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An adaptive observer for time-varying nonlinear systems -
application to a crop irrigation model

M.G. Dadjo, D. Efimov, J. Harmand, A. Rapaport, R. Ushirobira

Abstract— We propose an adaptive observer for a
class of nonlinear time-varying systems, for which
the regressor depends not only on the known input-
output signals but also on all the unmeasured states.
There are state disturbances, and measurements are
corrupted by noise. The Lyapunov function method
is used to prove that the coupled system-observer
dynamics admits a state-independent input-to-output
stability property in estimation errors from un-
known inputs. Numerical simulations illustrate the
presented approach on a three-dimensional crop ir-
rigation model.

I. INTRODUCTION

Observer theory has been a powerful tool for several
decades to estimate the state and the parameters of
an uncertain dynamical system in real time, and many
researchers have worked in this field; see, for instance,
[11]. Nevertheless, there is no general method to design
observers for nonlinear systems in the current literature,
and usually, certain canonical model representations are
considered. This is also related to the lack of a standard
selection approach for Lyapunov functions, which are
needed in the stability analysis.

We consider in this note the problem of simultane-
ously reconstructing the unmeasured state variables and
the constant unknown parameters in the presence of
disturbances and measurement perturbations. For this
purpose, adaptive observers have been proposed in the
literature in the linear and the nonlinear contexts, start-
ing from earlier works [6], [15], [2], [16], where two main
ways for adaptive observer design were recognized: when
the unknown parameters appear in the derivative of the
output, or when they appear for the first time in higher
order derivatives, and additional filters are needed to
compensate the high relative degree obstruction. Signifi-
cant results have been formulated at the beginning of this
century, e.g., [3], [22], where canonical forms of systems
admitting nonlinear adaptive observers were defined, and
the canonical structure of the auxiliary filters was given.
It is worth highlighting that an important restriction for
a majority of the results is the requirement of dependence
of regressor (the gain function that multiplies the vector
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of unknown parameters) on measured input and output
signals only, which was resolved in [10] for the cases of
linear and nonlinear parameterization. Another common
drawback is the lack of analysis in the presence of state
disturbances and measurement noises, where only special
cases were studied [18], [8].

This work has been motivated by a concrete problem
of crop irrigation. Usually, soil humidity and biomass
can be measured or estimated [1], but the estimation of
nitrogen content is often described as challenging, while
it is crucial for growth prediction [19]. These variables’
dynamics are nonlinear, time-varying, and rely on several
parameters that need to be estimated for each soil-
crop system [4], [7]. Moreover, the measurements are
noisy, and the state dynamics contains uncertain external
inputs. So, we aim to propose a new approach for the
adaptive estimation of this model, which due to its
special characteristics, does not fall within the scope of
previous works on observers.

In this paper, we propose an adaptive observer for
a class of non-autonomous nonlinear dynamics with
unknown inputs, for which the regressor depends not
only on the known input-output signals but also on the
unmeasured state, and the measurements are noisy. The
analysis is based on utilization of the theory of input-
to-state stability (ISS) and other related properties. A
Lyapunov function candidate is defined to prove that
the system is state independent input-to-output stable
from unknown inputs to the estimation errors, relying
on a condition of persistently excitation of the control
variables.

The paper is organized as follows. In Section II the
used results from ISS theory are reviewed. In Section II1,
we give assumptions, present our observer and prove our
main result. In Section IV, we introduce the irrigation
problem and show how apply there our main result.
Finally, Section V presents numerical simulations and
compare the performances of the adaptive observer with
a high-gain observer.

Notations

o R, , R% denote the sets of non-negative real numbers
and positive real numbers, respectively.

e RP and R™*™ denote the real vector space of dimen-
sion p, and the set of matrices with real coefficients
of dimension n x m, respectively.

e I, denotes the identity matrix of dimension n x n.



|l || denotes the Euclidean norm for vectors and the

induced norm for matrices.

e For a Lebesgue measurable function u: Ry — R™,
define the norm |[ul|(¢, 1,) = esssup;ep, ¢,)llu(t)| for
t1, to € R4. We denote by £} the set of functions
u with [lul|eo :=|ullj0,00) < +00.

e A continuous function ¢ : Ry — Ry belongs to class
XK if it is strictly increasing and o(0) = 0; it belongs
to class Ko if it is also radially unbounded. A
continuous function 8 : Ry x Ry — Ry belongs to
class KL if B(-,r) € KX and S(r,-) is a decreasing
function going to zero for any fixed r € R5..

o AT (resp. £') denotes the transpose of the matrix
A (resp. the vector £).

e For a matrix M of R™*" M <0 (resp. M < 0)

means £ M <0 (resp. €T ME < 0) for all £ € R™.

