fig. 2B) there is at least one solution, at which

dG

dM
=

@

@M
(X(S⇤,M(F ⇤), ✏)C(F ⇤)  0

this solution is named M⇤
2 and constitutes the endemic equilibrium (S⇤, F ⇤

2 ,M
⇤
2 ).

In the particular case where there is no residual fertility (� = ✏ = 0), X(S⇤,M⇤
0 , ✏) = X(S⇤, 0, ✏) = 0,

so this second situation cannot happen.

2.2.2 Local stability of model equilibria

We consider the Jacobian matrix of the (F,M) subsystem at S = S⇤. For readability reasons, we redefine
X(S,M, ✏) as X(M). The Jacobian matrix J(F,M) related to the system (1) is:

J(F,M) =

 
@Ḟ
@F

@Ḟ
@M

@Ṁ
@F

@Ṁ
@M

!
=

✓
�µF + (1� p)X(M⇤)r(C 0(F ⇤)F ⇤ + C(F ⇤)) (1� p)C(F ⇤)rF ⇤X 0(M⇤)

pX(M⇤)r(C 0(F ⇤)F ⇤ + C(F ⇤)) �µM + pC(F ⇤)rF ⇤X 0(M⇤)

◆
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1 Modèles

8
<

:

Ṡ = �µSS + (1� �)�
Ḟ = �µFF + r(1� p)X(S,M)C(F )F
Ṁ = �µMM + rpX(S,M)C(F )F + ��

(1)

avec X(M) =
M+✏⌘S

k+M+⌘S et C(F ) =
1

1+�F

� > 0, 0  �  1, @X
@M > 0, X(0,0) = 0, 0  X(S,M)  1

9M̄ � 0 tel que
@X
@S < 0 pour M > M̄

C(0)=1, C’(F) < 0, lim
F!+1

C(F ) = 0

Table 1 – Paramètres des modèles

Paramètres Description Valeurs (Unités)

F densité de femelles - (ind)
M densité de mâles - (ind)
S densité de mâles stériles - (ind)
p proportion de mâles parmi les nouveaux nés 0.50
r émergence (prend en compte l’oviposition) 1.19 (egg/~/day)
k constante de demi-saturation d’accouplement 1 (densité |)
µF taux de mortalité des femelles 0.050 (day�1)
µM taux de mortalité des mâles 0.036 (day�1)
µS taux de mortalité des mâles stériles 0.057 (day�1)
� lâchers des mâles stériles nombre ind/piège
� proportion de mâles non stériles parmi les lâchers 0.02
� compétition 0.85 (female density)�1

⌘ perte de compétitivité liée à la radiation 0.2
✏ proportion des mâles irradiés non stériles 0.1

entrâınant une descendance fertile

avec 0  ✏  1

2 Recherche des équilibres

- Isocline nulle en S :

S est considérée déjà à l’équilibre, ce qui permet d’étudier le système M et F

Ṡ = 0 () S⇤
=

(1� �)�

µS
(2)

- Isocline nulle en F :

Ḟ = 0 () F ⇤
(�µF + r(1� p)X(S,M)C(F )) = 0

F ⇤
= 0 (3)

ou

X(S,M)C(F ) =
µF

r(1� p)
=

1

R
(4)

1
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- Isocline nulle en M :

Ṁ = 0 () �µMM⇤
+ rpX(S,M⇤

)C(F ⇤
)F ⇤

+ �� = 0

Il y a deux cas :

(1) Quand F ⇤
= 0 (3) :

Ṁ = 0

() �µMM⇤
+ �� = 0

() M⇤
=

��

µM
= M⇤

0 (5)

On obtient l’équilibre sans ravageurs :

(
(1� �)�

µS
, 0,

��

µM
)

(S⇤, 0,M⇤
0 )

(2) Quand X(S,M)C(F ) =
µF

r(1�p) (4) :

Ṁ = 0

() �µMM⇤
+ rpX(S,M⇤

)C(F ⇤
)F ⇤

+ �� = 0

() �µM +
pµF

(1� p)
F ⇤

+ �� = 0

() µMM⇤
=

pµF

(1� p)
F ⇤

+ ��

() M⇤
(F ) =

pµF

(1� p)µM
F ⇤

+
��

µM

En F = 0, on a :

M⇤
(0) =

��

µM
= M⇤

0 = (5)

Les équilibres sont les valeurs F solutions de X(S,M(F ))C(F ) =
1
R =

µF

r(1�p) pour F�0

X(S,M(F ⇤
))C(F ⇤

) =
1

R
=

µF

r(1� p)

() M⇤
(F ) + ✏⌘S⇤

k +M⇤(F ) + ⌘S⇤ · 1

1 + �F ⇤ =
1

R
=

µF

r(1� p)

()
M⇤

(F ) + ✏⌘ (1��)�
µS

k +M⇤(F ) + ⌘ (1��)�
µS

· 1

1 + �F ⇤ =
1

R
=

µF

r(1� p)

()
pµF

(1�p)µM
F +

��
µM

+
✏⌘(1��)�

µS

k +
pµF

(1�p)µM
F +

��
µM

+ ⌘ (1��)�
µS

· 1

1 + �F
=

µF

r(1� p)
=

1

R
(6)
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F densité de femelles - (ind)
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Ṡ = 0 () S⇤
=

(1� �)�

µS
(2)

- Isocline nulle en F :
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7 Conclusion

Ce stage avait pour objectif de modéliser la dynamique des populations de Ceratitis capitata dans le
cadre de la technique de l’insecte stérile (TIS), c’est-à-dire en considérant un paramètre � représentant
le nombre de mâles stériles lâchés dans les di↵érents modèles établis. L’étude des modèles a permis de
donner accès à un seuil � minimal entrainant un déclin de la population de cératites pour chacun des
modèles. Ce seuil di↵ère considérablement pour le modèle prenant en compte l’erreur de stérilisation
dans la probabilité de fécondation par rapport aux deux autres modèles, dont l’un considère que
tous les mâles irradiés sont stériles, et l’autre ajoute les mâles irradiés non stériles au compartiment
des mâles fertiles. Ces résultats suggèrent que la prise en compte de l’erreur de stérilisation dans les
modèles peut encore être a�née, notamment avec les données de laboratoire pour préciser le taux de
stérilité résiduelle. Cependant, dans le cas de la TIS des lâchers inondatifs sont e↵ectués, il vaut donc
mieux lâcher trop de mâles stériles que pas assez, ainsi le seuil trouvé pour le modèle 2, modèle tenant
compte de l’erreur de stérilisation des mâles en impactant la probabilité de fécondation, semble être le
plus adapté. En e↵et, le seuil obtenu dans le cas de ce modèle permettrait de lâcher su�samment de
mâles stériles pour qu’un e↵et soit significatif sur la population de cératites, tout en limitant le nombre
d’individus lâchés pour limiter le coût de cette technique biologique. De plus dans cette étude, des
lâchers continus ont été considérés, il pourrait être intéressant de faire une comparaison en considérant
des lâchers périodiques pour déterminer la stratégie la plus optimale dans le cadre de la technique de
l’insecte stérile.

Articles consultés pour cette étude :
- modèles sur la technique de l’insecte stérile [3, 2, 1]
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Figure 1: Flow diagram of the population dynamics model. The compartments correspond to sterile males
S, wild females F and wild males M . Each compartment is associated with a mortality rate, respectively
µS , µF and µM . The proportion of males among o↵spring is symbolized by p. The proportion of
successful matings is represented by X(S,M, ✏). The irradiated male release rate is symbolized by �.
The proportion of non-sterile irradiated males considered as wild males with no fitness cost corresponds
to � while those for which a fitness cost is associated to ✏.

In this work, a SIT model was established, based on di↵erential equations that represent the dynamics
of sterile males, wild males and wild females. We focused on the e↵ect of residual fertility on the
e↵ectiveness of the technique, with or without a fitness cost associated to the irradiated males that
escape sterilization. The model was calibrated with parameters specific to C. capitata to best account
for the biology of the species.

2 Model

2.1 Model description

The model represents the population dynamics of the following three compartments: sterile males S, wild
females F and wild males M (Fig. 1).

The model is defined as follows:
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Ḟ = �µFF + r(1� p)X(S,M, ✏)C(F )F

Ṁ = �µMM + rpX(S,M, ✏)C(F )F + ��.

(1)

In Ẋ, the point represents the time derivative of the population densities. The dynamics of sterile
males S are a↵ected by their mortality µS and the release rate �. In the presence of cost-free residual
fertility, only a proportion (1��) of truly sterile males is added to the compartment. The dynamics of wild
females F are also a↵ected by their mortality µF and the proportion of females generated at each time
step. The latter depends on the emergence rate r, the proportion of females in the o↵spring (1� p), the
proportion of successful matings X(S,M, ✏), as well as the competition between females for oviposition
C(F ). Finally the dynamics of wild males M are a↵ected by their mortality µF and the proportion of
male o↵spring (complementary to the female o↵spring). In the cost-free model, the proportion � of males
among � releases that have been irradiated but remain fertile also contributes to wild males dynamics.
We considered that wild individuals have a lower mortality rate than sterile ones: µM  µS .

In the model with costly residual fertility, we hypothesized that sterile males su↵er from a lack of
attractiveness, which is represented by parameter ⌘ in the mating function. In this model, residual
fertility without fitness cost is reflected by the � parameter, with 0  � < 1, which corresponds to the
proportion of non-sterile males among the � releases. These males are considered as fit as wild males and
are therefore introduced in the M compartment of the model. Residual fertility with cost is taken into
account with the ✏ parameter, with 0  ✏ < 1, included in the proportion of matings that leads to progeny
X(S,M, ✏). These males participate in successful mating, but otherwise have the same characteristics as
the sterile males, in terms of attractiveness and mortality. Therefore, they remain in the S compartment.
We consider the cases with and without fitness costs. For example, if � is di↵erent from zero then ✏ is
equal to zero and vice versa. The case where � = ✏ = 0 corresponds to an hypothetical situation with
no residual fertility. These three cases: no residual fertility, residual fertility without cost and residual
fertility with cost illustrate an increasing gradient of biological realism.
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three cases allow us to define three sub-models that we call respectively: no residual fertility (sub model
0) , cost-free residual fertility (sub model 1) and costly residual fertility (sub model 2).

2.2.1 Search for equilibria and study of their existence

Throughout our study, we assume that S, F and M are not negative since they represent population
densities. S is considered to be already at equilibrium S⇤ = (1��)�

µS
. Equilibria of system (1) thus solve

system (4):

(
F ⇤(�µF + r(1� p)X(S⇤,M⇤, ✏)C(F ⇤)) = 0,

�µMM⇤ + rpX(S⇤,M⇤, ✏)C(F ⇤)F ⇤ + �� = 0.
(4)

We get F ⇤ = 0 or X(S⇤,M⇤, ✏)C(F ⇤) = µF

r(1�p) = 1
R with the first equation of system (4), which

allows to introduce the basic reproduction number R. R is the average number of o↵spring produced
by a female during its lifetime, so it must be greater than 1 otherwise the population is tending towards
extinction.

Thus we easily deduce the pest-free equilibrium (S⇤, 0, ��
µM

), where we note M⇤
0 = ��

µM
. When � = 0

it is a true pest-free equilibrium of the form (S⇤, 0, 0), whereas when � 6= 0 the male compartment is
maintained only by non-sterile males within the releases. The other equilibria are built on the values F ⇤

solutions of:

X(S⇤,M(F ⇤), ✏)C(F ⇤) =
µF

r(1� p)
=

1

R (5)

where M(F ⇤) is expressed, from the second equation of (4), as follows :

M(F ⇤) =
pµF

(1� p)µM
F ⇤ +

��

µM
. (6)

If we note G(M(F ⇤)) = X(S⇤,M(F ⇤), ✏)C(F ⇤) the expression (5) becomes:

G(M(F ⇤)) = X(S⇤,M(F ⇤), ✏)C(F ⇤) =
µF

r(1� p)
=

1

R . (7)

As lim
F!+1

C(F ) = 0, we have lim
M!+1

G(M(F ⇤)) = 0.

• IfG(M⇤
0 ) = X(S⇤,M⇤

0 , ✏) <
µF

r(1�p) =
1
R and max(G(M(F ⇤))) > 1

R (Fig. 2A) there are two solutions

M⇤
2 > M⇤

1 > M⇤
0 , such that dG

dM (M⇤
1 ) > 0 and dG

dM (M⇤
2 ) < 0. We then have the endemic equilibria

(S⇤, F ⇤
1 ,M

⇤
1 ) and (S⇤, F ⇤

2 ,M
⇤
2 ). However, on all generality, there may be more, but an even number.

• If G(M⇤
0 ) = X(S⇤,M⇤

0 , ✏) >
µF

r(1�p) =
1
R (Fig. 2B) there is at least one solution, at which

dG

dM
=

@

@M
(X(S⇤,M(F ⇤), ✏)C(F ⇤)  0

this solution is named M⇤
2 and constitutes the endemic equilibrium (S⇤, F ⇤

2 ,M
⇤
2 ).

In the particular case where there is no residual fertility (� = ✏ = 0), X(S⇤,M⇤
0 , ✏) = X(S⇤, 0, ✏) = 0,

so this second situation cannot happen.

2.2.2 Local stability of model equilibria

We consider the Jacobian matrix of the (F,M) subsystem at S = S⇤. For readability reasons, we redefine
X(S,M, ✏) as X(M). The Jacobian matrix J(F,M) related to the system (1) is:

J(F,M) =

 
@Ḟ
@F

@Ḟ
@M

@Ṁ
@F

@Ṁ
@M

!
=

✓
�µF + (1� p)X(M⇤)r(C 0(F ⇤)F ⇤ + C(F ⇤)) (1� p)C(F ⇤)rF ⇤X 0(M⇤)

pX(M⇤)r(C 0(F ⇤)F ⇤ + C(F ⇤)) �µM + pC(F ⇤)rF ⇤X 0(M⇤)
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Ṡ = �µSS + (1� �)�
Ḟ = �µFF + r(1� p)X(S,M)C(F )F
Ṁ = �µMM + rpX(S,M)C(F )F + ��

(1)

avec X(M) =
M+✏⌘S

k+M+⌘S et C(F ) =
1

1+�F

� > 0, 0  �  1, @X
@M > 0, X(0,0) = 0, 0  X(S,M)  1

9M̄ � 0 tel que
@X
@S < 0 pour M > M̄

C(0)=1, C’(F) < 0, lim
F!+1

C(F ) = 0

Table 1 – Paramètres des modèles

Paramètres Description Valeurs (Unités)

F densité de femelles - (ind)
M densité de mâles - (ind)
S densité de mâles stériles - (ind)
p proportion de mâles parmi les nouveaux nés 0.50
r émergence (prend en compte l’oviposition) 1.19 (egg/~/day)
k constante de demi-saturation d’accouplement 1 (densité |)
µF taux de mortalité des femelles 0.050 (day�1)
µM taux de mortalité des mâles 0.036 (day�1)
µS taux de mortalité des mâles stériles 0.057 (day�1)
� lâchers des mâles stériles nombre ind/piège
� proportion de mâles non stériles parmi les lâchers 0.02
� compétition 0.85 (female density)�1

⌘ perte de compétitivité liée à la radiation 0.2
✏ proportion des mâles irradiés non stériles 0.1

entrâınant une descendance fertile

avec 0  ✏  1

2 Recherche des équilibres

- Isocline nulle en S :

S est considérée déjà à l’équilibre, ce qui permet d’étudier le système M et F

Ṡ = 0 () S⇤
=

(1� �)�

µS
(2)

- Isocline nulle en F :

Ḟ = 0 () F ⇤
(�µF + r(1� p)X(S,M)C(F )) = 0

F ⇤
= 0 (3)

ou

X(S,M)C(F ) =
µF

r(1� p)
=

1

R
(4)

1
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F densité de femelles - (ind)
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1

- Isocline nulle en M :

Ṁ = 0 () �µMM⇤
+ rpX(S,M⇤

)C(F ⇤
)F ⇤

+ �� = 0

Il y a deux cas :

(1) Quand F ⇤
= 0 (3) :

Ṁ = 0

() �µMM⇤
+ �� = 0

() M⇤
=

��

µM
= M⇤

0 (5)

On obtient l’équilibre sans ravageurs :

(
(1� �)�

µS
, 0,

��

µM
)

(S⇤, 0,M⇤
0 )

(2) Quand X(S,M)C(F ) =
µF

r(1�p) (4) :

Ṁ = 0

() �µMM⇤
+ rpX(S,M⇤

)C(F ⇤
)F ⇤

+ �� = 0

() �µM +
pµF

(1� p)
F ⇤

+ �� = 0

() µMM⇤
=

pµF

(1� p)
F ⇤

+ ��

() M⇤
(F ) =

pµF

(1� p)µM
F ⇤

+
��

µM

En F = 0, on a :

M⇤
(0) =

��

µM
= M⇤

0 = (5)

Les équilibres sont les valeurs F solutions de X(S,M(F ))C(F ) =
1
R =

µF

r(1�p) pour F�0

X(S,M(F ⇤
))C(F ⇤

) =
1

R
=

µF

r(1� p)

() M⇤
(F ) + ✏⌘S⇤

k +M⇤(F ) + ⌘S⇤ · 1

1 + �F ⇤ =
1

R
=

µF

r(1� p)

()
M⇤

(F ) + ✏⌘ (1��)�
µS

k +M⇤(F ) + ⌘ (1��)�
µS

· 1

1 + �F ⇤ =
1

R
=

µF

r(1� p)

()
pµF

(1�p)µM
F +

��
µM

+
✏⌘(1��)�

µS

k +
pµF

(1�p)µM
F +

��
µM

+ ⌘ (1��)�
µS

· 1

1 + �F
=

µF

r(1� p)
=

1

R
(6)
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1 Modèles
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Ṡ = �µSS + (1� �)�
Ḟ = �µFF + r(1� p)X(S,M)C(F )F
Ṁ = �µMM + rpX(S,M)C(F )F + ��

(1)

avec X(M) =
M+✏⌘S

k+M+⌘S et C(F ) =
1

1+�F

� > 0, 0  �  1, @X
@M > 0, X(0,0) = 0, 0  X(S,M)  1

9M̄ � 0 tel que
@X
@S < 0 pour M > M̄

C(0)=1, C’(F) < 0, lim
F!+1

C(F ) = 0

Table 1 – Paramètres des modèles

Paramètres Description Valeurs (Unités)
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M densité de mâles - (ind)
S densité de mâles stériles - (ind)
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k constante de demi-saturation d’accouplement 1 (densité |)
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µS taux de mortalité des mâles stériles 0.057 (day�1)
� lâchers des mâles stériles nombre ind/piège
� proportion de mâles non stériles parmi les lâchers 0.02
� compétition 0.85 (female density)�1

⌘ perte de compétitivité liée à la radiation 0.2
✏ proportion des mâles irradiés non stériles 0.1

entrâınant une descendance fertile

avec 0  ✏  1

2 Recherche des équilibres
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(1� �)�

µS
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F ⇤
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X(S,M)C(F ) =
µF

r(1� p)
=

1

R
(4)

1
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)C(F ⇤
)F ⇤

+ �� = 0

Il y a deux cas :

(1) Quand F ⇤
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��

µM
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��
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1
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µF
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pµF

(1�p)µM
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��
µM
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✏⌘(1��)�

µS

k +
pµF

(1�p)µM
F +

��
µM

+ ⌘ (1��)�
µS

· 1

1 + �F
=

µF

r(1� p)
=

1
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(6)
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7 Conclusion

Ce stage avait pour objectif de modéliser la dynamique des populations de Ceratitis capitata dans le
cadre de la technique de l’insecte stérile (TIS), c’est-à-dire en considérant un paramètre � représentant
le nombre de mâles stériles lâchés dans les di↵érents modèles établis. L’étude des modèles a permis de
donner accès à un seuil � minimal entrainant un déclin de la population de cératites pour chacun des
modèles. Ce seuil di↵ère considérablement pour le modèle prenant en compte l’erreur de stérilisation
dans la probabilité de fécondation par rapport aux deux autres modèles, dont l’un considère que
tous les mâles irradiés sont stériles, et l’autre ajoute les mâles irradiés non stériles au compartiment
des mâles fertiles. Ces résultats suggèrent que la prise en compte de l’erreur de stérilisation dans les
modèles peut encore être a�née, notamment avec les données de laboratoire pour préciser le taux de
stérilité résiduelle. Cependant, dans le cas de la TIS des lâchers inondatifs sont e↵ectués, il vaut donc
mieux lâcher trop de mâles stériles que pas assez, ainsi le seuil trouvé pour le modèle 2, modèle tenant
compte de l’erreur de stérilisation des mâles en impactant la probabilité de fécondation, semble être le
plus adapté. En e↵et, le seuil obtenu dans le cas de ce modèle permettrait de lâcher su�samment de
mâles stériles pour qu’un e↵et soit significatif sur la population de cératites, tout en limitant le nombre
d’individus lâchés pour limiter le coût de cette technique biologique. De plus dans cette étude, des
lâchers continus ont été considérés, il pourrait être intéressant de faire une comparaison en considérant
des lâchers périodiques pour déterminer la stratégie la plus optimale dans le cadre de la technique de
l’insecte stérile.

Articles consultés pour cette étude :
- modèles sur la technique de l’insecte stérile [3, 2, 1]
- modèle sur Ceratitis capitata [4]
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Ṡ = �µS S + (1� �)�
Ḟ = �µF F + r(1� p)X(S,M)C(F )F
Ṁ = �µM M + rpX(S,M) C(F )F + ��

(17)
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Figure 1: Flow diagram of the population dynamics model. The compartments correspond to sterile males
S, wild females F and wild males M . Each compartment is associated with a mortality rate, respectively
µS , µF and µM . The proportion of males among o↵spring is symbolized by p. The proportion of
successful matings is represented by X(S,M, ✏). The irradiated male release rate is symbolized by �.
The proportion of non-sterile irradiated males considered as wild males with no fitness cost corresponds
to � while those for which a fitness cost is associated to ✏.

In this work, a SIT model was established, based on di↵erential equations that represent the dynamics
of sterile males, wild males and wild females. We focused on the e↵ect of residual fertility on the
e↵ectiveness of the technique, with or without a fitness cost associated to the irradiated males that
escape sterilization. The model was calibrated with parameters specific to C. capitata to best account
for the biology of the species.

2 Model

2.1 Model description

The model represents the population dynamics of the following three compartments: sterile males S, wild
females F and wild males M (Fig. 1).

The model is defined as follows:
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Ṡ = �µSS + (1� �)�

Ḟ = �µFF + r(1� p)X(S,M, ✏)C(F )F

Ṁ = �µMM + rpX(S,M, ✏)C(F )F + ��.

(1)

In Ẋ, the point represents the time derivative of the population densities. The dynamics of sterile
males S are a↵ected by their mortality µS and the release rate �. In the presence of cost-free residual
fertility, only a proportion (1��) of truly sterile males is added to the compartment. The dynamics of wild
females F are also a↵ected by their mortality µF and the proportion of females generated at each time
step. The latter depends on the emergence rate r, the proportion of females in the o↵spring (1� p), the
proportion of successful matings X(S,M, ✏), as well as the competition between females for oviposition
C(F ). Finally the dynamics of wild males M are a↵ected by their mortality µF and the proportion of
male o↵spring (complementary to the female o↵spring). In the cost-free model, the proportion � of males
among � releases that have been irradiated but remain fertile also contributes to wild males dynamics.
We considered that wild individuals have a lower mortality rate than sterile ones: µM  µS .

In the model with costly residual fertility, we hypothesized that sterile males su↵er from a lack of
attractiveness, which is represented by parameter ⌘ in the mating function. In this model, residual
fertility without fitness cost is reflected by the � parameter, with 0  � < 1, which corresponds to the
proportion of non-sterile males among the � releases. These males are considered as fit as wild males and
are therefore introduced in the M compartment of the model. Residual fertility with cost is taken into
account with the ✏ parameter, with 0  ✏ < 1, included in the proportion of matings that leads to progeny
X(S,M, ✏). These males participate in successful mating, but otherwise have the same characteristics as
the sterile males, in terms of attractiveness and mortality. Therefore, they remain in the S compartment.
We consider the cases with and without fitness costs. For example, if � is di↵erent from zero then ✏ is
equal to zero and vice versa. The case where � = ✏ = 0 corresponds to an hypothetical situation with
no residual fertility. These three cases: no residual fertility, residual fertility without cost and residual
fertility with cost illustrate an increasing gradient of biological realism.
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three cases allow us to define three sub-models that we call respectively: no residual fertility (sub model
0) , cost-free residual fertility (sub model 1) and costly residual fertility (sub model 2).

2.2.1 Search for equilibria and study of their existence

Throughout our study, we assume that S, F and M are not negative since they represent population
densities. S is considered to be already at equilibrium S⇤ = (1��)�

µS
. Equilibria of system (1) thus solve

system (4):

(
F ⇤(�µF + r(1� p)X(S⇤,M⇤, ✏)C(F ⇤)) = 0,

�µMM⇤ + rpX(S⇤,M⇤, ✏)C(F ⇤)F ⇤ + �� = 0.
(4)

We get F ⇤ = 0 or X(S⇤,M⇤, ✏)C(F ⇤) = µF

r(1�p) = 1
R with the first equation of system (4), which

allows to introduce the basic reproduction number R. R is the average number of o↵spring produced
by a female during its lifetime, so it must be greater than 1 otherwise the population is tending towards
extinction.

Thus we easily deduce the pest-free equilibrium (S⇤, 0, ��
µM

), where we note M⇤
0 = ��

µM
. When � = 0

it is a true pest-free equilibrium of the form (S⇤, 0, 0), whereas when � 6= 0 the male compartment is
maintained only by non-sterile males within the releases. The other equilibria are built on the values F ⇤

solutions of:

X(S⇤,M(F ⇤), ✏)C(F ⇤) =
µF

r(1� p)
=

1

R (5)

where M(F ⇤) is expressed, from the second equation of (4), as follows :

M(F ⇤) =
pµF

(1� p)µM
F ⇤ +

��

µM
. (6)

If we note G(M(F ⇤)) = X(S⇤,M(F ⇤), ✏)C(F ⇤) the expression (5) becomes:

G(M(F ⇤)) = X(S⇤,M(F ⇤), ✏)C(F ⇤) =
µF

r(1� p)
=

1

R . (7)

As lim
F!+1

C(F ) = 0, we have lim
M!+1

G(M(F ⇤)) = 0.

• IfG(M⇤
0 ) = X(S⇤,M⇤

0 , ✏) <
µF

r(1�p) =
1
R and max(G(M(F ⇤))) > 1

R (Fig. 2A) there are two solutions

M⇤
2 > M⇤

1 > M⇤
0 , such that dG

dM (M⇤
1 ) > 0 and dG

dM (M⇤
2 ) < 0. We then have the endemic equilibria

(S⇤, F ⇤
1 ,M

⇤
1 ) and (S⇤, F ⇤

2 ,M
⇤
2 ). However, on all generality, there may be more, but an even number.

• If G(M⇤
0 ) = X(S⇤,M⇤

0 , ✏) >
µF

r(1�p) =
1
R (Fig. 2B) there is at least one solution, at which

dG

dM
=

@

@M
(X(S⇤,M(F ⇤), ✏)C(F ⇤)  0

this solution is named M⇤
2 and constitutes the endemic equilibrium (S⇤, F ⇤

2 ,M
⇤
2 ).

In the particular case where there is no residual fertility (� = ✏ = 0), X(S⇤,M⇤
0 , ✏) = X(S⇤, 0, ✏) = 0,

so this second situation cannot happen.

2.2.2 Local stability of model equilibria

We consider the Jacobian matrix of the (F,M) subsystem at S = S⇤. For readability reasons, we redefine
X(S,M, ✏) as X(M). The Jacobian matrix J(F,M) related to the system (1) is:

J(F,M) =

 
@Ḟ
@F

@Ḟ
@M

@Ṁ
@F

@Ṁ
@M

!
=

✓
�µF + (1� p)X(M⇤)r(C 0(F ⇤)F ⇤ + C(F ⇤)) (1� p)C(F ⇤)rF ⇤X 0(M⇤)

pX(M⇤)r(C 0(F ⇤)F ⇤ + C(F ⇤)) �µM + pC(F ⇤)rF ⇤X 0(M⇤)

◆
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➡ Search for equilibria to see when the population can't settle. 
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maintained only by non-sterile males within the releases. The other equilibria are built on the values F ⇤

solutions of:

X(S⇤,M⇤, ✏)C(F ⇤) =
µF

r(1� p)
=

1

R (5)

where M(F ⇤) is expressed, from the second equation of (4), as follows :

M⇤ = M(F ⇤) =
pµF

(1� p)µM
F ⇤ +

��

µM
. (6)

If we note G(M(F ⇤)) = X(S⇤,M(F ⇤), ✏)C(F ⇤) the expression (5) becomes:

G(M(F ⇤)) = X(S⇤,M(F ⇤), ✏)C(F ⇤) =
µF

r(1� p)
=

1

R . (7)

As lim
F!+1

C(F ) = 0, we have lim
M!+1

G(M(F ⇤)) = 0.

• IfG(M⇤
0 ) = X(S⇤,M⇤

0 , ✏) <
µF

r(1�p) =
1
R and max(G(M(F ⇤))) > 1

R (Fig. 2A) there are two solutions

M⇤
2 > M⇤

1 > M⇤
0 , such that dG

dM (M⇤
1 ) > 0 and dG

dM (M⇤
2 ) < 0. We then have the endemic equilibria

(S⇤, F ⇤
1 ,M

⇤
1 ) and (S⇤, F ⇤

2 ,M
⇤
2 ). However, on all generality, there may be more, but an even number.

• If G(M⇤
0 ) = X(S⇤,M⇤

0 , ✏) >
µF

r(1�p) =
1
R (Fig. 2B) there is at least one solution, at which

dG

dM
=

@

@M
(X(S⇤,M(F ⇤), ✏)C(F ⇤)  0

this solution is named M⇤
2 and constitutes the endemic equilibrium (S⇤, F ⇤

2 ,M
⇤
2 ).

In the particular case where there is no residual fertility (� = ✏ = 0), X(S⇤,M⇤
0 , ✏) = X(S⇤, 0, ✏) = 0,

so this second situation cannot happen.

2.2.2 Local stability of model equilibria

We consider the Jacobian matrix of the (F,M) subsystem at S = S⇤. For readability reasons, we redefine
X(S,M, ✏) as X(M). The Jacobian matrix J(F,M) related to the system (1) is:

J(F,M) =

 
@Ḟ
@F

@Ḟ
@M

@Ṁ
@F

@Ṁ
@M

!
=

✓
�µF + (1� p)X(M⇤)r(C 0(F ⇤)F ⇤ + C(F ⇤)) (1� p)C(F ⇤)rF ⇤X 0(M⇤)

pX(M⇤)r(C 0(F ⇤)F ⇤ + C(F ⇤)) �µM + pC(F ⇤)rF ⇤X 0(M⇤)

◆
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1 Modèles

8
<

:

Ṡ = �µSS + (1� �)�
Ḟ = �µFF + r(1� p)X(S,M)C(F )F
Ṁ = �µMM + rpX(S,M)C(F )F + ��

(1)

avec X(M) =
M+✏⌘S

k+M+⌘S et C(F ) =
1

1+�F

� > 0, 0  �  1, @X
@M > 0, X(0,0) = 0, 0  X(S,M)  1

9M̄ � 0 tel que
@X
@S < 0 pour M > M̄

C(0)=1, C’(F) < 0, lim
F!+1

C(F ) = 0

Table 1 – Paramètres des modèles

Paramètres Description Valeurs (Unités)

F densité de femelles - (ind)
M densité de mâles - (ind)
S densité de mâles stériles - (ind)
p proportion de mâles parmi les nouveaux nés 0.50
r émergence (prend en compte l’oviposition) 1.19 (egg/~/day)
k constante de demi-saturation d’accouplement 1 (densité |)
µF taux de mortalité des femelles 0.050 (day�1)
µM taux de mortalité des mâles 0.036 (day�1)
µS taux de mortalité des mâles stériles 0.057 (day�1)
� lâchers des mâles stériles nombre ind/piège
� proportion de mâles non stériles parmi les lâchers 0.02
� compétition 0.85 (female density)�1

⌘ perte de compétitivité liée à la radiation 0.2
✏ proportion des mâles irradiés non stériles 0.1

entrâınant une descendance fertile

avec 0  ✏  1

2 Recherche des équilibres

- Isocline nulle en S :

S est considérée déjà à l’équilibre, ce qui permet d’étudier le système M et F

Ṡ = 0 () S⇤
=

(1� �)�

µS
(2)

- Isocline nulle en F :

Ḟ = 0 () F ⇤
(�µF + r(1� p)X(S,M)C(F )) = 0

F ⇤
= 0 (3)

ou

X(S,M)C(F ) =
µF

r(1� p)
=

1

R
(4)

1
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Ṡ = �µSS + (1� �)�
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entrâınant une descendance fertile

avec 0  ✏  1

2 Recherche des équilibres
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µF
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1
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1

- Isocline nulle en M :

Ṁ = 0 () �µMM⇤
+ rpX(S,M⇤

)C(F ⇤
)F ⇤

+ �� = 0

Il y a deux cas :

(1) Quand F ⇤
= 0 (3) :

Ṁ = 0

() �µMM⇤
+ �� = 0

() M⇤
=

��

µM
= M⇤

0 (5)

On obtient l’équilibre sans ravageurs :

(
(1� �)�

µS
, 0,

��

µM
)

(S⇤, 0,M⇤
0 )

(2) Quand X(S,M)C(F ) =
µF

r(1�p) (4) :

Ṁ = 0

() �µMM⇤
+ rpX(S,M⇤

)C(F ⇤
)F ⇤

+ �� = 0

() �µM +
pµF

(1� p)
F ⇤

+ �� = 0

() µMM⇤
=

pµF

(1� p)
F ⇤

+ ��

() M⇤
(F ) =

pµF

(1� p)µM
F ⇤

+
��

µM

En F = 0, on a :

M⇤
(0) =

��

µM
= M⇤

0 = (5)

Les équilibres sont les valeurs F solutions de X(S,M(F ))C(F ) =
1
R =

µF

r(1�p) pour F�0

X(S,M(F ⇤
))C(F ⇤

) =
1

R
=

µF

r(1� p)

() M⇤
(F ) + ✏⌘S⇤

k +M⇤(F ) + ⌘S⇤ · 1

1 + �F ⇤ =
1

R
=

µF

r(1� p)

()
M⇤

(F ) + ✏⌘ (1��)�
µS

k +M⇤(F ) + ⌘ (1��)�
µS

· 1

1 + �F ⇤ =
1

R
=

µF

r(1� p)

()
pµF

(1�p)µM
F +

��
µM

+
✏⌘(1��)�

µS

k +
pµF

(1�p)µM
F +

��
µM

+ ⌘ (1��)�
µS

· 1

1 + �F
=

µF

r(1� p)
=

1

R
(6)
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2

7 Conclusion

Ce stage avait pour objectif de modéliser la dynamique des populations de Ceratitis capitata dans le
cadre de la technique de l’insecte stérile (TIS), c’est-à-dire en considérant un paramètre � représentant
le nombre de mâles stériles lâchés dans les di↵érents modèles établis. L’étude des modèles a permis de
donner accès à un seuil � minimal entrainant un déclin de la population de cératites pour chacun des
modèles. Ce seuil di↵ère considérablement pour le modèle prenant en compte l’erreur de stérilisation
dans la probabilité de fécondation par rapport aux deux autres modèles, dont l’un considère que
tous les mâles irradiés sont stériles, et l’autre ajoute les mâles irradiés non stériles au compartiment
des mâles fertiles. Ces résultats suggèrent que la prise en compte de l’erreur de stérilisation dans les
modèles peut encore être a�née, notamment avec les données de laboratoire pour préciser le taux de
stérilité résiduelle. Cependant, dans le cas de la TIS des lâchers inondatifs sont e↵ectués, il vaut donc
mieux lâcher trop de mâles stériles que pas assez, ainsi le seuil trouvé pour le modèle 2, modèle tenant
compte de l’erreur de stérilisation des mâles en impactant la probabilité de fécondation, semble être le
plus adapté. En e↵et, le seuil obtenu dans le cas de ce modèle permettrait de lâcher su�samment de
mâles stériles pour qu’un e↵et soit significatif sur la population de cératites, tout en limitant le nombre
d’individus lâchés pour limiter le coût de cette technique biologique. De plus dans cette étude, des
lâchers continus ont été considérés, il pourrait être intéressant de faire une comparaison en considérant
des lâchers périodiques pour déterminer la stratégie la plus optimale dans le cadre de la technique de
l’insecte stérile.

Articles consultés pour cette étude :
- modèles sur la technique de l’insecte stérile [3, 2, 1]
- modèle sur Ceratitis capitata [4]
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Ṡ = �µS S + (1� �)�
Ḟ = �µF F + r(1� p)X(S,M)C(F )F
Ṁ = �µM M + rpX(S,M) C(F )F + ��

(17)
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Figure 1: Flow diagram of the population dynamics model. The compartments correspond to sterile males
S, wild females F and wild males M . Each compartment is associated with a mortality rate, respectively
µS , µF and µM . The proportion of males among o↵spring is symbolized by p. The proportion of
successful matings is represented by X(S,M, ✏). The irradiated male release rate is symbolized by �.
The proportion of non-sterile irradiated males considered as wild males with no fitness cost corresponds
to � while those for which a fitness cost is associated to ✏.

In this work, a SIT model was established, based on di↵erential equations that represent the dynamics
of sterile males, wild males and wild females. We focused on the e↵ect of residual fertility on the
e↵ectiveness of the technique, with or without a fitness cost associated to the irradiated males that
escape sterilization. The model was calibrated with parameters specific to C. capitata to best account
for the biology of the species.

2 Model

2.1 Model description

The model represents the population dynamics of the following three compartments: sterile males S, wild
females F and wild males M (Fig. 1).

The model is defined as follows:

8
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>:

Ṡ = �µSS + (1� �)�

Ḟ = �µFF + r(1� p)X(S,M, ✏)C(F )F

Ṁ = �µMM + rpX(S,M, ✏)C(F )F + ��.

(1)

In Ẋ, the point represents the time derivative of the population densities. The dynamics of sterile
males S are a↵ected by their mortality µS and the release rate �. In the presence of cost-free residual
fertility, only a proportion (1��) of truly sterile males is added to the compartment. The dynamics of wild
females F are also a↵ected by their mortality µF and the proportion of females generated at each time
step. The latter depends on the emergence rate r, the proportion of females in the o↵spring (1� p), the
proportion of successful matings X(S,M, ✏), as well as the competition between females for oviposition
C(F ). Finally the dynamics of wild males M are a↵ected by their mortality µF and the proportion of
male o↵spring (complementary to the female o↵spring). In the cost-free model, the proportion � of males
among � releases that have been irradiated but remain fertile also contributes to wild males dynamics.
We considered that wild individuals have a lower mortality rate than sterile ones: µM  µS .

In the model with costly residual fertility, we hypothesized that sterile males su↵er from a lack of
attractiveness, which is represented by parameter ⌘ in the mating function. In this model, residual
fertility without fitness cost is reflected by the � parameter, with 0  � < 1, which corresponds to the
proportion of non-sterile males among the � releases. These males are considered as fit as wild males and
are therefore introduced in the M compartment of the model. Residual fertility with cost is taken into
account with the ✏ parameter, with 0  ✏ < 1, included in the proportion of matings that leads to progeny
X(S,M, ✏). These males participate in successful mating, but otherwise have the same characteristics as
the sterile males, in terms of attractiveness and mortality. Therefore, they remain in the S compartment.
We consider the cases with and without fitness costs. For example, if � is di↵erent from zero then ✏ is
equal to zero and vice versa. The case where � = ✏ = 0 corresponds to an hypothetical situation with
no residual fertility. These three cases: no residual fertility, residual fertility without cost and residual
fertility with cost illustrate an increasing gradient of biological realism.
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The proportion of non-sterile irradiated males considered as wild males with no fitness cost corresponds
to � while those for which a fitness cost is associated to ✏.

In this work, a SIT model was established, based on di↵erential equations that represent the dynamics
of sterile males, wild males and wild females. We focused on the e↵ect of residual fertility on the
e↵ectiveness of the technique, with or without a fitness cost associated to the irradiated males that
escape sterilization. The model was calibrated with parameters specific to C. capitata to best account
for the biology of the species.

2 Model

2.1 Model description

The model represents the population dynamics of the following three compartments: sterile males S, wild
females F and wild males M (Fig. 1).

The model is defined as follows:

8
><

>:

Ṡ = �µSS + (1� �)�

Ḟ = �µFF + r(1� p)X(S,M, ✏)C(F )F

Ṁ = �µMM + rpX(S,M, ✏)C(F )F + ��.

(1)
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three cases allow us to define three sub-models that we call respectively: no residual fertility (sub model
0) , cost-free residual fertility (sub model 1) and costly residual fertility (sub model 2).

2.2.1 Search for equilibria and study of their existence

Throughout our study, we assume that S, F and M are not negative since they represent population
densities. S is considered to be already at equilibrium S⇤ = (1��)�

µS
. Equilibria of system (1) thus solve

system (4):

(
F ⇤(�µF + r(1� p)X(S⇤,M⇤, ✏)C(F ⇤)) = 0,

�µMM⇤ + rpX(S⇤,M⇤, ✏)C(F ⇤)F ⇤ + �� = 0.
(4)

We get F ⇤ = 0 or X(S⇤,M⇤, ✏)C(F ⇤) = µF

r(1�p) = 1
R with the first equation of system (4), which

allows to introduce the basic reproduction number R. R is the average number of o↵spring produced
by a female during its lifetime, so it must be greater than 1 otherwise the population is tending towards
extinction.

Thus we easily deduce the pest-free equilibrium (S⇤, 0, ��
µM

), where we note M⇤
0 = ��

µM
. When � = 0

it is a true pest-free equilibrium of the form (S⇤, 0, 0), whereas when � 6= 0 the male compartment is
maintained only by non-sterile males within the releases. The other equilibria are built on the values F ⇤

solutions of:

X(S⇤,M(F ⇤), ✏)C(F ⇤) =
µF

r(1� p)
=

1

R (5)

where M(F ⇤) is expressed, from the second equation of (4), as follows :

M(F ⇤) =
pµF

(1� p)µM
F ⇤ +

��

µM
. (6)

If we note G(M(F ⇤)) = X(S⇤,M(F ⇤), ✏)C(F ⇤) the expression (5) becomes:

G(M(F ⇤)) = X(S⇤,M(F ⇤), ✏)C(F ⇤) =
µF

r(1� p)
=

1

R . (7)

As lim
F!+1

C(F ) = 0, we have lim
M!+1

G(M(F ⇤)) = 0.

• IfG(M⇤
0 ) = X(S⇤,M⇤

0 , ✏) <
µF

r(1�p) =
1
R and max(G(M(F ⇤))) > 1

R (Fig. 2A) there are two solutions

M⇤
2 > M⇤

1 > M⇤
0 , such that dG

dM (M⇤
1 ) > 0 and dG

dM (M⇤
2 ) < 0. We then have the endemic equilibria

(S⇤, F ⇤
1 ,M

⇤
1 ) and (S⇤, F ⇤

2 ,M
⇤
2 ). However, on all generality, there may be more, but an even number.

• If G(M⇤
0 ) = X(S⇤,M⇤

0 , ✏) >
µF

r(1�p) =
1
R (Fig. 2B) there is at least one solution, at which

dG

dM
=

@

@M
(X(S⇤,M(F ⇤), ✏)C(F ⇤)  0

this solution is named M⇤
2 and constitutes the endemic equilibrium (S⇤, F ⇤

2 ,M
⇤
2 ).

In the particular case where there is no residual fertility (� = ✏ = 0), X(S⇤,M⇤
0 , ✏) = X(S⇤, 0, ✏) = 0,

so this second situation cannot happen.

2.2.2 Local stability of model equilibria

We consider the Jacobian matrix of the (F,M) subsystem at S = S⇤. For readability reasons, we redefine
X(S,M, ✏) as X(M). The Jacobian matrix J(F,M) related to the system (1) is:

J(F,M) =

 
@Ḟ
@F

@Ḟ
@M

@Ṁ
@F

@Ṁ
@M

!
=

✓
�µF + (1� p)X(M⇤)r(C 0(F ⇤)F ⇤ + C(F ⇤)) (1� p)C(F ⇤)rF ⇤X 0(M⇤)

pX(M⇤)r(C 0(F ⇤)F ⇤ + C(F ⇤)) �µM + pC(F ⇤)rF ⇤X 0(M⇤)

◆
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1 Modèles

8
<

:

Ṡ = �µSS + (1� �)�
Ḟ = �µFF + r(1� p)X(S,M)C(F )F
Ṁ = �µMM + rpX(S,M)C(F )F + ��

(1)

avec X(M) =
M+✏⌘S

k+M+⌘S et C(F ) =
1

1+�F

� > 0, 0  �  1, @X
@M > 0, X(0,0) = 0, 0  X(S,M)  1

9M̄ � 0 tel que
@X
@S < 0 pour M > M̄

C(0)=1, C’(F) < 0, lim
F!+1

C(F ) = 0

Table 1 – Paramètres des modèles

Paramètres Description Valeurs (Unités)

F densité de femelles - (ind)
M densité de mâles - (ind)
S densité de mâles stériles - (ind)
p proportion de mâles parmi les nouveaux nés 0.50
r émergence (prend en compte l’oviposition) 1.19 (egg/~/day)
k constante de demi-saturation d’accouplement 1 (densité |)
µF taux de mortalité des femelles 0.050 (day�1)
µM taux de mortalité des mâles 0.036 (day�1)
µS taux de mortalité des mâles stériles 0.057 (day�1)
� lâchers des mâles stériles nombre ind/piège
� proportion de mâles non stériles parmi les lâchers 0.02
� compétition 0.85 (female density)�1

⌘ perte de compétitivité liée à la radiation 0.2
✏ proportion des mâles irradiés non stériles 0.1

entrâınant une descendance fertile

avec 0  ✏  1

2 Recherche des équilibres

- Isocline nulle en S :

S est considérée déjà à l’équilibre, ce qui permet d’étudier le système M et F

Ṡ = 0 () S⇤
=

(1� �)�

µS
(2)

- Isocline nulle en F :

Ḟ = 0 () F ⇤
(�µF + r(1� p)X(S,M)C(F )) = 0

F ⇤
= 0 (3)

ou

X(S,M)C(F ) =
µF

r(1� p)
=

1

R
(4)

1
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Ṁ = �µMM + rpX(S,M)C(F )F + ��

(1)

avec X(M) =
M+✏⌘S

k+M+⌘S et C(F ) =
1

1+�F

� > 0, 0  �  1, @X
@M > 0, X(0,0) = 0, 0  X(S,M)  1

9M̄ � 0 tel que
@X
@S < 0 pour M > M̄

C(0)=1, C’(F) < 0, lim
F!+1

C(F ) = 0

Table 1 – Paramètres des modèles
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Ṡ = 0 () S⇤
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- Isocline nulle en F :
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= 0 (3)

ou

X(S,M)C(F ) =
µF
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1

R
(4)

1

- Isocline nulle en M :

Ṁ = 0 () �µMM⇤
+ rpX(S,M⇤

)C(F ⇤
)F ⇤

+ �� = 0

Il y a deux cas :

(1) Quand F ⇤
= 0 (3) :

Ṁ = 0

() �µMM⇤
+ �� = 0

() M⇤
=

��

µM
= M⇤

0 (5)

On obtient l’équilibre sans ravageurs :

(
(1� �)�

µS
, 0,

��

µM
)

(S⇤, 0,M⇤
0 )

(2) Quand X(S,M)C(F ) =
µF

r(1�p) (4) :

Ṁ = 0

() �µMM⇤
+ rpX(S,M⇤

)C(F ⇤
)F ⇤

+ �� = 0

() �µM +
pµF

(1� p)
F ⇤

+ �� = 0

() µMM⇤
=

pµF

(1� p)
F ⇤

+ ��

() M⇤
(F ) =

pµF

(1� p)µM
F ⇤

+
��

µM

En F = 0, on a :

M⇤
(0) =

��

µM
= M⇤

0 = (5)

Les équilibres sont les valeurs F solutions de X(S,M(F ))C(F ) =
1
R =

µF

r(1�p) pour F�0

X(S,M(F ⇤
))C(F ⇤

) =
1

R
=

µF

r(1� p)

() M⇤
(F ) + ✏⌘S⇤

k +M⇤(F ) + ⌘S⇤ · 1

1 + �F ⇤ =
1

R
=

µF

r(1� p)

()
M⇤

(F ) + ✏⌘ (1��)�
µS

k +M⇤(F ) + ⌘ (1��)�
µS

· 1

1 + �F ⇤ =
1

R
=

µF

r(1� p)

()
pµF

(1�p)µM
F +

��
µM

+
✏⌘(1��)�

µS

k +
pµF

(1�p)µM
F +

��
µM

+ ⌘ (1��)�
µS

· 1

1 + �F
=

µF

r(1� p)
=

1

R
(6)
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r émergence (prend en compte l’oviposition) 1.19 (egg/~/day)
k constante de demi-saturation d’accouplement 1 (densité |)
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Ṁ = 0

() �µMM⇤
+ rpX(S,M⇤

)C(F ⇤
)F ⇤

+ �� = 0

() �µM +
pµF

(1� p)
F ⇤

+ �� = 0

() µMM⇤
=

pµF

(1� p)
F ⇤

+ ��

() M⇤
(F ) =

pµF

(1� p)µM
F ⇤

+
��

µM

En F = 0, on a :

M⇤
(0) =

��

µM
= M⇤

0 = (5)
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Pest-free equilibrium

7 Conclusion

Ce stage avait pour objectif de modéliser la dynamique des populations de Ceratitis capitata dans le
cadre de la technique de l’insecte stérile (TIS), c’est-à-dire en considérant un paramètre � représentant
le nombre de mâles stériles lâchés dans les di↵érents modèles établis. L’étude des modèles a permis de
donner accès à un seuil � minimal entrainant un déclin de la population de cératites pour chacun des
modèles. Ce seuil di↵ère considérablement pour le modèle prenant en compte l’erreur de stérilisation
dans la probabilité de fécondation par rapport aux deux autres modèles, dont l’un considère que
tous les mâles irradiés sont stériles, et l’autre ajoute les mâles irradiés non stériles au compartiment
des mâles fertiles. Ces résultats suggèrent que la prise en compte de l’erreur de stérilisation dans les
modèles peut encore être a�née, notamment avec les données de laboratoire pour préciser le taux de
stérilité résiduelle. Cependant, dans le cas de la TIS des lâchers inondatifs sont e↵ectués, il vaut donc
mieux lâcher trop de mâles stériles que pas assez, ainsi le seuil trouvé pour le modèle 2, modèle tenant
compte de l’erreur de stérilisation des mâles en impactant la probabilité de fécondation, semble être le
plus adapté. En e↵et, le seuil obtenu dans le cas de ce modèle permettrait de lâcher su�samment de
mâles stériles pour qu’un e↵et soit significatif sur la population de cératites, tout en limitant le nombre
d’individus lâchés pour limiter le coût de cette technique biologique. De plus dans cette étude, des
lâchers continus ont été considérés, il pourrait être intéressant de faire une comparaison en considérant
des lâchers périodiques pour déterminer la stratégie la plus optimale dans le cadre de la technique de
l’insecte stérile.

Articles consultés pour cette étude :
- modèles sur la technique de l’insecte stérile [3, 2, 1]
- modèle sur Ceratitis capitata [4]
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:

Ṡ = �µS S + (1� �)�
Ḟ = �µF F + r(1� p)X(S,M)C(F )F
Ṁ = �µM M + rpX(S,M) C(F )F + ��

(17)
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Figure 1: Flow diagram of the population dynamics model. The compartments correspond to sterile males
S, wild females F and wild males M . Each compartment is associated with a mortality rate, respectively
µS , µF and µM . The proportion of males among o↵spring is symbolized by p. The proportion of
successful matings is represented by X(S,M, ✏). The irradiated male release rate is symbolized by �.
The proportion of non-sterile irradiated males considered as wild males with no fitness cost corresponds
to � while those for which a fitness cost is associated to ✏.

In this work, a SIT model was established, based on di↵erential equations that represent the dynamics
of sterile males, wild males and wild females. We focused on the e↵ect of residual fertility on the
e↵ectiveness of the technique, with or without a fitness cost associated to the irradiated males that
escape sterilization. The model was calibrated with parameters specific to C. capitata to best account
for the biology of the species.

2 Model

2.1 Model description

The model represents the population dynamics of the following three compartments: sterile males S, wild
females F and wild males M (Fig. 1).

The model is defined as follows:
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Ṡ = �µSS + (1� �)�

Ḟ = �µFF + r(1� p)X(S,M, ✏)C(F )F

Ṁ = �µMM + rpX(S,M, ✏)C(F )F + ��.

(1)

In Ẋ, the point represents the time derivative of the population densities. The dynamics of sterile
males S are a↵ected by their mortality µS and the release rate �. In the presence of cost-free residual
fertility, only a proportion (1��) of truly sterile males is added to the compartment. The dynamics of wild
females F are also a↵ected by their mortality µF and the proportion of females generated at each time
step. The latter depends on the emergence rate r, the proportion of females in the o↵spring (1� p), the
proportion of successful matings X(S,M, ✏), as well as the competition between females for oviposition
C(F ). Finally the dynamics of wild males M are a↵ected by their mortality µF and the proportion of
male o↵spring (complementary to the female o↵spring). In the cost-free model, the proportion � of males
among � releases that have been irradiated but remain fertile also contributes to wild males dynamics.
We considered that wild individuals have a lower mortality rate than sterile ones: µM  µS .

In the model with costly residual fertility, we hypothesized that sterile males su↵er from a lack of
attractiveness, which is represented by parameter ⌘ in the mating function. In this model, residual
fertility without fitness cost is reflected by the � parameter, with 0  � < 1, which corresponds to the
proportion of non-sterile males among the � releases. These males are considered as fit as wild males and
are therefore introduced in the M compartment of the model. Residual fertility with cost is taken into
account with the ✏ parameter, with 0  ✏ < 1, included in the proportion of matings that leads to progeny
X(S,M, ✏). These males participate in successful mating, but otherwise have the same characteristics as
the sterile males, in terms of attractiveness and mortality. Therefore, they remain in the S compartment.
We consider the cases with and without fitness costs. For example, if � is di↵erent from zero then ✏ is
equal to zero and vice versa. The case where � = ✏ = 0 corresponds to an hypothetical situation with
no residual fertility. These three cases: no residual fertility, residual fertility without cost and residual
fertility with cost illustrate an increasing gradient of biological realism.
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three cases allow us to define three sub-models that we call respectively: no residual fertility (sub model
0) , cost-free residual fertility (sub model 1) and costly residual fertility (sub model 2).

2.2.1 Search for equilibria and study of their existence

Throughout our study, we assume that S, F and M are not negative since they represent population
densities. S is considered to be already at equilibrium S⇤ = (1��)�

µS
. Equilibria of system (1) thus solve

system (4):

(
F ⇤(�µF + r(1� p)X(S⇤,M⇤, ✏)C(F ⇤)) = 0,

�µMM⇤ + rpX(S⇤,M⇤, ✏)C(F ⇤)F ⇤ + �� = 0.
(4)

We get F ⇤ = 0 or X(S⇤,M⇤, ✏)C(F ⇤) = µF

r(1�p) = 1
R with the first equation of system (4), which

allows to introduce the basic reproduction number R. R is the average number of o↵spring produced
by a female during its lifetime, so it must be greater than 1 otherwise the population is tending towards
extinction.

Thus we easily deduce the pest-free equilibrium (S⇤, 0, ��
µM

), where we note M⇤
0 = ��

µM
. When � = 0

it is a true pest-free equilibrium of the form (S⇤, 0, 0), whereas when � 6= 0 the male compartment is
maintained only by non-sterile males within the releases. The other equilibria are built on the values F ⇤

solutions of:

X(S⇤,M(F ⇤), ✏)C(F ⇤) =
µF

r(1� p)
=

1

R (5)

where M(F ⇤) is expressed, from the second equation of (4), as follows :

M(F ⇤) =
pµF

(1� p)µM
F ⇤ +

��

µM
. (6)

If we note G(M(F ⇤)) = X(S⇤,M(F ⇤), ✏)C(F ⇤) the expression (5) becomes:

G(M(F ⇤)) = X(S⇤,M(F ⇤), ✏)C(F ⇤) =
µF

r(1� p)
=

1

R . (7)

As lim
F!+1

C(F ) = 0, we have lim
M!+1

G(M(F ⇤)) = 0.

• IfG(M⇤
0 ) = X(S⇤,M⇤

0 , ✏) <
µF

r(1�p) =
1
R and max(G(M(F ⇤))) > 1

R (Fig. 2A) there are two solutions

M⇤
2 > M⇤

1 > M⇤
0 , such that dG

dM (M⇤
1 ) > 0 and dG

dM (M⇤
2 ) < 0. We then have the endemic equilibria

(S⇤, F ⇤
1 ,M

⇤
1 ) and (S⇤, F ⇤

2 ,M
⇤
2 ). However, on all generality, there may be more, but an even number.

• If G(M⇤
0 ) = X(S⇤,M⇤

0 , ✏) >
µF

r(1�p) =
1
R (Fig. 2B) there is at least one solution, at which

dG

dM
=

@

@M
(X(S⇤,M(F ⇤), ✏)C(F ⇤)  0

this solution is named M⇤
2 and constitutes the endemic equilibrium (S⇤, F ⇤

2 ,M
⇤
2 ).

In the particular case where there is no residual fertility (� = ✏ = 0), X(S⇤,M⇤
0 , ✏) = X(S⇤, 0, ✏) = 0,

so this second situation cannot happen.

2.2.2 Local stability of model equilibria

We consider the Jacobian matrix of the (F,M) subsystem at S = S⇤. For readability reasons, we redefine
X(S,M, ✏) as X(M). The Jacobian matrix J(F,M) related to the system (1) is:

J(F,M) =

 
@Ḟ
@F

@Ḟ
@M

@Ṁ
@F

@Ṁ
@M

!
=

✓
�µF + (1� p)X(M⇤)r(C 0(F ⇤)F ⇤ + C(F ⇤)) (1� p)C(F ⇤)rF ⇤X 0(M⇤)

pX(M⇤)r(C 0(F ⇤)F ⇤ + C(F ⇤)) �µM + pC(F ⇤)rF ⇤X 0(M⇤)

◆
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➡ Search for equilibria to see when the population can't settle. 
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1 Modèles

8
<

:

Ṡ = �µSS + (1� �)�
Ḟ = �µFF + r(1� p)X(S,M)C(F )F
Ṁ = �µMM + rpX(S,M)C(F )F + ��

(1)

avec X(M) =
M+✏⌘S

k+M+⌘S et C(F ) =
1

1+�F

� > 0, 0  �  1, @X
@M > 0, X(0,0) = 0, 0  X(S,M)  1

9M̄ � 0 tel que
@X
@S < 0 pour M > M̄

C(0)=1, C’(F) < 0, lim
F!+1

C(F ) = 0

Table 1 – Paramètres des modèles

Paramètres Description Valeurs (Unités)

F densité de femelles - (ind)
M densité de mâles - (ind)
S densité de mâles stériles - (ind)
p proportion de mâles parmi les nouveaux nés 0.50
r émergence (prend en compte l’oviposition) 1.19 (egg/~/day)
k constante de demi-saturation d’accouplement 1 (densité |)
µF taux de mortalité des femelles 0.050 (day�1)
µM taux de mortalité des mâles 0.036 (day�1)
µS taux de mortalité des mâles stériles 0.057 (day�1)
� lâchers des mâles stériles nombre ind/piège
� proportion de mâles non stériles parmi les lâchers 0.02
� compétition 0.85 (female density)�1

⌘ perte de compétitivité liée à la radiation 0.2
✏ proportion des mâles irradiés non stériles 0.1

entrâınant une descendance fertile

avec 0  ✏  1

2 Recherche des équilibres

- Isocline nulle en S :

S est considérée déjà à l’équilibre, ce qui permet d’étudier le système M et F

Ṡ = 0 () S⇤
=

(1� �)�

µS
(2)

- Isocline nulle en F :

Ḟ = 0 () F ⇤
(�µF + r(1� p)X(S,M)C(F )) = 0

F ⇤
= 0 (3)

ou

X(S,M)C(F ) =
µF

r(1� p)
=

1

R
(4)

1
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S densité de mâles stériles - (ind)
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- Isocline nulle en M :

Ṁ = 0 () �µMM⇤
+ rpX(S,M⇤

)C(F ⇤
)F ⇤

+ �� = 0

Il y a deux cas :

(1) Quand F ⇤
= 0 (3) :

Ṁ = 0

() �µMM⇤
+ �� = 0

() M⇤
=

��

µM
= M⇤

0 (5)

On obtient l’équilibre sans ravageurs :

(
(1� �)�

µS
, 0,

��

µM
)

(S⇤, 0,M⇤
0 )

(2) Quand X(S,M)C(F ) =
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r(1�p) (4) :
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() M⇤
(F ) =

pµF

(1� p)µM
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En F = 0, on a :

M⇤
(0) =

��

µM
= M⇤

0 = (5)

Les équilibres sont les valeurs F solutions de X(S,M(F ))C(F ) =
1
R =

µF

r(1�p) pour F�0

X(S,M(F ⇤
))C(F ⇤

) =
1

R
=

µF

r(1� p)

() M⇤
(F ) + ✏⌘S⇤

k +M⇤(F ) + ⌘S⇤ · 1

1 + �F ⇤ =
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✏ proportion des mâles irradiés non stériles 0.1
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Pest-free equilibrium Infestation equilibria are the F* values solutions of:

7 Conclusion

Ce stage avait pour objectif de modéliser la dynamique des populations de Ceratitis capitata dans le
cadre de la technique de l’insecte stérile (TIS), c’est-à-dire en considérant un paramètre � représentant
le nombre de mâles stériles lâchés dans les di↵érents modèles établis. L’étude des modèles a permis de
donner accès à un seuil � minimal entrainant un déclin de la population de cératites pour chacun des
modèles. Ce seuil di↵ère considérablement pour le modèle prenant en compte l’erreur de stérilisation
dans la probabilité de fécondation par rapport aux deux autres modèles, dont l’un considère que
tous les mâles irradiés sont stériles, et l’autre ajoute les mâles irradiés non stériles au compartiment
des mâles fertiles. Ces résultats suggèrent que la prise en compte de l’erreur de stérilisation dans les
modèles peut encore être a�née, notamment avec les données de laboratoire pour préciser le taux de
stérilité résiduelle. Cependant, dans le cas de la TIS des lâchers inondatifs sont e↵ectués, il vaut donc
mieux lâcher trop de mâles stériles que pas assez, ainsi le seuil trouvé pour le modèle 2, modèle tenant
compte de l’erreur de stérilisation des mâles en impactant la probabilité de fécondation, semble être le
plus adapté. En e↵et, le seuil obtenu dans le cas de ce modèle permettrait de lâcher su�samment de
mâles stériles pour qu’un e↵et soit significatif sur la population de cératites, tout en limitant le nombre
d’individus lâchés pour limiter le coût de cette technique biologique. De plus dans cette étude, des
lâchers continus ont été considérés, il pourrait être intéressant de faire une comparaison en considérant
des lâchers périodiques pour déterminer la stratégie la plus optimale dans le cadre de la technique de
l’insecte stérile.

Articles consultés pour cette étude :
- modèles sur la technique de l’insecte stérile [3, 2, 1]
- modèle sur Ceratitis capitata [4]
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<

:

Ṡ = �µS S + (1� �)�
Ḟ = �µF F + r(1� p)X(S,M)C(F )F
Ṁ = �µM M + rpX(S,M) C(F )F + ��

(17)
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Figure 1: Flow diagram of the population dynamics model. The compartments correspond to sterile males
S, wild females F and wild males M . Each compartment is associated with a mortality rate, respectively
µS , µF and µM . The proportion of males among o↵spring is symbolized by p. The proportion of
successful matings is represented by X(S,M, ✏). The irradiated male release rate is symbolized by �.
The proportion of non-sterile irradiated males considered as wild males with no fitness cost corresponds
to � while those for which a fitness cost is associated to ✏.

In this work, a SIT model was established, based on di↵erential equations that represent the dynamics
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proportion of successful matings X(S,M, ✏), as well as the competition between females for oviposition
C(F ). Finally the dynamics of wild males M are a↵ected by their mortality µF and the proportion of
male o↵spring (complementary to the female o↵spring). In the cost-free model, the proportion � of males
among � releases that have been irradiated but remain fertile also contributes to wild males dynamics.
We considered that wild individuals have a lower mortality rate than sterile ones: µM  µS .

In the model with costly residual fertility, we hypothesized that sterile males su↵er from a lack of
attractiveness, which is represented by parameter ⌘ in the mating function. In this model, residual
fertility without fitness cost is reflected by the � parameter, with 0  � < 1, which corresponds to the
proportion of non-sterile males among the � releases. These males are considered as fit as wild males and
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account with the ✏ parameter, with 0  ✏ < 1, included in the proportion of matings that leads to progeny
X(S,M, ✏). These males participate in successful mating, but otherwise have the same characteristics as
the sterile males, in terms of attractiveness and mortality. Therefore, they remain in the S compartment.
We consider the cases with and without fitness costs. For example, if � is di↵erent from zero then ✏ is
equal to zero and vice versa. The case where � = ✏ = 0 corresponds to an hypothetical situation with
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three cases allow us to define three sub-models that we call respectively: no residual fertility (sub model
0) , cost-free residual fertility (sub model 1) and costly residual fertility (sub model 2).

2.2.1 Search for equilibria and study of their existence

Throughout our study, we assume that S, F and M are not negative since they represent population
densities. S is considered to be already at equilibrium S⇤ = (1��)�

µS
. Equilibria of system (1) thus solve

system (4):

(
F ⇤(�µF + r(1� p)X(S⇤,M⇤, ✏)C(F ⇤)) = 0,

�µMM⇤ + rpX(S⇤,M⇤, ✏)C(F ⇤)F ⇤ + �� = 0.
(4)

We get F ⇤ = 0 or X(S⇤,M⇤, ✏)C(F ⇤) = µF

r(1�p) = 1
R with the first equation of system (4), which

allows to introduce the basic reproduction number R. R is the average number of o↵spring produced
by a female during its lifetime, so it must be greater than 1 otherwise the population is tending towards
extinction.

Thus we easily deduce the pest-free equilibrium (S⇤, 0, ��
µM

), where we note M⇤
0 = ��

µM
. When � = 0

it is a true pest-free equilibrium of the form (S⇤, 0, 0), whereas when � 6= 0 the male compartment is
maintained only by non-sterile males within the releases. The other equilibria are built on the values F ⇤

solutions of:

X(S⇤,M(F ⇤), ✏)C(F ⇤) =
µF

r(1� p)
=

1

R (5)

where M(F ⇤) is expressed, from the second equation of (4), as follows :

M(F ⇤) =
pµF

(1� p)µM
F ⇤ +

��

µM
. (6)

If we note G(M(F ⇤)) = X(S⇤,M(F ⇤), ✏)C(F ⇤) the expression (5) becomes:

G(M(F ⇤)) = X(S⇤,M(F ⇤), ✏)C(F ⇤) =
µF

r(1� p)
=

1

R . (7)

As lim
F!+1

C(F ) = 0, we have lim
M!+1

G(M(F ⇤)) = 0.

• IfG(M⇤
0 ) = X(S⇤,M⇤

0 , ✏) <
µF

r(1�p) =
1
R and max(G(M(F ⇤))) > 1

R (Fig. 2A) there are two solutions

M⇤
2 > M⇤

1 > M⇤
0 , such that dG

dM (M⇤
1 ) > 0 and dG

dM (M⇤
2 ) < 0. We then have the endemic equilibria

(S⇤, F ⇤
1 ,M

⇤
1 ) and (S⇤, F ⇤

2 ,M
⇤
2 ). However, on all generality, there may be more, but an even number.

• If G(M⇤
0 ) = X(S⇤,M⇤

0 , ✏) >
µF

r(1�p) =
1
R (Fig. 2B) there is at least one solution, at which

dG

dM
=

@

@M
(X(S⇤,M(F ⇤), ✏)C(F ⇤)  0

this solution is named M⇤
2 and constitutes the endemic equilibrium (S⇤, F ⇤

2 ,M
⇤
2 ).

In the particular case where there is no residual fertility (� = ✏ = 0), X(S⇤,M⇤
0 , ✏) = X(S⇤, 0, ✏) = 0,

so this second situation cannot happen.

2.2.2 Local stability of model equilibria

We consider the Jacobian matrix of the (F,M) subsystem at S = S⇤. For readability reasons, we redefine
X(S,M, ✏) as X(M). The Jacobian matrix J(F,M) related to the system (1) is:

J(F,M) =

 
@Ḟ
@F

@Ḟ
@M

@Ṁ
@F

@Ṁ
@M

!
=

✓
�µF + (1� p)X(M⇤)r(C 0(F ⇤)F ⇤ + C(F ⇤)) (1� p)C(F ⇤)rF ⇤X 0(M⇤)

pX(M⇤)r(C 0(F ⇤)F ⇤ + C(F ⇤)) �µM + pC(F ⇤)rF ⇤X 0(M⇤)
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@Ḟ
@F

@Ḟ
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@Ḟ
@F

@Ḟ
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))C(F ⇤

) = f(F ⇤
).

()
pµF

(1�p)µM
F +

��
µM

+
✏⌘(1��)�

µS

k +
pµF

(1�p)µM
F +

��
µM

+ ⌘ (1��)�
µS

· 1

1 + �F
=

µF

r(1� p)
=

1

R (6)

()
pµF

(1�p)µM
F +

��
µM

+
✏⌘(1��)�

µS

k +
pµF

(1�p)µM
F +

��
µM

+ ⌘ (1��)�
µS

· C(F ) =
µF

r(1� p)
=

1

R
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(4)

We get F ⇤ = 0 or X(S⇤,M⇤, ✏)C(F ⇤) = µF

r(1�p) = 1
R with the first equation of system (4), which

allows to introduce the basic reproduction number R. R is the average number of o↵spring produced
by a female during its lifetime, so it must be greater than 1 otherwise the population is tending towards
extinction.

Thus we easily deduce the pest-free equilibrium (S⇤, 0, ��
µM

), where we note M⇤
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µM
. When � = 0

it is a true pest-free equilibrium of the form (S⇤, 0, 0), whereas when � 6= 0 the male compartment is
maintained only by non-sterile males within the releases. The other equilibria are built on the values F ⇤

solutions of:
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where M(F ⇤) is expressed, from the second equation of (4), as follows :
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If we note G(M(F ⇤)) = X(S⇤,M(F ⇤), ✏)C(F ⇤) the expression (5) becomes:
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R and max(G(M(F ⇤))) > 1

R (Fig. 2A) there
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0 , such that dG
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2 ) < 0. We then have the
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2 ). However, on all generality, there may be more,
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this solution is named M⇤
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2 ).

In the particular case where there is no residual fertility (� = ✏ = 0), X(S⇤,M⇤
0 , ✏) = X(S⇤, 0, ✏) = 0,

so this second situation cannot happen.

2.2.2 Local stability of model equilibria

We consider the Jacobian matrix of the (F,M) subsystem at S = S⇤. For readability reasons, we redefine
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Ṁ @
F

@
Ṁ
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three cases allow us to define three sub-models that we call respectively: no residual fertility (sub model
0) , cost-free residual fertility (sub model 1) and costly residual fertility (sub model 2).

2.2.1 Search for equilibria and study of their existence

Throughout our study, we assume that S, F and M are not negative since they represent population
densities. S is considered to be already at equilibrium S⇤ = (1��)�

µS
. Equilibria of system (1) thus solve

system (4):

(
F ⇤(�µF + r(1� p)X(S⇤,M⇤, ✏)C(F ⇤)) = 0,

�µMM⇤ + rpX(S⇤,M⇤, ✏)C(F ⇤)F ⇤ + �� = 0.
(4)

We get F ⇤ = 0 or X(S⇤,M⇤, ✏)C(F ⇤) = µF

r(1�p) = 1
R with the first equation of system (4), which

allows to introduce the basic reproduction number R. R is the average number of o↵spring produced
by a female during its lifetime, so it must be greater than 1 otherwise the population is tending towards
extinction.

Thus we easily deduce the pest-free equilibrium (S⇤, 0, ��
µM

), where we note M⇤
0 = ��

µM
. When � = 0

it is a true pest-free equilibrium of the form (S⇤, 0, 0), whereas when � 6= 0 the male compartment is
maintained only by non-sterile males within the releases. The other equilibria are built on the values F ⇤

solutions of:

X(S⇤,M(F ⇤), ✏)C(F ⇤) =
µF

r(1� p)
=

1

R (5)

where M(F ⇤) is expressed, from the second equation of (4), as follows :

M(F ⇤) =
pµF

(1� p)µM
F ⇤ +

��

µM
. (6)

If we note G(M(F ⇤)) = X(S⇤,M(F ⇤), ✏)C(F ⇤) the expression (5) becomes:

G(F ) = X(S⇤,M(F ), ✏)C(F ) =
µF

r(1� p)
=

1

R . (7)

As lim
F!+1

C(F ) = 0, we have lim
M!+1

G(M(F ⇤)) = 0.

• IfG(M⇤
0 ) = X(S⇤,M⇤

0 , ✏) <
µF

r(1�p) =
1
R and max(G(M(F ⇤))) > 1

R (Fig. 2A) there are two solutions

M⇤
2 > M⇤

1 > M⇤
0 , such that dG

dM (M⇤
1 ) > 0 and dG

dM (M⇤
2 ) < 0. We then have the endemic equilibria

(S⇤, F ⇤
1 ,M

⇤
1 ) and (S⇤, F ⇤

2 ,M
⇤
2 ). However, on all generality, there may be more, but an even number.

• If G(M⇤
0 ) = X(S⇤,M⇤

0 , ✏) >
µF

r(1�p) =
1
R (Fig. 2B) there is at least one solution, at which

dG

dM
=

@

@M
(X(S⇤,M(F ⇤), ✏)C(F ⇤)  0

this solution is named M⇤
2 and constitutes the endemic equilibrium (S⇤, F ⇤

2 ,M
⇤
2 ).

In the particular case where there is no residual fertility (� = ✏ = 0), X(S⇤,M⇤
0 , ✏) = X(S⇤, 0, ✏) = 0,

so this second situation cannot happen.

2.2.2 Local stability of model equilibria

We consider the Jacobian matrix of the (F,M) subsystem at S = S⇤. For readability reasons, we redefine
X(S,M, ✏) as X(M). The Jacobian matrix J(F,M) related to the system (1) is:

J(F,M) =
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Figure 1 – Obtention des équilibres avec l’égalité 6. Graphique X(S,M(F ⇤
))C(F ⇤

) = f(F ⇤
).
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))C(F ⇤

) = f(F ⇤
).

()
pµF

(1�p)µM
F +

��
µM

+
✏⌘(1��)�

µS

k +
pµF

(1�p)µM
F +

��
µM

+ ⌘ (1��)�
µS

· 1

1 + �F
=

µF

r(1� p)
=

1

R (6)

G(0) <
1

R (7)

G(0) >
1

R (8)

max(G(F )) >
1

R (9)

()
pµF

(1�p)µM
F +

��
µM

+
✏⌘(1��)�

µS

k +
pµF

(1�p)µM
F +

��
µM

+ ⌘ (1��)�
µS

· C(F ) =
µF

r(1� p)
=

1

R

Formule (9) utilisée pour réaliser le graphique F ⇤
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Ṁ

@
M

!
=

✓
�
µ
F
+
(1

�
p)
X
(M

⇤ )
r(
C

0 (
F

⇤ )
F

⇤
+
C
(F

⇤ )
)

(1
�

p)
C
(F

⇤ )
rF

⇤ X
0 (
M

⇤ )
pX

(M
⇤ )
r(
C

0 (
F

⇤ )
F

⇤
+
C
(F

⇤ )
)

�
µ
M

+
pC

(F
⇤ )
rF

⇤ X
0 (
M

⇤ )

◆

5

three cases allow us to define three sub-models that we call respectively: no residual fertility (sub model
0) , cost-free residual fertility (sub model 1) and costly residual fertility (sub model 2).

2.2.1 Search for equilibria and study of their existence

Throughout our study, we assume that S, F and M are not negative since they represent population
densities. S is considered to be already at equilibrium S⇤ = (1��)�

µS
. Equilibria of system (1) thus solve

system (4):

(
F ⇤(�µF + r(1� p)X(S⇤,M⇤, ✏)C(F ⇤)) = 0,

�µMM⇤ + rpX(S⇤,M⇤, ✏)C(F ⇤)F ⇤ + �� = 0.
(4)

We get F ⇤ = 0 or X(S⇤,M⇤, ✏)C(F ⇤) = µF

r(1�p) = 1
R with the first equation of system (4), which

allows to introduce the basic reproduction number R. R is the average number of o↵spring produced
by a female during its lifetime, so it must be greater than 1 otherwise the population is tending towards
extinction.

Thus we easily deduce the pest-free equilibrium (S⇤, 0, ��
µM

), where we note M⇤
0 = ��

µM
. When � = 0

it is a true pest-free equilibrium of the form (S⇤, 0, 0), whereas when � 6= 0 the male compartment is
maintained only by non-sterile males within the releases. The other equilibria are built on the values F ⇤

solutions of:

X(S⇤,M(F ⇤), ✏)C(F ⇤) =
µF

r(1� p)
=

1

R (5)

where M(F ⇤) is expressed, from the second equation of (4), as follows :

M(F ⇤) =
pµF

(1� p)µM
F ⇤ +

��

µM
. (6)

If we note G(M(F ⇤)) = X(S⇤,M(F ⇤), ✏)C(F ⇤) the expression (5) becomes:

G(F ) = X(S⇤,M(F ), ✏)C(F ) =
µF

r(1� p)
=

1

R . (7)

As lim
F!+1

C(F ) = 0, we have lim
M!+1

G(M(F ⇤)) = 0.

• IfG(M⇤
0 ) = X(S⇤,M⇤

0 , ✏) <
µF

r(1�p) =
1
R and max(G(M(F ⇤))) > 1

R (Fig. 2A) there are two solutions

M⇤
2 > M⇤

1 > M⇤
0 , such that dG

dM (M⇤
1 ) > 0 and dG

dM (M⇤
2 ) < 0. We then have the endemic equilibria

(S⇤, F ⇤
1 ,M

⇤
1 ) and (S⇤, F ⇤

2 ,M
⇤
2 ). However, on all generality, there may be more, but an even number.

• If G(M⇤
0 ) = X(S⇤,M⇤

0 , ✏) >
µF

r(1�p) =
1
R (Fig. 2B) there is at least one solution, at which

dG

dM
=

@

@M
(X(S⇤,M(F ⇤), ✏)C(F ⇤)  0

this solution is named M⇤
2 and constitutes the endemic equilibrium (S⇤, F ⇤

2 ,M
⇤
2 ).

In the particular case where there is no residual fertility (� = ✏ = 0), X(S⇤,M⇤
0 , ✏) = X(S⇤, 0, ✏) = 0,

so this second situation cannot happen.

2.2.2 Local stability of model equilibria

We consider the Jacobian matrix of the (F,M) subsystem at S = S⇤. For readability reasons, we redefine
X(S,M, ✏) as X(M). The Jacobian matrix J(F,M) related to the system (1) is:

J(F,M) =
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Figure 1 – Obtention des équilibres avec l’égalité 6. Graphique X(S,M(F ⇤
))C(F ⇤

) = f(F ⇤
).
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so this second situation cannot happen.

2.2.2 Local stability of model equilibria

We consider the Jacobian matrix of the (F,M) subsystem at S = S⇤. For readability reasons, we redefine
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three cases allow us to define three sub-models that we call respectively: no residual fertility (sub model
0) , cost-free residual fertility (sub model 1) and costly residual fertility (sub model 2).

2.2.1 Search for equilibria and study of their existence

Throughout our study, we assume that S, F and M are not negative since they represent population
densities. S is considered to be already at equilibrium S⇤ = (1��)�

µS
. Equilibria of system (1) thus solve

system (4):

(
F ⇤(�µF + r(1� p)X(S⇤,M⇤, ✏)C(F ⇤)) = 0,

�µMM⇤ + rpX(S⇤,M⇤, ✏)C(F ⇤)F ⇤ + �� = 0.
(4)

We get F ⇤ = 0 or X(S⇤,M⇤, ✏)C(F ⇤) = µF

r(1�p) = 1
R with the first equation of system (4), which

allows to introduce the basic reproduction number R. R is the average number of o↵spring produced
by a female during its lifetime, so it must be greater than 1 otherwise the population is tending towards
extinction.

Thus we easily deduce the pest-free equilibrium (S⇤, 0, ��
µM

), where we note M⇤
0 = ��

µM
. When � = 0

it is a true pest-free equilibrium of the form (S⇤, 0, 0), whereas when � 6= 0 the male compartment is
maintained only by non-sterile males within the releases. The other equilibria are built on the values F ⇤

solutions of:

X(S⇤,M(F ⇤), ✏)C(F ⇤) =
µF

r(1� p)
=

1

R (5)

where M(F ⇤) is expressed, from the second equation of (4), as follows :

M(F ⇤) =
pµF

(1� p)µM
F ⇤ +

��

µM
. (6)

If we note G(M(F ⇤)) = X(S⇤,M(F ⇤), ✏)C(F ⇤) the expression (5) becomes:

G(F ) = X(S⇤,M(F ), ✏)C(F ) =
µF
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=

1

R . (7)

As lim
F!+1

C(F ) = 0, we have lim
M!+1

G(M(F ⇤)) = 0.

• IfG(M⇤
0 ) = X(S⇤,M⇤

0 , ✏) <
µF

r(1�p) =
1
R and max(G(M(F ⇤))) > 1

R (Fig. 2A) there are two solutions

M⇤
2 > M⇤

1 > M⇤
0 , such that dG

dM (M⇤
1 ) > 0 and dG

dM (M⇤
2 ) < 0. We then have the endemic equilibria

(S⇤, F ⇤
1 ,M

⇤
1 ) and (S⇤, F ⇤

2 ,M
⇤
2 ). However, on all generality, there may be more, but an even number.

• If G(M⇤
0 ) = X(S⇤,M⇤

0 , ✏) >
µF

r(1�p) =
1
R (Fig. 2B) there is at least one solution, at which
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this solution is named M⇤
2 and constitutes the endemic equilibrium (S⇤, F ⇤

2 ,M
⇤
2 ).

In the particular case where there is no residual fertility (� = ✏ = 0), X(S⇤,M⇤
0 , ✏) = X(S⇤, 0, ✏) = 0,

so this second situation cannot happen.

2.2.2 Local stability of model equilibria

We consider the Jacobian matrix of the (F,M) subsystem at S = S⇤. For readability reasons, we redefine
X(S,M, ✏) as X(M). The Jacobian matrix J(F,M) related to the system (1) is:
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Figure 1 – Obtention des équilibres avec l’égalité 6. Graphique X(S,M(F ⇤
))C(F ⇤

) = f(F ⇤
).
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), where we note M⇤
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@Ṁ
@M

!
=

✓
�µF + (1� p)X(M⇤)r(C 0(F ⇤)F ⇤ + C(F ⇤)) (1� p)C(F ⇤)rF ⇤X 0(M⇤)

pX(M⇤)r(C 0(F ⇤)F ⇤ + C(F ⇤)) �µM + pC(F ⇤)rF ⇤X 0(M⇤)

◆

5

three cases allow us to define three sub-models that we call respectively: no residual fertility (sub model
0) , cost-free residual fertility (sub model 1) and costly residual fertility (sub model 2).

2.2.1 Search for equilibria and study of their existence

Throughout our study, we assume that S, F and M are not negative since they represent population
densities. S is considered to be already at equilibrium S⇤ = (1��)�

µS
. Equilibria of system (1) thus solve

system (4):

(
F ⇤(�µF + r(1� p)X(S⇤,M⇤, ✏)C(F ⇤)) = 0,

�µMM⇤ + rpX(S⇤,M⇤, ✏)C(F ⇤)F ⇤ + �� = 0.
(4)

We get F ⇤ = 0 or X(S⇤,M⇤, ✏)C(F ⇤) = µF

r(1�p) = 1
R with the first equation of system (4), which

allows to introduce the basic reproduction number R. R is the average number of o↵spring produced
by a female during its lifetime, so it must be greater than 1 otherwise the population is tending towards
extinction.