II. PRELIMINARIES

Following [20] consider a class of nonlinear systems:

#(t) = f(x(t),d(t)), t >0, (1)

where z(t) € R™ is the state vector, d(t) € R™ is the
external perturbation, with d € L7}, and y(t) € RP is the
output vector. Moreover, f: R™ x R™ — R"” is a locally
Lipschitz continuous function, f(0,0) =0, and h: R™ —
RP? is a continuously differentiable function. For an initial
state xo € R™ and d € L7}, we denote the corresponding
solution of the system (1) by x(t,z¢,d) for the values of
t > 0 the solution exists, so the corresponding output is
y(t,zo,d) = h(x(t,x0,d)).

The system (1) is called forward complete if for all z €
R™ and d € L7, the solution z(t, o, d) is uniquely defined
for all ¢ > 0.

Definition 1: A forward complete system (1) is said to
be:

1) practical input-to-output stable (plOS) if there exist

BeXL,veX and c € Ry such that

ly(t,z0,d) || < B([lzoll,t) +([ldlloc) +¢, VE =0

for any xg € R™ and d € £L7}. The system is called
input-to-output stable (I0S) if ¢ =0. In the special
case when y = x, the IOS property is called ISS.

2) state-independent input-to-output stable (SIIOS) if
there exist g € XL and v € K such that

ly(t, 2o, )| < B(I[R(zo)[l:8) + (o), VE=0

for any xop € R™ and d e L7.

As we can deduce from this definition, SIIOS is a
direct extension of the ISS property to the systems
demonstrating convergence only with respect to a part
of the variables.

Definition 2: A forward complete system (1) is
said to be uniformly bounded-input-bounded-state stable
(UBIBS) if there exists o € K such that

[ (t, 0, d)|| < max{o(|[zol]),([ld]loc)}, VE =0

for all zg € R™ and d e L£L7}.
Definition 3: For the system (1), a smooth function
V:R® - Ry is:
1) an IOS-Lyapunov function if there exist aj,as €
Kooy X € K, and az € KL such that

ar([lh(@)[) < V(z) < az([l]), (2)
Vi(z) z x([|d]]) = VV () f(z,d) < —az(V(z), |z[])

for all z € R™ and d € R™.
2) a SIIOS-Lyapunov function if there exist aj,ag €
Koo and x, az € K such that

ar([[a(@)]) < V(z) < az([[n(2)]),
Viz) = x(ldl) = VV(2)f(z,d) < —az(V(z))

for all z € R™ and d € R™.

Theorem 1 ([21]): A UBIBS (forward complete) sys-

tem (1) is IOS (SIIOS) if and only if it admits an I0S
(SIIOS)-Lyapunov function.
Despite that all definitions and results above are given for
an autonomous system (1), the same formulations hold
for time-varying counterparts, and the sufficient part of
Theorem 1 is valid.

III. MAIN RESULT

Consider a dynamical system of the form:

w(t) = Alt)x(t)+e(y(t),u(t))
+G(y(1),u(t), z(t)0+d(t), (3)
y(t) = Cax(t)+o(1),

where z(t) € R™ is the state, y(t) € R? is the output
measurement vector, § € R™ is the vector of unknown
parameters, u(t) € R? is the known input vector, v(t) €
RP is a measurement noise, d(t) € R™ is a disturbance,
the functions G : R*P+d R X™ and o : RPT4 - R™ are
assumed to be continuous and guaranteeing existence of
the solutions in forward time.
We require the following hypotheses.

Assumption 1: Let d € L7, v € L5, and ||| < Omax
with a known bound 6, > 0.

Hence, the unknown inputs are bounded without a
known upper limit, but the set of admissible values for
the vector of unknown parameters is given. The latter is
not a hard restriction since the parameters usually must
respect physical constraints.

Assumption 2: There exists A > 0 such that
|G (y,u,2)— G(y,u,2)|| < A||lx— 2| for all y € RP,
weR? and z, & € R™.

Assumption 8: There is Guax > 0 such that
|G (y,u,2)|| < Gmax for all y € RP, u € R and = € R™.

These restrictions imply that G is uniformly Lipschitz
continuous in the third argument and globally bounded.



Following [22], we propose an observer in the form:

B(t) = A2 +e(y(t)u(t)) +Cy(t),ult), &(£)H(t)
. +L()(y(t) — Ca (1) + QD0(),

A1) = (A1) = LOC)2A) +G(y(1),ult), 2(1)),

0(t) = QT (0T (y(t) - Ca (1)), (4)

where £(t) € R™ is the estimate vector for x(t), L(t) €
R™*P is the observer gain providing the desired stability
property for the matrix A(t) — L(¢)C, Q(t) € R"*" is an
intermediate filter state variable, and v > 0 is the adap-
tation gain. We detail other conditions below (further, if
the dependence on time of a variable is evident, it may
be omitted for brevity of presentation).

Next, by introducing an auxiliary estimation error and
a parameter estimation error

0 = xz—2—-Q(0-0),

0 = 60,

after straightforward computations, we obtain the follow-

ing dynamics:
§ =

9 =

(A—LC)5+(G—G)0— Lo +d,
—QTCT(Cs+C00),

where, with a slight abuse of notation, we use the short-
hand notations G = G(y,u,x) and G= G(y,u,z).

We now set e :=x — 2 as the state estimation error. We
aim to prove that e and 6 converge to 0 in the absence
of the disturbances d and v and demonstrate a SIIOS
property for bounded perturbations.

Theorem 2: Let assumptions 1, 2 and 3 hold. Assume
there are symmetric matrix functions Py : Ry — R"*"™
Py : Ry — R™*™ gatisfying the following conditions for
all t > 0:

(i) 0 <al, < P (t) <al,, 0 < al, < Px(t) <al, for
some a, @ € Ry;
(i) Pr(t)+ Pi(t)(A(t) — L(#t)C) + (A(t) — L(#)C) T Pi(t)
< —Q1, for some Q] = Q1 = 0;
(iii) for some QF = Q2 >0,

Py(t) —yPo()QT (£)CT CQt) — QT (1)C T CQ(t) Py (t)
= —Q2;
(iv) there exist 1, B2, 71, 72 > 0 such that
ry I3, P —-PL P
oy Tao 0 oy 0
= P, 0 —-wl, 0 0 | <o

-L'P T, 0 —yolp 0

P, 0 0 0 —In

with Fll = —Ql + (ﬁl +2)‘29r2nax)ln7 F22 = —QQ +
(ﬂ + 2)\2 ax”Q” ) ms F21 = F24C, and F24 =
—’yPQQ C
Then the system (3)—(4) is SITOS in errors # — 2 and 0 — @
from the inputs d and v, and the variable €2 is bounded.

In this theorem, it is assumed that the gain function
L(t) is chosen in a way to ensure the stability of the
time-varying matrix A(t) — L(¢)C, which is equivalent to
the existence of a positive definite matrix Pj(t). It is
also assumed that the control v and the perturbations
d, v are persistently exciting, providing the stability of
a symmetric time-varying matrix QT (£)C'T CQ(t). Then
the existence of a positive definite matrix Pa(¢) follows.
The remaining restrictions are needed to prove robust
stability and convergence in the closed-loop system and
are used in the proof below.

Proof: We will consider a SITOS-Lyapunov function
candidate defined by:

V=6"P5+6" P

where the matrices P; and P> are introduced in the
formulation of the theorem. We have:

V=T (P1 FP(A—LO)+(A— LC)TP1) 5467 Pd
+67 (P2 A P0TCTO0 - WQTCTCQP2> o+
07 (G—G)TP16+5TP1 (¢-G)o+dTor-
W LT P66 PiLv— (WQTCTC%)TPgé—
- (’yQTCT’U)Tpgg
< —5TQ6—0TQuf+ ((Gf G) 9)T Pié+
6P (G=G)o+d 6P +5T Pd-

VT PQTCTCs—40TPQTC T

W LT P68 PiLv— (VQTCTC%)T Pof—

T PTCTCs -7 PO T C T — (’YQTCT’U)T Pyf
< XTMX =B8] = B2ll0]> + v || + 20>+
((G—é) 9)T (G—G) 0

< XTMX = B161 = B2ll0)2 + 111> + 72l vl >+

2X% || Ormax|* (110117 + 121 1011%)
< XTTX = ullo]f* = B2)1011% + 71 )1 + ]|

T
WhGI‘GX:<5T o7 dT T ((G—G’)@) ) )

Qi+, —CTCOP; P, —pL P
—yPQTCTC  —Qao+Balm 0 —yPQTCT 0

M= P 0 -1, 0 0
—LTP —v2CQP, 0 —y21, 0

P 0 0 0 —I,

and we used Assumption 2 to bound G —G:
A T A A
((G—G) 9) (G—G) 9<62  G—G|?
< N0%axllel” < A20%.x 10+ Q1.