Thus we easily deduce the pest-free equilibrium (S⇤, 0, ��
µM

), where we note M⇤
0 = ��

µM
. When � = 0

it is a true pest-free equilibrium of the form (S⇤, 0, 0), whereas when � 6= 0 the male compartment is
maintained only by non-sterile males within the releases. The other equilibria are built on the values F ⇤

solutions of:

X(S⇤,M(F ⇤), ✏)C(F ⇤) =
µF

r(1� p)
=

1

R (5)

where M(F ⇤) is expressed, from the second equation of (4), as follows :

M(F ⇤) =
pµF

(1� p)µM
F ⇤ +

��

µM
. (6)

If we note G(M(F ⇤)) = X(S⇤,M(F ⇤), ✏)C(F ⇤) the expression (5) becomes:

G(M(F ⇤)) = X(S⇤,M(F ⇤), ✏)C(F ⇤) =
µF

r(1� p)
=

1

R . (7)

As lim
F!+1

C(F ) = 0, we have lim
M!+1

G(M(F ⇤)) = 0.

• If G(M⇤
0 ) = G(M(0)) = X(S⇤,M⇤

0 , ✏) < µF

r(1�p) = 1
R and max(G(M(F ⇤))) > 1

R (Fig. 2A) there

are two solutions M⇤
2 > M⇤

1 > M⇤
0 , such that dG

dM (M⇤
1 ) > 0 and dG

dM (M⇤
2 ) < 0. We then have the

endemic equilibria (S⇤, F ⇤
1 ,M

⇤
1 ) and (S⇤, F ⇤

2 ,M
⇤
2 ). However, on all generality, there may be more,

but an even number.

• If G(M⇤
0 ) = G(M(0)) = X(S⇤,M⇤

0 , ✏) > µF

r(1�p) = 1
R (Fig. 2B) there is at least one solution, at

which
dG

dM
=

@

@M
(X(S⇤,M(F ⇤), ✏)C(F ⇤)  0

this solution is named M⇤
2 and constitutes the endemic equilibrium (S⇤, F ⇤

2 ,M
⇤
2 ).

In the particular case where there is no residual fertility (� = ✏ = 0), X(S⇤,M⇤
0 , ✏) = X(S⇤, 0, ✏) = 0,

so this second situation cannot happen.

2.2.2 Local stability of model equilibria

We consider the Jacobian matrix of the (F,M) subsystem at S = S⇤. For readability reasons, we redefine
X(S,M, ✏) as X(M). The Jacobian matrix J(F,M) related to the system (1) is:

J(F,M) =

 
@Ḟ
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= f( 1

R ) (Figure 1).

De l’équation 9 on cherche à isoler � :
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three cases allow us to define three sub-models that we call respectively: no residual fertility (sub model
0) , cost-free residual fertility (sub model 1) and costly residual fertility (sub model 2).

2.2.1 Search for equilibria and study of their existence

Throughout our study, we assume that S, F and M are not negative since they represent population
densities. S is considered to be already at equilibrium S⇤ = (1��)�

µS
. Equilibria of system (1) thus solve

system (4):

(
F ⇤(�µF + r(1� p)X(S⇤,M⇤, ✏)C(F ⇤)) = 0,

�µMM⇤ + rpX(S⇤,M⇤, ✏)C(F ⇤)F ⇤ + �� = 0.
(4)

We get F ⇤ = 0 or X(S⇤,M⇤, ✏)C(F ⇤) = µF

r(1�p) = 1
R with the first equation of system (4), which

allows to introduce the basic reproduction number R. R is the average number of o↵spring produced
by a female during its lifetime, so it must be greater than 1 otherwise the population is tending towards
extinction.

Thus we easily deduce the pest-free equilibrium (S⇤, 0, ��
µM

), where we note M⇤
0 = ��

µM
. When � = 0

it is a true pest-free equilibrium of the form (S⇤, 0, 0), whereas when � 6= 0 the male compartment is
maintained only by non-sterile males within the releases. The other equilibria are built on the values F ⇤

solutions of:

X(S⇤,M(F ⇤), ✏)C(F ⇤) =
µF

r(1� p)
=

1

R (5)

where M(F ⇤) is expressed, from the second equation of (4), as follows :

M(F ⇤) =
pµF

(1� p)µM
F ⇤ +

��

µM
. (6)

If we note G(M(F ⇤)) = X(S⇤,M(F ⇤), ✏)C(F ⇤) the expression (5) becomes:

G(F ) = X(S⇤,M(F ), ✏)C(F ) =
µF

r(1� p)
=

1

R . (7)

As lim
F!+1

C(F ) = 0, we have lim
M!+1

G(M(F ⇤)) = 0.

• IfG(M⇤
0 ) = X(S⇤,M⇤

0 , ✏) <
µF

r(1�p) =
1
R and max(G(M(F ⇤))) > 1

R (Fig. 2A) there are two solutions

M⇤
2 > M⇤
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0 , such that dG

dM (M⇤
1 ) > 0 and dG

dM (M⇤
2 ) < 0. We then have the endemic equilibria

(S⇤, F ⇤
1 ,M

⇤
1 ) and (S⇤, F ⇤

2 ,M
⇤
2 ). However, on all generality, there may be more, but an even number.

• If G(M⇤
0 ) = X(S⇤,M⇤

0 , ✏) >
µF

r(1�p) =
1
R (Fig. 2B) there is at least one solution, at which

dG

dM
=

@

@M
(X(S⇤,M(F ⇤), ✏)C(F ⇤)  0

this solution is named M⇤
2 and constitutes the endemic equilibrium (S⇤, F ⇤

2 ,M
⇤
2 ).

In the particular case where there is no residual fertility (� = ✏ = 0), X(S⇤,M⇤
0 , ✏) = X(S⇤, 0, ✏) = 0,

so this second situation cannot happen.

2.2.2 Local stability of model equilibria

We consider the Jacobian matrix of the (F,M) subsystem at S = S⇤. For readability reasons, we redefine
X(S,M, ✏) as X(M). The Jacobian matrix J(F,M) related to the system (1) is:

J(F,M) =
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Figure 1 – Obtention des équilibres avec l’égalité 6. Graphique X(S,M(F ⇤
))C(F ⇤

) = f(F ⇤
).

()
pµF

(1�p)µM
F +

��
µM

+
✏⌘(1��)�

µS

k +
pµF

(1�p)µM
F +

��
µM

+ ⌘ (1��)�
µS

· 1

1 + �F
=

µF

r(1� p)
=

1

R (6)

()
pµF

(1�p)µM
F +

��
µM

+
✏⌘(1��)�

µS

k +
pµF

(1�p)µM
F +

��
µM

+ ⌘ (1��)�
µS

· C(F ) =
µF

r(1� p)
=

1

R

Formule (6) utilisée pour réaliser le graphique F ⇤
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three cases allow us to define three sub-models that we call respectively: no residual fertility (sub model
0) , cost-free residual fertility (sub model 1) and costly residual fertility (sub model 2).

2.2.1 Search for equilibria and study of their existence

Throughout our study, we assume that S, F and M are not negative since they represent population
densities. S is considered to be already at equilibrium S⇤ = (1��)�

µS
. Equilibria of system (1) thus solve

system (4):
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F ⇤(�µF + r(1� p)X(S⇤,M⇤, ✏)C(F ⇤)) = 0,

�µMM⇤ + rpX(S⇤,M⇤, ✏)C(F ⇤)F ⇤ + �� = 0.
(4)

We get F ⇤ = 0 or X(S⇤,M⇤, ✏)C(F ⇤) = µF

r(1�p) = 1
R with the first equation of system (4), which

allows to introduce the basic reproduction number R. R is the average number of o↵spring produced
by a female during its lifetime, so it must be greater than 1 otherwise the population is tending towards
extinction.

Thus we easily deduce the pest-free equilibrium (S⇤, 0, ��
µM

), where we note M⇤
0 = ��

µM
. When � = 0

it is a true pest-free equilibrium of the form (S⇤, 0, 0), whereas when � 6= 0 the male compartment is
maintained only by non-sterile males within the releases. The other equilibria are built on the values F ⇤

solutions of:
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R (Fig. 2A) there
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0 , such that dG
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1 ) > 0 and dG
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2 ) < 0. We then have the

endemic equilibria (S⇤, F ⇤
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1 ) and (S⇤, F ⇤

2 ,M
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2 ). However, on all generality, there may be more,

but an even number.
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R (Fig. 2B) there is at least one solution, at

which
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this solution is named M⇤
2 and constitutes the endemic equilibrium (S⇤, F ⇤
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⇤
2 ).

In the particular case where there is no residual fertility (� = ✏ = 0), X(S⇤,M⇤
0 , ✏) = X(S⇤, 0, ✏) = 0,

so this second situation cannot happen.

2.2.2 Local stability of model equilibria

We consider the Jacobian matrix of the (F,M) subsystem at S = S⇤. For readability reasons, we redefine
X(S,M, ✏) as X(M). The Jacobian matrix J(F,M) related to the system (1) is:
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Figure 1 – Obtention des équilibres avec l’égalité 9. Graphique X(S,M(F ⇤
))C(F ⇤

) = f(F ⇤
).

()
pµF

(1�p)µM
F +

��
µM

+
✏⌘(1��)�

µS

k +
pµF

(1�p)µM
F +

��
µM

+ ⌘ (1��)�
µS

· 1

1 + �F
=

µF

r(1� p)
=

1

R (6)

G(0) <
1

R (7)

G(0) >
1

R (8)

max(G(F )) >
1

R (9)

()
pµF

(1�p)µM
F +

��
µM

+
✏⌘(1��)�

µS

k +
pµF

(1�p)µM
F +

��
µM

+ ⌘ (1��)�
µS

· C(F ) =
µF

r(1� p)
=

1

R

Formule (9) utilisée pour réaliser le graphique F ⇤
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three cases allow us to define three sub-models that we call respectively: no residual fertility (sub model
0) , cost-free residual fertility (sub model 1) and costly residual fertility (sub model 2).

2.2.1 Search for equilibria and study of their existence

Throughout our study, we assume that S, F and M are not negative since they represent population
densities. S is considered to be already at equilibrium S⇤ = (1��)�
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. Equilibria of system (1) thus solve
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three cases allow us to define three sub-models that we call respectively: no residual fertility (sub model
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Throughout our study, we assume that S, F and M are not negative since they represent population
densities. S is considered to be already at equilibrium S⇤ = (1��)�

µS
. Equilibria of system (1) thus solve

system (4):

(
F ⇤(�µF + r(1� p)X(S⇤,M⇤, ✏)C(F ⇤)) = 0,

�µMM⇤ + rpX(S⇤,M⇤, ✏)C(F ⇤)F ⇤ + �� = 0.
(4)

We get F ⇤ = 0 or X(S⇤,M⇤, ✏)C(F ⇤) = µF

r(1�p) = 1
R with the first equation of system (4), which

allows to introduce the basic reproduction number R. R is the average number of o↵spring produced
by a female during its lifetime, so it must be greater than 1 otherwise the population is tending towards
extinction.

Thus we easily deduce the pest-free equilibrium (S⇤, 0, ��
µM

), where we note M⇤
0 = ��

µM
. When � = 0

it is a true pest-free equilibrium of the form (S⇤, 0, 0), whereas when � 6= 0 the male compartment is
maintained only by non-sterile males within the releases. The other equilibria are built on the values F ⇤

solutions of:

X(S⇤,M(F ⇤), ✏)C(F ⇤) =
µF

r(1� p)
=

1

R (5)

where M(F ⇤) is expressed, from the second equation of (4), as follows :

M(F ⇤) =
pµF

(1� p)µM
F ⇤ +

��

µM
. (6)

If we note G(M(F ⇤)) = X(S⇤,M(F ⇤), ✏)C(F ⇤) the expression (5) becomes:

G(M(F ⇤)) = X(S⇤,M(F ⇤), ✏)C(F ⇤) =
µF

r(1� p)
=

1

R . (7)

As lim
F!+1

C(F ) = 0, we have lim
M!+1

G(M(F ⇤)) = 0.

• If G(M⇤
0 ) = G(M(0)) = X(S⇤,M⇤

0 , ✏) < µF

r(1�p) = 1
R and max(G(M(F ⇤))) > 1

R (Fig. 2A) there

are two solutions M⇤
2 > M⇤

1 > M⇤
0 , such that dG

dM (M⇤
1 ) > 0 and dG

dM (M⇤
2 ) < 0. We then have the

endemic equilibria (S⇤, F ⇤
1 ,M

⇤
1 ) and (S⇤, F ⇤

2 ,M
⇤
2 ). However, on all generality, there may be more,

but an even number.

• If G(M⇤
0 ) = G(M(0)) = X(S⇤,M⇤

0 , ✏) > µF

r(1�p) = 1
R (Fig. 2B) there is at least one solution, at

which
dG

dM
=

@

@M
(X(S⇤,M(F ⇤), ✏)C(F ⇤)  0

this solution is named M⇤
2 and constitutes the endemic equilibrium (S⇤, F ⇤

2 ,M
⇤
2 ).

In the particular case where there is no residual fertility (� = ✏ = 0), X(S⇤,M⇤
0 , ✏) = X(S⇤, 0, ✏) = 0,

so this second situation cannot happen.

2.2.2 Local stability of model equilibria

We consider the Jacobian matrix of the (F,M) subsystem at S = S⇤. For readability reasons, we redefine
X(S,M, ✏) as X(M). The Jacobian matrix J(F,M) related to the system (1) is:

J(F,M) =
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(2)

Figure 1 – Obtention des équilibres avec l’égalité 6. Graphique X(S,M(F ⇤
))C(F ⇤

) = f(F ⇤
).

()
pµF

(1�p)µM
F ⇤

+
��
µM

+
✏⌘(1��)�

µS

k +
pµF

(1�p)µM
F ⇤ + ��

µM
+ ⌘ (1��)�

µS

· 1

1 + �F ⇤ =
µF

r(1� p)
=

1

R (6)

()
pµF

(1�p)µM
F +

��
µM

+
✏⌘(1��)�

µS

k +
pµF

(1�p)µM
F +

��
µM

+ ⌘ (1��)�
µS

· C(F ) =
µF

r(1� p)
=

1

R

Formule (6) utilisée pour réaliser le graphique F ⇤
= f( 1

R ) (Figure 1).

De l’équation 6 on cherche à isoler � :
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Figure 1 – Obtention des équilibres avec l’égalité 6. Graphique X(S,M(F ⇤
))C(F ⇤

) = f(F ⇤
).
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three cases allow us to define three sub-models that we call respectively: no residual fertility (sub model
0) , cost-free residual fertility (sub model 1) and costly residual fertility (sub model 2).

2.2.1 Search for equilibria and study of their existence

Throughout our study, we assume that S, F and M are not negative since they represent population
densities. S is considered to be already at equilibrium S⇤ = (1��)�

µS
. Equilibria of system (1) thus solve

system (4):

(
F ⇤(�µF + r(1� p)X(S⇤,M⇤, ✏)C(F ⇤)) = 0,

�µMM⇤ + rpX(S⇤,M⇤, ✏)C(F ⇤)F ⇤ + �� = 0.
(4)

We get F ⇤ = 0 or X(S⇤,M⇤, ✏)C(F ⇤) = µF

r(1�p) = 1
R with the first equation of system (4), which

allows to introduce the basic reproduction number R. R is the average number of o↵spring produced
by a female during its lifetime, so it must be greater than 1 otherwise the population is tending towards
extinction.

Thus we easily deduce the pest-free equilibrium (S⇤, 0, ��
µM

), where we note M⇤
0 = ��

µM
. When � = 0

it is a true pest-free equilibrium of the form (S⇤, 0, 0), whereas when � 6= 0 the male compartment is
maintained only by non-sterile males within the releases. The other equilibria are built on the values F ⇤

solutions of:

X(S⇤,M(F ⇤), ✏)C(F ⇤) =
µF

r(1� p)
=

1

R (5)

where M(F ⇤) is expressed, from the second equation of (4), as follows :

M(F ⇤) =
pµF

(1� p)µM
F ⇤ +

��

µM
. (6)

If we note G(M(F ⇤)) = X(S⇤,M(F ⇤), ✏)C(F ⇤) the expression (5) becomes:

G(F ) = X(S⇤,M(F ), ✏)C(F ) =
µF

r(1� p)
=

1

R . (7)

As lim
F!+1

C(F ) = 0, we have lim
M!+1

G(M(F ⇤)) = 0.

• IfG(M⇤
0 ) = X(S⇤,M⇤

0 , ✏) <
µF

r(1�p) =
1
R and max(G(M(F ⇤))) > 1

R (Fig. 2A) there are two solutions

M⇤
2 > M⇤

1 > M⇤
0 , such that dG

dM (M⇤
1 ) > 0 and dG

dM (M⇤
2 ) < 0. We then have the endemic equilibria

(S⇤, F ⇤
1 ,M

⇤
1 ) and (S⇤, F ⇤

2 ,M
⇤
2 ). However, on all generality, there may be more, but an even number.

• If G(M⇤
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0 , ✏) >
µF

r(1�p) =
1
R (Fig. 2B) there is at least one solution, at which
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(X(S⇤,M(F ⇤), ✏)C(F ⇤)  0

this solution is named M⇤
2 and constitutes the endemic equilibrium (S⇤, F ⇤

2 ,M
⇤
2 ).

In the particular case where there is no residual fertility (� = ✏ = 0), X(S⇤,M⇤
0 , ✏) = X(S⇤, 0, ✏) = 0,

so this second situation cannot happen.

2.2.2 Local stability of model equilibria

We consider the Jacobian matrix of the (F,M) subsystem at S = S⇤. For readability reasons, we redefine
X(S,M, ✏) as X(M). The Jacobian matrix J(F,M) related to the system (1) is:

J(F,M) =
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Figure 1 – Obtention des équilibres avec l’égalité 6. Graphique X(S,M(F ⇤
))C(F ⇤

) = f(F ⇤
).
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allows to introduce the basic reproduction number R. R is the average number of o↵spring produced
by a female during its lifetime, so it must be greater than 1 otherwise the population is tending towards
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), where we note M⇤
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2 and constitutes the endemic equilibrium (S⇤, F ⇤

2 ,M
⇤
2 ).

In the particular case where there is no residual fertility (� = ✏ = 0), X(S⇤,M⇤
0 , ✏) = X(S⇤, 0, ✏) = 0,

so this second situation cannot happen.

2.2.2 Local stability of model equilibria

We consider the Jacobian matrix of the (F,M) subsystem at S = S⇤. For readability reasons, we redefine
X(S,M, ✏) as X(M). The Jacobian matrix J(F,M) related to the system (1) is:
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@Ṁ
@M

!
=

✓
�µF + (1� p)X(M⇤)r(C 0(F ⇤)F ⇤ + C(F ⇤)) (1� p)C(F ⇤)rF ⇤X 0(M⇤)

pX(M⇤)r(C 0(F ⇤)F ⇤ + C(F ⇤)) �µM + pC(F ⇤)rF ⇤X 0(M⇤)

◆

5

Figure 1 – Obtention des équilibres avec l’égalité 9. Graphique X(S,M(F ⇤
))C(F ⇤

) = f(F ⇤
).
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three cases allow us to define three sub-models that we call respectively: no residual fertility (sub model
0) , cost-free residual fertility (sub model 1) and costly residual fertility (sub model 2).

2.2.1 Search for equilibria and study of their existence

Throughout our study, we assume that S, F and M are not negative since they represent population
densities. S is considered to be already at equilibrium S⇤ = (1��)�

µS
. Equilibria of system (1) thus solve

system (4):

(
F ⇤(�µF + r(1� p)X(S⇤,M⇤, ✏)C(F ⇤)) = 0,

�µMM⇤ + rpX(S⇤,M⇤, ✏)C(F ⇤)F ⇤ + �� = 0.
(4)

We get F ⇤ = 0 or X(S⇤,M⇤, ✏)C(F ⇤) = µF

r(1�p) = 1
R with the first equation of system (4), which

allows to introduce the basic reproduction number R. R is the average number of o↵spring produced
by a female during its lifetime, so it must be greater than 1 otherwise the population is tending towards
extinction.

Thus we easily deduce the pest-free equilibrium (S⇤, 0, ��
µM

), where we note M⇤
0 = ��

µM
. When � = 0

it is a true pest-free equilibrium of the form (S⇤, 0, 0), whereas when � 6= 0 the male compartment is
maintained only by non-sterile males within the releases. The other equilibria are built on the values F ⇤

solutions of:

X(S⇤,M(F ⇤), ✏)C(F ⇤) =
µF

r(1� p)
=

1

R (5)

where M(F ⇤) is expressed, from the second equation of (4), as follows :

M(F ⇤) =
pµF

(1� p)µM
F ⇤ +

��

µM
. (6)

If we note G(M(F ⇤)) = X(S⇤,M(F ⇤), ✏)C(F ⇤) the expression (5) becomes:

G(F ) = X(S⇤,M(F ), ✏)C(F ) =
µF

r(1� p)
=

1

R . (7)

As lim
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C(F ) = 0, we have lim
M!+1

G(M(F ⇤)) = 0.

• IfG(M⇤
0 ) = X(S⇤,M⇤

0 , ✏) <
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r(1�p) =
1
R and max(G(M(F ⇤))) > 1

R (Fig. 2A) there are two solutions
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2 ) < 0. We then have the endemic equilibria
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2 ). However, on all generality, there may be more, but an even number.
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In the particular case where there is no residual fertility (� = ✏ = 0), X(S⇤,M⇤
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so this second situation cannot happen.

2.2.2 Local stability of model equilibria

We consider the Jacobian matrix of the (F,M) subsystem at S = S⇤. For readability reasons, we redefine
X(S,M, ✏) as X(M). The Jacobian matrix J(F,M) related to the system (1) is:
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Figure 1 – Obtention des équilibres avec l’égalité 6. Graphique X(S,M(F ⇤
))C(F ⇤

) = f(F ⇤
).
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2 ). However, on all generality, there may be more,
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2 ).

In the particular case where there is no residual fertility (� = ✏ = 0), X(S⇤,M⇤
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so this second situation cannot happen.

2.2.2 Local stability of model equilibria

We consider the Jacobian matrix of the (F,M) subsystem at S = S⇤. For readability reasons, we redefine
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@Ṁ
@M

!
=

✓
�µF + (1� p)X(M⇤)r(C 0(F ⇤)F ⇤ + C(F ⇤)) (1� p)C(F ⇤)rF ⇤X 0(M⇤)

pX(M⇤)r(C 0(F ⇤)F ⇤ + C(F ⇤)) �µM + pC(F ⇤)rF ⇤X 0(M⇤)

◆

5

Figure 1 – Obtention des équilibres avec l’égalité 9. Graphique X(S,M(F ⇤
))C(F ⇤

) = f(F ⇤
).

()
pµF

(1�p)µM
F +

��
µM

+
✏⌘(1��)�

µS

k +
pµF

(1�p)µM
F +

��
µM

+ ⌘ (1��)�
µS

· 1

1 + �F
=

µF

r(1� p)
=

1

R (6)

G(0) <
1

R (7)

G(0) >
1

R (8)

max(G(F )) >
1

R (9)

()
pµF

(1�p)µM
F +

��
µM

+
✏⌘(1��)�

µS

k +
pµF

(1�p)µM
F +

��
µM

+ ⌘ (1��)�
µS

· C(F ) =
µF

r(1� p)
=

1

R

Formule (9) utilisée pour réaliser le graphique F ⇤
= f( 1

R ) (Figure 1).

De l’équation 9 on cherche à isoler � :
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(1� p)µM
F +

R��

µM
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R✏⌘(1� �)�

µS
= (1 + �F ) · (k +

pµF

(1� p)µM
F +

��

µM
+ ⌘

(1� �)�

µS
)

() RpµF

(1� p)µM
F+

R��

µM
+
R✏⌘(1� �)�

µS
= (1+�F )k+(1+�F )

pµF

(1� p)µM
F+(1+�F )

��

µM
+(1+�F )(⌘

(1� �)�

µS
)

3
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- Isocline nulle en M :

Ṁ = 0 () �µMM⇤
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Il y a deux cas :

(1) Quand F ⇤
= 0 (3) :

Ṁ = 0

() �µMM⇤
+ �� = 0
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=
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= M⇤

0 (5)

On obtient l’équilibre sans ravageurs :
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, 0,
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pµF

(1� p)µM
F ⇤

+
��

µM

En F = 0, on a :

M⇤
(0) =

��

µM
= M⇤

0 = (5)

Les équilibres sont les valeurs F solutions de X(S,M(F ))C(F ) =
1
R =

µF

r(1�p) pour F�0

X(S,M(F ⇤
))C(F ⇤

) =
1

R
=
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r(1� p)

() M⇤
(F ) + ✏⌘S⇤

k +M⇤(F ) + ⌘S⇤ · 1
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1

R
=
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(F ) + ✏⌘ (1��)�
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k +M⇤(F ) + ⌘ (1��)�
µS

· 1

1 + �F ⇤ =
1
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µF
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()
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F +

��
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+
✏⌘(1��)�

µS
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��
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1 + �F
=
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Figure 2: Equilibrium points of the model (1). The curve G(M(F ⇤)) (equation (7)) as a function of F ⇤ (in
black), as well as the horizontal line 1

R (in grey) and the equilibrium points F ⇤ located at the intersection
between these two are represented. The two simulated cases correspond to di↵erent parameter values.
When G(M⇤

0 ) <
1
R and max(G(M⇤

0 )) >
1
R , there are two endemic equilibria F ⇤

1 and F ⇤
2 (case A). When

G(M⇤
0 ) >

1
R , there is only one endemic equilibrium F ⇤

2 (case B).

• At the pest-free equilibrium (0,M⇤
0 ):

J(0,M⇤
0 )

=

✓
�µF + (1� p)X(M⇤

0 )r 0
pX(M⇤

0 )r �µM

◆

So (0,M⇤
0 ) is locally asymptotically stable if X(M⇤

0 ) < µF

r(1�p) = 1
R . In this case, there are no

endemic equilibria or at least two endemic equilibria.

• At the (F ⇤,M⇤) equilibria,

J(F⇤,M⇤) =

✓
�µF + (1� p)X(M⇤)r(C 0(F ⇤)F ⇤ + C(F ⇤)) (1� p)C(F ⇤)rF ⇤X 0(M⇤)

pX(M⇤)r(C 0(F ⇤)F ⇤ + C(F ⇤)) �µM + pC(F ⇤)rF ⇤X 0(M⇤)

◆

The nullclines (1� p)rX(M⇤)C(F ⇤) = µF and prX(M⇤)C(F ⇤)F ⇤ + �� = µMM⇤ from system (4)
allow us to simplify the matrix, we thus obtain:

J(F⇤,M⇤) =

✓
(1� p)X(M⇤)rC 0(F ⇤)F ⇤ (1� p)C(F ⇤)rF ⇤X 0(M⇤)

pX(M⇤)r(C 0(F ⇤)F ⇤ + C(F ⇤)) �pX(M⇤)C(F⇤)rF⇤+��
M⇤ + pC(F ⇤)rF ⇤X 0(M⇤)

◆

To determine the stability we compute the trace and the determinant of this matrix.

trace(J(F⇤,M⇤)) = (1� p)X(M⇤)rC 0(F ⇤)F ⇤ � ��

M⇤ + pC(F ⇤)rF ⇤(X 0(M⇤)� X(M⇤)

M⇤ )

The first two terms are negative. If X(M) is concave, the last term is also negative because:

X 0(M⇤) = X(0) +

Z M⇤

0
X 0(M)dM >

Z M⇤

0
X 0(M⇤)dM = M⇤X 0(M⇤)

with X(0) � 0 and X 0(M⇤)  X 0(M)8M  M⇤.

So Tr(J(F⇤,M⇤)) < 0

Through extensive computations we get:

Det(J(F⇤,M⇤)) = pµF rF
⇤
✓
X(M⇤)C 0(F ⇤)[� F ⇤

M⇤ � ��(1� p)

M⇤ · 1

pµF
]�X 0(M⇤)C(F ⇤)

◆
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three cases allow us to define three sub-models that we call respectively: no residual fertility (sub model
0) , cost-free residual fertility (sub model 1) and costly residual fertility (sub model 2).

2.2.1 Search for equilibria and study of their existence

Throughout our study, we assume that S, F and M are not negative since they represent population
densities. S is considered to be already at equilibrium S⇤ = (1��)�

µS
. Equilibria of system (1) thus solve

system (4):

(
F ⇤(�µF + r(1� p)X(S⇤,M⇤, ✏)C(F ⇤)) = 0,

�µMM⇤ + rpX(S⇤,M⇤, ✏)C(F ⇤)F ⇤ + �� = 0.
(4)

We get F ⇤ = 0 or X(S⇤,M⇤, ✏)C(F ⇤) = µF

r(1�p) = 1
R with the first equation of system (4), which

allows to introduce the basic reproduction number R. R is the average number of o↵spring produced
by a female during its lifetime, so it must be greater than 1 otherwise the population is tending towards
extinction.

Thus we easily deduce the pest-free equilibrium (S⇤, 0, ��
µM

), where we note M⇤
0 = ��

µM
. When � = 0

it is a true pest-free equilibrium of the form (S⇤, 0, 0), whereas when � 6= 0 the male compartment is
maintained only by non-sterile males within the releases. The other equilibria are built on the values F ⇤

solutions of:

X(S⇤,M(F ⇤), ✏)C(F ⇤) =
µF

r(1� p)
=

1

R (5)

where M(F ⇤) is expressed, from the second equation of (4), as follows :

M(F ⇤) =
pµF

(1� p)µM
F ⇤ +

��

µM
. (6)

If we note G(M(F ⇤)) = X(S⇤,M(F ⇤), ✏)C(F ⇤) the expression (5) becomes:

G(M(F ⇤)) = X(S⇤,M(F ⇤), ✏)C(F ⇤) =
µF

r(1� p)
=

1

R . (7)

As lim
F!+1

C(F ) = 0, we have lim
M!+1

G(M(F ⇤)) = 0.

• If G(M⇤
0 ) = G(M(0)) = X(S⇤,M⇤

0 , ✏) < µF

r(1�p) = 1
R and max(G(M(F ⇤))) > 1

R (Fig. 2A) there

are two solutions M⇤
2 > M⇤

1 > M⇤
0 , such that dG

dM (M⇤
1 ) > 0 and dG

dM (M⇤
2 ) < 0. We then have the

endemic equilibria (S⇤, F ⇤
1 ,M

⇤
1 ) and (S⇤, F ⇤

2 ,M
⇤
2 ). However, on all generality, there may be more,

but an even number.

• If G(M⇤
0 ) = G(M(0)) = X(S⇤,M⇤

0 , ✏) > µF

r(1�p) = 1
R (Fig. 2B) there is at least one solution, at

which
dG

dM
=

@

@M
(X(S⇤,M(F ⇤), ✏)C(F ⇤)  0

this solution is named M⇤
2 and constitutes the endemic equilibrium (S⇤, F ⇤

2 ,M
⇤
2 ).

In the particular case where there is no residual fertility (� = ✏ = 0), X(S⇤,M⇤
0 , ✏) = X(S⇤, 0, ✏) = 0,

so this second situation cannot happen.

2.2.2 Local stability of model equilibria

We consider the Jacobian matrix of the (F,M) subsystem at S = S⇤. For readability reasons, we redefine
X(S,M, ✏) as X(M). The Jacobian matrix J(F,M) related to the system (1) is:

J(F,M) =

 
@Ḟ
@F

@Ḟ
@M

@Ṁ
@F

@Ṁ
@M

!
=

✓
�µF + (1� p)X(M⇤)r(C 0(F ⇤)F ⇤ + C(F ⇤)) (1� p)C(F ⇤)rF ⇤X 0(M⇤)

pX(M⇤)r(C 0(F ⇤)F ⇤ + C(F ⇤)) �µM + pC(F ⇤)rF ⇤X 0(M⇤)

◆
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- Isocline nulle en M :

Ṁ = 0 () �µMM⇤
+ rpX(S,M⇤

)C(F ⇤
)F ⇤

+ �� = 0

Il y a deux cas :

(1) Quand F ⇤
= 0 (3) :

Ṁ = 0

() �µMM⇤
+ �� = 0

() M⇤
=

��

µM
= M⇤

0 (5)

On obtient l’équilibre sans ravageurs :

(
(1� �)�

µS
, 0,

��

µM
)

(S⇤, 0,M⇤
0 )

(2) Quand X(S,M)C(F ) =
µF

r(1�p) (4) :

Ṁ = 0

() �µMM⇤
+ rpX(S,M⇤

)C(F ⇤
)F ⇤

+ �� = 0

() �µM +
pµF

(1� p)
F ⇤

+ �� = 0

() µMM⇤
=

pµF

(1� p)
F ⇤

+ ��

() M⇤
(F ) =

pµF

(1� p)µM
F ⇤

+
��

µM

En F = 0, on a :

M⇤
(0) =

��

µM
= M⇤

0 = (5)

Les équilibres sont les valeurs F solutions de X(S,M(F ))C(F ) =
1
R =

µF

r(1�p) pour F�0

X(S,M(F ⇤
))C(F ⇤

) =
1

R
=

µF

r(1� p)

() M⇤
(F ) + ✏⌘S⇤

k +M⇤(F ) + ⌘S⇤ · 1

1 + �F ⇤ =
1

R
=

µF

r(1� p)

()
M⇤

(F ) + ✏⌘ (1��)�
µS

k +M⇤(F ) + ⌘ (1��)�
µS

· 1

1 + �F ⇤ =
1

R
=

µF

r(1� p)

()
pµF

(1�p)µM
F +

��
µM

+
✏⌘(1��)�

µS

k +
pµF

(1�p)µM
F +

��
µM

+ ⌘ (1��)�
µS

· 1

1 + �F
=

µF

r(1� p)
=

1

R
(6)
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Figure 2: Equilibrium points of the model (1). The curve G(M(F ⇤)) (equation (7)) as a function of F ⇤ (in
black), as well as the horizontal line 1

R (in grey) and the equilibrium points F ⇤ located at the intersection
between these two are represented. The two simulated cases correspond to di↵erent parameter values.
When G(M⇤

0 ) <
1
R and max(G(M⇤

0 )) >
1
R , there are two endemic equilibria F ⇤

1 and F ⇤
2 (case A). When

G(M⇤
0 ) >

1
R , there is only one endemic equilibrium F ⇤

2 (case B).

• At the pest-free equilibrium (0,M⇤
0 ):

J(0,M⇤
0 )

=

✓
�µF + (1� p)X(M⇤

0 )r 0
pX(M⇤

0 )r �µM

◆

So (0,M⇤
0 ) is locally asymptotically stable if X(M⇤

0 ) < µF

r(1�p) = 1
R . In this case, there are no

endemic equilibria or at least two endemic equilibria.

• At the (F ⇤,M⇤) equilibria,

J(F⇤,M⇤) =
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pX(M⇤)r(C 0(F ⇤)F ⇤ + C(F ⇤)) �µM + pC(F ⇤)rF ⇤X 0(M⇤)

◆

The nullclines (1� p)rX(M⇤)C(F ⇤) = µF and prX(M⇤)C(F ⇤)F ⇤ + �� = µMM⇤ from system (4)
allow us to simplify the matrix, we thus obtain:

J(F⇤,M⇤) =
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To determine the stability we compute the trace and the determinant of this matrix.

trace(J(F⇤,M⇤)) = (1� p)X(M⇤)rC 0(F ⇤)F ⇤ � ��

M⇤ + pC(F ⇤)rF ⇤(X 0(M⇤)� X(M⇤)

M⇤ )

The first two terms are negative. If X(M) is concave, the last term is also negative because:

X 0(M⇤) = X(0) +

Z M⇤

0
X 0(M)dM >

Z M⇤

0
X 0(M⇤)dM = M⇤X 0(M⇤)

with X(0) � 0 and X 0(M⇤)  X 0(M)8M  M⇤.

So Tr(J(F⇤,M⇤)) < 0

Through extensive computations we get:

Det(J(F⇤,M⇤)) = pµF rF
⇤
✓
X(M⇤)C 0(F ⇤)[� F ⇤
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◆

6

STABLE if 

3.2 Stability of model equilibrium points

F ⇤
1

F ⇤
2

3.3 Bifurcation diagrams

4 Discussion

5 Conclusions

6 Appendices

7 Acknowledgements

5

3.2 Stability of model equilibrium points

F ⇤
1

F ⇤
2

3.3 Bifurcation diagrams

4 Discussion

5 Conclusions

6 Appendices

7 Acknowledgements

5

3.2 Stability of model equilibrium points

F ⇤
1

F ⇤
2

3.3 Bifurcation diagrams

4 Discussion

5 Conclusions

6 Appendices

7 Acknowledgements

5

Figure 2: Equilibrium points of the model (1). The curve G(M(F ⇤)) (equation (7)) as a function of F ⇤ (in
black), as well as the horizontal line 1

R (in grey) and the equilibrium points F ⇤ located at the intersection
between these two are represented. The two simulated cases correspond to di↵erent parameter values.
When G(M⇤

0 ) <
1
R and max(G(M⇤

0 )) >
1
R , there are two endemic equilibria F ⇤

1 and F ⇤
2 (case A). When

G(M⇤
0 ) >

1
R , there is only one endemic equilibrium F ⇤

2 (case B).

• At the pest-free equilibrium (0,M⇤
0 ):

J(0,M⇤
0 )

=

✓
�µF + (1� p)X(M⇤

0 )r 0
pX(M⇤

0 )r �µM

◆

So (0,M⇤
0 ) is locally asymptotically stable if X(M⇤

0 ) < µF

r(1�p) = 1
R . In this case, there are no

endemic equilibria or at least two endemic equilibria.

• At the (F ⇤,M⇤) equilibria,

J(F⇤,M⇤) =

✓
�µF + (1� p)X(M⇤)r(C 0(F ⇤)F ⇤ + C(F ⇤)) (1� p)C(F ⇤)rF ⇤X 0(M⇤)

pX(M⇤)r(C 0(F ⇤)F ⇤ + C(F ⇤)) �µM + pC(F ⇤)rF ⇤X 0(M⇤)

◆

The nullclines (1� p)rX(M⇤)C(F ⇤) = µF and prX(M⇤)C(F ⇤)F ⇤ + �� = µMM⇤ from system (4)
allow us to simplify the matrix, we thus obtain:

J(F⇤,M⇤) =

✓
(1� p)X(M⇤)rC 0(F ⇤)F ⇤ (1� p)C(F ⇤)rF ⇤X 0(M⇤)

pX(M⇤)r(C 0(F ⇤)F ⇤ + C(F ⇤)) �pX(M⇤)C(F⇤)rF⇤+��
M⇤ + pC(F ⇤)rF ⇤X 0(M⇤)

◆

To determine the stability we compute the trace and the determinant of this matrix.

trace(J(F⇤,M⇤)) = (1� p)X(M⇤)rC 0(F ⇤)F ⇤ � ��

M⇤ + pC(F ⇤)rF ⇤(X 0(M⇤)� X(M⇤)

M⇤ )

The first two terms are negative. If X(M) is concave, the last term is also negative because:

X 0(M⇤) = X(0) +

Z M⇤

0
X 0(M)dM >

Z M⇤

0
X 0(M⇤)dM = M⇤X 0(M⇤)

with X(0) � 0 and X 0(M⇤)  X 0(M)8M  M⇤.

So Tr(J(F⇤,M⇤)) < 0

Through extensive computations we get:

Det(J(F⇤,M⇤)) = pµF rF
⇤
✓
X(M⇤)C 0(F ⇤)[� F ⇤

M⇤ � ��(1� p)

M⇤ · 1

pµF
]�X 0(M⇤)C(F ⇤)

◆

6

3.2 Stability of model equilibrium points

F ⇤
1

F ⇤
2

3.3 Bifurcation diagrams

4 Discussion

5 Conclusions

6 Appendices

7 Acknowledgements

5

3.2 Stability of model equilibrium points

F ⇤
1

F ⇤
2

3.3 Bifurcation diagrams

4 Discussion

5 Conclusions

6 Appendices

7 Acknowledgements

5

3.2 Stability of model equilibrium points

F ⇤
1

F ⇤
2

3.3 Bifurcation diagrams

4 Discussion

5 Conclusions

6 Appendices

7 Acknowledgements

5

Figure 2: Equilibrium points of the model (1). The curve G(M(F ⇤)) (equation (7)) as a function of F ⇤ (in
black), as well as the horizontal line 1

R (in grey) and the equilibrium points F ⇤ located at the intersection
between these two are represented. The two simulated cases correspond to di↵erent parameter values.
When G(M⇤

0 ) <
1
R and max(G(M⇤

0 )) >
1
R , there are two endemic equilibria F ⇤

1 and F ⇤
2 (case A). When

G(M⇤
0 ) >

1
R , there is only one endemic equilibrium F ⇤

2 (case B).

• At the pest-free equilibrium (0,M⇤
0 ):

J(0,M⇤
0 )

=

✓
�µF + (1� p)X(M⇤

0 )r 0
pX(M⇤

0 )r �µM

◆

So (0,M⇤
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0 ) < µF

r(1�p) = 1
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pX(M⇤)r(C 0(F ⇤)F ⇤ + C(F ⇤)) �µM + pC(F ⇤)rF ⇤X 0(M⇤)

◆

The nullclines (1� p)rX(M⇤)C(F ⇤) = µF and prX(M⇤)C(F ⇤)F ⇤ + �� = µMM⇤ from system (4)
allow us to simplify the matrix, we thus obtain:
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Figure 1 – Obtention des équilibres avec l’égalité 6. Graphique X(S,M(F ⇤
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).
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Formule (6) utilisée pour réaliser le graphique F ⇤
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R ) (Figure 1).
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three cases allow us to define three sub-models that we call respectively: no residual fertility (sub model
0) , cost-free residual fertility (sub model 1) and costly residual fertility (sub model 2).

2.2.1 Search for equilibria and study of their existence

Throughout our study, we assume that S, F and M are not negative since they represent population
densities. S is considered to be already at equilibrium S⇤ = (1��)�

µS
. Equilibria of system (1) thus solve

system (4):

(
F ⇤(�µF + r(1� p)X(S⇤,M⇤, ✏)C(F ⇤)) = 0,

�µMM⇤ + rpX(S⇤,M⇤, ✏)C(F ⇤)F ⇤ + �� = 0.
(4)

We get F ⇤ = 0 or X(S⇤,M⇤, ✏)C(F ⇤) = µF

r(1�p) = 1
R with the first equation of system (4), which

allows to introduce the basic reproduction number R. R is the average number of o↵spring produced
by a female during its lifetime, so it must be greater than 1 otherwise the population is tending towards
extinction.

Thus we easily deduce the pest-free equilibrium (S⇤, 0, ��
µM

), where we note M⇤
0 = ��

µM
. When � = 0

it is a true pest-free equilibrium of the form (S⇤, 0, 0), whereas when � 6= 0 the male compartment is
maintained only by non-sterile males within the releases. The other equilibria are built on the values F ⇤

solutions of:

X(S⇤,M(F ⇤), ✏)C(F ⇤) =
µF

r(1� p)
=

1

R (5)

where M(F ⇤) is expressed, from the second equation of (4), as follows :

M(F ⇤) =
pµF

(1� p)µM
F ⇤ +

��

µM
. (6)

If we note G(M(F ⇤)) = X(S⇤,M(F ⇤), ✏)C(F ⇤) the expression (5) becomes:

G(M(F ⇤)) = X(S⇤,M(F ⇤), ✏)C(F ⇤) =
µF

r(1� p)
=

1

R . (7)

As lim
F!+1

C(F ) = 0, we have lim
M!+1

G(M(F ⇤)) = 0.

• If G(M⇤
0 ) = G(M(0)) = X(S⇤,M⇤

0 , ✏) < µF

r(1�p) = 1
R and max(G(M(F ⇤))) > 1

R (Fig. 2A) there

are two solutions M⇤
2 > M⇤

1 > M⇤
0 , such that dG

dM (M⇤
1 ) > 0 and dG

dM (M⇤
2 ) < 0. We then have the

endemic equilibria (S⇤, F ⇤
1 ,M

⇤
1 ) and (S⇤, F ⇤

2 ,M
⇤
2 ). However, on all generality, there may be more,

but an even number.

• If G(M⇤
0 ) = G(M(0)) = X(S⇤,M⇤

0 , ✏) > µF

r(1�p) = 1
R (Fig. 2B) there is at least one solution, at

which
dG

dM
=

@

@M
(X(S⇤,M(F ⇤), ✏)C(F ⇤)  0

this solution is named M⇤
2 and constitutes the endemic equilibrium (S⇤, F ⇤

2 ,M
⇤
2 ).

In the particular case where there is no residual fertility (� = ✏ = 0), X(S⇤,M⇤
0 , ✏) = X(S⇤, 0, ✏) = 0,

so this second situation cannot happen.

2.2.2 Local stability of model equilibria

We consider the Jacobian matrix of the (F,M) subsystem at S = S⇤. For readability reasons, we redefine
X(S,M, ✏) as X(M). The Jacobian matrix J(F,M) related to the system (1) is:

J(F,M) =
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@Ḟ
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@Ṁ
@F

@Ṁ
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@Ṁ
@M

!
=

✓
�µF + (1� p)X(M⇤)r(C 0(F ⇤)F ⇤ + C(F ⇤)) (1� p)C(F ⇤)rF ⇤X 0(M⇤)

pX(M⇤)r(C 0(F ⇤)F ⇤ + C(F ⇤)) �µM + pC(F ⇤)rF ⇤X 0(M⇤)

◆

5
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three cases allow us to define three sub-models that we call respectively: no residual fertility (sub model
0) , cost-free residual fertility (sub model 1) and costly residual fertility (sub model 2).
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densities. S is considered to be already at equilibrium S⇤ = (1��)�
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. Equilibria of system (1) thus solve
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Figure 2: Equilibrium points of the model (1). The curve G(M(F ⇤)) (equation (7)) as a function of F ⇤ (in
black), as well as the horizontal line 1

R (in grey) and the equilibrium points F ⇤ located at the intersection
between these two are represented. The two simulated cases correspond to di↵erent parameter values.
When G(M⇤

0 ) <
1
R and max(G(M⇤

0 )) >
1
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three cases allow us to define three sub-models that we call respectively: no residual fertility (sub model
0) , cost-free residual fertility (sub model 1) and costly residual fertility (sub model 2).

2.2.1 Search for equilibria and study of their existence

Throughout our study, we assume that S, F and M are not negative since they represent population
densities. S is considered to be already at equilibrium S⇤ = (1��)�

µS
. Equilibria of system (1) thus solve

system (4):

(
F ⇤(�µF + r(1� p)X(S⇤,M⇤, ✏)C(F ⇤)) = 0,

�µMM⇤ + rpX(S⇤,M⇤, ✏)C(F ⇤)F ⇤ + �� = 0.
(4)

We get F ⇤ = 0 or X(S⇤,M⇤, ✏)C(F ⇤) = µF

r(1�p) = 1
R with the first equation of system (4), which

allows to introduce the basic reproduction number R. R is the average number of o↵spring produced
by a female during its lifetime, so it must be greater than 1 otherwise the population is tending towards
extinction.

Thus we easily deduce the pest-free equilibrium (S⇤, 0, ��
µM

), where we note M⇤
0 = ��

µM
. When � = 0

it is a true pest-free equilibrium of the form (S⇤, 0, 0), whereas when � 6= 0 the male compartment is
maintained only by non-sterile males within the releases. The other equilibria are built on the values F ⇤

solutions of:

X(S⇤,M(F ⇤), ✏)C(F ⇤) =
µF

r(1� p)
=

1

R (5)

where M(F ⇤) is expressed, from the second equation of (4), as follows :

M(F ⇤) =
pµF

(1� p)µM
F ⇤ +

��

µM
. (6)

If we note G(M(F ⇤)) = X(S⇤,M(F ⇤), ✏)C(F ⇤) the expression (5) becomes:

G(M(F ⇤)) = X(S⇤,M(F ⇤), ✏)C(F ⇤) =
µF

r(1� p)
=

1

R . (7)

As lim
F!+1

C(F ) = 0, we have lim
M!+1

G(M(F ⇤)) = 0.

• If G(M⇤
0 ) = G(M(0)) = X(S⇤,M⇤

0 , ✏) < µF

r(1�p) = 1
R and max(G(M(F ⇤))) > 1

R (Fig. 2A) there

are two solutions M⇤
2 > M⇤

1 > M⇤
0 , such that dG

dM (M⇤
1 ) > 0 and dG

dM (M⇤
2 ) < 0. We then have the

endemic equilibria (S⇤, F ⇤
1 ,M

⇤
1 ) and (S⇤, F ⇤

2 ,M
⇤
2 ). However, on all generality, there may be more,

but an even number.

• If G(M⇤
0 ) = G(M(0)) = X(S⇤,M⇤

0 , ✏) > µF

r(1�p) = 1
R (Fig. 2B) there is at least one solution, at

which
dG

dM
=

@

@M
(X(S⇤,M(F ⇤), ✏)C(F ⇤)  0

this solution is named M⇤
2 and constitutes the endemic equilibrium (S⇤, F ⇤

2 ,M
⇤
2 ).

In the particular case where there is no residual fertility (� = ✏ = 0), X(S⇤,M⇤
0 , ✏) = X(S⇤, 0, ✏) = 0,

so this second situation cannot happen.

2.2.2 Local stability of model equilibria

We consider the Jacobian matrix of the (F,M) subsystem at S = S⇤. For readability reasons, we redefine
X(S,M, ✏) as X(M). The Jacobian matrix J(F,M) related to the system (1) is:

J(F,M) =

 
@Ḟ
@F

@Ḟ
@M

@Ṁ
@F

@Ṁ
@M

!
=

✓
�µF + (1� p)X(M⇤)r(C 0(F ⇤)F ⇤ + C(F ⇤)) (1� p)C(F ⇤)rF ⇤X 0(M⇤)

pX(M⇤)r(C 0(F ⇤)F ⇤ + C(F ⇤)) �µM + pC(F ⇤)rF ⇤X 0(M⇤)

◆
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Figure 1 – Obtention des équilibres avec l’égalité 6. Graphique X(S,M(F ⇤
))C(F ⇤

) = f(F ⇤
).

()
pµF

(1�p)µM
F ⇤

+
��
µM

+
✏⌘(1��)�

µS

k +
pµF

(1�p)µM
F ⇤ + ��

µM
+ ⌘ (1��)�

µS

· 1

1 + �F ⇤ =
µF

r(1� p)
=

1

R (6)

()
pµF

(1�p)µM
F +

��
µM

+
✏⌘(1��)�

µS

k +
pµF

(1�p)µM
F +

��
µM

+ ⌘ (1��)�
µS

· C(F ) =
µF

r(1� p)
=

1

R

Formule (6) utilisée pour réaliser le graphique F ⇤
= f( 1

R ) (Figure 1).

De l’équation 6 on cherche à isoler � :

() RpµF

(1� p)µM
F +

R��

µM
+

R✏⌘(1� �)�

µS
= (1 + �F ) · (k +

pµF

(1� p)µM
F +

��

µM
+ ⌘

(1� �)�

µS
)

() RpµF

(1� p)µM
F+

R��

µM
+
R✏⌘(1� �)�
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three cases allow us to define three sub-models that we call respectively: no residual fertility (sub model
0) , cost-free residual fertility (sub model 1) and costly residual fertility (sub model 2).

2.2.1 Search for equilibria and study of their existence

Throughout our study, we assume that S, F and M are not negative since they represent population
densities. S is considered to be already at equilibrium S⇤ = (1��)�

µS
. Equilibria of system (1) thus solve

system (4):

(
F ⇤(�µF + r(1� p)X(S⇤,M⇤, ✏)C(F ⇤)) = 0,

�µMM⇤ + rpX(S⇤,M⇤, ✏)C(F ⇤)F ⇤ + �� = 0.
(4)

We get F ⇤ = 0 or X(S⇤,M⇤, ✏)C(F ⇤) = µF

r(1�p) = 1
R with the first equation of system (4), which

allows to introduce the basic reproduction number R. R is the average number of o↵spring produced
by a female during its lifetime, so it must be greater than 1 otherwise the population is tending towards
extinction.

Thus we easily deduce the pest-free equilibrium (S⇤, 0, ��
µM

), where we note M⇤
0 = ��

µM
. When � = 0

it is a true pest-free equilibrium of the form (S⇤, 0, 0), whereas when � 6= 0 the male compartment is
maintained only by non-sterile males within the releases. The other equilibria are built on the values F ⇤

solutions of:

X(S⇤,M(F ⇤), ✏)C(F ⇤) =
µF

r(1� p)
=

1

R (5)

where M(F ⇤) is expressed, from the second equation of (4), as follows :

M(F ⇤) =
pµF

(1� p)µM
F ⇤ +

��

µM
. (6)

If we note G(M(F ⇤)) = X(S⇤,M(F ⇤), ✏)C(F ⇤) the expression (5) becomes:

G(M(F ⇤)) = X(S⇤,M(F ⇤), ✏)C(F ⇤) =
µF

r(1� p)
=

1

R . (7)

As lim
F!+1

C(F ) = 0, we have lim
M!+1

G(M(F ⇤)) = 0.

• If G(M⇤
0 ) = G(M(0)) = X(S⇤,M⇤

0 , ✏) < µF

r(1�p) = 1
R and max(G(M(F ⇤))) > 1

R (Fig. 2A) there

are two solutions M⇤
2 > M⇤

1 > M⇤
0 , such that dG

dM (M⇤
1 ) > 0 and dG

dM (M⇤
2 ) < 0. We then have the

endemic equilibria (S⇤, F ⇤
1 ,M

⇤
1 ) and (S⇤, F ⇤

2 ,M
⇤
2 ). However, on all generality, there may be more,

but an even number.

• If G(M⇤
0 ) = G(M(0)) = X(S⇤,M⇤

0 , ✏) > µF

r(1�p) = 1
R (Fig. 2B) there is at least one solution, at

which
dG

dM
=

@

@M
(X(S⇤,M(F ⇤), ✏)C(F ⇤)  0

this solution is named M⇤
2 and constitutes the endemic equilibrium (S⇤, F ⇤

2 ,M
⇤
2 ).

In the particular case where there is no residual fertility (� = ✏ = 0), X(S⇤,M⇤
0 , ✏) = X(S⇤, 0, ✏) = 0,

so this second situation cannot happen.

2.2.2 Local stability of model equilibria

We consider the Jacobian matrix of the (F,M) subsystem at S = S⇤. For readability reasons, we redefine
X(S,M, ✏) as X(M). The Jacobian matrix J(F,M) related to the system (1) is:

J(F,M) =
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@Ṁ
@M

!
=

✓
�µF + (1� p)X(M⇤)r(C 0(F ⇤)F ⇤ + C(F ⇤)) (1� p)C(F ⇤)rF ⇤X 0(M⇤)

pX(M⇤)r(C 0(F ⇤)F ⇤ + C(F ⇤)) �µM + pC(F ⇤)rF ⇤X 0(M⇤)

◆

5

Figure 1 – Obtention des équilibres avec l’égalité 9. Graphique X(S,M(F ⇤
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Formule (9) utilisée pour réaliser le graphique F ⇤
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R ) (Figure 1).
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Pest-free equilibrium

three cases allow us to define three sub-models that we call respectively: no residual fertility (sub model
0) , cost-free residual fertility (sub model 1) and costly residual fertility (sub model 2).

2.2.1 Search for equilibria and study of their existence

Throughout our study, we assume that S, F and M are not negative since they represent population
densities. S is considered to be already at equilibrium S⇤ = (1��)�
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. Equilibria of system (1) thus solve
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We get F ⇤ = 0 or X(S⇤,M⇤, ✏)C(F ⇤) = µF

r(1�p) = 1
R with the first equation of system (4), which

allows to introduce the basic reproduction number R. R is the average number of o↵spring produced
by a female during its lifetime, so it must be greater than 1 otherwise the population is tending towards
extinction.

Thus we easily deduce the pest-free equilibrium (S⇤, 0, ��
µM

), where we note M⇤
0 = ��

µM
. When � = 0

it is a true pest-free equilibrium of the form (S⇤, 0, 0), whereas when � 6= 0 the male compartment is
maintained only by non-sterile males within the releases. The other equilibria are built on the values F ⇤

solutions of:
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=
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If we note G(M(F ⇤)) = X(S⇤,M(F ⇤), ✏)C(F ⇤) the expression (5) becomes:
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2 ). However, on all generality, there may be more, but an even number.
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2 ).

In the particular case where there is no residual fertility (� = ✏ = 0), X(S⇤,M⇤
0 , ✏) = X(S⇤, 0, ✏) = 0,

so this second situation cannot happen.

2.2.2 Local stability of model equilibria

We consider the Jacobian matrix of the (F,M) subsystem at S = S⇤. For readability reasons, we redefine
X(S,M, ✏) as X(M). The Jacobian matrix J(F,M) related to the system (1) is:

J(F,M) =
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Figure 2: Equilibrium points of the model (1). The curve G(M(F ⇤)) (equation (7)) as a function of F ⇤ (in
black), as well as the horizontal line 1

R (in grey) and the equilibrium points F ⇤ located at the intersection
between these two are represented. The two simulated cases correspond to di↵erent parameter values.
When G(M⇤

0 ) <
1
R and max(G(M⇤

0 )) >
1
R , there are two endemic equilibria F ⇤

1 and F ⇤
2 (case A). When

G(M⇤
0 ) >

1
R , there is only one endemic equilibrium F ⇤

2 (case B).

• At the pest-free equilibrium (0,M⇤
0 ):

J(0,M⇤
0 )

=

✓
�µF + (1� p)X(M⇤

0 )r 0
pX(M⇤

0 )r �µM

◆

So (0,M⇤
0 ) is locally asymptotically stable if X(M⇤

0 ) < µF

r(1�p) = 1
R . In this case, there are no

endemic equilibria or at least two endemic equilibria.

• At the (F ⇤,M⇤) equilibria,

J(F⇤,M⇤) =

✓
�µF + (1� p)X(M⇤)r(C 0(F ⇤)F ⇤ + C(F ⇤)) (1� p)C(F ⇤)rF ⇤X 0(M⇤)

pX(M⇤)r(C 0(F ⇤)F ⇤ + C(F ⇤)) �µM + pC(F ⇤)rF ⇤X 0(M⇤)

◆

The nullclines (1� p)rX(M⇤)C(F ⇤) = µF and prX(M⇤)C(F ⇤)F ⇤ + �� = µMM⇤ from system (4)
allow us to simplify the matrix, we thus obtain:

J(F⇤,M⇤) =

✓
(1� p)X(M⇤)rC 0(F ⇤)F ⇤ (1� p)C(F ⇤)rF ⇤X 0(M⇤)

pX(M⇤)r(C 0(F ⇤)F ⇤ + C(F ⇤)) �pX(M⇤)C(F⇤)rF⇤+��
M⇤ + pC(F ⇤)rF ⇤X 0(M⇤)

◆

To determine the stability we compute the trace and the determinant of this matrix.

trace(J(F⇤,M⇤)) = (1� p)X(M⇤)rC 0(F ⇤)F ⇤ � ��

M⇤ + pC(F ⇤)rF ⇤(X 0(M⇤)� X(M⇤)

M⇤ )

The first two terms are negative. If X(M) is concave, the last term is also negative because:

X 0(M⇤) = X(0) +

Z M⇤

0
X 0(M)dM >

Z M⇤

0
X 0(M⇤)dM = M⇤X 0(M⇤)

with X(0) � 0 and X 0(M⇤)  X 0(M)8M  M⇤.

So Tr(J(F⇤,M⇤)) < 0

Through extensive computations we get:

Det(J(F⇤,M⇤)) = pµF rF
⇤
✓
X(M⇤)C 0(F ⇤)[� F ⇤

M⇤ � ��(1� p)

M⇤ · 1

pµF
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◆
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➡ calculation of the trace and determinant

three cases allow us to define three sub-models that we call respectively: no residual fertility (sub model
0) , cost-free residual fertility (sub model 1) and costly residual fertility (sub model 2).

2.2.1 Search for equilibria and study of their existence

Throughout our study, we assume that S, F and M are not negative since they represent population
densities. S is considered to be already at equilibrium S⇤ = (1��)�

µS
. Equilibria of system (1) thus solve

system (4):

(
F ⇤(�µF + r(1� p)X(S⇤,M⇤, ✏)C(F ⇤)) = 0,

�µMM⇤ + rpX(S⇤,M⇤, ✏)C(F ⇤)F ⇤ + �� = 0.
(4)

We get F ⇤ = 0 or X(S⇤,M⇤, ✏)C(F ⇤) = µF

r(1�p) = 1
R with the first equation of system (4), which

allows to introduce the basic reproduction number R. R is the average number of o↵spring produced
by a female during its lifetime, so it must be greater than 1 otherwise the population is tending towards
extinction.

Thus we easily deduce the pest-free equilibrium (S⇤, 0, ��
µM

), where we note M⇤
0 = ��

µM
. When � = 0

it is a true pest-free equilibrium of the form (S⇤, 0, 0), whereas when � 6= 0 the male compartment is
maintained only by non-sterile males within the releases. The other equilibria are built on the values F ⇤

solutions of:

X(S⇤,M(F ⇤), ✏)C(F ⇤) =
µF

r(1� p)
=

1

R (5)

where M(F ⇤) is expressed, from the second equation of (4), as follows :

M(F ⇤) =
pµF

(1� p)µM
F ⇤ +

��

µM
. (6)

If we note G(M(F ⇤)) = X(S⇤,M(F ⇤), ✏)C(F ⇤) the expression (5) becomes:

G(M(F ⇤)) = X(S⇤,M(F ⇤), ✏)C(F ⇤) =
µF

r(1� p)
=

1

R . (7)

As lim
F!+1

C(F ) = 0, we have lim
M!+1

G(M(F ⇤)) = 0.

• If G(M⇤
0 ) = G(M(0)) = X(S⇤,M⇤

0 , ✏) < µF

r(1�p) = 1
R and max(G(M(F ⇤))) > 1

R (Fig. 2A) there

are two solutions M⇤
2 > M⇤

1 > M⇤
0 , such that dG

dM (M⇤
1 ) > 0 and dG

dM (M⇤
2 ) < 0. We then have the

endemic equilibria (S⇤, F ⇤
1 ,M

⇤
1 ) and (S⇤, F ⇤

2 ,M
⇤
2 ). However, on all generality, there may be more,

but an even number.

• If G(M⇤
0 ) = G(M(0)) = X(S⇤,M⇤

0 , ✏) > µF

r(1�p) = 1
R (Fig. 2B) there is at least one solution, at

which
dG

dM
=

@

@M
(X(S⇤,M(F ⇤), ✏)C(F ⇤)  0

this solution is named M⇤
2 and constitutes the endemic equilibrium (S⇤, F ⇤

2 ,M
⇤
2 ).

In the particular case where there is no residual fertility (� = ✏ = 0), X(S⇤,M⇤
0 , ✏) = X(S⇤, 0, ✏) = 0,

so this second situation cannot happen.

2.2.2 Local stability of model equilibria

We consider the Jacobian matrix of the (F,M) subsystem at S = S⇤. For readability reasons, we redefine
X(S,M, ✏) as X(M). The Jacobian matrix J(F,M) related to the system (1) is:

J(F,M) =

 
@Ḟ
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@Ḟ
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@Ṁ
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!
=
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pX(M⇤)r(C 0(F ⇤)F ⇤ + C(F ⇤)) �µM + pC(F ⇤)rF ⇤X 0(M⇤)

◆
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Figure 1 – Obtention des équilibres avec l’égalité 6. Graphique X(S,M(F ⇤
))C(F ⇤

) = f(F ⇤
).
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Formule (6) utilisée pour réaliser le graphique F ⇤
= f( 1

R ) (Figure 1).
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three cases allow us to define three sub-models that we call respectively: no residual fertility (sub model
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Infestation equilibria are the F* values solutions of:
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��
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��
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2

Pest-free equilibrium

three cases allow us to define three sub-models that we call respectively: no residual fertility (sub model
0) , cost-free residual fertility (sub model 1) and costly residual fertility (sub model 2).

2.2.1 Search for equilibria and study of their existence
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densities. S is considered to be already at equilibrium S⇤ = (1��)�
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(4)

We get F ⇤ = 0 or X(S⇤,M⇤, ✏)C(F ⇤) = µF

r(1�p) = 1
R with the first equation of system (4), which

allows to introduce the basic reproduction number R. R is the average number of o↵spring produced
by a female during its lifetime, so it must be greater than 1 otherwise the population is tending towards
extinction.

Thus we easily deduce the pest-free equilibrium (S⇤, 0, ��
µM

), where we note M⇤
0 = ��

µM
. When � = 0

it is a true pest-free equilibrium of the form (S⇤, 0, 0), whereas when � 6= 0 the male compartment is
maintained only by non-sterile males within the releases. The other equilibria are built on the values F ⇤

solutions of:

X(S⇤,M(F ⇤), ✏)C(F ⇤) =
µF

r(1� p)
=

1

R (5)

where M(F ⇤) is expressed, from the second equation of (4), as follows :

M(F ⇤) =
pµF

(1� p)µM
F ⇤ +

��

µM
. (6)

If we note G(M(F ⇤)) = X(S⇤,M(F ⇤), ✏)C(F ⇤) the expression (5) becomes:

G(M(F ⇤)) = X(S⇤,M(F ⇤), ✏)C(F ⇤) =
µF

r(1� p)
=

1

R . (7)

As lim
F!+1

C(F ) = 0, we have lim
M!+1

G(M(F ⇤)) = 0.

• IfG(M⇤
0 ) = X(S⇤,M⇤

0 , ✏) <
µF

r(1�p) =
1
R and max(G(M(F ⇤))) > 1

R (Fig. 2A) there are two solutions

M⇤
2 > M⇤

1 > M⇤
0 , such that dG

dM (M⇤
1 ) > 0 and dG

dM (M⇤
2 ) < 0. We then have the endemic equilibria

(S⇤, F ⇤
1 ,M

⇤
1 ) and (S⇤, F ⇤

2 ,M
⇤
2 ). However, on all generality, there may be more, but an even number.

• If G(M⇤
0 ) = X(S⇤,M⇤

0 , ✏) >
µF

r(1�p) =
1
R (Fig. 2B) there is at least one solution, at which

dG

dM
=

@

@M
(X(S⇤,M(F ⇤), ✏)C(F ⇤)  0

this solution is named M⇤
2 and constitutes the endemic equilibrium (S⇤, F ⇤

2 ,M
⇤
2 ).

In the particular case where there is no residual fertility (� = ✏ = 0), X(S⇤,M⇤
0 , ✏) = X(S⇤, 0, ✏) = 0,

so this second situation cannot happen.

2.2.2 Local stability of model equilibria

We consider the Jacobian matrix of the (F,M) subsystem at S = S⇤. For readability reasons, we redefine
X(S,M, ✏) as X(M). The Jacobian matrix J(F,M) related to the system (1) is:

J(F,M) =

 
@Ḟ
@F

@Ḟ
@M

@Ṁ
@F

@Ṁ
@M

!
=

✓
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◆
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Figure 2: Equilibrium points of the model (1). The curve G(M(F ⇤)) (equation (7)) as a function of F ⇤ (in
black), as well as the horizontal line 1

R (in grey) and the equilibrium points F ⇤ located at the intersection
between these two are represented. The two simulated cases correspond to di↵erent parameter values.
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To determine the stability we compute the trace and the determinant of this matrix.
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Det(J(F⇤,M⇤)) = pµF rF
⇤
✓
X(M⇤)C 0(F ⇤)[� F ⇤

M⇤ � ��(1� p)

M⇤ · 1

pµF
]�X 0(M⇤)C(F ⇤)

◆

6

STABLE if 

3.2 Stability of model equilibrium points

F ⇤
1

F ⇤
2

3.3 Bifurcation diagrams

4 Discussion

5 Conclusions

6 Appendices

7 Acknowledgements

5

3.2 Stability of model equilibrium points

F ⇤
1

F ⇤
2

3.3 Bifurcation diagrams

4 Discussion

5 Conclusions

6 Appendices

7 Acknowledgements

5

3.2 Stability of model equilibrium points

F ⇤
1

F ⇤
2

3.3 Bifurcation diagrams

4 Discussion

5 Conclusions

6 Appendices

7 Acknowledgements

5

Figure 2: Equilibrium points of the model (1). The curve G(M(F ⇤)) (equation (7)) as a function of F ⇤ (in
black), as well as the horizontal line 1

R (in grey) and the equilibrium points F ⇤ located at the intersection
between these two are represented. The two simulated cases correspond to di↵erent parameter values.
When G(M⇤

0 ) <
1
R and max(G(M⇤

0 )) >
1
R , there are two endemic equilibria F ⇤

1 and F ⇤
2 (case A). When

G(M⇤
0 ) >

1
R , there is only one endemic equilibrium F ⇤

2 (case B).

• At the pest-free equilibrium (0,M⇤
0 ):

J(0,M⇤
0 )

=

✓
�µF + (1� p)X(M⇤

0 )r 0
pX(M⇤

0 )r �µM

◆

So (0,M⇤
0 ) is locally asymptotically stable if X(M⇤

0 ) < µF

r(1�p) = 1
R . In this case, there are no

endemic equilibria or at least two endemic equilibria.

• At the (F ⇤,M⇤) equilibria,

J(F⇤,M⇤) =

✓
�µF + (1� p)X(M⇤)r(C 0(F ⇤)F ⇤ + C(F ⇤)) (1� p)C(F ⇤)rF ⇤X 0(M⇤)

pX(M⇤)r(C 0(F ⇤)F ⇤ + C(F ⇤)) �µM + pC(F ⇤)rF ⇤X 0(M⇤)

◆

The nullclines (1� p)rX(M⇤)C(F ⇤) = µF and prX(M⇤)C(F ⇤)F ⇤ + �� = µMM⇤ from system (4)
allow us to simplify the matrix, we thus obtain:

J(F⇤,M⇤) =

✓
(1� p)X(M⇤)rC 0(F ⇤)F ⇤ (1� p)C(F ⇤)rF ⇤X 0(M⇤)

pX(M⇤)r(C 0(F ⇤)F ⇤ + C(F ⇤)) �pX(M⇤)C(F⇤)rF⇤+��
M⇤ + pC(F ⇤)rF ⇤X 0(M⇤)

◆

To determine the stability we compute the trace and the determinant of this matrix.

trace(J(F⇤,M⇤)) = (1� p)X(M⇤)rC 0(F ⇤)F ⇤ � ��

M⇤ + pC(F ⇤)rF ⇤(X 0(M⇤)� X(M⇤)

M⇤ )

The first two terms are negative. If X(M) is concave, the last term is also negative because:

X 0(M⇤) = X(0) +

Z M⇤

0
X 0(M)dM >

Z M⇤

0
X 0(M⇤)dM = M⇤X 0(M⇤)

with X(0) � 0 and X 0(M⇤)  X 0(M)8M  M⇤.

So Tr(J(F⇤,M⇤)) < 0

Through extensive computations we get:

Det(J(F⇤,M⇤)) = pµF rF
⇤
✓
X(M⇤)C 0(F ⇤)[� F ⇤

M⇤ � ��(1� p)

M⇤ · 1

pµF
]�X 0(M⇤)C(F ⇤)

◆

6

3.2 Stability of model equilibrium points

F ⇤
1

F ⇤
2

3.3 Bifurcation diagrams

4 Discussion

5 Conclusions

6 Appendices

7 Acknowledgements

5

3.2 Stability of model equilibrium points

F ⇤
1

F ⇤
2

3.3 Bifurcation diagrams

4 Discussion

5 Conclusions

6 Appendices

7 Acknowledgements

5

3.2 Stability of model equilibrium points

F ⇤
1

F ⇤
2

3.3 Bifurcation diagrams

4 Discussion

5 Conclusions

6 Appendices

7 Acknowledgements

5

Figure 2: Equilibrium points of the model (1). The curve G(M(F ⇤)) (equation (7)) as a function of F ⇤ (in
black), as well as the horizontal line 1

R (in grey) and the equilibrium points F ⇤ located at the intersection
between these two are represented. The two simulated cases correspond to di↵erent parameter values.
When G(M⇤

0 ) <
1
R and max(G(M⇤

0 )) >
1
R , there are two endemic equilibria F ⇤

1 and F ⇤
2 (case A). When

G(M⇤
0 ) >

1
R , there is only one endemic equilibrium F ⇤

2 (case B).

• At the pest-free equilibrium (0,M⇤
0 ):

J(0,M⇤
0 )

=

✓
�µF + (1� p)X(M⇤

0 )r 0
pX(M⇤

0 )r �µM

◆

So (0,M⇤
0 ) is locally asymptotically stable if X(M⇤

0 ) < µF

r(1�p) = 1
R . In this case, there are no

endemic equilibria or at least two endemic equilibria.

• At the (F ⇤,M⇤) equilibria,

J(F⇤,M⇤) =

✓
�µF + (1� p)X(M⇤)r(C 0(F ⇤)F ⇤ + C(F ⇤)) (1� p)C(F ⇤)rF ⇤X 0(M⇤)

pX(M⇤)r(C 0(F ⇤)F ⇤ + C(F ⇤)) �µM + pC(F ⇤)rF ⇤X 0(M⇤)

◆

The nullclines (1� p)rX(M⇤)C(F ⇤) = µF and prX(M⇤)C(F ⇤)F ⇤ + �� = µMM⇤ from system (4)
allow us to simplify the matrix, we thus obtain:

J(F⇤,M⇤) =

✓
(1� p)X(M⇤)rC 0(F ⇤)F ⇤ (1� p)C(F ⇤)rF ⇤X 0(M⇤)

pX(M⇤)r(C 0(F ⇤)F ⇤ + C(F ⇤)) �pX(M⇤)C(F⇤)rF⇤+��
M⇤ + pC(F ⇤)rF ⇤X 0(M⇤)

◆

To determine the stability we compute the trace and the determinant of this matrix.

trace(J(F⇤,M⇤)) = (1� p)X(M⇤)rC 0(F ⇤)F ⇤ � ��

M⇤ + pC(F ⇤)rF ⇤(X 0(M⇤)� X(M⇤)

M⇤ )

The first two terms are negative. If X(M) is concave, the last term is also negative because:

X 0(M⇤) = X(0) +

Z M⇤

0
X 0(M)dM >

Z M⇤

0
X 0(M⇤)dM = M⇤X 0(M⇤)

with X(0) � 0 and X 0(M⇤)  X 0(M)8M  M⇤.

So Tr(J(F⇤,M⇤)) < 0

Through extensive computations we get:

Det(J(F⇤,M⇤)) = pµF rF
⇤
✓
X(M⇤)C 0(F ⇤)[� F ⇤

M⇤ � ��(1� p)

M⇤ · 1

pµF
]�X 0(M⇤)C(F ⇤)

◆

6

3.2 Stability of model equilibrium points

F ⇤
1

F ⇤
2

3.3 Bifurcation diagrams

4 Discussion

5 Conclusions

6 Appendices

7 Acknowledgements

5

3.2 Stability of model equilibrium points

F ⇤
1

F ⇤
2

3.3 Bifurcation diagrams

4 Discussion

5 Conclusions

6 Appendices

7 Acknowledgements

5

3.2 Stability of model equilibrium points

F ⇤
1

F ⇤
2

3.3 Bifurcation diagrams

4 Discussion

5 Conclusions

6 Appendices

7 Acknowledgements

5

Figure 2: Equilibrium points of the model (1). The curve G(M(F ⇤)) (equation (7)) as a function of F ⇤ (in
black), as well as the horizontal line 1

R (in grey) and the equilibrium points F ⇤ located at the intersection
between these two are represented. The two simulated cases correspond to di↵erent parameter values.
When G(M⇤

0 ) <
1
R and max(G(M⇤

0 )) >
1
R , there are two endemic equilibria F ⇤

1 and F ⇤
2 (case A). When

G(M⇤
0 ) >

1
R , there is only one endemic equilibrium F ⇤

2 (case B).

• At the pest-free equilibrium (0,M⇤
0 ):

J(0,M⇤
0 )

=

✓
�µF + (1� p)X(M⇤

0 )r 0
pX(M⇤

0 )r �µM

◆

So (0,M⇤
0 ) is locally asymptotically stable if X(M⇤

0 ) < µF

r(1�p) = 1
R . In this case, there are no

endemic equilibria or at least two endemic equilibria.

• At the (F ⇤,M⇤) equilibria,

J(F⇤,M⇤) =

✓
�µF + (1� p)X(M⇤)r(C 0(F ⇤)F ⇤ + C(F ⇤)) (1� p)C(F ⇤)rF ⇤X 0(M⇤)

pX(M⇤)r(C 0(F ⇤)F ⇤ + C(F ⇤)) �µM + pC(F ⇤)rF ⇤X 0(M⇤)

◆

The nullclines (1� p)rX(M⇤)C(F ⇤) = µF and prX(M⇤)C(F ⇤)F ⇤ + �� = µMM⇤ from system (4)
allow us to simplify the matrix, we thus obtain:

J(F⇤,M⇤) =

✓
(1� p)X(M⇤)rC 0(F ⇤)F ⇤ (1� p)C(F ⇤)rF ⇤X 0(M⇤)

pX(M⇤)r(C 0(F ⇤)F ⇤ + C(F ⇤)) �pX(M⇤)C(F⇤)rF⇤+��
M⇤ + pC(F ⇤)rF ⇤X 0(M⇤)

◆

To determine the stability we compute the trace and the determinant of this matrix.

trace(J(F⇤,M⇤)) = (1� p)X(M⇤)rC 0(F ⇤)F ⇤ � ��

M⇤ + pC(F ⇤)rF ⇤(X 0(M⇤)� X(M⇤)

M⇤ )

The first two terms are negative. If X(M) is concave, the last term is also negative because:

X 0(M⇤) = X(0) +

Z M⇤

0
X 0(M)dM >

Z M⇤

0
X 0(M⇤)dM = M⇤X 0(M⇤)

with X(0) � 0 and X 0(M⇤)  X 0(M)8M  M⇤.

So Tr(J(F⇤,M⇤)) < 0

Through extensive computations we get:

Det(J(F⇤,M⇤)) = pµF rF
⇤
✓
X(M⇤)C 0(F ⇤)[� F ⇤

M⇤ � ��(1� p)

M⇤ · 1

pµF
]�X 0(M⇤)C(F ⇤)

◆

6

3.2 Stability of model equilibrium points

F ⇤
1

F ⇤
2

3.3 Bifurcation diagrams

4 Discussion

5 Conclusions

6 Appendices

7 Acknowledgements

5

3.2 Stability of model equilibrium points

F ⇤
1

F ⇤
2

3.3 Bifurcation diagrams

4 Discussion

5 Conclusions

6 Appendices

7 Acknowledgements

5

3.2 Stability of model equilibrium points

F ⇤
1

F ⇤
2

3.3 Bifurcation diagrams

4 Discussion

5 Conclusions

6 Appendices

7 Acknowledgements

5

Figure 2: Equilibrium points of the model (1). The curve G(M(F ⇤)) (equation (7)) as a function of F ⇤ (in
black), as well as the horizontal line 1

R (in grey) and the equilibrium points F ⇤ located at the intersection
between these two are represented. The two simulated cases correspond to di↵erent parameter values.
When G(M⇤

0 ) <
1
R and max(G(M⇤

0 )) >
1
R , there are two endemic equilibria F ⇤

1 and F ⇤
2 (case A). When

G(M⇤
0 ) >

1
R , there is only one endemic equilibrium F ⇤

2 (case B).

• At the pest-free equilibrium (0,M⇤
0 ):

J(0,M⇤
0 )

=

✓
�µF + (1� p)X(M⇤

0 )r 0
pX(M⇤

0 )r �µM

◆

So (0,M⇤
0 ) is locally asymptotically stable if X(M⇤

0 ) < µF

r(1�p) = 1
R . In this case, there are no

endemic equilibria or at least two endemic equilibria.

• At the (F ⇤,M⇤) equilibria,

J(F⇤,M⇤) =

✓
�µF + (1� p)X(M⇤)r(C 0(F ⇤)F ⇤ + C(F ⇤)) (1� p)C(F ⇤)rF ⇤X 0(M⇤)

pX(M⇤)r(C 0(F ⇤)F ⇤ + C(F ⇤)) �µM + pC(F ⇤)rF ⇤X 0(M⇤)

◆

The nullclines (1� p)rX(M⇤)C(F ⇤) = µF and prX(M⇤)C(F ⇤)F ⇤ + �� = µMM⇤ from system (4)
allow us to simplify the matrix, we thus obtain:

J(F⇤,M⇤) =

✓
(1� p)X(M⇤)rC 0(F ⇤)F ⇤ (1� p)C(F ⇤)rF ⇤X 0(M⇤)

pX(M⇤)r(C 0(F ⇤)F ⇤ + C(F ⇤)) �pX(M⇤)C(F⇤)rF⇤+��
M⇤ + pC(F ⇤)rF ⇤X 0(M⇤)

◆

To determine the stability we compute the trace and the determinant of this matrix.

trace(J(F⇤,M⇤)) = (1� p)X(M⇤)rC 0(F ⇤)F ⇤ � ��

M⇤ + pC(F ⇤)rF ⇤(X 0(M⇤)� X(M⇤)

M⇤ )

The first two terms are negative. If X(M) is concave, the last term is also negative because:

X 0(M⇤) = X(0) +

Z M⇤

0
X 0(M)dM >

Z M⇤

0
X 0(M⇤)dM = M⇤X 0(M⇤)

with X(0) � 0 and X 0(M⇤)  X 0(M)8M  M⇤.

So Tr(J(F⇤,M⇤)) < 0

Through extensive computations we get:

Det(J(F⇤,M⇤)) = pµF rF
⇤
✓
X(M⇤)C 0(F ⇤)[� F ⇤

M⇤ � ��(1� p)

M⇤ · 1

pµF
]�X 0(M⇤)C(F ⇤)

◆

6

3.2 Stability of model equilibrium points

F ⇤
1

F ⇤
2

3.3 Bifurcation diagrams

4 Discussion

5 Conclusions

6 Appendices

7 Acknowledgements

5

3.2 Stability of model equilibrium points

F ⇤
1

F ⇤
2

3.3 Bifurcation diagrams

4 Discussion

5 Conclusions

6 Appendices

7 Acknowledgements

5

3.2 Stability of model equilibrium points

F ⇤
1

F ⇤
2

3.3 Bifurcation diagrams

4 Discussion

5 Conclusions

6 Appendices

7 Acknowledgements

5
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trace(J(F⇤,M⇤)) = (1� p)X(M⇤)rC 0(F ⇤)F ⇤ � ��

M⇤ + pC(F ⇤)rF ⇤(X 0(M⇤)� X(M⇤)

M⇤ )

The first two terms are negative. If X(M) is concave, the last term is also negative because:
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➡ calculation of the trace and determinant

three cases allow us to define three sub-models that we call respectively: no residual fertility (sub model
0) , cost-free residual fertility (sub model 1) and costly residual fertility (sub model 2).

2.2.1 Search for equilibria and study of their existence

Throughout our study, we assume that S, F and M are not negative since they represent population
densities. S is considered to be already at equilibrium S⇤ = (1��)�

µS
. Equilibria of system (1) thus solve

system (4):

(
F ⇤(�µF + r(1� p)X(S⇤,M⇤, ✏)C(F ⇤)) = 0,

�µMM⇤ + rpX(S⇤,M⇤, ✏)C(F ⇤)F ⇤ + �� = 0.
(4)

We get F ⇤ = 0 or X(S⇤,M⇤, ✏)C(F ⇤) = µF

r(1�p) = 1
R with the first equation of system (4), which

allows to introduce the basic reproduction number R. R is the average number of o↵spring produced
by a female during its lifetime, so it must be greater than 1 otherwise the population is tending towards
extinction.

Thus we easily deduce the pest-free equilibrium (S⇤, 0, ��
µM

), where we note M⇤
0 = ��

µM
. When � = 0

it is a true pest-free equilibrium of the form (S⇤, 0, 0), whereas when � 6= 0 the male compartment is
maintained only by non-sterile males within the releases. The other equilibria are built on the values F ⇤

solutions of:

X(S⇤,M(F ⇤), ✏)C(F ⇤) =
µF

r(1� p)
=

1

R (5)

where M(F ⇤) is expressed, from the second equation of (4), as follows :

M(F ⇤) =
pµF

(1� p)µM
F ⇤ +

��

µM
. (6)

If we note G(M(F ⇤)) = X(S⇤,M(F ⇤), ✏)C(F ⇤) the expression (5) becomes:

G(M(F ⇤)) = X(S⇤,M(F ⇤), ✏)C(F ⇤) =
µF

r(1� p)
=

1

R . (7)

As lim
F!+1

C(F ) = 0, we have lim
M!+1

G(M(F ⇤)) = 0.