Since I' < 0 by the conditions of the theorem, then V is
a SITOS-Lyapunov function by Theorem 1.



Using Assumption 3 and Lyapunov function W =
QT PQ, by repeating the same calculations for W, it is
possible to show the boundedness of 2. [ ]

Note that the matrix I" used in the formulation of this
theorem is time-dependent. So, to get a linear matrix
inequality, additional constraints can be imposed:

Corollary 1: Let all conditions of Theorem 2 be satis-
fied, and consider the matrix

Ain 0 Tz T Tis
0 Aogo 0 0 0
A= T3 0 T's3 0 0
T4y 0 0 Aua 0

I's1 0 0 0 I'ss

T2

where Ay, = —Q1 + (ﬁ 22202 ) I,
AU = —-Q2 + (62+€+6 +2/\2012na>(912nax) I,

Ayy = <H42” 72)1 and [|Qf] < Omax < 00 (such
¢

a bound Qy,.x exists in the conditions of Theorem 2),
with some €, ¢ > 0. If A <0, then (4) is SIIOS in the
errors « — 2 and 6 — 0 for the inputs d and v, and the
variable Q) stays bounded.

Proof: 1t is straightforward to verify that:

r
2 (571326 < 022 e,
- Tuoll2
z(ﬂmg)e ” 42” V]| +€'[16]2.
It is easy to check that the following inequality holds:
XTTX < XTAX. n

IV. APPLICATION TO A CROP IRRIGATION MODEL

A fundamental concern in agriculture is related with
the state of the soil ensuring the good conditions for crop
growth (such as tomatoes, lettuce, etc.), especially under
climate change and drought events. Having visibility
on the water and nutrient needs of crops is crucial for
reliable predictions and stimulation of the production.
Humidity is a crucial state variable in most of the crop
models, and therefore humidity sensors are widely used
to evaluate the behavior of this quantity. However other
crucial information, necessary to obtain an accurate
prediction, is contained in the parameters as a well as in
other state variables such as the nitrogen concentration
[14], [9]. Most of the time, sensors of chemical composi-
tion are not available on the field, or not accurate, or too
costly, etc. This is where the software sensors enter into
the picture as an expected cheap alternative.

We consider here a simplified crop irrigation model,
inspired from [17], [5], where we explicitly include the

dynamics of nitrogen, in addition to humidity one.

§= k1 (~p(0)K5() ~ (1 p(t) Kr(S) + kau()
B = p()Ks(5)/(3)

N = —ap(1) Ks(S) () + kaCRpu(t)

where S denotes the soil humidity level (between 0 and
1) and B, N € R} are biomass and nitrogen content per
unit of soil surface. As often met in crop modelling, terms
w(t)Kg(S), (1—¢(t))Kr(S) represent crop transpiration
and soil evaporation. Functions Kg, Kgr are usually
piecewise linear non-decreasing from [0,1] to [0,1]. The
time function ¢ is the crop radiation interception effi-
ciency, which is usually C' and increasing, while f is
a piecewise C! non-decreasing function, which regulates
the growth depending on the nitrogen concentration. The
input variable w is the irrigation flow rate, and C’}{,‘ the
nitrogen concentration of the irrigation water. Typical,
instances of the functions Kg, Kg, f are:

0 if S € [0,5,]
Ks(8)={ g #S€(Su,57,  0<S,<S",
1 if §> 5%
0 if S € [0,]
Kgr(S)= — Sp >0
r(S) S—5h it 5> 5, h>0,
1-5p
N N
f<S> = ncS ]‘%’] 77c>07

where S* is the water stress threshold, S, is the hu-
midity threshold above which the plant wilts, S} is the
hydroscopic point, and 7. is the nitrgoen saturation
coefficient. The online measurements are the humidity
and the biomass

Y1 :S+U1(t),

where v1, vo are unknown measurement noises. We shall
consider the beginning of the season (¢t =0) for which
the initial humidity level S(0) can be assumed to be high,
i.e., larger than the threshold S* and the unknown initial
nitrogen N (0) can be small, i.e., such that N(0)/5(0) <
Ne. We then look for two estimation problems on a time
window for which S stays above S* and N/.S below 7.. In
this sub-domain of the state space, the dynamics can be
written, using the expressions of Kg, Kgr, f given above,
as follows:

Y2 = B+/U2(t)v

S=ki(—p(t)—(1—¢(t)Kr(S)+kau(t))  (5)
. N

B=(t) s (6)
N = —kw(t)% + k4 Cu(t) (7)



One can notice that the system has a cascade structure,
i.e., the dynamics of the first variable S is independent
of B and N. We consider two estimation problems:

A. reconstruct parameters ki, kg, S, related to soil
characteristics and the humidity dynamics (5) with
the single measurement y;, assuming that the func-
tions ¢ and u are known;

B. reconstruct the nitrogen variable N and parameter
k3 (related to soil-crop system) with both measure-
ments y1, y2, assuming that parameters 7, k4C}§?
and functions ¢ and u are known.

A. FEstimation of k1, ko and Sy,

Equation (5) can be written as

(- )5 — 1>+k2u<t>) ()70

( 1
S kl( 1-.5,

where we posit

-1 kl
n(t)=| —(1—p®)(St) 1) |, 0= 2
u(t) kiko

Then, one can consider the sub-system
S=n(t)"o (8)
=S+ (9)

where the parameter vector @ is unknown, i.e., here we

consider that ki, ko and S} are unknown. It is then

possible to reconstruct these parameters with a classical

adaptive observer with the single measurement y:
Proposition 1: Consider the system

E=w®) 0+L(y—¢)

= Tuw(t) (y-£)

where w(t) =[-1 — (1 —(t))(y1(t) — 1)}L(t)]—r and L >0,
T > 0. If w is persistently exciting, then 6 is an asymptotic

estimator of ¢ for system (8) when vy =0.
Proof: Denote e:=5—¢ and § =6 —60. One has

é=w(t) —Le
- —Tw(t)e

5.

and the conclusion follows by using Theorem 3 (see
Appendix), when w has a persistent excitation. ]

Robustness to noise can be established similarly to
Theorem 2, see [8].

B. Estimation of N, k1 and k3
We write dynamics of the system(5)-(6)-(7) as follows

S = k1 (—p(t) = (1= @(t)) Kr(S) +kau(1))),

5 o(t)
B = N
neS
VA QO(t) _ (pN in
N = KUCSN—&-(K; kS)T]CS+k4CNu(t)

where k is any positive number. In the noise-free case it
takes the form of (3) with

0 0 0
S 0 0 o(t)
r=| B |, Al)= neyi(t) |
N 0 0 —x W
ncyl(t)
ky G1(t(,)x,u) 8
9: 7G(t7x7y’u):
ks 0 ()N
NeY1
o) 8 o 10 0]
u) = , U=
kv 01 0

with Gy (¢,2,u) = —p(t) — (1 — ¢(¢)) Kr(S) + kou. In the
presence of the noise v the discrepancy can be hidden in
the disturbance term d. We then consider an observer of
the form:

b= AW+ G(t, 2,9, u(t)0+ L(t) (y — C2) + Q0+ (u(t))
Q= (A(t) = L(t)O)Q + G(t, 2,y,u(t))

0=~07CT (y—C2)

where
Q1 Q9 Ll(t) 0
Q= Q3 Q |, L= 0 Lo(t)
Qs Qg 0 Ls(t)
Note that A writes
0 0 0
1
=m0 0w |
0o 0 ——

) -
We can choose L(t) = SD((t)) L, where the constant matrix
Y1

L is such that A— LC is Hurwitz. Finally, the equations



of the observer (4) are

§ =i () = (L= @) Kr(S) +kzu(t))

+Z((7;))I~/1(y1(t)—§)+911§:1—92123
Ao o) o o) s : ; ;
B= PN L <y2 (t) - B) + Qshy — Quks
fr = ko 20 5 L () - B) + 2o - s
0 =20 F 0, — () — (1 - p(0) Kp(8) + haut)
Y1 (t)
: o(t) =
Qo = _y1 (t) L1
: ©(t) = 5
0= 20 (L293+%>
o et) [z Q6
Qy = n() ( Loy + nc]
o ot) (5 o Qs
= ) ( Lafts = )
S _et) (= K elt) o
5_26 () < Lafla = > - ncy1(t)N
k1= (i(t) - $)+ Qalue(t) - B))
ks = = (Q2(1(0) = §) + Qu(u2(t) - B))

Let us underline that this observer allows to reconstruct
the parameter k1 as well, without the need of the former
observer.