• If G(M⇤
0 ) = G(M(0)) = X(S⇤,M⇤

0 , ✏) < µF

r(1�p) = 1
R and max(G(M(F ⇤))) > 1

R (Fig. 2A) there

are two solutions M⇤
2 > M⇤

1 > M⇤
0 , such that dG

dM (M⇤
1 ) > 0 and dG

dM (M⇤
2 ) < 0. We then have the

endemic equilibria (S⇤, F ⇤
1 ,M

⇤
1 ) and (S⇤, F ⇤

2 ,M
⇤
2 ). However, on all generality, there may be more,

but an even number.

• If G(M⇤
0 ) = G(M(0)) = X(S⇤,M⇤

0 , ✏) > µF

r(1�p) = 1
R (Fig. 2B) there is at least one solution, at

which
dG

dM
=

@

@M
(X(S⇤,M(F ⇤), ✏)C(F ⇤)  0

this solution is named M⇤
2 and constitutes the endemic equilibrium (S⇤, F ⇤

2 ,M
⇤
2 ).

In the particular case where there is no residual fertility (� = ✏ = 0), X(S⇤,M⇤
0 , ✏) = X(S⇤, 0, ✏) = 0,

so this second situation cannot happen.

2.2.2 Local stability of model equilibria

We consider the Jacobian matrix of the (F,M) subsystem at S = S⇤. For readability reasons, we redefine
X(S,M, ✏) as X(M). The Jacobian matrix J(F,M) related to the system (1) is:

J(F,M) =
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@Ḟ
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!
=
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◆
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Figure 1 – Obtention des équilibres avec l’égalité 6. Graphique X(S,M(F ⇤
))C(F ⇤

) = f(F ⇤
).
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Formule (6) utilisée pour réaliser le graphique F ⇤
= f( 1

R ) (Figure 1).

De l’équation 6 on cherche à isoler � :
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three cases allow us to define three sub-models that we call respectively: no residual fertility (sub model
0) , cost-free residual fertility (sub model 1) and costly residual fertility (sub model 2).
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allows to introduce the basic reproduction number R. R is the average number of o↵spring produced
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Thus we easily deduce the pest-free equilibrium (S⇤, 0, ��
µM
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Pest-free equilibrium Infestation equilibria are the F* values solutions of:

three cases allow us to define three sub-models that we call respectively: no residual fertility (sub model
0) , cost-free residual fertility (sub model 1) and costly residual fertility (sub model 2).

2.2.1 Search for equilibria and study of their existence

Throughout our study, we assume that S, F and M are not negative since they represent population
densities. S is considered to be already at equilibrium S⇤ = (1��)�

µS
. Equilibria of system (1) thus solve

system (4):
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F ⇤(�µF + r(1� p)X(S⇤,M⇤, ✏)C(F ⇤)) = 0,

�µMM⇤ + rpX(S⇤,M⇤, ✏)C(F ⇤)F ⇤ + �� = 0.
(4)

We get F ⇤ = 0 or X(S⇤,M⇤, ✏)C(F ⇤) = µF

r(1�p) = 1
R with the first equation of system (4), which

allows to introduce the basic reproduction number R. R is the average number of o↵spring produced
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), where we note M⇤
0 = ��

µM
. When � = 0
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maintained only by non-sterile males within the releases. The other equilibria are built on the values F ⇤
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µF
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1

R (5)
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M(F ⇤) =
pµF

(1� p)µM
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��

µM
. (6)
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1

R . (7)

As lim
F!+1

C(F ) = 0, we have lim
M!+1

G(M(F ⇤)) = 0.

• IfG(M⇤
0 ) = X(S⇤,M⇤

0 , ✏) <
µF

r(1�p) =
1
R and max(G(M(F ⇤))) > 1

R (Fig. 2A) there are two solutions

M⇤
2 > M⇤

1 > M⇤
0 , such that dG

dM (M⇤
1 ) > 0 and dG

dM (M⇤
2 ) < 0. We then have the endemic equilibria

(S⇤, F ⇤
1 ,M

⇤
1 ) and (S⇤, F ⇤

2 ,M
⇤
2 ). However, on all generality, there may be more, but an even number.
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0 ) = X(S⇤,M⇤
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µF
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1
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dG

dM
=

@

@M
(X(S⇤,M(F ⇤), ✏)C(F ⇤)  0

this solution is named M⇤
2 and constitutes the endemic equilibrium (S⇤, F ⇤

2 ,M
⇤
2 ).

In the particular case where there is no residual fertility (� = ✏ = 0), X(S⇤,M⇤
0 , ✏) = X(S⇤, 0, ✏) = 0,

so this second situation cannot happen.

2.2.2 Local stability of model equilibria

We consider the Jacobian matrix of the (F,M) subsystem at S = S⇤. For readability reasons, we redefine
X(S,M, ✏) as X(M). The Jacobian matrix J(F,M) related to the system (1) is:

J(F,M) =

 
@Ḟ
@F

@Ḟ
@M

@Ṁ
@F

@Ṁ
@M

!
=

✓
�µF + (1� p)X(M⇤)r(C 0(F ⇤)F ⇤ + C(F ⇤)) (1� p)C(F ⇤)rF ⇤X 0(M⇤)

pX(M⇤)r(C 0(F ⇤)F ⇤ + C(F ⇤)) �µM + pC(F ⇤)rF ⇤X 0(M⇤)

◆
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Figure 2: Equilibrium points of the model (1). The curve G(M(F ⇤)) (equation (7)) as a function of F ⇤ (in
black), as well as the horizontal line 1

R (in grey) and the equilibrium points F ⇤ located at the intersection
between these two are represented. The two simulated cases correspond to di↵erent parameter values.
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So (0,M⇤
0 ) is locally asymptotically stable if X(M⇤

0 ) < µF

r(1�p) = 1
R . In this case, there are no

endemic equilibria or at least two endemic equilibria.
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The nullclines (1� p)rX(M⇤)C(F ⇤) = µF and prX(M⇤)C(F ⇤)F ⇤ + �� = µMM⇤ from system (4)
allow us to simplify the matrix, we thus obtain:

J(F⇤,M⇤) =
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To determine the stability we compute the trace and the determinant of this matrix.
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X 0(M⇤) = X(0) +

Z M⇤

0
X 0(M)dM >

Z M⇤

0
X 0(M⇤)dM = M⇤X 0(M⇤)
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So Tr(J(F⇤,M⇤)) < 0

Through extensive computations we get:

Det(J(F⇤,M⇤)) = pµF rF
⇤
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(S*, F2*, M2*) is STABLE

(S*, F1*, M1*) is UNSTABLE

➡ calculation of the trace and determinant

three cases allow us to define three sub-models that we call respectively: no residual fertility (sub model
0) , cost-free residual fertility (sub model 1) and costly residual fertility (sub model 2).

2.2.1 Search for equilibria and study of their existence

Throughout our study, we assume that S, F and M are not negative since they represent population
densities. S is considered to be already at equilibrium S⇤ = (1��)�

µS
. Equilibria of system (1) thus solve

system (4):

(
F ⇤(�µF + r(1� p)X(S⇤,M⇤, ✏)C(F ⇤)) = 0,

�µMM⇤ + rpX(S⇤,M⇤, ✏)C(F ⇤)F ⇤ + �� = 0.
(4)

We get F ⇤ = 0 or X(S⇤,M⇤, ✏)C(F ⇤) = µF

r(1�p) = 1
R with the first equation of system (4), which

allows to introduce the basic reproduction number R. R is the average number of o↵spring produced
by a female during its lifetime, so it must be greater than 1 otherwise the population is tending towards
extinction.
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), where we note M⇤
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maintained only by non-sterile males within the releases. The other equilibria are built on the values F ⇤
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@Ḟ
@F

@Ḟ
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() RpµF

(1� p)µM
F +

R��

µM
+

R✏⌘(1� �)�

µS
= (1 + �F ) · (k +

pµF

(1� p)µM
F +

��

µM
+ ⌘

(1� �)�

µS
)

() RpµF

(1� p)µM
F+

R��

µM
+
R✏⌘(1� �)�

µS
= (1+�F )k+(1+�F )

pµF

(1� p)µM
F+(1+�F )

��

µM
+(1+�F )(⌘

(1� �)�

µS
)

() R��

µM
+
R✏⌘(1� �)�

µS
�(1+�F )

��

µM
�(1+�F )(⌘

(1� �)�

µS
) = (1+�F )(k+

pµF

(1� p)µM
F )� RpµF

(1� p)µM
F

() �(
R�

µM
+
R✏⌘(1� �)

µS
�(1+�F )

�

µM
�(1+�F )(⌘

(1� �)

µS
)) = (1+�F )(k+

pµF

(1� p)µM
F )� RpµF

(1� p)µM
F

3

three cases allow us to define three sub-models that we call respectively: no residual fertility (sub model
0) , cost-free residual fertility (sub model 1) and costly residual fertility (sub model 2).

2.2.1 Search for equilibria and study of their existence

Throughout our study, we assume that S, F and M are not negative since they represent population
densities. S is considered to be already at equilibrium S⇤ = (1��)�

µS
. Equilibria of system (1) thus solve

system (4):

(
F ⇤(�µF + r(1� p)X(S⇤,M⇤, ✏)C(F ⇤)) = 0,

�µMM⇤ + rpX(S⇤,M⇤, ✏)C(F ⇤)F ⇤ + �� = 0.
(4)

We get F ⇤ = 0 or X(S⇤,M⇤, ✏)C(F ⇤) = µF

r(1�p) = 1
R with the first equation of system (4), which

allows to introduce the basic reproduction number R. R is the average number of o↵spring produced
by a female during its lifetime, so it must be greater than 1 otherwise the population is tending towards
extinction.

Thus we easily deduce the pest-free equilibrium (S⇤, 0, ��
µM

), where we note M⇤
0 = ��

µM
. When � = 0

it is a true pest-free equilibrium of the form (S⇤, 0, 0), whereas when � 6= 0 the male compartment is
maintained only by non-sterile males within the releases. The other equilibria are built on the values F ⇤

solutions of:

X(S⇤,M(F ⇤), ✏)C(F ⇤) =
µF

r(1� p)
=

1

R (5)

where M(F ⇤) is expressed, from the second equation of (4), as follows :

M(F ⇤) =
pµF

(1� p)µM
F ⇤ +

��

µM
. (6)

If we note G(M(F ⇤)) = X(S⇤,M(F ⇤), ✏)C(F ⇤) the expression (5) becomes:

G(M(F ⇤)) = X(S⇤,M(F ⇤), ✏)C(F ⇤) =
µF

r(1� p)
=

1

R . (7)

As lim
F!+1

C(F ) = 0, we have lim
M!+1

G(M(F ⇤)) = 0.

• If G(M⇤
0 ) = G(M(0)) = X(S⇤,M⇤

0 , ✏) < µF

r(1�p) = 1
R and max(G(M(F ⇤))) > 1

R (Fig. 2A) there

are two solutions M⇤
2 > M⇤

1 > M⇤
0 , such that dG

dM (M⇤
1 ) > 0 and dG

dM (M⇤
2 ) < 0. We then have the

endemic equilibria (S⇤, F ⇤
1 ,M

⇤
1 ) and (S⇤, F ⇤

2 ,M
⇤
2 ). However, on all generality, there may be more,

but an even number.

• If G(M⇤
0 ) = G(M(0)) = X(S⇤,M⇤

0 , ✏) > µF

r(1�p) = 1
R (Fig. 2B) there is at least one solution, at

which
dG

dM
=

@

@M
(X(S⇤,M(F ⇤), ✏)C(F ⇤)  0

this solution is named M⇤
2 and constitutes the endemic equilibrium (S⇤, F ⇤

2 ,M
⇤
2 ).

In the particular case where there is no residual fertility (� = ✏ = 0), X(S⇤,M⇤
0 , ✏) = X(S⇤, 0, ✏) = 0,

so this second situation cannot happen.

2.2.2 Local stability of model equilibria

We consider the Jacobian matrix of the (F,M) subsystem at S = S⇤. For readability reasons, we redefine
X(S,M, ✏) as X(M). The Jacobian matrix J(F,M) related to the system (1) is:

J(F,M) =

 
@Ḟ
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))C(F ⇤

) = f(F ⇤
).

()
pµF

(1�p)µM
F +

��
µM

+
✏⌘(1��)�

µS

k +
pµF

(1�p)µM
F +

��
µM

+ ⌘ (1��)�
µS

· 1

1 + �F
=

µF

r(1� p)
=

1

R (6)

G(0) <
1

R (7)

G(0) >
1

R (8)

max(G(F )) >
1

R (9)

()
pµF

(1�p)µM
F +

��
µM

+
✏⌘(1��)�

µS

k +
pµF

(1�p)µM
F +

��
µM

+ ⌘ (1��)�
µS

· C(F ) =
µF

r(1� p)
=

1

R

Formule (9) utilisée pour réaliser le graphique F ⇤
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Figure 2: Equilibrium points of the model (1). The curve G(M(F ⇤)) (equation (7)) as a function of F ⇤ (in
black), as well as the horizontal line 1

R (in grey) and the equilibrium points F ⇤ located at the intersection
between these two are represented. The two simulated cases correspond to di↵erent parameter values.
When G(M⇤

0 ) <
1
R and max(G(M⇤

0 )) >
1
R , there are two endemic equilibria F ⇤

1 and F ⇤
2 (case A). When

G(M⇤
0 ) >

1
R , there is only one endemic equilibrium F ⇤

2 (case B).

• At the pest-free equilibrium (0,M⇤
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J(0,M⇤
0 )

=
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So (0,M⇤
0 ) is locally asymptotically stable if X(M⇤

0 ) < µF

r(1�p) = 1
R . In this case, there are no

endemic equilibria or at least two endemic equilibria.

• At the (F ⇤,M⇤) equilibria,
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The nullclines (1� p)rX(M⇤)C(F ⇤) = µF and prX(M⇤)C(F ⇤)F ⇤ + �� = µMM⇤ from system (4)
allow us to simplify the matrix, we thus obtain:

J(F⇤,M⇤) =
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To determine the stability we compute the trace and the determinant of this matrix.
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The first two terms are negative. If X(M) is concave, the last term is also negative because:
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Through extensive computations we get:
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maintained only by non-sterile males within the releases. The other equilibria are built on the values F ⇤
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Figure 1 – Obtention des équilibres avec l’égalité 9. Graphique X(S,M(F ⇤
))C(F ⇤

) = f(F ⇤
).
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() RpµF

(1� p)µM
F +

R��

µM
+

R✏⌘(1� �)�

µS
= (1 + �F ) · (k +

pµF

(1� p)µM
F +

��

µM
+ ⌘

(1� �)�

µS
)

() RpµF

(1� p)µM
F+

R��

µM
+
R✏⌘(1� �)�

µS
= (1+�F )k+(1+�F )

pµF

(1� p)µM
F+(1+�F )

��

µM
+(1+�F )(⌘

(1� �)�

µS
)

3

7/17



Introduction Model Parameters Equilibria Bifurcation diagrams DiscussionDynamics

In summary 

If 

And
(0)

F2*F1*

th
re
e
ca
se
s
al
lo
w

u
s
to

d
efi

n
e
th
re
e
su
b
-m

od
el
s
th
at

w
e
ca
ll
re
sp
ec
ti
ve
ly
:
n
o
re
si
d
u
al

fe
rt
il
it
y
(s
u
b
m
od

el
0)

,
co
st
-f
re
e
re
si
d
u
al

fe
rt
il
it
y
(s
u
b
m
od

el
1)

an
d
co
st
ly

re
si
d
u
al

fe
rt
il
it
y
(s
u
b
m
od

el
2)
.

2
.2
.1

S
ea

rc
h

fo
r
eq

u
il
ib
ri
a
a
n
d

st
u
d
y
o
f
th

ei
r
ex

is
te
n
ce

T
h
ro
u
gh

ou
t
ou

r
st
u
d
y,

w
e
as
su
m
e
th
at

S
,
F

an
d
M

ar
e
n
ot

n
eg
at
iv
e
si
n
ce

th
ey

re
p
re
se
nt

p
op

u
la
ti
on

d
en

si
ti
es
.
S

is
co
n
si
d
er
ed

to
b
e
al
re
ad

y
at

eq
u
il
ib
ri
u
m

S
⇤
=

(1
�
�
)�

µ
S

.
E
qu

il
ib
ri
a
of

sy
st
em

(1
)
th
u
s
so
lv
e

sy
st
em

(4
):

(
F

⇤ (
�
µ
F
+

r(
1
�

p)
X
(S

⇤ ,
M

⇤ ,
✏)
C
(F

⇤ )
)
=

0,

�
µ
M
M

⇤
+

rp
X
(S

⇤ ,
M

⇤ ,
✏)
C
(F

⇤ )
F

⇤
+
��

=
0.

(4
)

W
e
ge
t
F

⇤
=

0
or

X
(S

⇤ ,
M

⇤ ,
✏)
C
(F

⇤ )
=

µ
F

r
(1

�
p
)
=

1 R
w
it
h
th
e
fi
rs
t
eq
u
at
io
n
of

sy
st
em

(4
),

w
h
ic
h

al
lo
w
s
to

in
tr
od

u
ce

th
e
b
as
ic

re
p
ro
d
u
ct
io
n
nu

m
b
er

R
.
R

is
th
e
av
er
ag

e
nu

m
b
er

of
o↵

sp
ri
n
g
p
ro
d
u
ce
d

by
a
fe
m
al
e
d
u
ri
n
g
it
s
li
fe
ti
m
e,

so
it
m
u
st

b
e
gr
ea
te
r
th
an

1
ot
h
er
w
is
e
th
e
p
op

u
la
ti
on

is
te
n
d
in
g
to
w
ar
d
s

ex
ti
n
ct
io
n
.

T
hu

s
w
e
ea
si
ly

d
ed

u
ce

th
e
p
es
t-
fr
ee

eq
u
il
ib
ri
u
m

(S
⇤ ,
0,

�
�

µ
M
),

w
h
er
e
w
e
n
ot
e
M

⇤ 0
=

�
�

µ
M
.
W

h
en

�
=

0

it
is

a
tr
u
e
p
es
t-
fr
ee

eq
u
il
ib
ri
u
m

of
th
e
fo
rm

(S
⇤ ,
0,
0)
,
w
h
er
ea
s
w
h
en

�
6=

0
th
e
m
al
e
co
m
p
ar
tm

en
t
is

m
ai
nt
ai
n
ed

on
ly

by
n
on

-s
te
ri
le

m
al
es

w
it
h
in

th
e
re
le
as
es
.
T
h
e
ot
h
er

eq
u
il
ib
ri
a
ar
e
b
u
il
t
on

th
e
va
lu
es

F
⇤

so
lu
ti
on

s
of
:

X
(S

⇤ ,
M

(F
⇤ )
,✏
)C

(F
⇤ )

=
µ
F

r(
1
�

p)
=

1 R
(5
)

w
h
er
e
M

(F
⇤ )

is
ex
p
re
ss
ed

,
fr
om

th
e
se
co
n
d
eq
u
at
io
n
of

(4
),
as

fo
ll
ow

s
:

M
(F

⇤ )
=

pµ
F

(1
�

p)
µ
M

F
⇤
+

�� µ
M

.
(6
)

If
w
e
n
ot
e
G
(M

(F
⇤ )
)
=

X
(S

⇤ ,
M

(F
⇤ )
,✏
)C

(F
⇤ )

th
e
ex
p
re
ss
io
n
(5
)
b
ec
om

es
:

G
(M

(F
⇤ )
)
=

X
(S

⇤ ,
M

(F
⇤ )
,✏
)C

(F
⇤ )

=
µ
F

r(
1
�

p)
=

1 R
.

(7
)

A
s

li
m

F
!

+
1
C
(F

)
=

0,
w
e
h
av
e

li
m

M
!

+
1
G
(M

(F
⇤ )
)
=

0.

•
If
G
(M

⇤ 0
)
=

X
(S

⇤ ,
M

⇤ 0
,✏
)
<

µ
F

r
(1

�
p
)
=

1 R
an

d
m
ax

(G
(M

(F
⇤ )
))

>
1 R
(F

ig
.2

A
)
th
er
e
ar
e
tw

o
so
lu
ti
on

s

M
⇤ 2
>

M
⇤ 1
>

M
⇤ 0
,
su
ch

th
at

d
G

d
M
(M

⇤ 1
)
>

0
an

d
d
G

d
M
(M

⇤ 2
)
<

0.
W
e
th
en

h
av
e
th
e
en

d
em

ic
eq
u
il
ib
ri
a

(S
⇤ ,
F

⇤ 1
,M

⇤ 1
)
an

d
(S

⇤ ,
F

⇤ 2
,M

⇤ 2
).

H
ow

ev
er
,
on

al
l
ge
n
er
al
it
y,
th
er
e
m
ay

b
e
m
or
e,
b
u
t
an

ev
en

nu
m
b
er
.

•
If
G
(M

⇤ 0
)
=

X
(S

⇤ ,
M

⇤ 0
,✏
)
>

µ
F

r
(1

�
p
)
=

1 R
(F

ig
.
2B

)
th
er
e
is

at
le
as
t
on

e
so
lu
ti
on

,
at

w
h
ic
h

dG dM
=

@

@
M

(X
(S

⇤ ,
M

(F
⇤ )
,✏
)C

(F
⇤ )


0

th
is

so
lu
ti
on

is
n
am

ed
M

⇤ 2
an

d
co
n
st
it
u
te
s
th
e
en

d
em

ic
eq
u
il
ib
ri
u
m

(S
⇤ ,
F

⇤ 2
,M

⇤ 2
).

In
th
e
p
ar
ti
cu

la
r
ca
se

w
h
er
e
th
er
e
is
n
o
re
si
d
u
al

fe
rt
il
it
y
(�

=
✏
=

0)
,
X
(S

⇤ ,
M

⇤ 0
,✏
)
=

X
(S

⇤ ,
0,
✏)

=
0,

so
th
is

se
co
n
d
si
tu
at
io
n
ca
n
n
ot

h
ap

p
en

.

2
.2
.2

L
o
ca

l
st
a
b
il
it
y
o
f
m
o
d
el

eq
u
il
ib
ri
a

W
e
co
n
si
d
er

th
e
Ja

co
b
ia
n
m
at
ri
x
of

th
e
(F

,M
)
su
b
sy
st
em

at
S
=

S
⇤ .

F
or

re
ad

ab
il
it
y
re
as
on

s,
w
e
re
d
efi

n
e

X
(S

,M
,✏
)
as

X
(M

).
T
h
e
Ja

co
b
ia
n
m
at
ri
x
J
(F

,M
)
re
la
te
d
to

th
e
sy
st
em

(1
)
is
:

J
(F

,M
)
=

 
@
Ḟ
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Figure 1 – Obtention des équilibres avec l’égalité 6. Graphique X(S,M(F ⇤
))C(F ⇤

) = f(F ⇤
).
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= f( 1

R ) (Figure 1).

De l’équation 6 on cherche à isoler � :
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2.2.1 Search for equilibria and study of their existence

Throughout our study, we assume that S, F and M are not negative since they represent population
densities. S is considered to be already at equilibrium S⇤ = (1��)�

µS
. Equilibria of system (1) thus solve

system (4):

(
F ⇤(�µF + r(1� p)X(S⇤,M⇤, ✏)C(F ⇤)) = 0,

�µMM⇤ + rpX(S⇤,M⇤, ✏)C(F ⇤)F ⇤ + �� = 0.
(4)

We get F ⇤ = 0 or X(S⇤,M⇤, ✏)C(F ⇤) = µF

r(1�p) = 1
R with the first equation of system (4), which

allows to introduce the basic reproduction number R. R is the average number of o↵spring produced
by a female during its lifetime, so it must be greater than 1 otherwise the population is tending towards
extinction.

Thus we easily deduce the pest-free equilibrium (S⇤, 0, ��
µM

), where we note M⇤
0 = ��

µM
. When � = 0

it is a true pest-free equilibrium of the form (S⇤, 0, 0), whereas when � 6= 0 the male compartment is
maintained only by non-sterile males within the releases. The other equilibria are built on the values F ⇤

solutions of:

X(S⇤,M(F ⇤), ✏)C(F ⇤) =
µF

r(1� p)
=

1

R (5)

where M(F ⇤) is expressed, from the second equation of (4), as follows :

M(F ⇤) =
pµF

(1� p)µM
F ⇤ +

��

µM
. (6)

If we note G(M(F ⇤)) = X(S⇤,M(F ⇤), ✏)C(F ⇤) the expression (5) becomes:

G(M(F ⇤)) = X(S⇤,M(F ⇤), ✏)C(F ⇤) =
µF

r(1� p)
=

1

R . (7)

As lim
F!+1

C(F ) = 0, we have lim
M!+1

G(M(F ⇤)) = 0.

• If G(M⇤
0 ) = G(M(0)) = X(S⇤,M⇤

0 , ✏) < µF

r(1�p) = 1
R and max(G(M(F ⇤))) > 1

R (Fig. 2A) there

are two solutions M⇤
2 > M⇤

1 > M⇤
0 , such that dG

dM (M⇤
1 ) > 0 and dG

dM (M⇤
2 ) < 0. We then have the

endemic equilibria (S⇤, F ⇤
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⇤
1 ) and (S⇤, F ⇤

2 ,M
⇤
2 ). However, on all generality, there may be more,

but an even number.

• If G(M⇤
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R (Fig. 2B) there is at least one solution, at

which
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this solution is named M⇤
2 and constitutes the endemic equilibrium (S⇤, F ⇤

2 ,M
⇤
2 ).

In the particular case where there is no residual fertility (� = ✏ = 0), X(S⇤,M⇤
0 , ✏) = X(S⇤, 0, ✏) = 0,

so this second situation cannot happen.

2.2.2 Local stability of model equilibria

We consider the Jacobian matrix of the (F,M) subsystem at S = S⇤. For readability reasons, we redefine
X(S,M, ✏) as X(M). The Jacobian matrix J(F,M) related to the system (1) is:
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2

Pest-free equilibrium

STABLE

UNSTABLE

Infestation equilibria

three cases allow us to define three sub-models that we call respectively: no residual fertility (sub model
0) , cost-free residual fertility (sub model 1) and costly residual fertility (sub model 2).

2.2.1 Search for equilibria and study of their existence

Throughout our study, we assume that S, F and M are not negative since they represent population
densities. S is considered to be already at equilibrium S⇤ = (1��)�

µS
. Equilibria of system (1) thus solve

system (4):

(
F ⇤(�µF + r(1� p)X(S⇤,M⇤, ✏)C(F ⇤)) = 0,

�µMM⇤ + rpX(S⇤,M⇤, ✏)C(F ⇤)F ⇤ + �� = 0.
(4)

We get F ⇤ = 0 or X(S⇤,M⇤, ✏)C(F ⇤) = µF

r(1�p) = 1
R with the first equation of system (4), which

allows to introduce the basic reproduction number R. R is the average number of o↵spring produced
by a female during its lifetime, so it must be greater than 1 otherwise the population is tending towards
extinction.

Thus we easily deduce the pest-free equilibrium (S⇤, 0, ��
µM

), where we note M⇤
0 = ��

µM
. When � = 0

it is a true pest-free equilibrium of the form (S⇤, 0, 0), whereas when � 6= 0 the male compartment is
maintained only by non-sterile males within the releases. The other equilibria are built on the values F ⇤

solutions of:

X(S⇤,M(F ⇤), ✏)C(F ⇤) =
µF

r(1� p)
=

1

R (5)

where M(F ⇤) is expressed, from the second equation of (4), as follows :

M(F ⇤) =
pµF

(1� p)µM
F ⇤ +
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µM
. (6)

If we note G(M(F ⇤)) = X(S⇤,M(F ⇤), ✏)C(F ⇤) the expression (5) becomes:

G(M(F ⇤)) = X(S⇤,M(F ⇤), ✏)C(F ⇤) =
µF

r(1� p)
=

1

R . (7)

As lim
F!+1

C(F ) = 0, we have lim
M!+1

G(M(F ⇤)) = 0.

• IfG(M⇤
0 ) = X(S⇤,M⇤

0 , ✏) <
µF

r(1�p) =
1
R and max(G(M(F ⇤))) > 1

R (Fig. 2A) there are two solutions

M⇤
2 > M⇤

1 > M⇤
0 , such that dG

dM (M⇤
1 ) > 0 and dG

dM (M⇤
2 ) < 0. We then have the endemic equilibria

(S⇤, F ⇤
1 ,M

⇤
1 ) and (S⇤, F ⇤

2 ,M
⇤
2 ). However, on all generality, there may be more, but an even number.
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R (Fig. 2B) there is at least one solution, at which
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this solution is named M⇤
2 and constitutes the endemic equilibrium (S⇤, F ⇤
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⇤
2 ).

In the particular case where there is no residual fertility (� = ✏ = 0), X(S⇤,M⇤
0 , ✏) = X(S⇤, 0, ✏) = 0,

so this second situation cannot happen.

2.2.2 Local stability of model equilibria

We consider the Jacobian matrix of the (F,M) subsystem at S = S⇤. For readability reasons, we redefine
X(S,M, ✏) as X(M). The Jacobian matrix J(F,M) related to the system (1) is:

J(F,M) =
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extinction.

Thus we easily deduce the pest-free equilibrium (S⇤, 0, ��
µM

), where we note M⇤
0 = ��

µM
. When � = 0

it is a true pest-free equilibrium of the form (S⇤, 0, 0), whereas when � 6= 0 the male compartment is
maintained only by non-sterile males within the releases. The other equilibria are built on the values F ⇤

solutions of:

X(S⇤,M(F ⇤), ✏)C(F ⇤) =
µF

r(1� p)
=

1

R (5)

where M(F ⇤) is expressed, from the second equation of (4), as follows :

M(F ⇤) =
pµF

(1� p)µM
F ⇤ +
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µM
. (6)

If we note G(M(F ⇤)) = X(S⇤,M(F ⇤), ✏)C(F ⇤) the expression (5) becomes:

G(M(F ⇤)) = X(S⇤,M(F ⇤), ✏)C(F ⇤) =
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r(1� p)
=

1

R . (7)

As lim
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C(F ) = 0, we have lim
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• If G(M⇤
0 ) = G(M(0)) = X(S⇤,M⇤
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R and max(G(M(F ⇤))) > 1

R (Fig. 2A) there

are two solutions M⇤
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1 > M⇤
0 , such that dG

dM (M⇤
1 ) > 0 and dG

dM (M⇤
2 ) < 0. We then have the

endemic equilibria (S⇤, F ⇤
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2 ). However, on all generality, there may be more,
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2 ).

In the particular case where there is no residual fertility (� = ✏ = 0), X(S⇤,M⇤
0 , ✏) = X(S⇤, 0, ✏) = 0,

so this second situation cannot happen.
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We consider the Jacobian matrix of the (F,M) subsystem at S = S⇤. For readability reasons, we redefine
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Figure 1 – Obtention des équilibres avec l’égalité 9. Graphique X(S,M(F ⇤
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).

()
pµF

(1�p)µM
F +

��
µM

+
✏⌘(1��)�

µS

k +
pµF

(1�p)µM
F +

��
µM

+ ⌘ (1��)�
µS

· 1

1 + �F
=

µF

r(1� p)
=

1

R (6)

G(0) <
1

R (7)

G(0) >
1

R (8)

max(G(F )) >
1

R (9)

()
pµF

(1�p)µM
F +

��
µM

+
✏⌘(1��)�

µS

k +
pµF

(1�p)µM
F +

��
µM

+ ⌘ (1��)�
µS

· C(F ) =
µF

r(1� p)
=

1

R

Formule (9) utilisée pour réaliser le graphique F ⇤
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Pest-free equilibrium

STABLE

UNSTABLE

Infestation equilibria

three cases allow us to define three sub-models that we call respectively: no residual fertility (sub model
0) , cost-free residual fertility (sub model 1) and costly residual fertility (sub model 2).

2.2.1 Search for equilibria and study of their existence

Throughout our study, we assume that S, F and M are not negative since they represent population
densities. S is considered to be already at equilibrium S⇤ = (1��)�

µS
. Equilibria of system (1) thus solve

system (4):

(
F ⇤(�µF + r(1� p)X(S⇤,M⇤, ✏)C(F ⇤)) = 0,

�µMM⇤ + rpX(S⇤,M⇤, ✏)C(F ⇤)F ⇤ + �� = 0.
(4)

We get F ⇤ = 0 or X(S⇤,M⇤, ✏)C(F ⇤) = µF

r(1�p) = 1
R with the first equation of system (4), which

allows to introduce the basic reproduction number R. R is the average number of o↵spring produced
by a female during its lifetime, so it must be greater than 1 otherwise the population is tending towards
extinction.

Thus we easily deduce the pest-free equilibrium (S⇤, 0, ��
µM

), where we note M⇤
0 = ��

µM
. When � = 0

it is a true pest-free equilibrium of the form (S⇤, 0, 0), whereas when � 6= 0 the male compartment is
maintained only by non-sterile males within the releases. The other equilibria are built on the values F ⇤

solutions of:

X(S⇤,M(F ⇤), ✏)C(F ⇤) =
µF

r(1� p)
=

1

R (5)

where M(F ⇤) is expressed, from the second equation of (4), as follows :

M(F ⇤) =
pµF

(1� p)µM
F ⇤ +
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µM
. (6)

If we note G(M(F ⇤)) = X(S⇤,M(F ⇤), ✏)C(F ⇤) the expression (5) becomes:

G(M(F ⇤)) = X(S⇤,M(F ⇤), ✏)C(F ⇤) =
µF

r(1� p)
=

1

R . (7)

As lim
F!+1

C(F ) = 0, we have lim
M!+1

G(M(F ⇤)) = 0.

• IfG(M⇤
0 ) = X(S⇤,M⇤

0 , ✏) <
µF

r(1�p) =
1
R and max(G(M(F ⇤))) > 1

R (Fig. 2A) there are two solutions

M⇤
2 > M⇤

1 > M⇤
0 , such that dG

dM (M⇤
1 ) > 0 and dG

dM (M⇤
2 ) < 0. We then have the endemic equilibria

(S⇤, F ⇤
1 ,M
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1 ) and (S⇤, F ⇤

2 ,M
⇤
2 ). However, on all generality, there may be more, but an even number.
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this solution is named M⇤
2 and constitutes the endemic equilibrium (S⇤, F ⇤
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⇤
2 ).

In the particular case where there is no residual fertility (� = ✏ = 0), X(S⇤,M⇤
0 , ✏) = X(S⇤, 0, ✏) = 0,

so this second situation cannot happen.

2.2.2 Local stability of model equilibria

We consider the Jacobian matrix of the (F,M) subsystem at S = S⇤. For readability reasons, we redefine
X(S,M, ✏) as X(M). The Jacobian matrix J(F,M) related to the system (1) is:
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three cases allow us to define three sub-models that we call respectively: no residual fertility (sub model
0) , cost-free residual fertility (sub model 1) and costly residual fertility (sub model 2).

2.2.1 Search for equilibria and study of their existence
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STABLE
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three cases allow us to define three sub-models that we call respectively: no residual fertility (sub model
0) , cost-free residual fertility (sub model 1) and costly residual fertility (sub model 2).
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three cases allow us to define three sub-models that we call respectively: no residual fertility (sub model
0) , cost-free residual fertility (sub model 1) and costly residual fertility (sub model 2).

2.2.1 Search for equilibria and study of their existence

Throughout our study, we assume that S, F and M are not negative since they represent population
densities. S is considered to be already at equilibrium S⇤ = (1��)�

µS
. Equilibria of system (1) thus solve

system (4):

(
F ⇤(�µF + r(1� p)X(S⇤,M⇤, ✏)C(F ⇤)) = 0,

�µMM⇤ + rpX(S⇤,M⇤, ✏)C(F ⇤)F ⇤ + �� = 0.
(4)

We get F ⇤ = 0 or X(S⇤,M⇤, ✏)C(F ⇤) = µF

r(1�p) = 1
R with the first equation of system (4), which

allows to introduce the basic reproduction number R. R is the average number of o↵spring produced
by a female during its lifetime, so it must be greater than 1 otherwise the population is tending towards
extinction.

Thus we easily deduce the pest-free equilibrium (S⇤, 0, ��
µM

), where we note M⇤
0 = ��

µM
. When � = 0

it is a true pest-free equilibrium of the form (S⇤, 0, 0), whereas when � 6= 0 the male compartment is
maintained only by non-sterile males within the releases. The other equilibria are built on the values F ⇤

solutions of:

X(S⇤,M(F ⇤), ✏)C(F ⇤) =
µF

r(1� p)
=

1

R (5)

where M(F ⇤) is expressed, from the second equation of (4), as follows :

M(F ⇤) =
pµF

(1� p)µM
F ⇤ +

��

µM
. (6)

If we note G(M(F ⇤)) = X(S⇤,M(F ⇤), ✏)C(F ⇤) the expression (5) becomes:

G(M(F ⇤)) = X(S⇤,M(F ⇤), ✏)C(F ⇤) =
µF

r(1� p)
=

1

R . (7)

As lim
F!+1

C(F ) = 0, we have lim
M!+1

G(M(F ⇤)) = 0.

• If G(M⇤
0 ) = G(M(0)) = X(S⇤,M⇤

0 , ✏) < µF

r(1�p) = 1
R and max(G(M(F ⇤))) > 1

R (Fig. 2A) there

are two solutions M⇤
2 > M⇤

1 > M⇤
0 , such that dG

dM (M⇤
1 ) > 0 and dG

dM (M⇤
2 ) < 0. We then have the

endemic equilibria (S⇤, F ⇤
1 ,M

⇤
1 ) and (S⇤, F ⇤

2 ,M
⇤
2 ). However, on all generality, there may be more,

but an even number.

• If G(M⇤
0 ) = G(M(0)) = X(S⇤,M⇤

0 , ✏) > µF

r(1�p) = 1
R (Fig. 2B) there is at least one solution, at

which
dG

dM
=
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(X(S⇤,M(F ⇤), ✏)C(F ⇤)  0

this solution is named M⇤
2 and constitutes the endemic equilibrium (S⇤, F ⇤

2 ,M
⇤
2 ).

In the particular case where there is no residual fertility (� = ✏ = 0), X(S⇤,M⇤
0 , ✏) = X(S⇤, 0, ✏) = 0,

so this second situation cannot happen.

2.2.2 Local stability of model equilibria

We consider the Jacobian matrix of the (F,M) subsystem at S = S⇤. For readability reasons, we redefine
X(S,M, ✏) as X(M). The Jacobian matrix J(F,M) related to the system (1) is:

J(F,M) =
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@Ṁ
@M

!
=

✓
�µF + (1� p)X(M⇤)r(C 0(F ⇤)F ⇤ + C(F ⇤)) (1� p)C(F ⇤)rF ⇤X 0(M⇤)

pX(M⇤)r(C 0(F ⇤)F ⇤ + C(F ⇤)) �µM + pC(F ⇤)rF ⇤X 0(M⇤)

◆

5
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Ṁ = 0 () �µMM⇤
+ rpX(S,M⇤

)C(F ⇤
)F ⇤

+ �� = 0

Il y a deux cas :

(1) Quand F ⇤
= 0 (3) :
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allows to introduce the basic reproduction number R. R is the average number of o↵spring produced
by a female during its lifetime, so it must be greater than 1 otherwise the population is tending towards
extinction.

Thus we easily deduce the pest-free equilibrium (S⇤, 0, ��
µM

), where we note M⇤
0 = ��

µM
. When � = 0

it is a true pest-free equilibrium of the form (S⇤, 0, 0), whereas when � 6= 0 the male compartment is
maintained only by non-sterile males within the releases. The other equilibria are built on the values F ⇤

solutions of:

X(S⇤,M(F ⇤), ✏)C(F ⇤) =
µF

r(1� p)
=

1

R (5)

where M(F ⇤) is expressed, from the second equation of (4), as follows :

M(F ⇤) =
pµF

(1� p)µM
F ⇤ +

��

µM
. (6)

If we note G(M(F ⇤)) = X(S⇤,M(F ⇤), ✏)C(F ⇤) the expression (5) becomes:

G(M(F ⇤)) = X(S⇤,M(F ⇤), ✏)C(F ⇤) =
µF

r(1� p)
=

1

R . (7)

As lim
F!+1

C(F ) = 0, we have lim
M!+1

G(M(F ⇤)) = 0.

• IfG(M⇤
0 ) = X(S⇤,M⇤

0 , ✏) <
µF

r(1�p) =
1
R and max(G(M(F ⇤))) > 1

R (Fig. 2A) there are two solutions

M⇤
2 > M⇤

1 > M⇤
0 , such that dG

dM (M⇤
1 ) > 0 and dG

dM (M⇤
2 ) < 0. We then have the endemic equilibria

(S⇤, F ⇤
1 ,M

⇤
1 ) and (S⇤, F ⇤

2 ,M
⇤
2 ). However, on all generality, there may be more, but an even number.

• If G(M⇤
0 ) = X(S⇤,M⇤

0 , ✏) >
µF

r(1�p) =
1
R (Fig. 2B) there is at least one solution, at which

dG

dM
=

@

@M
(X(S⇤,M(F ⇤), ✏)C(F ⇤)  0

this solution is named M⇤
2 and constitutes the endemic equilibrium (S⇤, F ⇤

2 ,M
⇤
2 ).

In the particular case where there is no residual fertility (� = ✏ = 0), X(S⇤,M⇤
0 , ✏) = X(S⇤, 0, ✏) = 0,

so this second situation cannot happen.

2.2.2 Local stability of model equilibria

We consider the Jacobian matrix of the (F,M) subsystem at S = S⇤. For readability reasons, we redefine
X(S,M, ✏) as X(M). The Jacobian matrix J(F,M) related to the system (1) is:
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three cases allow us to define three sub-models that we call respectively: no residual fertility (sub model
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In the particular case where there is no residual fertility (� = ✏ = 0), X(S⇤,M⇤
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so this second situation cannot happen.