V. NUMERICAL SIMULATIONS

For the simulations, we have considered the following
set of parameters

ki | ko | ks | ka Tr S* | Sw | S, | L | So
125525 17[310°[05]02]01]12 1
with the function
2t
t) = ——
o) =53
and the control
t cos(t/2) +sin(wt) = cos(3et)
u(t) = max (0, o] + 2 + 1

A. Estimation of k1, ko and Sy,

Figure 1 illustrates the adaptive observer given by
Proposition 1, with noise.

B. FEstimation of N, k1 and k3

For the adaptive observer (4), the following tuning has
been chosen

Co | v [ ne | L] Lo L3 Qo
1.5 | 150 | 0.8 | L1 | 0.5L1 | 0.5Ls | O3x2

Fig. 1.

Figures 2,
with noise.
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C. Comparison with other approaches

Problem A is a pure identification problem. One can
then use a (recursive) least square method to estimate
parameters parameters ki, ko and S from the measure-
ment y;. We have use the 1sqrsolve function of scilab
based on the Levenberg-Marquardt algorithm. Figures 4,
5 shows that this method works well without noise but
is not robust with measurement noise.

J— 14 — k1
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Fig. 5. Least-square estimation for problem B with 5% noise

For Problem B, let us show how to use a classical high-
gains observer, assuming that the unknown parameter
ks belongs to a given interval [k5*", k73], We first note
from equation (7) that N cannot reach 0 in finite time.
One can then define the variable Z = —k3N, and write
the dynamics of the system (B, N, Z) as follows

B=f(t)N
N = f(t)Z + ks CTu(t)

Z=f(t) (ff) 7 — (ff) ksCiu(t)

where we posit f(t) = %. Note that this last
function is zero only at ¢t = 0. Then, for any control u(-),
we can define @(-) such that ksC¥ru(t) = f(t)a(t) for
almost all ¢ > 0. Note also that along any trajectory one
can replace Z « by a globally bounded function on R2:

Z
_ min _ . 4 pmazx
p(N,Z) = max(k‘ mm( ax(N.2)’ k3 ))

where € > 0 is an arbitrary small number to ensure N > ¢
on the time window. Then, the system takes the form
B N 0
N |=fw| 2z |+iwaw| 1
7 p(N,2)Z p(N.2)

which is exactly in the nonlinear canonical form in time
T= fo (see [13]). Therefore, the observer

= f(t) XF () (ya(t) = B)

]\7 F()Z = kaCRpult) = 3x° (1) Ga(ya(t) — B)
Z=p(N.2 ( 02 = kaCru(t) ) =3 F(H)Gs(ya(t) - B)
by =¥

ensures an exponential convergence provided that the
tuning coefficient y > 0 is sufficiently large. Figure 6
shows good performance of this observer, comparable to
the adaptive observer for y = 3, but unfortunately it is

poorly robust with respect to noise (Figure 7), which
makes it unreliable in practice. For both problems, we
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Fig. 6. High gains observer for problem B without noise

conclude about the superiority of the adaptive observers.

VI. CONCLUSION

In this paper, an adaptive observer has been proposed
for a class of nonlinear time-varying systems with dis-
turbances and measurement noises. This one extends
the existing results by considering a generic and the
most complex scenario. The analysis of convergence and
robustness of this type of adaptive observer is specially
based on a SIIOS-Lyapunov function method. A crop
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Fig. 7. High gains observer for problem B with 5% noise

irrigation model from the agronomy has been used for il-
lustration of the efficiency of the observer by a numerical
simulation.

APPENDIX

We recall classical results of the literature about sta-
bility of non-autonomous linear systems.

Definition 4 (Persistent excitation): Let ¢ : Ry —
R™*™ be a continuous bounded function. We say that
¢ is persistently exciting if there exists @ >a >0, T* >0
such that

t+T*
aly, > / o(s)p(s) " ds > al,,, Yt > 0.
t

Theorem 8 ([12]): If ¢ is a persistently exciting func-
tion, A(t) € R™*"™ is a bounded piece-wise continuous
matrix, and P(t) = P (t) = 0 a bounded continuous-time
matrix in R™*™ such that

P+PA+ATP <0,

for all ¢t > 0, then the non-autonomous linear system

B\ _ (A —¢"\ [z
0] \¢P 0O 0
is exponentially stable.
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