2.2.2 Local stability of model equilibria

We consider the Jacobian matrix of the (F,M) subsystem at S = S⇤. For readability reasons, we redefine
X(S,M, ✏) as X(M). The Jacobian matrix J(F,M) related to the system (1) is:
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Figure 1 – Obtention des équilibres avec l’égalité 6. Graphique X(S,M(F ⇤
))C(F ⇤

) = f(F ⇤
).
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() RpµF

(1� p)µM
F +

R��

µM
+

R✏⌘(1� �)�

µS
= (1 + �F ) · (k +

pµF

(1� p)µM
F +

��

µM
+ ⌘

(1� �)�

µS
)

() RpµF

(1� p)µM
F+

R��

µM
+
R✏⌘(1� �)�

µS
= (1+�F )k+(1+�F )

pµF

(1� p)µM
F+(1+�F )

��

µM
+(1+�F )(⌘

(1� �)�

µS
)

() R��

µM
+
R✏⌘(1� �)�

µS
�(1+�F )

��

µM
�(1+�F )(⌘

(1� �)�

µS
) = (1+�F )(k+

pµF

(1� p)µM
F )� RpµF

(1� p)µM
F

() �(
R�

µM
+
R✏⌘(1� �)

µS
�(1+�F )

�

µM
�(1+�F )(⌘

(1� �)

µS
)) = (1+�F )(k+

pµF

(1� p)µM
F )� RpµF

(1� p)µM
F

3

If 

And

three cases allow us to define three sub-models that we call respectively: no residual fertility (sub model
0) , cost-free residual fertility (sub model 1) and costly residual fertility (sub model 2).

2.2.1 Search for equilibria and study of their existence

Throughout our study, we assume that S, F and M are not negative since they represent population
densities. S is considered to be already at equilibrium S⇤ = (1��)�

µS
. Equilibria of system (1) thus solve

system (4):

(
F ⇤(�µF + r(1� p)X(S⇤,M⇤, ✏)C(F ⇤)) = 0,

�µMM⇤ + rpX(S⇤,M⇤, ✏)C(F ⇤)F ⇤ + �� = 0.
(4)

We get F ⇤ = 0 or X(S⇤,M⇤, ✏)C(F ⇤) = µF

r(1�p) = 1
R with the first equation of system (4), which

allows to introduce the basic reproduction number R. R is the average number of o↵spring produced
by a female during its lifetime, so it must be greater than 1 otherwise the population is tending towards
extinction.

Thus we easily deduce the pest-free equilibrium (S⇤, 0, ��
µM

), where we note M⇤
0 = ��

µM
. When � = 0

it is a true pest-free equilibrium of the form (S⇤, 0, 0), whereas when � 6= 0 the male compartment is
maintained only by non-sterile males within the releases. The other equilibria are built on the values F ⇤

solutions of:

X(S⇤,M(F ⇤), ✏)C(F ⇤) =
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where M(F ⇤) is expressed, from the second equation of (4), as follows :

M(F ⇤) =
pµF

(1� p)µM
F ⇤ +

��

µM
. (6)

If we note G(M(F ⇤)) = X(S⇤,M(F ⇤), ✏)C(F ⇤) the expression (5) becomes:
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As lim
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R (Fig. 2A) there
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0 , such that dG
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2 ) < 0. We then have the
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2 ). However, on all generality, there may be more,

but an even number.
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In the particular case where there is no residual fertility (� = ✏ = 0), X(S⇤,M⇤
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three cases allow us to define three sub-models that we call respectively: no residual fertility (sub model
0) , cost-free residual fertility (sub model 1) and costly residual fertility (sub model 2).

2.2.1 Search for equilibria and study of their existence

Throughout our study, we assume that S, F and M are not negative since they represent population
densities. S is considered to be already at equilibrium S⇤ = (1��)�

µS
. Equilibria of system (1) thus solve
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F ⇤(�µF + r(1� p)X(S⇤,M⇤, ✏)C(F ⇤)) = 0,

�µMM⇤ + rpX(S⇤,M⇤, ✏)C(F ⇤)F ⇤ + �� = 0.
(4)

We get F ⇤ = 0 or X(S⇤,M⇤, ✏)C(F ⇤) = µF

r(1�p) = 1
R with the first equation of system (4), which

allows to introduce the basic reproduction number R. R is the average number of o↵spring produced
by a female during its lifetime, so it must be greater than 1 otherwise the population is tending towards
extinction.

Thus we easily deduce the pest-free equilibrium (S⇤, 0, ��
µM

), where we note M⇤
0 = ��

µM
. When � = 0

it is a true pest-free equilibrium of the form (S⇤, 0, 0), whereas when � 6= 0 the male compartment is
maintained only by non-sterile males within the releases. The other equilibria are built on the values F ⇤

solutions of:

X(S⇤,M(F ⇤), ✏)C(F ⇤) =
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=
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where M(F ⇤) is expressed, from the second equation of (4), as follows :
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If we note G(M(F ⇤)) = X(S⇤,M(F ⇤), ✏)C(F ⇤) the expression (5) becomes:
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=
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As lim
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C(F ) = 0, we have lim
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0 , ✏) < µF

r(1�p) = 1
R and max(G(M(F ⇤))) > 1

R (Fig. 2A) there

are two solutions M⇤
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0 , such that dG
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1 ) > 0 and dG
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2 ) < 0. We then have the
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2 ). However, on all generality, there may be more,

but an even number.
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0 , ✏) > µF

r(1�p) = 1
R (Fig. 2B) there is at least one solution, at

which
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=
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(X(S⇤,M(F ⇤), ✏)C(F ⇤)  0

this solution is named M⇤
2 and constitutes the endemic equilibrium (S⇤, F ⇤
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⇤
2 ).

In the particular case where there is no residual fertility (� = ✏ = 0), X(S⇤,M⇤
0 , ✏) = X(S⇤, 0, ✏) = 0,

so this second situation cannot happen.

2.2.2 Local stability of model equilibria

We consider the Jacobian matrix of the (F,M) subsystem at S = S⇤. For readability reasons, we redefine
X(S,M, ✏) as X(M). The Jacobian matrix J(F,M) related to the system (1) is:
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@Ṁ
@M

!
=

✓
�µF + (1� p)X(M⇤)r(C 0(F ⇤)F ⇤ + C(F ⇤)) (1� p)C(F ⇤)rF ⇤X 0(M⇤)

pX(M⇤)r(C 0(F ⇤)F ⇤ + C(F ⇤)) �µM + pC(F ⇤)rF ⇤X 0(M⇤)

◆

5
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three cases allow us to define three sub-models that we call respectively: no residual fertility (sub model
0) , cost-free residual fertility (sub model 1) and costly residual fertility (sub model 2).

2.2.1 Search for equilibria and study of their existence

Throughout our study, we assume that S, F and M are not negative since they represent population
densities. S is considered to be already at equilibrium S⇤ = (1��)�
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r(1�p) = 1
R with the first equation of system (4), which

allows to introduce the basic reproduction number R. R is the average number of o↵spring produced
by a female during its lifetime, so it must be greater than 1 otherwise the population is tending towards
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Thus we easily deduce the pest-free equilibrium (S⇤, 0, ��
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), where we note M⇤
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. When � = 0

it is a true pest-free equilibrium of the form (S⇤, 0, 0), whereas when � 6= 0 the male compartment is
maintained only by non-sterile males within the releases. The other equilibria are built on the values F ⇤
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In the particular case where there is no residual fertility (� = ✏ = 0), X(S⇤,M⇤
0 , ✏) = X(S⇤, 0, ✏) = 0,

so this second situation cannot happen.

2.2.2 Local stability of model equilibria

We consider the Jacobian matrix of the (F,M) subsystem at S = S⇤. For readability reasons, we redefine
X(S,M, ✏) as X(M). The Jacobian matrix J(F,M) related to the system (1) is:
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three cases allow us to define three sub-models that we call respectively: no residual fertility (sub model
0) , cost-free residual fertility (sub model 1) and costly residual fertility (sub model 2).

2.2.1 Search for equilibria and study of their existence

Throughout our study, we assume that S, F and M are not negative since they represent population
densities. S is considered to be already at equilibrium S⇤ = (1��)�

µS
. Equilibria of system (1) thus solve
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We get F ⇤ = 0 or X(S⇤,M⇤, ✏)C(F ⇤) = µF

r(1�p) = 1
R with the first equation of system (4), which

allows to introduce the basic reproduction number R. R is the average number of o↵spring produced
by a female during its lifetime, so it must be greater than 1 otherwise the population is tending towards
extinction.

Thus we easily deduce the pest-free equilibrium (S⇤, 0, ��
µM

), where we note M⇤
0 = ��

µM
. When � = 0

it is a true pest-free equilibrium of the form (S⇤, 0, 0), whereas when � 6= 0 the male compartment is
maintained only by non-sterile males within the releases. The other equilibria are built on the values F ⇤

solutions of:

X(S⇤,M(F ⇤), ✏)C(F ⇤) =
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=
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0 , ✏) = X(S⇤, 0, ✏) = 0,

so this second situation cannot happen.

2.2.2 Local stability of model equilibria

We consider the Jacobian matrix of the (F,M) subsystem at S = S⇤. For readability reasons, we redefine
X(S,M, ✏) as X(M). The Jacobian matrix J(F,M) related to the system (1) is:
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0) , cost-free residual fertility (sub model 1) and costly residual fertility (sub model 2).
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X(S,M, ✏) as X(M). The Jacobian matrix J(F,M) related to the system (1) is:

J(F,M) =

 
@Ḟ
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Figure 1 – Obtention des équilibres avec l’égalité 9. Graphique X(S,M(F ⇤
))C(F ⇤

) = f(F ⇤
).

()
pµF

(1�p)µM
F +

��
µM

+
✏⌘(1��)�

µS

k +
pµF

(1�p)µM
F +

��
µM

+ ⌘ (1��)�
µS

· 1

1 + �F
=

µF

r(1� p)
=

1

R (6)

G(0) <
1

R (7)

G(0) >
1

R (8)

max(G(F )) >
1

R (9)

()
pµF

(1�p)µM
F +

��
µM

+
✏⌘(1��)�

µS

k +
pµF

(1�p)µM
F +

��
µM

+ ⌘ (1��)�
µS

· C(F ) =
µF

r(1� p)
=

1

R

Formule (9) utilisée pour réaliser le graphique F ⇤
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three cases allow us to define three sub-models that we call respectively: no residual fertility (sub model
0) , cost-free residual fertility (sub model 1) and costly residual fertility (sub model 2).

2.2.1 Search for equilibria and study of their existence

Throughout our study, we assume that S, F and M are not negative since they represent population
densities. S is considered to be already at equilibrium S⇤ = (1��)�

µS
. Equilibria of system (1) thus solve

system (4):
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�µMM⇤ + rpX(S⇤,M⇤, ✏)C(F ⇤)F ⇤ + �� = 0.
(4)

We get F ⇤ = 0 or X(S⇤,M⇤, ✏)C(F ⇤) = µF

r(1�p) = 1
R with the first equation of system (4), which

allows to introduce the basic reproduction number R. R is the average number of o↵spring produced
by a female during its lifetime, so it must be greater than 1 otherwise the population is tending towards
extinction.

Thus we easily deduce the pest-free equilibrium (S⇤, 0, ��
µM

), where we note M⇤
0 = ��

µM
. When � = 0

it is a true pest-free equilibrium of the form (S⇤, 0, 0), whereas when � 6= 0 the male compartment is
maintained only by non-sterile males within the releases. The other equilibria are built on the values F ⇤

solutions of:

X(S⇤,M(F ⇤), ✏)C(F ⇤) =
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where M(F ⇤) is expressed, from the second equation of (4), as follows :
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If we note G(M(F ⇤)) = X(S⇤,M(F ⇤), ✏)C(F ⇤) the expression (5) becomes:
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2 ). However, on all generality, there may be more,
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which
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this solution is named M⇤
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2 ).

In the particular case where there is no residual fertility (� = ✏ = 0), X(S⇤,M⇤
0 , ✏) = X(S⇤, 0, ✏) = 0,

so this second situation cannot happen.

2.2.2 Local stability of model equilibria

We consider the Jacobian matrix of the (F,M) subsystem at S = S⇤. For readability reasons, we redefine
X(S,M, ✏) as X(M). The Jacobian matrix J(F,M) related to the system (1) is:
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three cases allow us to define three sub-models that we call respectively: no residual fertility (sub model
0) , cost-free residual fertility (sub model 1) and costly residual fertility (sub model 2).
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Throughout our study, we assume that S, F and M are not negative since they represent population
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We get F ⇤ = 0 or X(S⇤,M⇤, ✏)C(F ⇤) = µF

r(1�p) = 1
R with the first equation of system (4), which

allows to introduce the basic reproduction number R. R is the average number of o↵spring produced
by a female during its lifetime, so it must be greater than 1 otherwise the population is tending towards
extinction.

Thus we easily deduce the pest-free equilibrium (S⇤, 0, ��
µM

), where we note M⇤
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µM
. When � = 0

it is a true pest-free equilibrium of the form (S⇤, 0, 0), whereas when � 6= 0 the male compartment is
maintained only by non-sterile males within the releases. The other equilibria are built on the values F ⇤
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In the particular case where there is no residual fertility (� = ✏ = 0), X(S⇤,M⇤
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2.2.2 Local stability of model equilibria
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@Ṁ
@M

!
=

✓
�µF + (1� p)X(M⇤)r(C 0(F ⇤)F ⇤ + C(F ⇤)) (1� p)C(F ⇤)rF ⇤X 0(M⇤)

pX(M⇤)r(C 0(F ⇤)F ⇤ + C(F ⇤)) �µM + pC(F ⇤)rF ⇤X 0(M⇤)

◆

5

Figure 1 – Obtention des équilibres avec l’égalité 9. Graphique X(S,M(F ⇤
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three cases allow us to define three sub-models that we call respectively: no residual fertility (sub model
0) , cost-free residual fertility (sub model 1) and costly residual fertility (sub model 2).

2.2.1 Search for equilibria and study of their existence

Throughout our study, we assume that S, F and M are not negative since they represent population
densities. S is considered to be already at equilibrium S⇤ = (1��)�

µS
. Equilibria of system (1) thus solve

system (4):

(
F ⇤(�µF + r(1� p)X(S⇤,M⇤, ✏)C(F ⇤)) = 0,

�µMM⇤ + rpX(S⇤,M⇤, ✏)C(F ⇤)F ⇤ + �� = 0.
(4)

We get F ⇤ = 0 or X(S⇤,M⇤, ✏)C(F ⇤) = µF

r(1�p) = 1
R with the first equation of system (4), which

allows to introduce the basic reproduction number R. R is the average number of o↵spring produced
by a female during its lifetime, so it must be greater than 1 otherwise the population is tending towards
extinction.

Thus we easily deduce the pest-free equilibrium (S⇤, 0, ��
µM

), where we note M⇤
0 = ��

µM
. When � = 0

it is a true pest-free equilibrium of the form (S⇤, 0, 0), whereas when � 6= 0 the male compartment is
maintained only by non-sterile males within the releases. The other equilibria are built on the values F ⇤

solutions of:

X(S⇤,M(F ⇤), ✏)C(F ⇤) =
µF

r(1� p)
=

1

R (5)

where M(F ⇤) is expressed, from the second equation of (4), as follows :

M(F ⇤) =
pµF

(1� p)µM
F ⇤ +

��

µM
. (6)

If we note G(M(F ⇤)) = X(S⇤,M(F ⇤), ✏)C(F ⇤) the expression (5) becomes:

G(M(F ⇤)) = X(S⇤,M(F ⇤), ✏)C(F ⇤) =
µF

r(1� p)
=

1

R . (7)

As lim
F!+1

C(F ) = 0, we have lim
M!+1

G(M(F ⇤)) = 0.

• If G(M⇤
0 ) = G(M(0)) = X(S⇤,M⇤

0 , ✏) < µF

r(1�p) = 1
R and max(G(M(F ⇤))) > 1

R (Fig. 2A) there

are two solutions M⇤
2 > M⇤

1 > M⇤
0 , such that dG

dM (M⇤
1 ) > 0 and dG

dM (M⇤
2 ) < 0. We then have the

endemic equilibria (S⇤, F ⇤
1 ,M

⇤
1 ) and (S⇤, F ⇤

2 ,M
⇤
2 ). However, on all generality, there may be more,

but an even number.

• If G(M⇤
0 ) = G(M(0)) = X(S⇤,M⇤

0 , ✏) > µF

r(1�p) = 1
R (Fig. 2B) there is at least one solution, at

which
dG

dM
=

@

@M
(X(S⇤,M(F ⇤), ✏)C(F ⇤)  0

this solution is named M⇤
2 and constitutes the endemic equilibrium (S⇤, F ⇤

2 ,M
⇤
2 ).

In the particular case where there is no residual fertility (� = ✏ = 0), X(S⇤,M⇤
0 , ✏) = X(S⇤, 0, ✏) = 0,

so this second situation cannot happen.

2.2.2 Local stability of model equilibria

We consider the Jacobian matrix of the (F,M) subsystem at S = S⇤. For readability reasons, we redefine
X(S,M, ✏) as X(M). The Jacobian matrix J(F,M) related to the system (1) is:

J(F,M) =
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@Ṁ
@M

!
=

✓
�µF + (1� p)X(M⇤)r(C 0(F ⇤)F ⇤ + C(F ⇤)) (1� p)C(F ⇤)rF ⇤X 0(M⇤)

pX(M⇤)r(C 0(F ⇤)F ⇤ + C(F ⇤)) �µM + pC(F ⇤)rF ⇤X 0(M⇤)

◆

5
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Ṁ = 0

() �µMM⇤
+ rpX(S,M⇤

)C(F ⇤
)F ⇤

+ �� = 0

() �µM +
pµF

(1� p)
F ⇤

+ �� = 0

() µMM⇤
=

pµF

(1� p)
F ⇤

+ ��

() M⇤
(F ) =

pµF

(1� p)µM
F ⇤

+
��

µM

En F = 0, on a :

M⇤
(0) =

��

µM
= M⇤

0 = (5)
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2

Pest-free equilibrium

STABLE

UNSTABLE

Infestation equilibria

three cases allow us to define three sub-models that we call respectively: no residual fertility (sub model
0) , cost-free residual fertility (sub model 1) and costly residual fertility (sub model 2).

2.2.1 Search for equilibria and study of their existence

Throughout our study, we assume that S, F and M are not negative since they represent population
densities. S is considered to be already at equilibrium S⇤ = (1��)�

µS
. Equilibria of system (1) thus solve

system (4):

(
F ⇤(�µF + r(1� p)X(S⇤,M⇤, ✏)C(F ⇤)) = 0,

�µMM⇤ + rpX(S⇤,M⇤, ✏)C(F ⇤)F ⇤ + �� = 0.
(4)

We get F ⇤ = 0 or X(S⇤,M⇤, ✏)C(F ⇤) = µF

r(1�p) = 1
R with the first equation of system (4), which

allows to introduce the basic reproduction number R. R is the average number of o↵spring produced
by a female during its lifetime, so it must be greater than 1 otherwise the population is tending towards
extinction.

Thus we easily deduce the pest-free equilibrium (S⇤, 0, ��
µM

), where we note M⇤
0 = ��

µM
. When � = 0

it is a true pest-free equilibrium of the form (S⇤, 0, 0), whereas when � 6= 0 the male compartment is
maintained only by non-sterile males within the releases. The other equilibria are built on the values F ⇤

solutions of:

X(S⇤,M(F ⇤), ✏)C(F ⇤) =
µF

r(1� p)
=

1

R (5)

where M(F ⇤) is expressed, from the second equation of (4), as follows :

M(F ⇤) =
pµF
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. (6)

If we note G(M(F ⇤)) = X(S⇤,M(F ⇤), ✏)C(F ⇤) the expression (5) becomes:
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=
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As lim
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C(F ) = 0, we have lim
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G(M(F ⇤)) = 0.
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2 ).

In the particular case where there is no residual fertility (� = ✏ = 0), X(S⇤,M⇤
0 , ✏) = X(S⇤, 0, ✏) = 0,

so this second situation cannot happen.

2.2.2 Local stability of model equilibria

We consider the Jacobian matrix of the (F,M) subsystem at S = S⇤. For readability reasons, we redefine
X(S,M, ✏) as X(M). The Jacobian matrix J(F,M) related to the system (1) is:
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Les équilibres sont les valeurs F solutions de X(S,M(F ))C(F ) =
1
R =

µF

r(1�p) pour F�0

X(S,M(F ⇤
))C(F ⇤

) =
1

R
=

µF

r(1� p)

() M⇤
(F ) + ✏⌘S⇤

k +M⇤(F ) + ⌘S⇤ · 1

1 + �F ⇤ =
1

R
=

µF

r(1� p)

()
M⇤

(F ) + ✏⌘ (1��)�
µS

k +M⇤(F ) + ⌘ (1��)�
µS

· 1

1 + �F ⇤ =
1

R
=

µF

r(1� p)

()
pµF

(1�p)µM
F +

��
µM

+
✏⌘(1��)�

µS

k +
pµF

(1�p)µM
F +

��
µM

+ ⌘ (1��)�
µS

· 1

1 + �F
=

µF

r(1� p)
=

1

R
(6)

2

Pest-free equilibrium

STABLE

If 

And

three cases allow us to define three sub-models that we call respectively: no residual fertility (sub model
0) , cost-free residual fertility (sub model 1) and costly residual fertility (sub model 2).

2.2.1 Search for equilibria and study of their existence

Throughout our study, we assume that S, F and M are not negative since they represent population
densities. S is considered to be already at equilibrium S⇤ = (1��)�

µS
. Equilibria of system (1) thus solve

system (4):

(
F ⇤(�µF + r(1� p)X(S⇤,M⇤, ✏)C(F ⇤)) = 0,

�µMM⇤ + rpX(S⇤,M⇤, ✏)C(F ⇤)F ⇤ + �� = 0.
(4)

We get F ⇤ = 0 or X(S⇤,M⇤, ✏)C(F ⇤) = µF

r(1�p) = 1
R with the first equation of system (4), which

allows to introduce the basic reproduction number R. R is the average number of o↵spring produced
by a female during its lifetime, so it must be greater than 1 otherwise the population is tending towards
extinction.

Thus we easily deduce the pest-free equilibrium (S⇤, 0, ��
µM

), where we note M⇤
0 = ��

µM
. When � = 0

it is a true pest-free equilibrium of the form (S⇤, 0, 0), whereas when � 6= 0 the male compartment is
maintained only by non-sterile males within the releases. The other equilibria are built on the values F ⇤

solutions of:

X(S⇤,M(F ⇤), ✏)C(F ⇤) =
µF

r(1� p)
=

1

R (5)

where M(F ⇤) is expressed, from the second equation of (4), as follows :

M(F ⇤) =
pµF

(1� p)µM
F ⇤ +

��

µM
. (6)

If we note G(M(F ⇤)) = X(S⇤,M(F ⇤), ✏)C(F ⇤) the expression (5) becomes:

G(M(F ⇤)) = X(S⇤,M(F ⇤), ✏)C(F ⇤) =
µF

r(1� p)
=

1

R . (7)

As lim
F!+1

C(F ) = 0, we have lim
M!+1

G(M(F ⇤)) = 0.

• If G(M⇤
0 ) = G(M(0)) = X(S⇤,M⇤

0 , ✏) < µF

r(1�p) = 1
R and max(G(M(F ⇤))) > 1

R (Fig. 2A) there

are two solutions M⇤
2 > M⇤

1 > M⇤
0 , such that dG

dM (M⇤
1 ) > 0 and dG

dM (M⇤
2 ) < 0. We then have the

endemic equilibria (S⇤, F ⇤
1 ,M

⇤
1 ) and (S⇤, F ⇤

2 ,M
⇤
2 ). However, on all generality, there may be more,

but an even number.

• If G(M⇤
0 ) = G(M(0)) = X(S⇤,M⇤

0 , ✏) > µF

r(1�p) = 1
R (Fig. 2B) there is at least one solution, at

which
dG

dM
=

@

@M
(X(S⇤,M(F ⇤), ✏)C(F ⇤)  0

this solution is named M⇤
2 and constitutes the endemic equilibrium (S⇤, F ⇤

2 ,M
⇤
2 ).

In the particular case where there is no residual fertility (� = ✏ = 0), X(S⇤,M⇤
0 , ✏) = X(S⇤, 0, ✏) = 0,

so this second situation cannot happen.

2.2.2 Local stability of model equilibria

We consider the Jacobian matrix of the (F,M) subsystem at S = S⇤. For readability reasons, we redefine
X(S,M, ✏) as X(M). The Jacobian matrix J(F,M) related to the system (1) is:

J(F,M) =

 
@Ḟ
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@Ḟ
@M

@Ṁ
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Figure 1 – Obtention des équilibres avec l’égalité 9. Graphique X(S,M(F ⇤
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three cases allow us to define three sub-models that we call respectively: no residual fertility (sub model
0) , cost-free residual fertility (sub model 1) and costly residual fertility (sub model 2).

2.2.1 Search for equilibria and study of their existence

Throughout our study, we assume that S, F and M are not negative since they represent population
densities. S is considered to be already at equilibrium S⇤ = (1��)�
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. Equilibria of system (1) thus solve
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We get F ⇤ = 0 or X(S⇤,M⇤, ✏)C(F ⇤) = µF

r(1�p) = 1
R with the first equation of system (4), which

allows to introduce the basic reproduction number R. R is the average number of o↵spring produced
by a female during its lifetime, so it must be greater than 1 otherwise the population is tending towards
extinction.

Thus we easily deduce the pest-free equilibrium (S⇤, 0, ��
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), where we note M⇤
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. When � = 0

it is a true pest-free equilibrium of the form (S⇤, 0, 0), whereas when � 6= 0 the male compartment is
maintained only by non-sterile males within the releases. The other equilibria are built on the values F ⇤

solutions of:
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If we note G(M(F ⇤)) = X(S⇤,M(F ⇤), ✏)C(F ⇤) the expression (5) becomes:
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which
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this solution is named M⇤
2 and constitutes the endemic equilibrium (S⇤, F ⇤
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2 ).

In the particular case where there is no residual fertility (� = ✏ = 0), X(S⇤,M⇤
0 , ✏) = X(S⇤, 0, ✏) = 0,

so this second situation cannot happen.

2.2.2 Local stability of model equilibria

We consider the Jacobian matrix of the (F,M) subsystem at S = S⇤. For readability reasons, we redefine
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1 Modèles

8
<

:

Ṡ = �µSS + (1� �)�
Ḟ = �µFF + r(1� p)X(S,M)C(F )F
Ṁ = �µMM + rpX(S,M)C(F )F + ��

(1)

avec X(M) =
M+✏⌘S

k+M+⌘S et C(F ) =
1

1+�F

� > 0, 0  �  1, @X
@M > 0, X(0,0) = 0, 0  X(S,M)  1

9M̄ � 0 tel que
@X
@S < 0 pour M > M̄

C(0)=1, C’(F) < 0, lim
F!+1

C(F ) = 0

Table 1 – Paramètres des modèles

Paramètres Description Valeurs (Unités)

F densité de femelles - (ind)
M densité de mâles - (ind)
S densité de mâles stériles - (ind)
p proportion de mâles parmi les nouveaux nés 0.50
r émergence (prend en compte l’oviposition) 1.19 (egg/~/day)
k constante de demi-saturation d’accouplement 1 (densité |)
µF taux de mortalité des femelles 0.050 (day�1)
µM taux de mortalité des mâles 0.036 (day�1)
µS taux de mortalité des mâles stériles 0.057 (day�1)
� lâchers des mâles stériles nombre ind/piège
� proportion de mâles non stériles parmi les lâchers 0.02
� compétition 0.85 (female density)�1

⌘ perte de compétitivité liée à la radiation 0.2
✏ proportion des mâles irradiés non stériles 0.1

entrâınant une descendance fertile

avec 0  ✏  1

2 Recherche des équilibres

- Isocline nulle en S :

S est considérée déjà à l’équilibre, ce qui permet d’étudier le système M et F

Ṡ = 0 () S⇤
=

(1� �)�

µS
(2)

- Isocline nulle en F :

Ḟ = 0 () F ⇤
(�µF + r(1� p)X(S,M)C(F )) = 0

F ⇤
= 0 (3)

ou

X(S,M)C(F ) =
µF

r(1� p)
=

1

R
(4)

1

G(F) = 

Infestation equilibria are the F values solutions of:

𝝈 bifurcation diagram

Study of the bifurcation diagram in 𝝈

- Isocline nulle en M :

Ṁ = 0 () �µMM⇤
+ rpX(S,M⇤

)C(F ⇤
)F ⇤

+ �� = 0

Il y a deux cas :

(1) Quand F ⇤
= 0 (3) :

Ṁ = 0

() �µMM⇤
+ �� = 0

() M⇤
=

��

µM
= M⇤

0 (5)

On obtient l’équilibre sans ravageurs :

(
(1� �)�

µS
, 0,

��

µM
)

(S⇤, 0,M⇤
0 )

(2) Quand X(S,M)C(F ) =
µF

r(1�p) (4) :

Ṁ = 0

() �µMM⇤
+ rpX(S,M⇤

)C(F ⇤
)F ⇤

+ �� = 0

() �µM +
pµF

(1� p)
F ⇤

+ �� = 0

() µMM⇤
=

pµF

(1� p)
F ⇤

+ ��

() M⇤
(F ) =

pµF

(1� p)µM
F ⇤

+
��

µM

En F = 0, on a :

M⇤
(0) =

��

µM
= M⇤

0 = (5)

Les équilibres sont les valeurs F solutions de X(S,M(F ))C(F ) =
1
R =

µF

r(1�p) pour F�0

X(S,M(F ⇤
))C(F ⇤

) =
1

R
=

µF

r(1� p)

() M⇤
(F ) + ✏⌘S⇤

k +M⇤(F ) + ⌘S⇤ · 1

1 + �F ⇤ =
1

R
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µF

r(1� p)
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M⇤

(F ) + ✏⌘ (1��)�
µS

k +M⇤(F ) + ⌘ (1��)�
µS

· 1

1 + �F ⇤ =
1

R
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µF
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Ṡ = �µSS + (1� �)�
Ḟ = �µFF + r(1� p)X(S,M)C(F )F
Ṁ = �µMM + rpX(S,M)C(F )F + ��

(1)

avec X(M) =
M+✏⌘S

k+M+⌘S et C(F ) =
1

1+�F

� > 0, 0  �  1, @X
@M > 0, X(0,0) = 0, 0  X(S,M)  1

9M̄ � 0 tel que
@X
@S < 0 pour M > M̄

C(0)=1, C’(F) < 0, lim
F!+1

C(F ) = 0

Table 1 – Paramètres des modèles

Paramètres Description Valeurs (Unités)

F densité de femelles - (ind)
M densité de mâles - (ind)
S densité de mâles stériles - (ind)
p proportion de mâles parmi les nouveaux nés 0.50
r émergence (prend en compte l’oviposition) 1.19 (egg/~/day)
k constante de demi-saturation d’accouplement 1 (densité |)
µF taux de mortalité des femelles 0.050 (day�1)
µM taux de mortalité des mâles 0.036 (day�1)
µS taux de mortalité des mâles stériles 0.057 (day�1)
� lâchers des mâles stériles nombre ind/piège
� proportion de mâles non stériles parmi les lâchers 0.02
� compétition 0.85 (female density)�1

⌘ perte de compétitivité liée à la radiation 0.2
✏ proportion des mâles irradiés non stériles 0.1

entrâınant une descendance fertile

avec 0  ✏  1

2 Recherche des équilibres

- Isocline nulle en S :

S est considérée déjà à l’équilibre, ce qui permet d’étudier le système M et F
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=
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ou
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µF
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=
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(4)

1

G(F) = 

Infestation equilibria are the F values solutions of:

𝝈 bifurcation diagram

Study of the bifurcation diagram in 𝝈
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) = f(F ⇤
).
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✏ proportion des mâles irradiés non stériles 0.1
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Ṁ = 0

() �µMM⇤
+ �� = 0

() M⇤
=

��

µM
= M⇤

0 (5)

On obtient l’équilibre sans ravageurs :

(
(1� �)�

µS
, 0,

��

µM
)

(S⇤, 0,M⇤
0 )

(2) Quand X(S,M)C(F ) =
µF

r(1�p) (4) :
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entrâınant une descendance fertile

avec 0  ✏  1

2 Recherche des équilibres
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Ṡ = 0 () S⇤
=

(1� �)�

µS
(2)

- Isocline nulle en F :
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).

Formule (6) utilisée pour réaliser le graphique F ⇤
= f( 1

R ) (Figure 1).
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() RpµF

(1� p)µM
F +

R��

µM
+

R✏⌘(1� �)�

µS
= (1 + �F ) · (k +

pµF

(1� p)µM
F +

��

µM
+ ⌘

(1� �)�

µS
)

() RpµF

(1� p)µM
F+

R��

µM
+
R✏⌘(1� �)�

µS
= (1+�F )k+(1+�F )

pµF

(1� p)µM
F+(1+�F )

��

µM
+(1+�F )(⌘

(1� �)�

µS
)

() R��

µM
+
R✏⌘(1� �)�

µS
�(1+�F )

��

µM
�(1+�F )(⌘

(1� �)�

µS
) = (1+�F )(k+

pµF

(1� p)µM
F )� RpµF

(1� p)µM
F

() �(
R�

µM
+
R✏⌘(1� �)

µS
�(1+�F )

�

µM
�(1+�F )(⌘

(1� �)

µS
)) = (1+�F )(k+

pµF

(1� p)µM
F )� RpµF

(1� p)µM
F

() � =

(1 + �F )(k +
pµF

(1�p)µM
F )� RpµF

(1�p)µM
F

R�
µM

+
R✏⌘(1��)

µS
� (1 + �F )

�
µM

� (1 + �F )(⌘ (1��)
µS

)

(7)

Formule (7) utilisée pour réaliser le graphique F ⇤
= f(�) (Figure 2).

Problème d’asymptote quand le dénominateur de (7) s’annule.

Quand � = 0 le dénominateur s’annule pour :
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Formule (7) utilisée pour réaliser le graphique F ⇤
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Problème d’asymptote quand le dénominateur de (7) s’annule.

Quand � = 0 le dénominateur s’annule pour :
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F =
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Le numérateur ne dépend ni de ✏ ni de �, c’est un polynôme du second degré dont les deux racines

sont positives donc ces deux équilibres sont identiques pour l’ensemble des courbes.
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Plusieurs cas en découle, par exemple pour ✏ = 0 :

- soit l’asymptote est en dessous des deux racines c’est-à-dire
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- soit l’asymptote est au dessus des deux racines c’est-à-dire
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= f( 1

R ) (Figure 1).
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Formule (7) utilisée pour réaliser le graphique F ⇤
= f(�) (Figure 2).

Problème d’asymptote quand le dénominateur de (7) s’annule.

Quand � = 0 le dénominateur s’annule pour :
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Formule (7) utilisée pour réaliser le graphique F ⇤
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Problème d’asymptote quand le dénominateur de (7) s’annule.

Quand � = 0 le dénominateur s’annule pour :
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Le numérateur ne dépend ni de ✏ ni de �, c’est un polynôme du second degré dont les deux racines
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= f(�) (Figure 2).

Problème d’asymptote quand le dénominateur de (7) s’annule.
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Quand ✏ = 0 le dénominateur s’annule pour :

F =
1

�
(

R�µS

�µS + ⌘(1� �)µM
� 1)

Or F > 0 donc existence d’une asymptote quand :

R�µS

�µS + ⌘(1� �)µM
� 1 > 0

() R�µS > �µS + ⌘(1� �)µM

() � >
⌘µM

RµS � µS + ⌘µS

Cas général
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Produit des racines du signe de (
c
a )

() k(1� p)µM

�pµF
> 0

Les racines sont de même signe.

Somme des racines du signe de (� b
a )

�(
pµF (1�R)
(1�p)µM

+ �k)
�pµF

(1�p)µM

() �(pµF (1�R) + �k(1� p)µM )

�pµF

() pµF (R� 1)� �k(1� p)µM

�pµF

4
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Figure 1 – Obtention des équilibres avec l’égalité 6. Graphique X(S,M(F ⇤
))C(F ⇤

) = f(F ⇤
).

Formule (6) utilisée pour réaliser le graphique F ⇤
= f( 1

R ) (Figure 1).

De l’équation 6 on cherche à isoler � :

() RpµF

(1� p)µM
F +

R��

µM
+

R✏⌘(1� �)�

µS
= (1 + �F ) · (k +

pµF

(1� p)µM
F +

��

µM
+ ⌘

(1� �)�

µS
)

() RpµF

(1� p)µM
F+

R��

µM
+
R✏⌘(1� �)�

µS
= (1+�F )k+(1+�F )

pµF

(1� p)µM
F+(1+�F )

��

µM
+(1+�F )(⌘

(1� �)�

µS
)

() R��

µM
+
R✏⌘(1� �)�

µS
�(1+�F )

��

µM
�(1+�F )(⌘

(1� �)�

µS
) = (1+�F )(k+

pµF

(1� p)µM
F )� RpµF

(1� p)µM
F

() �(
R�

µM
+
R✏⌘(1� �)

µS
�(1+�F )

�

µM
�(1+�F )(⌘

(1� �)

µS
)) = (1+�F )(k+

pµF

(1� p)µM
F )� RpµF

(1� p)µM
F

() � =

(1 + �F )(k +
pµF

(1�p)µM
F )� RpµF

(1�p)µM
F

R�
µM

+
R✏⌘(1��)

µS
� (1 + �F )

�
µM

� (1 + �F )(⌘ (1��)
µS

)

(7)

Formule (7) utilisée pour réaliser le graphique F ⇤
= f(�) (Figure 2).

Problème d’asymptote quand le dénominateur de (7) s’annule.

Quand � = 0 le dénominateur s’annule pour :

3

Existence of an asymptote when 
the denominator cancels

F =
R✏� 1

�

Or F > 0 donc existence d’une asymptote quand ✏ > 1
R

Quand ✏ = 0 le dénominateur s’annule pour :

F =
1

�
(

R�µS

�µS + ⌘(1� �)µM
� 1)

Or F > 0 donc existence d’une asymptote quand :

R�µS

�µS + ⌘(1� �)µM
� 1 > 0

() R�µS > �µS + ⌘(1� �)µM

() � >
⌘µM

RµS � µS + ⌘µS

Le numérateur ne dépend ni de ✏ ni de �, c’est un polynôme du second degré dont les deux racines

sont positives donc ces deux équilibres sont identiques pour l’ensemble des courbes.

(1 + �F )(k +
pµF

(1� p)µM
F )� RpµF

(1� p)µM
F

() �pµF

(1� p)µM
F 2

+ (
pµF (1�R)

(1� p)µM
+ �k)F + k = 0

Produit des racines du signe de (
c
a )

() k(1� p)µM

�pµF
> 0

Les racines sont de même signe.

Somme des racines du signe de (� b
a )

�(
pµF (1�R)
(1�p)µM

+ �k)
�pµF

(1�p)µM

() �(pµF (1�R) + �k(1� p)µM )

�pµF

() pµF (R� 1)� �k(1� p)µM

�pµF

La somme des racines est positive et donc les deux racines sont positives ssi :

pµF (R� 1)� �k(1� p)µM > 0

() pµF (R� 1) > �k(1� p)µM

() pµF (R� 1)

�k(1� p)µM
> 1

Plusieurs cas en découle, par exemple pour ✏ = 0 :

- soit l’asymptote est en dessous des deux racines c’est-à-dire
R✏�1

� < F ⇤
1

- soit l’asymtote est entre les eux racines c’est-à-dire F ⇤
1 < R✏�1

� < F ⇤
2

- soit l’asymptote est au dessus des deux racines c’est-à-dire
R✏�1

� > F ⇤
2

4

F =
R✏� 1

�

Or F > 0 donc existence d’une asymptote quand ✏ > 1
R

Quand ✏ = 0 le dénominateur s’annule pour :

F =
1

�
(

R�µS

�µS + ⌘(1� �)µM
� 1)

Or F > 0 donc existence d’une asymptote quand :

R�µS

�µS + ⌘(1� �)µM
� 1 > 0

() R�µS > �µS + ⌘(1� �)µM

() � >
⌘µM

RµS � µS + ⌘µS

Le numérateur ne dépend ni de ✏ ni de �, c’est un polynôme du second degré dont les deux racines

sont positives donc ces deux équilibres sont identiques pour l’ensemble des courbes.

(1 + �F )(k +
pµF

(1� p)µM
F )� RpµF

(1� p)µM
F

() �pµF

(1� p)µM
F 2

+ (
pµF (1�R)

(1� p)µM
+ �k)F + k = 0

Produit des racines du signe de (
c
a )

() k(1� p)µM

�pµF
> 0

Les racines sont de même signe.

Somme des racines du signe de (� b
a )

�(
pµF (1�R)
(1�p)µM

+ �k)
�pµF

(1�p)µM

() �(pµF (1�R) + �k(1� p)µM )

�pµF

() pµF (R� 1)� �k(1� p)µM

�pµF

La somme des racines est positive et donc les deux racines sont positives ssi :

pµF (R� 1)� �k(1� p)µM > 0

() pµF (R� 1) > �k(1� p)µM

() pµF (R� 1)

�k(1� p)µM
> 1

Plusieurs cas en découle, par exemple pour ✏ = 0 :

- soit l’asymptote est en dessous des deux racines c’est-à-dire
R✏�1

� < F ⇤
1

- soit l’asymtote est entre les eux racines c’est-à-dire F ⇤
1 < R✏�1

� < F ⇤
2

- soit l’asymptote est au dessus des deux racines c’est-à-dire
R✏�1

� > F ⇤
2

4

(2)

𝛿 = 0, 𝜖 ≠ 0

Costly fertility 
model

The denominator cancels for:

But F > 0 so existence when:

𝛿 ≠ 0, 𝜖 ≠ 0

General case

F =
R✏� 1

�

Or F > 0 donc existence d’une asymptote quand ✏ > 1
R

Quand ✏ = 0 le dénominateur s’annule pour :

F =
1

�
(

R�µS

�µS + ⌘(1� �)µM
� 1)

Or F > 0 donc existence d’une asymptote quand :

R�µS

�µS + ⌘(1� �)µM
� 1 > 0

() R�µS > �µS + ⌘(1� �)µM

() � >
⌘µM

RµS � µS + ⌘µS

Cas général

Quand ✏ et � sont di↵érents de zéro, le dénominateur s’annule pour :

F =
1

�
(
R�µS + µMR✏⌘(1� �)

�µS + µM⌘(1� �)
� 1)

Le numérateur ne dépend ni de ✏ ni de �, c’est un polynôme du second degré dont les deux racines

sont positives donc ces deux équilibres sont identiques pour l’ensemble des courbes.

(1 + �F )(k +
pµF

(1� p)µM
F )� RpµF

(1� p)µM
F

() �pµF

(1� p)µM
F 2

+ (
pµF (1�R)

(1� p)µM
+ �k)F + k = 0

Produit des racines du signe de (
c
a )

() k(1� p)µM

�pµF
> 0

Les racines sont de même signe.

Somme des racines du signe de (� b
a )

�(
pµF (1�R)
(1�p)µM

+ �k)
�pµF

(1�p)µM

() �(pµF (1�R) + �k(1� p)µM )

�pµF

() pµF (R� 1)� �k(1� p)µM

�pµF

La somme des racines est positive et donc les deux racines sont positives ssi :

4

F =
R✏� 1

�

Or F > 0 donc existence d’une asymptote quand ✏ > 1
R

Quand ✏ = 0 le dénominateur s’annule pour :

F =
1

�
(

R�µS

�µS + ⌘(1� �)µM
� 1)

Or F > 0 donc existence d’une asymptote quand :

R�µS

�µS + ⌘(1� �)µM
� 1 > 0

() R�µS > �µS + ⌘(1� �)µM

() � >
⌘µM

RµS � µS + ⌘µS

Cas général

Quand ✏ et � sont di↵érents de zéro, le dénominateur s’annule pour :

F =
1

�
(
R�µS + µMR✏⌘(1� �)

�µS + µM⌘(1� �)
� 1)

Or F > 0 donc existence d’une asymptote quand :

R�µS + µMR✏⌘(1� �)

�µS + µM⌘(1� �)
> 1

Le numérateur ne dépend ni de ✏ ni de �, c’est un polynôme du second degré dont les deux racines

sont positives donc ces deux équilibres sont identiques pour l’ensemble des courbes.

(1 + �F )(k +
pµF

(1� p)µM
F )� RpµF

(1� p)µM
F

() �pµF

(1� p)µM
F 2

+ (
pµF (1�R)

(1� p)µM
+ �k)F + k = 0

Produit des racines du signe de (
c
a )

() k(1� p)µM

�pµF
> 0

Les racines sont de même signe.

Somme des racines du signe de (� b
a )

�(
pµF (1�R)
(1�p)µM

+ �k)
�pµF

(1�p)µM

() �(pµF (1�R) + �k(1� p)µM )

�pµF

() pµF (R� 1)� �k(1� p)µM

�pµF

4

The denominator cancels for:

But F > 0 so existence when:

(1)
Cost-free 

fertility model
𝛿 ≠ 0, 𝜖 = 0

The denominator cancels for:

F =
R✏� 1

�

Or F > 0 donc existence d’une asymptote quand ✏ > 1
R

Quand ✏ = 0 le dénominateur s’annule pour :

F =
1

�
(

R�µS

�µS + ⌘(1� �)µM
� 1)

Or F > 0 donc existence d’une asymptote quand :

R�µS

�µS + ⌘(1� �)µM
� 1 > 0

() R�µS > �µS + ⌘(1� �)µM

() � >
⌘µM

RµS � µS + ⌘µS

Le numérateur ne dépend ni de ✏ ni de �, c’est un polynôme du second degré dont les deux racines

sont positives donc ces deux équilibres sont identiques pour l’ensemble des courbes.

(1 + �F )(k +
pµF

(1� p)µM
F )� RpµF

(1� p)µM
F

() �pµF

(1� p)µM
F 2

+ (
pµF (1�R)

(1� p)µM
+ �k)F + k = 0

Produit des racines du signe de (
c
a )

() k(1� p)µM

�pµF
> 0

Les racines sont de même signe.

Somme des racines du signe de (� b
a )

�(
pµF (1�R)
(1�p)µM

+ �k)
�pµF

(1�p)µM

() �(pµF (1�R) + �k(1� p)µM )

�pµF

() pµF (R� 1)� �k(1� p)µM

�pµF

La somme des racines est positive et donc les deux racines sont positives ssi :

pµF (R� 1)� �k(1� p)µM > 0

() pµF (R� 1) > �k(1� p)µM

() pµF (R� 1)

�k(1� p)µM
> 1

Plusieurs cas en découle, par exemple pour ✏ = 0 :

- soit l’asymptote est en dessous des deux racines c’est-à-dire
R✏�1

� < F ⇤
1

- soit l’asymtote est entre les eux racines c’est-à-dire F ⇤
1 < R✏�1

� < F ⇤
2

- soit l’asymptote est au dessus des deux racines c’est-à-dire
R✏�1

� > F ⇤
2

4

But F > 0 so existence when:

F =
R✏� 1

�

Or F > 0 donc existence d’une asymptote quand ✏ > 1
R

Quand ✏ = 0 le dénominateur s’annule pour :

F =
1

�
(

R�µS

�µS + ⌘(1� �)µM
� 1)

Or F > 0 donc existence d’une asymptote quand :

R�µS

�µS + ⌘(1� �)µM
� 1 > 0

() R�µS > �µS + ⌘(1� �)µM

() � >
⌘µM

RµS � µS + ⌘µM

Cas général

Quand ✏ et � sont di↵érents de zéro, le dénominateur s’annule pour :

F =
1

�
(
R�µS + µMR✏⌘(1� �)

�µS + µM⌘(1� �)
� 1)

Or F > 0 donc existence d’une asymptote quand :

R�µS + µMR✏⌘(1� �)

�µS + µM⌘(1� �)
> 1

Le numérateur ne dépend ni de ✏ ni de �, c’est un polynôme du second degré dont les deux racines

sont positives donc ces deux équilibres sont identiques pour l’ensemble des courbes.

(1 + �F )(k +
pµF

(1� p)µM
F )� RpµF

(1� p)µM
F

() �pµF

(1� p)µM
F 2

+ (
pµF (1�R)

(1� p)µM
+ �k)F + k = 0

Produit des racines du signe de (
c
a )

() k(1� p)µM

�pµF
> 0

Les racines sont de même signe.

Somme des racines du signe de (� b
a )

�(
pµF (1�R)
(1�p)µM

+ �k)
�pµF

(1�p)µM

() �(pµF (1�R) + �k(1� p)µM )

�pµF

() pµF (R� 1)� �k(1� p)µM

�pµF

4
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F =
R✏� 1

�

Or F > 0 donc existence d’une asymptote quand ✏ > 1
R

Quand ✏ = 0 le dénominateur s’annule pour :

F =
1

�
(

R�µS

�µS + ⌘(1� �)µM
� 1)

Or F > 0 donc existence d’une asymptote quand :

R�µS

�µS + ⌘(1� �)µM
� 1 > 0

() R�µS > �µS + ⌘(1� �)µM

() � >
⌘µM

RµS � µS + ⌘µS

Le numérateur ne dépend ni de ✏ ni de �, c’est un polynôme du second degré dont les deux racines

sont positives donc ces deux équilibres sont identiques pour l’ensemble des courbes.

(1 + �F )(k +
pµF

(1� p)µM
F )� RpµF

(1� p)µM
F

() �pµF

(1� p)µM
F 2

+ (
pµF (1�R)

(1� p)µM
+ �k)F + k = 0

Produit des racines du signe de (
c
a )

() k(1� p)µM

�pµF
> 0

Les racines sont de même signe.

Somme des racines du signe de (� b
a )

�(
pµF (1�R)
(1�p)µM

+ �k)
�pµF

(1�p)µM

() �(pµF (1�R) + �k(1� p)µM )

�pµF

() pµF (R� 1)� �k(1� p)µM

�pµF

La somme des racines est positive et donc les deux racines sont positives ssi :

pµF (R� 1)� �k(1� p)µM > 0

() pµF (R� 1) > �k(1� p)µM

() pµF (R� 1)

�k(1� p)µM
> 1

Plusieurs cas en découle, par exemple pour ✏ = 0 :

- soit l’asymptote est en dessous des deux racines c’est-à-dire
R✏�1

� < F ⇤
1

- soit l’asymtote est entre les eux racines c’est-à-dire F ⇤
1 < R✏�1

� < F ⇤
2

- soit l’asymptote est au dessus des deux racines c’est-à-dire
R✏�1

� > F ⇤
2

4

F =
R✏� 1

�

Or F > 0 donc existence d’une asymptote quand ✏ > 1
R

Quand ✏ = 0 le dénominateur s’annule pour :

F =
1

�
(

R�µS

�µS + ⌘(1� �)µM
� 1)

Or F > 0 donc existence d’une asymptote quand :

R�µS

�µS + ⌘(1� �)µM
� 1 > 0

() R�µS > �µS + ⌘(1� �)µM

() � >
⌘µM

RµS � µS + ⌘µS

Le numérateur ne dépend ni de ✏ ni de �, c’est un polynôme du second degré dont les deux racines

sont positives donc ces deux équilibres sont identiques pour l’ensemble des courbes.

(1 + �F )(k +
pµF

(1� p)µM
F )� RpµF

(1� p)µM
F

() �pµF

(1� p)µM
F 2

+ (
pµF (1�R)

(1� p)µM
+ �k)F + k = 0

Produit des racines du signe de (
c
a )

() k(1� p)µM

�pµF
> 0

Les racines sont de même signe.

Somme des racines du signe de (� b
a )

�(
pµF (1�R)
(1�p)µM

+ �k)
�pµF

(1�p)µM

() �(pµF (1�R) + �k(1� p)µM )

�pµF

() pµF (R� 1)� �k(1� p)µM

�pµF

La somme des racines est positive et donc les deux racines sont positives ssi :

pµF (R� 1)� �k(1� p)µM > 0

() pµF (R� 1) > �k(1� p)µM

() pµF (R� 1)

�k(1� p)µM
> 1

Plusieurs cas en découle, par exemple pour ✏ = 0 :

- soit l’asymptote est en dessous des deux racines c’est-à-dire
R✏�1

� < F ⇤
1

- soit l’asymtote est entre les eux racines c’est-à-dire F ⇤
1 < R✏�1

� < F ⇤
2

- soit l’asymptote est au dessus des deux racines c’est-à-dire
R✏�1

� > F ⇤
2

4

(2)

𝛿 = 0, 𝜖 ≠ 0

Costly fertility 
model

The denominator cancels for:

But F > 0 so existence when:
F =

R✏� 1

�

Or F > 0 donc existence d’une asymptote quand ✏ > 1
R

✏ > 0.084

Quand ✏ = 0 le dénominateur s’annule pour :

F =
1

�
(

R�µS

�µS + ⌘(1� �)µM
� 1)

Or F > 0 donc existence d’une asymptote quand :

R�µS

�µS + ⌘(1� �)µM
� 1 > 0

() R�µS > �µS + ⌘(1� �)µM

() � >
⌘µM

RµS � µS + ⌘µM

Cas général

Quand ✏ et � sont di↵érents de zéro, le dénominateur s’annule pour :

F =
1

�
(
R�µS + µMR✏⌘(1� �)

�µS + µM⌘(1� �)
� 1)

Or F > 0 donc existence d’une asymptote quand :

R�µS + µMR✏⌘(1� �)

�µS + µM⌘(1� �)
> 1

Le numérateur ne dépend ni de ✏ ni de �, c’est un polynôme du second degré dont les deux racines

sont positives donc ces deux équilibres sont identiques pour l’ensemble des courbes.

(1 + �F )(k +
pµF

(1� p)µM
F )� RpµF

(1� p)µM
F

() �pµF

(1� p)µM
F 2

+ (
pµF (1�R)

(1� p)µM
+ �k)F + k = 0

Produit des racines du signe de (
c
a )

() k(1� p)µM

�pµF
> 0

Les racines sont de même signe.

Somme des racines du signe de (� b
a )

4

FAsymptote =
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F =
R✏� 1

�

Or F > 0 donc existence d’une asymptote quand ✏ > 1
R

Quand ✏ = 0 le dénominateur s’annule pour :

F =
1

�
(

R�µS

�µS + ⌘(1� �)µM
� 1)

Or F > 0 donc existence d’une asymptote quand :

R�µS

�µS + ⌘(1� �)µM
� 1 > 0

() R�µS > �µS + ⌘(1� �)µM

() � >
⌘µM

RµS � µS + ⌘µS

Le numérateur ne dépend ni de ✏ ni de �, c’est un polynôme du second degré dont les deux racines

sont positives donc ces deux équilibres sont identiques pour l’ensemble des courbes.

(1 + �F )(k +
pµF

(1� p)µM
F )� RpµF

(1� p)µM
F

() �pµF

(1� p)µM
F 2

+ (
pµF (1�R)

(1� p)µM
+ �k)F + k = 0

Produit des racines du signe de (
c
a )

() k(1� p)µM

�pµF
> 0

Les racines sont de même signe.

Somme des racines du signe de (� b
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pµF (R� 1)� �k(1� p)µM > 0
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F =
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Le numérateur ne dépend ni de ✏ ni de �, c’est un polynôme du second degré dont les deux racines

sont positives donc ces deux équilibres sont identiques pour l’ensemble des courbes.
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The denominator cancels for:

But F > 0 so existence when:
F =

R✏� 1
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Le numérateur ne dépend ni de ✏ ni de �, c’est un polynôme du second degré dont les deux racines
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Or F > 0 donc existence d’une asymptote quand ✏ > 1
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Quand ✏ = 0 le dénominateur s’annule pour :

F =
1
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� 1 > 0
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Le numérateur ne dépend ni de ✏ ni de �, c’est un polynôme du second degré dont les deux racines

sont positives donc ces deux équilibres sont identiques pour l’ensemble des courbes.
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pµF (R� 1)� �k(1� p)µM > 0

() pµF (R� 1) > �k(1� p)µM

() pµF (R� 1)
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> 1

Plusieurs cas en découle, par exemple pour ✏ = 0 :

- soit l’asymptote est en dessous des deux racines c’est-à-dire
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- soit l’asymtote est entre les eux racines c’est-à-dire F ⇤
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Quand ✏ = 0 le dénominateur s’annule pour :
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� 1)
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� 1 > 0
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⌘µM

RµS � µS + ⌘µS

Le numérateur ne dépend ni de ✏ ni de �, c’est un polynôme du second degré dont les deux racines

sont positives donc ces deux équilibres sont identiques pour l’ensemble des courbes.
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La somme des racines est positive et donc les deux racines sont positives ssi :
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> 1
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1 < R✏�1

� < F ⇤
2
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𝛿 = 0, 𝜖 ≠ 0

Costly fertility 
model

The denominator cancels for:

But F > 0 so existence when:
F =

R✏� 1
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Or F > 0 donc existence d’une asymptote quand ✏ > 1
R

✏ > 0.084
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> 1

Le numérateur ne dépend ni de ✏ ni de �, c’est un polynôme du second degré dont les deux racines
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Quand ✏ = 0 le dénominateur s’annule pour :

F =
1
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�µS + ⌘(1� �)µM
� 1)

Or F > 0 donc existence d’une asymptote quand :

R�µS
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� 1 > 0

() R�µS > �µS + ⌘(1� �)µM

() � >
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RµS � µS + ⌘µS

Le numérateur ne dépend ni de ✏ ni de �, c’est un polynôme du second degré dont les deux racines

sont positives donc ces deux équilibres sont identiques pour l’ensemble des courbes.
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F =
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Le numérateur ne dépend ni de ✏ ni de �, c’est un polynôme du second degré dont les deux racines

sont positives donc ces deux équilibres sont identiques pour l’ensemble des courbes.
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Plusieurs cas en découle, par exemple pour ✏ = 0 :

- soit l’asymptote est en dessous des deux racines c’est-à-dire
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The denominator cancels for:
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Le numérateur ne dépend ni de ✏ ni de �, c’est un polynôme du second degré dont les deux racines
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Le numérateur ne dépend ni de ✏ ni de �, c’est un polynôme du second degré dont les deux racines

sont positives donc ces deux équilibres sont identiques pour l’ensemble des courbes.
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✏ > 0.084

Quand ✏ = 0 le dénominateur s’annule pour :

F =
1
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� 1)

Or F > 0 donc existence d’une asymptote quand :
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Le numérateur ne dépend ni de ✏ ni de �, c’est un polynôme du second degré dont les deux racines
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Le numérateur ne dépend ni de ✏ ni de �, c’est un polynôme du second degré dont les deux racines

sont positives donc ces deux équilibres sont identiques pour l’ensemble des courbes.
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1 < R✏�1

� < F ⇤
2

- soit l’asymptote est au dessus des deux racines c’est-à-dire
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The denominator cancels for:
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> 1

Le numérateur ne dépend ni de ✏ ni de �, c’est un polynôme du second degré dont les deux racines
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Quand ✏ = 0 le dénominateur s’annule pour :
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1
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� 1 > 0

() R�µS > �µS + ⌘(1� �)µM

() � >
⌘µM
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Le numérateur ne dépend ni de ✏ ni de �, c’est un polynôme du second degré dont les deux racines

sont positives donc ces deux équilibres sont identiques pour l’ensemble des courbes.
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() pµF (R� 1)� �k(1� p)µM

�pµF

La somme des racines est positive et donc les deux racines sont positives ssi :

pµF (R� 1)� �k(1� p)µM > 0

() pµF (R� 1) > �k(1� p)µM

() pµF (R� 1)

�k(1� p)µM
> 1

Plusieurs cas en découle, par exemple pour ✏ = 0 :

- soit l’asymptote est en dessous des deux racines c’est-à-dire
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1
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- soit l’asymptote est au dessus des deux racines c’est-à-dire
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Quand ✏ = 0 le dénominateur s’annule pour :

F =
1
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(

R�µS

�µS + ⌘(1� �)µM
� 1)

Or F > 0 donc existence d’une asymptote quand :

R�µS

�µS + ⌘(1� �)µM
� 1 > 0

() R�µS > �µS + ⌘(1� �)µM

() � >
⌘µM

RµS � µS + ⌘µS

Le numérateur ne dépend ni de ✏ ni de �, c’est un polynôme du second degré dont les deux racines

sont positives donc ces deux équilibres sont identiques pour l’ensemble des courbes.
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F
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F 2

+ (
pµF (1�R)

(1� p)µM
+ �k)F + k = 0
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Les racines sont de même signe.
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La somme des racines est positive et donc les deux racines sont positives ssi :

pµF (R� 1)� �k(1� p)µM > 0
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> 1
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1 < R✏�1

� < F ⇤
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𝛿 = 0, 𝜖 ≠ 0

Costly fertility 
model

The denominator cancels for:

But F > 0 so existence when:
F =

R✏� 1
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Or F > 0 donc existence d’une asymptote quand ✏ > 1
R

✏ > 0.084
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sont positives donc ces deux équilibres sont identiques pour l’ensemble des courbes.
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Quand ✏ = 0 le dénominateur s’annule pour :

F =
1

�
(

R�µS

�µS + ⌘(1� �)µM
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Le numérateur ne dépend ni de ✏ ni de �, c’est un polynôme du second degré dont les deux racines

sont positives donc ces deux équilibres sont identiques pour l’ensemble des courbes.
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pµF (R� 1)� �k(1� p)µM > 0
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Plusieurs cas en découle, par exemple pour ✏ = 0 :
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Quand ✏ = 0 le dénominateur s’annule pour :
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� 1 > 0
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() � >
⌘µM

RµS � µS + ⌘µS

Le numérateur ne dépend ni de ✏ ni de �, c’est un polynôme du second degré dont les deux racines

sont positives donc ces deux équilibres sont identiques pour l’ensemble des courbes.
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() � >
⌘µM
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Le numérateur ne dépend ni de ✏ ni de �, c’est un polynôme du second degré dont les deux racines
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pµF (R� 1)� �k(1� p)µM > 0

() pµF (R� 1) > �k(1� p)µM

() pµF (R� 1)

�k(1� p)µM
> 1

Plusieurs cas en découle, par exemple pour ✏ = 0 :

- soit l’asymptote est en dessous des deux racines c’est-à-dire
R✏�1

� < F ⇤
1

- soit l’asymtote est entre les eux racines c’est-à-dire F ⇤
1 < R✏�1

� < F ⇤
2

- soit l’asymptote est au dessus des deux racines c’est-à-dire
R✏�1

� > F ⇤
2

4

F =
R✏� 1

�

Or F > 0 donc existence d’une asymptote quand ✏ > 1
R

Quand ✏ = 0 le dénominateur s’annule pour :

F =
1

�
(

R�µS

�µS + ⌘(1� �)µM
� 1)

Or F > 0 donc existence d’une asymptote quand :

R�µS

�µS + ⌘(1� �)µM
� 1 > 0

() R�µS > �µS + ⌘(1� �)µM

() � >
⌘µM

RµS � µS + ⌘µS

Le numérateur ne dépend ni de ✏ ni de �, c’est un polynôme du second degré dont les deux racines

sont positives donc ces deux équilibres sont identiques pour l’ensemble des courbes.

(1 + �F )(k +
pµF

(1� p)µM
F )� RpµF

(1� p)µM
F

() �pµF

(1� p)µM
F 2

+ (
pµF (1�R)

(1� p)µM
+ �k)F + k = 0

Produit des racines du signe de (
c
a )

() k(1� p)µM

�pµF
> 0

Les racines sont de même signe.

Somme des racines du signe de (� b
a )

�(
pµF (1�R)
(1�p)µM

+ �k)
�pµF

(1�p)µM

() �(pµF (1�R) + �k(1� p)µM )

�pµF

() pµF (R� 1)� �k(1� p)µM

�pµF

La somme des racines est positive et donc les deux racines sont positives ssi :

pµF (R� 1)� �k(1� p)µM > 0

() pµF (R� 1) > �k(1� p)µM

() pµF (R� 1)

�k(1� p)µM
> 1

Plusieurs cas en découle, par exemple pour ✏ = 0 :

- soit l’asymptote est en dessous des deux racines c’est-à-dire
R✏�1

� < F ⇤
1

- soit l’asymtote est entre les eux racines c’est-à-dire F ⇤
1 < R✏�1

� < F ⇤
2

- soit l’asymptote est au dessus des deux racines c’est-à-dire
R✏�1

� > F ⇤
2

4

(2)

𝛿 = 0, 𝜖 ≠ 0

Costly fertility 
model

The denominator cancels for:

But F > 0 so existence when:
F =

R✏� 1

�

Or F > 0 donc existence d’une asymptote quand ✏ > 1
R

✏ > 0.084

Quand ✏ = 0 le dénominateur s’annule pour :

F =
1

�
(

R�µS

�µS + ⌘(1� �)µM
� 1)

Or F > 0 donc existence d’une asymptote quand :

R�µS

�µS + ⌘(1� �)µM
� 1 > 0

() R�µS > �µS + ⌘(1� �)µM

() � >
⌘µM

RµS � µS + ⌘µM

Cas général

Quand ✏ et � sont di↵érents de zéro, le dénominateur s’annule pour :

F =
1

�
(
R�µS + µMR✏⌘(1� �)

�µS + µM⌘(1� �)
� 1)

Or F > 0 donc existence d’une asymptote quand :

R�µS + µMR✏⌘(1� �)

�µS + µM⌘(1� �)
> 1

Le numérateur ne dépend ni de ✏ ni de �, c’est un polynôme du second degré dont les deux racines

sont positives donc ces deux équilibres sont identiques pour l’ensemble des courbes.

(1 + �F )(k +
pµF

(1� p)µM
F )� RpµF

(1� p)µM
F

() �pµF

(1� p)µM
F 2

+ (
pµF (1�R)

(1� p)µM
+ �k)F + k = 0

Produit des racines du signe de (
c
a )

() k(1� p)µM

�pµF
> 0

Les racines sont de même signe.

Somme des racines du signe de (� b
a )
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F =
R✏� 1

�

Or F > 0 donc existence d’une asymptote quand ✏ > 1
R

Quand ✏ = 0 le dénominateur s’annule pour :

F =
1

�
(

R�µS

�µS + ⌘(1� �)µM
� 1)

Or F > 0 donc existence d’une asymptote quand :

R�µS

�µS + ⌘(1� �)µM
� 1 > 0

() R�µS > �µS + ⌘(1� �)µM

() � >
⌘µM

RµS � µS + ⌘µS

Le numérateur ne dépend ni de ✏ ni de �, c’est un polynôme du second degré dont les deux racines

sont positives donc ces deux équilibres sont identiques pour l’ensemble des courbes.

(1 + �F )(k +
pµF

(1� p)µM
F )� RpµF

(1� p)µM
F

() �pµF

(1� p)µM
F 2

+ (
pµF (1�R)

(1� p)µM
+ �k)F + k = 0

Produit des racines du signe de (
c
a )

() k(1� p)µM

�pµF
> 0

Les racines sont de même signe.

Somme des racines du signe de (� b
a )

�(
pµF (1�R)
(1�p)µM

+ �k)
�pµF

(1�p)µM

() �(pµF (1�R) + �k(1� p)µM )

�pµF

() pµF (R� 1)� �k(1� p)µM

�pµF

La somme des racines est positive et donc les deux racines sont positives ssi :

pµF (R� 1)� �k(1� p)µM > 0

() pµF (R� 1) > �k(1� p)µM

() pµF (R� 1)

�k(1� p)µM
> 1

Plusieurs cas en découle, par exemple pour ✏ = 0 :

- soit l’asymptote est en dessous des deux racines c’est-à-dire
R✏�1

� < F ⇤
1

- soit l’asymtote est entre les eux racines c’est-à-dire F ⇤
1 < R✏�1

� < F ⇤
2

- soit l’asymptote est au dessus des deux racines c’est-à-dire
R✏�1

� > F ⇤
2

4

F =
R✏� 1

�

Or F > 0 donc existence d’une asymptote quand ✏ > 1
R

Quand ✏ = 0 le dénominateur s’annule pour :

F =
1

�
(

R�µS

�µS + ⌘(1� �)µM
� 1)

Or F > 0 donc existence d’une asymptote quand :

R�µS

�µS + ⌘(1� �)µM
� 1 > 0

() R�µS > �µS + ⌘(1� �)µM

() � >
⌘µM

RµS � µS + ⌘µS

Le numérateur ne dépend ni de ✏ ni de �, c’est un polynôme du second degré dont les deux racines

sont positives donc ces deux équilibres sont identiques pour l’ensemble des courbes.

(1 + �F )(k +
pµF

(1� p)µM
F )� RpµF

(1� p)µM
F

() �pµF

(1� p)µM
F 2

+ (
pµF (1�R)

(1� p)µM
+ �k)F + k = 0

Produit des racines du signe de (
c
a )

() k(1� p)µM

�pµF
> 0

Les racines sont de même signe.

Somme des racines du signe de (� b
a )

�(
pµF (1�R)
(1�p)µM

+ �k)
�pµF

(1�p)µM

() �(pµF (1�R) + �k(1� p)µM )

�pµF

() pµF (R� 1)� �k(1� p)µM

�pµF

La somme des racines est positive et donc les deux racines sont positives ssi :

pµF (R� 1)� �k(1� p)µM > 0

() pµF (R� 1) > �k(1� p)µM

() pµF (R� 1)

�k(1� p)µM
> 1

Plusieurs cas en découle, par exemple pour ✏ = 0 :

- soit l’asymptote est en dessous des deux racines c’est-à-dire
R✏�1

� < F ⇤
1

- soit l’asymtote est entre les eux racines c’est-à-dire F ⇤
1 < R✏�1

� < F ⇤
2

- soit l’asymptote est au dessus des deux racines c’est-à-dire
R✏�1

� > F ⇤
2

4

(2)

𝛿 = 0, 𝜖 ≠ 0

Costly fertility 
model

The denominator cancels for:

But F > 0 so existence when:
F =

R✏� 1

�

Or F > 0 donc existence d’une asymptote quand ✏ > 1
R

✏ > 0.084

Quand ✏ = 0 le dénominateur s’annule pour :

F =
1

�
(

R�µS

�µS + ⌘(1� �)µM
� 1)

Or F > 0 donc existence d’une asymptote quand :

R�µS

�µS + ⌘(1� �)µM
� 1 > 0

() R�µS > �µS + ⌘(1� �)µM

() � >
⌘µM

RµS � µS + ⌘µM

Cas général

Quand ✏ et � sont di↵érents de zéro, le dénominateur s’annule pour :

F =
1

�
(
R�µS + µMR✏⌘(1� �)

�µS + µM⌘(1� �)
� 1)

Or F > 0 donc existence d’une asymptote quand :

R�µS + µMR✏⌘(1� �)

�µS + µM⌘(1� �)
> 1

Le numérateur ne dépend ni de ✏ ni de �, c’est un polynôme du second degré dont les deux racines

sont positives donc ces deux équilibres sont identiques pour l’ensemble des courbes.

(1 + �F )(k +
pµF

(1� p)µM
F )� RpµF

(1� p)µM
F

() �pµF

(1� p)µM
F 2

+ (
pµF (1�R)

(1� p)µM
+ �k)F + k = 0

Produit des racines du signe de (
c
a )

() k(1� p)µM

�pµF
> 0

Les racines sont de même signe.

Somme des racines du signe de (� b
a )

4

Residual 
Fertility rate 𝜖

0.084

0.084

Fe
m

al
e 

D
en

si
ty

 (F
*)

𝝈 release rate

FAsymptote =

FAsymptote

Root1

Root2

Stable
Unstable 11/17



Introduction Model Parameters Equilibria Bifurcation diagrams DiscussionDynamics

F =
R✏� 1

�

Or F > 0 donc existence d’une asymptote quand ✏ > 1
R

Quand ✏ = 0 le dénominateur s’annule pour :

F =
1

�
(

R�µS

�µS + ⌘(1� �)µM
� 1)

Or F > 0 donc existence d’une asymptote quand :

R�µS

�µS + ⌘(1� �)µM
� 1 > 0

() R�µS > �µS + ⌘(1� �)µM

() � >
⌘µM

RµS � µS + ⌘µS

Le numérateur ne dépend ni de ✏ ni de �, c’est un polynôme du second degré dont les deux racines

sont positives donc ces deux équilibres sont identiques pour l’ensemble des courbes.

(1 + �F )(k +
pµF

(1� p)µM
F )� RpµF

(1� p)µM
F

() �pµF

(1� p)µM
F 2

+ (
pµF (1�R)

(1� p)µM
+ �k)F + k = 0

Produit des racines du signe de (
c
a )

() k(1� p)µM

�pµF
> 0

Les racines sont de même signe.

Somme des racines du signe de (� b
a )

�(
pµF (1�R)
(1�p)µM

+ �k)
�pµF

(1�p)µM

() �(pµF (1�R) + �k(1� p)µM )

�pµF

() pµF (R� 1)� �k(1� p)µM

�pµF

La somme des racines est positive et donc les deux racines sont positives ssi :

pµF (R� 1)� �k(1� p)µM > 0

() pµF (R� 1) > �k(1� p)µM

() pµF (R� 1)

�k(1� p)µM
> 1

Plusieurs cas en découle, par exemple pour ✏ = 0 :

- soit l’asymptote est en dessous des deux racines c’est-à-dire
R✏�1

� < F ⇤
1

- soit l’asymtote est entre les eux racines c’est-à-dire F ⇤
1 < R✏�1

� < F ⇤
2

- soit l’asymptote est au dessus des deux racines c’est-à-dire
R✏�1

� > F ⇤
2

4

F =
R✏� 1

�

Or F > 0 donc existence d’une asymptote quand ✏ > 1
R

Quand ✏ = 0 le dénominateur s’annule pour :

F =
1

�
(

R�µS

�µS + ⌘(1� �)µM
� 1)

Or F > 0 donc existence d’une asymptote quand :

R�µS

�µS + ⌘(1� �)µM
� 1 > 0

() R�µS > �µS + ⌘(1� �)µM

() � >
⌘µM

RµS � µS + ⌘µS

Le numérateur ne dépend ni de ✏ ni de �, c’est un polynôme du second degré dont les deux racines

sont positives donc ces deux équilibres sont identiques pour l’ensemble des courbes.

(1 + �F )(k +
pµF

(1� p)µM
F )� RpµF

(1� p)µM
F

() �pµF

(1� p)µM
F 2

+ (
pµF (1�R)

(1� p)µM
+ �k)F + k = 0

Produit des racines du signe de (
c
a )

() k(1� p)µM

�pµF
> 0

Les racines sont de même signe.

Somme des racines du signe de (� b
a )

�(
pµF (1�R)
(1�p)µM

+ �k)
�pµF

(1�p)µM

() �(pµF (1�R) + �k(1� p)µM )

�pµF

() pµF (R� 1)� �k(1� p)µM

�pµF

La somme des racines est positive et donc les deux racines sont positives ssi :

pµF (R� 1)� �k(1� p)µM > 0

() pµF (R� 1) > �k(1� p)µM

() pµF (R� 1)

�k(1� p)µM
> 1

Plusieurs cas en découle, par exemple pour ✏ = 0 :

- soit l’asymptote est en dessous des deux racines c’est-à-dire
R✏�1

� < F ⇤
1

- soit l’asymtote est entre les eux racines c’est-à-dire F ⇤
1 < R✏�1

� < F ⇤
2

- soit l’asymptote est au dessus des deux racines c’est-à-dire
R✏�1

� > F ⇤
2

4

(2)

𝛿 = 0, 𝜖 ≠ 0

Costly fertility 
model

The denominator cancels for:

But F > 0 so existence when:
F =

R✏� 1

�

Or F > 0 donc existence d’une asymptote quand ✏ > 1
R

✏ > 0.084

Quand ✏ = 0 le dénominateur s’annule pour :

F =
1

�
(

R�µS

�µS + ⌘(1� �)µM
� 1)

Or F > 0 donc existence d’une asymptote quand :

R�µS

�µS + ⌘(1� �)µM
� 1 > 0

() R�µS > �µS + ⌘(1� �)µM

() � >
⌘µM

RµS � µS + ⌘µM

Cas général

Quand ✏ et � sont di↵érents de zéro, le dénominateur s’annule pour :

F =
1

�
(
R�µS + µMR✏⌘(1� �)

�µS + µM⌘(1� �)
� 1)

Or F > 0 donc existence d’une asymptote quand :

R�µS + µMR✏⌘(1� �)

�µS + µM⌘(1� �)
> 1

Le numérateur ne dépend ni de ✏ ni de �, c’est un polynôme du second degré dont les deux racines

sont positives donc ces deux équilibres sont identiques pour l’ensemble des courbes.

(1 + �F )(k +
pµF

(1� p)µM
F )� RpµF

(1� p)µM
F

() �pµF

(1� p)µM
F 2

+ (
pµF (1�R)

(1� p)µM
+ �k)F + k = 0

Produit des racines du signe de (
c
a )

() k(1� p)µM

�pµF
> 0

Les racines sont de même signe.

Somme des racines du signe de (� b
a )
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F =
R✏� 1

�

Or F > 0 donc existence d’une asymptote quand ✏ > 1
R

Quand ✏ = 0 le dénominateur s’annule pour :

F =
1

�
(

R�µS

�µS + ⌘(1� �)µM
� 1)

Or F > 0 donc existence d’une asymptote quand :

R�µS

�µS + ⌘(1� �)µM
� 1 > 0

() R�µS > �µS + ⌘(1� �)µM

() � >
⌘µM

RµS � µS + ⌘µS

Le numérateur ne dépend ni de ✏ ni de �, c’est un polynôme du second degré dont les deux racines

sont positives donc ces deux équilibres sont identiques pour l’ensemble des courbes.

(1 + �F )(k +
pµF

(1� p)µM
F )� RpµF

(1� p)µM
F

() �pµF

(1� p)µM
F 2

+ (
pµF (1�R)

(1� p)µM
+ �k)F + k = 0

Produit des racines du signe de (
c
a )

() k(1� p)µM

�pµF
> 0

Les racines sont de même signe.

Somme des racines du signe de (� b
a )

�(
pµF (1�R)
(1�p)µM

+ �k)
�pµF

(1�p)µM

() �(pµF (1�R) + �k(1� p)µM )

�pµF

() pµF (R� 1)� �k(1� p)µM

�pµF

La somme des racines est positive et donc les deux racines sont positives ssi :

pµF (R� 1)� �k(1� p)µM > 0

() pµF (R� 1) > �k(1� p)µM

() pµF (R� 1)

�k(1� p)µM
> 1

Plusieurs cas en découle, par exemple pour ✏ = 0 :

- soit l’asymptote est en dessous des deux racines c’est-à-dire
R✏�1

� < F ⇤
1

- soit l’asymtote est entre les eux racines c’est-à-dire F ⇤
1 < R✏�1

� < F ⇤
2

- soit l’asymptote est au dessus des deux racines c’est-à-dire
R✏�1

� > F ⇤
2

4

F =
R✏� 1

�

Or F > 0 donc existence d’une asymptote quand ✏ > 1
R

Quand ✏ = 0 le dénominateur s’annule pour :

F =
1

�
(

R�µS

�µS + ⌘(1� �)µM
� 1)

Or F > 0 donc existence d’une asymptote quand :

R�µS

�µS + ⌘(1� �)µM
� 1 > 0

() R�µS > �µS + ⌘(1� �)µM

() � >
⌘µM

RµS � µS + ⌘µS

Le numérateur ne dépend ni de ✏ ni de �, c’est un polynôme du second degré dont les deux racines

sont positives donc ces deux équilibres sont identiques pour l’ensemble des courbes.

(1 + �F )(k +
pµF

(1� p)µM
F )� RpµF

(1� p)µM
F

() �pµF

(1� p)µM
F 2

+ (
pµF (1�R)

(1� p)µM
+ �k)F + k = 0

Produit des racines du signe de (
c
a )

() k(1� p)µM

�pµF
> 0

Les racines sont de même signe.

Somme des racines du signe de (� b
a )

�(
pµF (1�R)
(1�p)µM

+ �k)
�pµF

(1�p)µM

() �(pµF (1�R) + �k(1� p)µM )

�pµF

() pµF (R� 1)� �k(1� p)µM

�pµF

La somme des racines est positive et donc les deux racines sont positives ssi :

pµF (R� 1)� �k(1� p)µM > 0

() pµF (R� 1) > �k(1� p)µM

() pµF (R� 1)

�k(1� p)µM
> 1

Plusieurs cas en découle, par exemple pour ✏ = 0 :

- soit l’asymptote est en dessous des deux racines c’est-à-dire
R✏�1

� < F ⇤
1

- soit l’asymtote est entre les eux racines c’est-à-dire F ⇤
1 < R✏�1

� < F ⇤
2

- soit l’asymptote est au dessus des deux racines c’est-à-dire
R✏�1

� > F ⇤
2

4

(2)

𝛿 = 0, 𝜖 ≠ 0

Costly fertility 
model

The denominator cancels for:

But F > 0 so existence when:
F =

R✏� 1

�

Or F > 0 donc existence d’une asymptote quand ✏ > 1
R

✏ > 0.084

Quand ✏ = 0 le dénominateur s’annule pour :

F =
1

�
(

R�µS

�µS + ⌘(1� �)µM
� 1)

Or F > 0 donc existence d’une asymptote quand :

R�µS

�µS + ⌘(1� �)µM
� 1 > 0

() R�µS > �µS + ⌘(1� �)µM

() � >
⌘µM

RµS � µS + ⌘µM

Cas général

Quand ✏ et � sont di↵érents de zéro, le dénominateur s’annule pour :

F =
1

�
(
R�µS + µMR✏⌘(1� �)

�µS + µM⌘(1� �)
� 1)

Or F > 0 donc existence d’une asymptote quand :

R�µS + µMR✏⌘(1� �)

�µS + µM⌘(1� �)
> 1

Le numérateur ne dépend ni de ✏ ni de �, c’est un polynôme du second degré dont les deux racines

sont positives donc ces deux équilibres sont identiques pour l’ensemble des courbes.

(1 + �F )(k +
pµF

(1� p)µM
F )� RpµF

(1� p)µM
F

() �pµF

(1� p)µM
F 2

+ (
pµF (1�R)

(1� p)µM
+ �k)F + k = 0

Produit des racines du signe de (
c
a )

() k(1� p)µM

�pµF
> 0

Les racines sont de même signe.

Somme des racines du signe de (� b
a )
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F =
R✏� 1

�

Or F > 0 donc existence d’une asymptote quand ✏ > 1
R

Quand ✏ = 0 le dénominateur s’annule pour :

F =
1

�
(

R�µS

�µS + ⌘(1� �)µM
� 1)

Or F > 0 donc existence d’une asymptote quand :

R�µS

�µS + ⌘(1� �)µM
� 1 > 0

() R�µS > �µS + ⌘(1� �)µM

() � >
⌘µM

RµS � µS + ⌘µS

Le numérateur ne dépend ni de ✏ ni de �, c’est un polynôme du second degré dont les deux racines

sont positives donc ces deux équilibres sont identiques pour l’ensemble des courbes.

(1 + �F )(k +
pµF

(1� p)µM
F )� RpµF

(1� p)µM
F

() �pµF

(1� p)µM
F 2

+ (
pµF (1�R)

(1� p)µM
+ �k)F + k = 0

Produit des racines du signe de (
c
a )

() k(1� p)µM

�pµF
> 0

Les racines sont de même signe.

Somme des racines du signe de (� b
a )

�(
pµF (1�R)
(1�p)µM

+ �k)
�pµF

(1�p)µM

() �(pµF (1�R) + �k(1� p)µM )

�pµF

() pµF (R� 1)� �k(1� p)µM

�pµF

La somme des racines est positive et donc les deux racines sont positives ssi :

pµF (R� 1)� �k(1� p)µM > 0

() pµF (R� 1) > �k(1� p)µM

() pµF (R� 1)

�k(1� p)µM
> 1

Plusieurs cas en découle, par exemple pour ✏ = 0 :

- soit l’asymptote est en dessous des deux racines c’est-à-dire
R✏�1

� < F ⇤
1

- soit l’asymtote est entre les eux racines c’est-à-dire F ⇤
1 < R✏�1

� < F ⇤
2

- soit l’asymptote est au dessus des deux racines c’est-à-dire
R✏�1

� > F ⇤
2

4

F =
R✏� 1

�

Or F > 0 donc existence d’une asymptote quand ✏ > 1
R

Quand ✏ = 0 le dénominateur s’annule pour :

F =
1

�
(

R�µS

�µS + ⌘(1� �)µM
� 1)

Or F > 0 donc existence d’une asymptote quand :

R�µS

�µS + ⌘(1� �)µM
� 1 > 0

() R�µS > �µS + ⌘(1� �)µM

() � >
⌘µM

RµS � µS + ⌘µS

Le numérateur ne dépend ni de ✏ ni de �, c’est un polynôme du second degré dont les deux racines

sont positives donc ces deux équilibres sont identiques pour l’ensemble des courbes.

(1 + �F )(k +
pµF

(1� p)µM
F )� RpµF

(1� p)µM
F

() �pµF

(1� p)µM
F 2

+ (
pµF (1�R)

(1� p)µM
+ �k)F + k = 0

Produit des racines du signe de (
c
a )

() k(1� p)µM

�pµF
> 0

Les racines sont de même signe.

Somme des racines du signe de (� b
a )

�(
pµF (1�R)
(1�p)µM

+ �k)
�pµF

(1�p)µM

() �(pµF (1�R) + �k(1� p)µM )

�pµF

() pµF (R� 1)� �k(1� p)µM

�pµF

La somme des racines est positive et donc les deux racines sont positives ssi :

pµF (R� 1)� �k(1� p)µM > 0

() pµF (R� 1) > �k(1� p)µM

() pµF (R� 1)

�k(1� p)µM
> 1

Plusieurs cas en découle, par exemple pour ✏ = 0 :

- soit l’asymptote est en dessous des deux racines c’est-à-dire
R✏�1

� < F ⇤
1

- soit l’asymtote est entre les eux racines c’est-à-dire F ⇤
1 < R✏�1

� < F ⇤
2

- soit l’asymptote est au dessus des deux racines c’est-à-dire
R✏�1

� > F ⇤
2

4

(2)

𝛿 = 0, 𝜖 ≠ 0

Costly fertility 
model

The denominator cancels for:

But F > 0 so existence when:
F =

R✏� 1

�

Or F > 0 donc existence d’une asymptote quand ✏ > 1
R

✏ > 0.084

Quand ✏ = 0 le dénominateur s’annule pour :

F =
1

�
(

R�µS

�µS + ⌘(1� �)µM
� 1)

Or F > 0 donc existence d’une asymptote quand :

R�µS

�µS + ⌘(1� �)µM
� 1 > 0

() R�µS > �µS + ⌘(1� �)µM

() � >
⌘µM

RµS � µS + ⌘µM

Cas général

Quand ✏ et � sont di↵érents de zéro, le dénominateur s’annule pour :

F =
1

�
(
R�µS + µMR✏⌘(1� �)

�µS + µM⌘(1� �)
� 1)

Or F > 0 donc existence d’une asymptote quand :

R�µS + µMR✏⌘(1� �)

�µS + µM⌘(1� �)
> 1

Le numérateur ne dépend ni de ✏ ni de �, c’est un polynôme du second degré dont les deux racines

sont positives donc ces deux équilibres sont identiques pour l’ensemble des courbes.

(1 + �F )(k +
pµF

(1� p)µM
F )� RpµF

(1� p)µM
F

() �pµF

(1� p)µM
F 2

+ (
pµF (1�R)

(1� p)µM
+ �k)F + k = 0

Produit des racines du signe de (
c
a )

() k(1� p)µM

�pµF
> 0

Les racines sont de même signe.

Somme des racines du signe de (� b
a )
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F =
R✏� 1

�

Or F > 0 donc existence d’une asymptote quand ✏ > 1
R

Quand ✏ = 0 le dénominateur s’annule pour :

F =
1

�
(

R�µS

�µS + ⌘(1� �)µM
� 1)

Or F > 0 donc existence d’une asymptote quand :

R�µS

�µS + ⌘(1� �)µM
� 1 > 0

() R�µS > �µS + ⌘(1� �)µM

() � >
⌘µM

RµS � µS + ⌘µS

Le numérateur ne dépend ni de ✏ ni de �, c’est un polynôme du second degré dont les deux racines

sont positives donc ces deux équilibres sont identiques pour l’ensemble des courbes.

(1 + �F )(k +
pµF

(1� p)µM
F )� RpµF

(1� p)µM
F

() �pµF

(1� p)µM
F 2

+ (
pµF (1�R)

(1� p)µM
+ �k)F + k = 0

Produit des racines du signe de (
c
a )

() k(1� p)µM

�pµF
> 0

Les racines sont de même signe.

Somme des racines du signe de (� b
a )

�(
pµF (1�R)
(1�p)µM

+ �k)
�pµF

(1�p)µM

() �(pµF (1�R) + �k(1� p)µM )

�pµF

() pµF (R� 1)� �k(1� p)µM

�pµF

La somme des racines est positive et donc les deux racines sont positives ssi :

pµF (R� 1)� �k(1� p)µM > 0

() pµF (R� 1) > �k(1� p)µM

() pµF (R� 1)

�k(1� p)µM
> 1

Plusieurs cas en découle, par exemple pour ✏ = 0 :

- soit l’asymptote est en dessous des deux racines c’est-à-dire
R✏�1

� < F ⇤
1

- soit l’asymtote est entre les eux racines c’est-à-dire F ⇤
1 < R✏�1

� < F ⇤
2

- soit l’asymptote est au dessus des deux racines c’est-à-dire
R✏�1

� > F ⇤
2

4

F =
R✏� 1

�

Or F > 0 donc existence d’une asymptote quand ✏ > 1
R

Quand ✏ = 0 le dénominateur s’annule pour :

F =
1

�
(

R�µS

�µS + ⌘(1� �)µM
� 1)

Or F > 0 donc existence d’une asymptote quand :

R�µS

�µS + ⌘(1� �)µM
� 1 > 0

() R�µS > �µS + ⌘(1� �)µM

() � >
⌘µM

RµS � µS + ⌘µS

Le numérateur ne dépend ni de ✏ ni de �, c’est un polynôme du second degré dont les deux racines

sont positives donc ces deux équilibres sont identiques pour l’ensemble des courbes.

(1 + �F )(k +
pµF

(1� p)µM
F )� RpµF

(1� p)µM
F

() �pµF

(1� p)µM
F 2

+ (
pµF (1�R)

(1� p)µM
+ �k)F + k = 0

Produit des racines du signe de (
c
a )

() k(1� p)µM

�pµF
> 0

Les racines sont de même signe.

Somme des racines du signe de (� b
a )

�(
pµF (1�R)
(1�p)µM

+ �k)
�pµF

(1�p)µM

() �(pµF (1�R) + �k(1� p)µM )

�pµF

() pµF (R� 1)� �k(1� p)µM

�pµF

La somme des racines est positive et donc les deux racines sont positives ssi :

pµF (R� 1)� �k(1� p)µM > 0

() pµF (R� 1) > �k(1� p)µM

() pµF (R� 1)

�k(1� p)µM
> 1

Plusieurs cas en découle, par exemple pour ✏ = 0 :

- soit l’asymptote est en dessous des deux racines c’est-à-dire
R✏�1

� < F ⇤
1

- soit l’asymtote est entre les eux racines c’est-à-dire F ⇤
1 < R✏�1

� < F ⇤
2

- soit l’asymptote est au dessus des deux racines c’est-à-dire
R✏�1

� > F ⇤
2

4

(2)

𝛿 = 0, 𝜖 ≠ 0

Costly fertility 
model

The denominator cancels for:

But F > 0 so existence when:
F =

R✏� 1

�

Or F > 0 donc existence d’une asymptote quand ✏ > 1
R

✏ > 0.084

Quand ✏ = 0 le dénominateur s’annule pour :

F =
1

�
(

R�µS

�µS + ⌘(1� �)µM
� 1)

Or F > 0 donc existence d’une asymptote quand :

R�µS

�µS + ⌘(1� �)µM
� 1 > 0

() R�µS > �µS + ⌘(1� �)µM

() � >
⌘µM

RµS � µS + ⌘µM

Cas général

Quand ✏ et � sont di↵érents de zéro, le dénominateur s’annule pour :

F =
1

�
(
R�µS + µMR✏⌘(1� �)

�µS + µM⌘(1� �)
� 1)

Or F > 0 donc existence d’une asymptote quand :

R�µS + µMR✏⌘(1� �)

�µS + µM⌘(1� �)
> 1

Le numérateur ne dépend ni de ✏ ni de �, c’est un polynôme du second degré dont les deux racines

sont positives donc ces deux équilibres sont identiques pour l’ensemble des courbes.

(1 + �F )(k +
pµF

(1� p)µM
F )� RpµF

(1� p)µM
F

() �pµF

(1� p)µM
F 2

+ (
pµF (1�R)

(1� p)µM
+ �k)F + k = 0

Produit des racines du signe de (
c
a )

() k(1� p)µM

�pµF
> 0

Les racines sont de même signe.

Somme des racines du signe de (� b
a )
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F =
R✏� 1

�

Or F > 0 donc existence d’une asymptote quand ✏ > 1
R

Quand ✏ = 0 le dénominateur s’annule pour :

F =
1

�
(

R�µS

�µS + ⌘(1� �)µM
� 1)

Or F > 0 donc existence d’une asymptote quand :

R�µS

�µS + ⌘(1� �)µM
� 1 > 0

() R�µS > �µS + ⌘(1� �)µM

() � >
⌘µM

RµS � µS + ⌘µS

Le numérateur ne dépend ni de ✏ ni de �, c’est un polynôme du second degré dont les deux racines

sont positives donc ces deux équilibres sont identiques pour l’ensemble des courbes.

(1 + �F )(k +
pµF

(1� p)µM
F )� RpµF

(1� p)µM
F

() �pµF

(1� p)µM
F 2

+ (
pµF (1�R)

(1� p)µM
+ �k)F + k = 0

Produit des racines du signe de (
c
a )

() k(1� p)µM

�pµF
> 0

Les racines sont de même signe.

Somme des racines du signe de (� b
a )

�(
pµF (1�R)
(1�p)µM

+ �k)
�pµF

(1�p)µM

() �(pµF (1�R) + �k(1� p)µM )

�pµF

() pµF (R� 1)� �k(1� p)µM

�pµF

La somme des racines est positive et donc les deux racines sont positives ssi :

pµF (R� 1)� �k(1� p)µM > 0

() pµF (R� 1) > �k(1� p)µM

() pµF (R� 1)

�k(1� p)µM
> 1

Plusieurs cas en découle, par exemple pour ✏ = 0 :

- soit l’asymptote est en dessous des deux racines c’est-à-dire
R✏�1

� < F ⇤
1

- soit l’asymtote est entre les eux racines c’est-à-dire F ⇤
1 < R✏�1

� < F ⇤
2

- soit l’asymptote est au dessus des deux racines c’est-à-dire
R✏�1

� > F ⇤
2

4

F =
R✏� 1

�

Or F > 0 donc existence d’une asymptote quand ✏ > 1
R

Quand ✏ = 0 le dénominateur s’annule pour :

F =
1

�
(

R�µS

�µS + ⌘(1� �)µM
� 1)

Or F > 0 donc existence d’une asymptote quand :

R�µS

�µS + ⌘(1� �)µM
� 1 > 0

() R�µS > �µS + ⌘(1� �)µM

() � >
⌘µM

RµS � µS + ⌘µS

Le numérateur ne dépend ni de ✏ ni de �, c’est un polynôme du second degré dont les deux racines

sont positives donc ces deux équilibres sont identiques pour l’ensemble des courbes.

(1 + �F )(k +
pµF

(1� p)µM
F )� RpµF

(1� p)µM
F

() �pµF

(1� p)µM
F 2

+ (
pµF (1�R)

(1� p)µM
+ �k)F + k = 0

Produit des racines du signe de (
c
a )

() k(1� p)µM

�pµF
> 0

Les racines sont de même signe.

Somme des racines du signe de (� b
a )

�(
pµF (1�R)
(1�p)µM

+ �k)
�pµF

(1�p)µM

() �(pµF (1�R) + �k(1� p)µM )

�pµF

() pµF (R� 1)� �k(1� p)µM

�pµF

La somme des racines est positive et donc les deux racines sont positives ssi :

pµF (R� 1)� �k(1� p)µM > 0

() pµF (R� 1) > �k(1� p)µM

() pµF (R� 1)

�k(1� p)µM
> 1

Plusieurs cas en découle, par exemple pour ✏ = 0 :

- soit l’asymptote est en dessous des deux racines c’est-à-dire
R✏�1

� < F ⇤
1

- soit l’asymtote est entre les eux racines c’est-à-dire F ⇤
1 < R✏�1

� < F ⇤
2

- soit l’asymptote est au dessus des deux racines c’est-à-dire
R✏�1

� > F ⇤
2

4

(2)

𝛿 = 0, 𝜖 ≠ 0

Costly fertility 
model

The denominator cancels for:

But F > 0 so existence when:
F =

R✏� 1

�

Or F > 0 donc existence d’une asymptote quand ✏ > 1
R

✏ > 0.084

Quand ✏ = 0 le dénominateur s’annule pour :

F =
1

�
(

R�µS

�µS + ⌘(1� �)µM
� 1)

Or F > 0 donc existence d’une asymptote quand :

R�µS

�µS + ⌘(1� �)µM
� 1 > 0

() R�µS > �µS + ⌘(1� �)µM

() � >
⌘µM

RµS � µS + ⌘µM

Cas général

Quand ✏ et � sont di↵érents de zéro, le dénominateur s’annule pour :

F =
1

�
(
R�µS + µMR✏⌘(1� �)

�µS + µM⌘(1� �)
� 1)

Or F > 0 donc existence d’une asymptote quand :

R�µS + µMR✏⌘(1� �)

�µS + µM⌘(1� �)
> 1

Le numérateur ne dépend ni de ✏ ni de �, c’est un polynôme du second degré dont les deux racines

sont positives donc ces deux équilibres sont identiques pour l’ensemble des courbes.

(1 + �F )(k +
pµF

(1� p)µM
F )� RpµF

(1� p)µM
F

() �pµF

(1� p)µM
F 2

+ (
pµF (1�R)

(1� p)µM
+ �k)F + k = 0

Produit des racines du signe de (
c
a )

() k(1� p)µM

�pµF
> 0

Les racines sont de même signe.

Somme des racines du signe de (� b
a )
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F =
R✏� 1

�

Or F > 0 donc existence d’une asymptote quand ✏ > 1
R

Quand ✏ = 0 le dénominateur s’annule pour :

F =
1

�
(

R�µS

�µS + ⌘(1� �)µM
� 1)

Or F > 0 donc existence d’une asymptote quand :

R�µS

�µS + ⌘(1� �)µM
� 1 > 0

() R�µS > �µS + ⌘(1� �)µM

() � >
⌘µM

RµS � µS + ⌘µS

Le numérateur ne dépend ni de ✏ ni de �, c’est un polynôme du second degré dont les deux racines

sont positives donc ces deux équilibres sont identiques pour l’ensemble des courbes.

(1 + �F )(k +
pµF

(1� p)µM
F )� RpµF

(1� p)µM
F

() �pµF

(1� p)µM
F 2

+ (
pµF (1�R)

(1� p)µM
+ �k)F + k = 0

Produit des racines du signe de (
c
a )

() k(1� p)µM

�pµF
> 0

Les racines sont de même signe.

Somme des racines du signe de (� b
a )

�(
pµF (1�R)
(1�p)µM

+ �k)
�pµF

(1�p)µM

() �(pµF (1�R) + �k(1� p)µM )

�pµF

() pµF (R� 1)� �k(1� p)µM

�pµF

La somme des racines est positive et donc les deux racines sont positives ssi :

pµF (R� 1)� �k(1� p)µM > 0

() pµF (R� 1) > �k(1� p)µM

() pµF (R� 1)

�k(1� p)µM
> 1

Plusieurs cas en découle, par exemple pour ✏ = 0 :

- soit l’asymptote est en dessous des deux racines c’est-à-dire
R✏�1

� < F ⇤
1
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Plusieurs cas en découle, par exemple pour ✏ = 0 :

- soit l’asymptote est en dessous des deux racines c’est-à-dire
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1 < R✏�1

� < F ⇤
2

- soit l’asymptote est au dessus des deux racines c’est-à-dire
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1 < R✏�1

� < F ⇤
2

- soit l’asymptote est au dessus des deux racines c’est-à-dire
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Results - Discussion

Model[2]
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Conclusion

• Strong impact of RF on SIT efficiency • For costly RF, SIT is effective at higher release rates  
• For SIT effectiveness with 2% of RF: releases of at least 500 sterile males per day per ha (! = 5)
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7 Conclusion

Ce stage avait pour objectif de modéliser la dynamique des populations de Ceratitis capitata dans le
cadre de la technique de l’insecte stérile (TIS), c’est-à-dire en considérant un paramètre � représentant
le nombre de mâles stériles lâchés dans les di↵érents modèles établis. L’étude des modèles a permis de
donner accès à un seuil � minimal entrainant un déclin de la population de cératites pour chacun des
modèles. Ce seuil di↵ère considérablement pour le modèle prenant en compte l’erreur de stérilisation
dans la probabilité de fécondation par rapport aux deux autres modèles, dont l’un considère que
tous les mâles irradiés sont stériles, et l’autre ajoute les mâles irradiés non stériles au compartiment
des mâles fertiles. Ces résultats suggèrent que la prise en compte de l’erreur de stérilisation dans les
modèles peut encore être a�née, notamment avec les données de laboratoire pour préciser le taux de
stérilité résiduelle. Cependant, dans le cas de la TIS des lâchers inondatifs sont e↵ectués, il vaut donc
mieux lâcher trop de mâles stériles que pas assez, ainsi le seuil trouvé pour le modèle 2, modèle tenant
compte de l’erreur de stérilisation des mâles en impactant la probabilité de fécondation, semble être le
plus adapté. En e↵et, le seuil obtenu dans le cas de ce modèle permettrait de lâcher su�samment de
mâles stériles pour qu’un e↵et soit significatif sur la population de cératites, tout en limitant le nombre
d’individus lâchés pour limiter le coût de cette technique biologique. De plus dans cette étude, des
lâchers continus ont été considérés, il pourrait être intéressant de faire une comparaison en considérant
des lâchers périodiques pour déterminer la stratégie la plus optimale dans le cadre de la technique de
l’insecte stérile.

Articles consultés pour cette étude :
- modèles sur la technique de l’insecte stérile [3, 2, 1]
- modèle sur Ceratitis capitata [4]
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7 Conclusion

Ce stage avait pour objectif de modéliser la dynamique des populations de Ceratitis capitata dans le
cadre de la technique de l’insecte stérile (TIS), c’est-à-dire en considérant un paramètre � représentant
le nombre de mâles stériles lâchés dans les di↵érents modèles établis. L’étude des modèles a permis de
donner accès à un seuil � minimal entrainant un déclin de la population de cératites pour chacun des
modèles. Ce seuil di↵ère considérablement pour le modèle prenant en compte l’erreur de stérilisation
dans la probabilité de fécondation par rapport aux deux autres modèles, dont l’un considère que
tous les mâles irradiés sont stériles, et l’autre ajoute les mâles irradiés non stériles au compartiment
des mâles fertiles. Ces résultats suggèrent que la prise en compte de l’erreur de stérilisation dans les
modèles peut encore être a�née, notamment avec les données de laboratoire pour préciser le taux de
stérilité résiduelle. Cependant, dans le cas de la TIS des lâchers inondatifs sont e↵ectués, il vaut donc
mieux lâcher trop de mâles stériles que pas assez, ainsi le seuil trouvé pour le modèle 2, modèle tenant
compte de l’erreur de stérilisation des mâles en impactant la probabilité de fécondation, semble être le
plus adapté. En e↵et, le seuil obtenu dans le cas de ce modèle permettrait de lâcher su�samment de
mâles stériles pour qu’un e↵et soit significatif sur la population de cératites, tout en limitant le nombre
d’individus lâchés pour limiter le coût de cette technique biologique. De plus dans cette étude, des
lâchers continus ont été considérés, il pourrait être intéressant de faire une comparaison en considérant
des lâchers périodiques pour déterminer la stratégie la plus optimale dans le cadre de la technique de
l’insecte stérile.

Articles consultés pour cette étude :
- modèles sur la technique de l’insecte stérile [3, 2, 1]
- modèle sur Ceratitis capitata [4]
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7 Conclusion

Ce stage avait pour objectif de modéliser la dynamique des populations de Ceratitis capitata dans le
cadre de la technique de l’insecte stérile (TIS), c’est-à-dire en considérant un paramètre � représentant
le nombre de mâles stériles lâchés dans les di↵érents modèles établis. L’étude des modèles a permis de
donner accès à un seuil � minimal entrainant un déclin de la population de cératites pour chacun des
modèles. Ce seuil di↵ère considérablement pour le modèle prenant en compte l’erreur de stérilisation
dans la probabilité de fécondation par rapport aux deux autres modèles, dont l’un considère que
tous les mâles irradiés sont stériles, et l’autre ajoute les mâles irradiés non stériles au compartiment
des mâles fertiles. Ces résultats suggèrent que la prise en compte de l’erreur de stérilisation dans les
modèles peut encore être a�née, notamment avec les données de laboratoire pour préciser le taux de
stérilité résiduelle. Cependant, dans le cas de la TIS des lâchers inondatifs sont e↵ectués, il vaut donc
mieux lâcher trop de mâles stériles que pas assez, ainsi le seuil trouvé pour le modèle 2, modèle tenant
compte de l’erreur de stérilisation des mâles en impactant la probabilité de fécondation, semble être le
plus adapté. En e↵et, le seuil obtenu dans le cas de ce modèle permettrait de lâcher su�samment de
mâles stériles pour qu’un e↵et soit significatif sur la population de cératites, tout en limitant le nombre
d’individus lâchés pour limiter le coût de cette technique biologique. De plus dans cette étude, des
lâchers continus ont été considérés, il pourrait être intéressant de faire une comparaison en considérant
des lâchers périodiques pour déterminer la stratégie la plus optimale dans le cadre de la technique de
l’insecte stérile.
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7 Conclusion

Ce stage avait pour objectif de modéliser la dynamique des populations de Ceratitis capitata dans le
cadre de la technique de l’insecte stérile (TIS), c’est-à-dire en considérant un paramètre � représentant
le nombre de mâles stériles lâchés dans les di↵érents modèles établis. L’étude des modèles a permis de
donner accès à un seuil � minimal entrainant un déclin de la population de cératites pour chacun des
modèles. Ce seuil di↵ère considérablement pour le modèle prenant en compte l’erreur de stérilisation
dans la probabilité de fécondation par rapport aux deux autres modèles, dont l’un considère que
tous les mâles irradiés sont stériles, et l’autre ajoute les mâles irradiés non stériles au compartiment
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mâles stériles pour qu’un e↵et soit significatif sur la population de cératites, tout en limitant le nombre
d’individus lâchés pour limiter le coût de cette technique biologique. De plus dans cette étude, des
lâchers continus ont été considérés, il pourrait être intéressant de faire une comparaison en considérant
des lâchers périodiques pour déterminer la stratégie la plus optimale dans le cadre de la technique de
l’insecte stérile.
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7 Conclusion

Ce stage avait pour objectif de modéliser la dynamique des populations de Ceratitis capitata dans le
cadre de la technique de l’insecte stérile (TIS), c’est-à-dire en considérant un paramètre � représentant
le nombre de mâles stériles lâchés dans les di↵érents modèles établis. L’étude des modèles a permis de
donner accès à un seuil � minimal entrainant un déclin de la population de cératites pour chacun des
modèles. Ce seuil di↵ère considérablement pour le modèle prenant en compte l’erreur de stérilisation
dans la probabilité de fécondation par rapport aux deux autres modèles, dont l’un considère que
tous les mâles irradiés sont stériles, et l’autre ajoute les mâles irradiés non stériles au compartiment
des mâles fertiles. Ces résultats suggèrent que la prise en compte de l’erreur de stérilisation dans les
modèles peut encore être a�née, notamment avec les données de laboratoire pour préciser le taux de
stérilité résiduelle. Cependant, dans le cas de la TIS des lâchers inondatifs sont e↵ectués, il vaut donc
mieux lâcher trop de mâles stériles que pas assez, ainsi le seuil trouvé pour le modèle 2, modèle tenant
compte de l’erreur de stérilisation des mâles en impactant la probabilité de fécondation, semble être le
plus adapté. En e↵et, le seuil obtenu dans le cas de ce modèle permettrait de lâcher su�samment de
mâles stériles pour qu’un e↵et soit significatif sur la population de cératites, tout en limitant le nombre
d’individus lâchés pour limiter le coût de cette technique biologique. De plus dans cette étude, des
lâchers continus ont été considérés, il pourrait être intéressant de faire une comparaison en considérant
des lâchers périodiques pour déterminer la stratégie la plus optimale dans le cadre de la technique de
l’insecte stérile.

Articles consultés pour cette étude :
- modèles sur la technique de l’insecte stérile [3, 2, 1]
- modèle sur Ceratitis capitata [4]
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Figure 6: Minimum � release threshold, expressed per unit of area and of time, to ensure SIT e↵ectiveness.

adapting the number � of individuals released (Shape 1). For intermediate fertility rates, the e�ciency
is equivalent to the previous case (Shape 1’). Finally, for higher residual fertility rates, SIT cannot lead
to the eradication of the pest population but in the best case to a reduction of its density depending on
the residual fertility rate (Shape 2). For even higher residual fertility rates, the population is fed, which
is unrealistic (Shape 3). Numerical simulations to visualise these di↵erent situations are presented in
Annex 9.

The previously stated shape 1 is obtained when Fasymptote < 0 which provided the maximum tolerable
residual fertility thresholds to have the possibility to eradicate the population. We have thus obtained:

� =
⌘µM

RµS � µS + ⌘µM
= 0.011 (10)

for the submodel 1, and:

✏ =
1

R
= 0.084 (11)

for the submodel 2.
In the case where eradication is not possible regardless of the level of � releases, the population

reduction must be significant for the technique to be considered e↵ective. Thus, the maximum residual
fertility rate allowing a 90% reduction in the population density was determined by solving :

Fasymptote = qF2 (12)

with q = 0.1
Analytically the resolution has been achieved for k = � = 0 and the tolerable residual fertility threshold

is:

✏ =
1

R
+ q(1� 1

R
) (13)

For the submodel 1 where ✏ = 0:

� =
(q�F2 + 1)µM⌘

RµS + (q�F2 + 1)(µM⌘ � µS)
(14)

For the submodel 2 where � = 0:

✏ =
1

R
+

qF2�

R
(15)

Numerically, the maximum tolerable threshold to allow a 90% population reduction is � = 0.025 for
the cost-free residual fertility model (1) and ✏ = 0.170 for the costly model (2). These results illustrate

10
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lâchers continus ont été considérés, il pourrait être intéressant de faire une comparaison en considérant
des lâchers périodiques pour déterminer la stratégie la plus optimale dans le cadre de la technique de
l’insecte stérile.
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Références

[1] Roumen Anguelov, Yves Dumont, and Ivric Valaire Yatat Djeumen. Sustainable vector/pest control
using the permanent sterile insect technique. 43(18) :10391–10412. eprint : https ://onlineli-
brary.wiley.com/doi/pdf/10.1002/mma.6385.

[2] M. Soledad Aronna and Yves Dumont. On nonlinear pest/vector control via the sterile insect
technique : Impact of residual fertility. 82(8) :110.

[3] Pierre-Alexandre Bliman, Daiver Cardona-Salgado, Yves Dumont, and Olga Vasilieva. Implemen-
tation of control strategies for sterile insect techniques. 314 :43–60.

[4] Dorian Chikbouni, Audrey Bouet, and Huiyu Han. Mathematics and informatics modeling of the
sterile insect technique (SIT).

15

S  =  - μSS + (1-�)�

M =  - μMM + rpX(S,M,�)C(F)F + ��M.
.
F  =  - μFF + r(1-p)X(S,M,�)C(F)F

�Females

�Sterile Males

�Wild Males

F
(1-p)

p

S

M

X(S,M,�)
μF μM

μS
�

�
�

BIFURCATION DIAGRAMS

X(S,M,�): mating probability(2)

� = 0, � ≠ 0

Costly fertility 
model

(0)
No Residual 

fertility
� = 0, � = 0

(1)
Cost-free 

fertility model
� ≠ 0, � = 0

Stable Unstable 

� = 4

=

1-�

Figure 5: Comparison of residual fertility thresholds for SIT e↵ectiveness for the cost-free (1) and costly
(2) submodels. The sterile male release rate � = 4 individuals per hundred square meter and per day.
The residual fertility rates are respectively 0.01 (grey point), 0.02 (magenta point), 0.1 (red point) and
0.2 (green point). The SIT is e↵ective when it is not crossed out.

REFERENCES

Sterile Insect Technique (SIT) against the medfly:  
modelling, calibration and effect of residual fertility 

Marine Courtois1, Kévan Rastello1, Frédéric Grognard2, Ludovic Mailleret1,2, Suzanne Touzeau1,2, Louise van Oudenhove1

1Université Côte d’Azur, INRAE, CNRS, ISA, France 
2Université Côte d’Azur, Inria, INRAE, CNRS, Sorbonne Université, BIOCORE, France

INTRODUCTION

Insect pest in 
Corsica on fruit 

trees

Ceratitis capitata, 
medfly

Damage related to 
egg laying and 

larvae 
development

Preventive and 
alternative 

control 

ANALYSIS

Radiation
Sterile 

males� Mass 
releases

Wild�
Wild�

High 
mating 

between 
females 

and 
sterile 
males

No offspring

↘  Population decrease

μ: mortality rate 

Comparison between models (1) and (2)

All sterile? 

How many? 

Sterile�

r: emergence rate 
p: proportion of males

C(F): competition 
�: sterile male release rate

η: Sterilisation cost

 M+�ηS 
k+M+ηS

Residual fertility 
�, � : proportion of non-sterile males among 

the releases

MODELS[2]

Sterile Insect Technique (SIT)[1]

(1) Cost-free fertility model (� ≠ 0, � = 0)

(2) Costly fertility model (� = 0, � ≠ 0)

D
en

si
ty

 o
f f

em
al

es
 (

F*
)

Inverse of reproduction number (1/R)

D
en

si
ty

 o
f f

em
al

es
 (

F*
)

Sterile male release rate (�)

D
en

si
ty

 o
f f

em
al

es
 (

F*
)

Inverse of reproduction number (1/R)

D
en

si
ty

 o
f f

em
al

es
 (

F*
)

Sterile male release rate (�)

(1) �
μM(kμS+η�)

�(RμS-μS+ημM)

0.0120.000
SIT

(2) �
1
R

kμS
η� +1

0.000 0.090SIT

Minimum sterile male release rate �  
to ensure SIT effectiveness

CONCLUSION
• Strong impact of residual fertility cost 
• Residual fertility increases SIT 

effectiveness threshold  
• Important to take into account the 

biology of the species[2] and the SIT 
technical constraints

0 0,9 1,8 2,7 3,60.00 0.90 1.80 2.70 3.60
�

(1)
(2)

(0) � = 0, � = 0
� = 0.01, � = 0
� = 0, � = 0.01

[1] V.A. Dyck, J. Hendrichs, A.S. Robinson, Sterile insect technique: principles and practice in area-wide integrated pest management, Springer, 2005. 
[2] M.S. Aronna and Y. Dumont, On Nonlinear Pest/Vector Control via the Sterile Insect Technique: Impact of Residual Fertility, Bull Math Biol, 82(110), 2020. 

1 2

3

45

.

7 Conclusion

Ce stage avait pour objectif de modéliser la dynamique des populations de Ceratitis capitata dans le
cadre de la technique de l’insecte stérile (TIS), c’est-à-dire en considérant un paramètre � représentant
le nombre de mâles stériles lâchés dans les di↵érents modèles établis. L’étude des modèles a permis de
donner accès à un seuil � minimal entrainant un déclin de la population de cératites pour chacun des
modèles. Ce seuil di↵ère considérablement pour le modèle prenant en compte l’erreur de stérilisation
dans la probabilité de fécondation par rapport aux deux autres modèles, dont l’un considère que
tous les mâles irradiés sont stériles, et l’autre ajoute les mâles irradiés non stériles au compartiment
des mâles fertiles. Ces résultats suggèrent que la prise en compte de l’erreur de stérilisation dans les
modèles peut encore être a�née, notamment avec les données de laboratoire pour préciser le taux de
stérilité résiduelle. Cependant, dans le cas de la TIS des lâchers inondatifs sont e↵ectués, il vaut donc
mieux lâcher trop de mâles stériles que pas assez, ainsi le seuil trouvé pour le modèle 2, modèle tenant
compte de l’erreur de stérilisation des mâles en impactant la probabilité de fécondation, semble être le
plus adapté. En e↵et, le seuil obtenu dans le cas de ce modèle permettrait de lâcher su�samment de
mâles stériles pour qu’un e↵et soit significatif sur la population de cératites, tout en limitant le nombre
d’individus lâchés pour limiter le coût de cette technique biologique. De plus dans cette étude, des
lâchers continus ont été considérés, il pourrait être intéressant de faire une comparaison en considérant
des lâchers périodiques pour déterminer la stratégie la plus optimale dans le cadre de la technique de
l’insecte stérile.
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- modèle sur Ceratitis capitata [4]
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Alexia Danné, Audrey Dempsey, Juliette Dufour, Léa Humbert, Mathias Launay, François Mallordy,
Kévan Rastello et Coraly Soto, sans qui ce stage n’aurait pas été aussi enrichissant.
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Figure 6: Minimum � release threshold, expressed per unit of area and of time, to ensure SIT e↵ectiveness.

adapting the number � of individuals released (Shape 1). For intermediate fertility rates, the e�ciency
is equivalent to the previous case (Shape 1’). Finally, for higher residual fertility rates, SIT cannot lead
to the eradication of the pest population but in the best case to a reduction of its density depending on
the residual fertility rate (Shape 2). For even higher residual fertility rates, the population is fed, which
is unrealistic (Shape 3). Numerical simulations to visualise these di↵erent situations are presented in
Annex 9.

The previously stated shape 1 is obtained when Fasymptote < 0 which provided the maximum tolerable
residual fertility thresholds to have the possibility to eradicate the population. We have thus obtained:

� =
⌘µM

RµS � µS + ⌘µM
= 0.011 (10)

for the submodel 1, and:

✏ =
1

R
= 0.084 (11)

for the submodel 2.
In the case where eradication is not possible regardless of the level of � releases, the population

reduction must be significant for the technique to be considered e↵ective. Thus, the maximum residual
fertility rate allowing a 90% reduction in the population density was determined by solving :

Fasymptote = qF2 (12)

with q = 0.1
Analytically the resolution has been achieved for k = � = 0 and the tolerable residual fertility threshold

is:

✏ =
1

R
+ q(1� 1

R
) (13)

For the submodel 1 where ✏ = 0:

� =
(q�F2 + 1)µM⌘

RµS + (q�F2 + 1)(µM⌘ � µS)
(14)

For the submodel 2 where � = 0:

✏ =
1

R
+

qF2�

R
(15)

Numerically, the maximum tolerable threshold to allow a 90% population reduction is � = 0.025 for
the cost-free residual fertility model (1) and ✏ = 0.170 for the costly model (2). These results illustrate
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• Strong impact of RF on SIT efficiency • For costly RF, SIT is effective at higher release rates  
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7 Conclusion

Ce stage avait pour objectif de modéliser la dynamique des populations de Ceratitis capitata dans le
cadre de la technique de l’insecte stérile (TIS), c’est-à-dire en considérant un paramètre � représentant
le nombre de mâles stériles lâchés dans les di↵érents modèles établis. L’étude des modèles a permis de
donner accès à un seuil � minimal entrainant un déclin de la population de cératites pour chacun des
modèles. Ce seuil di↵ère considérablement pour le modèle prenant en compte l’erreur de stérilisation
dans la probabilité de fécondation par rapport aux deux autres modèles, dont l’un considère que
tous les mâles irradiés sont stériles, et l’autre ajoute les mâles irradiés non stériles au compartiment
des mâles fertiles. Ces résultats suggèrent que la prise en compte de l’erreur de stérilisation dans les
modèles peut encore être a�née, notamment avec les données de laboratoire pour préciser le taux de
stérilité résiduelle. Cependant, dans le cas de la TIS des lâchers inondatifs sont e↵ectués, il vaut donc
mieux lâcher trop de mâles stériles que pas assez, ainsi le seuil trouvé pour le modèle 2, modèle tenant
compte de l’erreur de stérilisation des mâles en impactant la probabilité de fécondation, semble être le
plus adapté. En e↵et, le seuil obtenu dans le cas de ce modèle permettrait de lâcher su�samment de
mâles stériles pour qu’un e↵et soit significatif sur la population de cératites, tout en limitant le nombre
d’individus lâchés pour limiter le coût de cette technique biologique. De plus dans cette étude, des
lâchers continus ont été considérés, il pourrait être intéressant de faire une comparaison en considérant
des lâchers périodiques pour déterminer la stratégie la plus optimale dans le cadre de la technique de
l’insecte stérile.

Articles consultés pour cette étude :
- modèles sur la technique de l’insecte stérile [3, 2, 1]
- modèle sur Ceratitis capitata [4]
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Je tenais à remercier mes encadrants pour leur disponibilité, leurs conseils et leur gentillesse. J’ai
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7 Conclusion

Ce stage avait pour objectif de modéliser la dynamique des populations de Ceratitis capitata dans le
cadre de la technique de l’insecte stérile (TIS), c’est-à-dire en considérant un paramètre � représentant
le nombre de mâles stériles lâchés dans les di↵érents modèles établis. L’étude des modèles a permis de
donner accès à un seuil � minimal entrainant un déclin de la population de cératites pour chacun des
modèles. Ce seuil di↵ère considérablement pour le modèle prenant en compte l’erreur de stérilisation
dans la probabilité de fécondation par rapport aux deux autres modèles, dont l’un considère que
tous les mâles irradiés sont stériles, et l’autre ajoute les mâles irradiés non stériles au compartiment
des mâles fertiles. Ces résultats suggèrent que la prise en compte de l’erreur de stérilisation dans les
modèles peut encore être a�née, notamment avec les données de laboratoire pour préciser le taux de
stérilité résiduelle. Cependant, dans le cas de la TIS des lâchers inondatifs sont e↵ectués, il vaut donc
mieux lâcher trop de mâles stériles que pas assez, ainsi le seuil trouvé pour le modèle 2, modèle tenant
compte de l’erreur de stérilisation des mâles en impactant la probabilité de fécondation, semble être le
plus adapté. En e↵et, le seuil obtenu dans le cas de ce modèle permettrait de lâcher su�samment de
mâles stériles pour qu’un e↵et soit significatif sur la population de cératites, tout en limitant le nombre
d’individus lâchés pour limiter le coût de cette technique biologique. De plus dans cette étude, des
lâchers continus ont été considérés, il pourrait être intéressant de faire une comparaison en considérant
des lâchers périodiques pour déterminer la stratégie la plus optimale dans le cadre de la technique de
l’insecte stérile.
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8
<

:

Ṡ = �µS S + (1� �)�
Ḟ = �µF F + r(1� p)X(S,M)C(F )F
Ṁ = �µM M + rpX(S,M) C(F )F + ��

(17)
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Figure 1: Flow diagram of the population dynamics model. The compartments correspond to sterile males
S, wild females F and wild males M . Each compartment is associated with a mortality rate, respectively
µS , µF and µM . The proportion of males among o↵spring is symbolized by p. The proportion of
successful matings is represented by X(S,M, ✏). The irradiated male release rate is symbolized by �.
The proportion of non-sterile irradiated males considered as wild males with no fitness cost corresponds
to � while those for which a fitness cost is associated to ✏.

In this work, a SIT model was established, based on di↵erential equations that represent the dynamics
of sterile males, wild males and wild females. We focused on the e↵ect of residual fertility on the
e↵ectiveness of the technique, with or without a fitness cost associated to the irradiated males that
escape sterilization. The model was calibrated with parameters specific to C. capitata to best account
for the biology of the species.

2 Model

2.1 Model description

The model represents the population dynamics of the following three compartments: sterile males S, wild
females F and wild males M (Fig. 1).

The model is defined as follows:

8
><

>:

Ṡ = �µSS + (1� �)�

Ḟ = �µFF + r(1� p)X(S,M, ✏)C(F )F

Ṁ = �µMM + rpX(S,M, ✏)C(F )F + ��.

(1)

In Ẋ, the point represents the time derivative of the population densities. The dynamics of sterile
males S are a↵ected by their mortality µS and the release rate �. In the presence of cost-free residual
fertility, only a proportion (1��) of truly sterile males is added to the compartment. The dynamics of wild
females F are also a↵ected by their mortality µF and the proportion of females generated at each time
step. The latter depends on the emergence rate r, the proportion of females in the o↵spring (1� p), the
proportion of successful matings X(S,M, ✏), as well as the competition between females for oviposition
C(F ). Finally the dynamics of wild males M are a↵ected by their mortality µF and the proportion of
male o↵spring (complementary to the female o↵spring). In the cost-free model, the proportion � of males
among � releases that have been irradiated but remain fertile also contributes to wild males dynamics.
We considered that wild individuals have a lower mortality rate than sterile ones: µM  µS .

In the model with costly residual fertility, we hypothesized that sterile males su↵er from a lack of
attractiveness, which is represented by parameter ⌘ in the mating function. In this model, residual
fertility without fitness cost is reflected by the � parameter, with 0  � < 1, which corresponds to the
proportion of non-sterile males among the � releases. These males are considered as fit as wild males and
are therefore introduced in the M compartment of the model. Residual fertility with cost is taken into
account with the ✏ parameter, with 0  ✏ < 1, included in the proportion of matings that leads to progeny
X(S,M, ✏). These males participate in successful mating, but otherwise have the same characteristics as
the sterile males, in terms of attractiveness and mortality. Therefore, they remain in the S compartment.
We consider the cases with and without fitness costs. For example, if � is di↵erent from zero then ✏ is
equal to zero and vice versa. The case where � = ✏ = 0 corresponds to an hypothetical situation with
no residual fertility. These three cases: no residual fertility, residual fertility without cost and residual
fertility with cost illustrate an increasing gradient of biological realism.

3

C(F): competition 

η: Sterilisation cost

1 + βF
1

β: oviposition 
competition between 
females

❌ Not easy parameters to estimate

➡ Parameters have been estimated from the literature 

μ: mortality rate 

r: emergence rate 

p: proportion of males

✅ Easy parameters to estimate
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