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Order of magnitude (in Women)

• Quiescent follicles peri-natal ≈ 5 • 10 6 At birth ≈ 1 • 10 6 At puberty 10 4 -10 6 At menopause < 10 3 Activation rate "A few per days" 

Economic and environmental challenges

• Biotechnology of reproduction Lifespan follicle population model

• Structured Population in compartments
• Non linear interaction between follicles via λ ′ s and µ ′ s. • Non linear interaction between follicles via λ ′ s and µ ′ s. 

λ 0 (•) λ 1 (•) λ 2 (•) X → Y 1 → Y 2 → • • • Y d ↓ µ 0 (•) ↓ µ 1 (•) ↓ µ 2 (•) ↓ µ d (•) ∅ ∅ ∅ ∅ Bonnet et
λ 0 λ 1 λ 2 X → Y 1 → Y 2 → • • • Y d ↓ µ 0 ↓ µ 1 ↓ µ 2 ↓ µ d ∅ ∅ ∅ ∅ Typical choice λ i (Y ) = m i + f i 1 + K 1,i d j=1 ω 1,j Y j , µ i (Y ) = g i   1 + K 2,i

Lifespan follicle population model • Structured Population in compartments

• Non linear interaction between follicles via λ ′ s and µ ′ s.

• Two time and abundance scales Singular Perturbation Theory (deterministic ODEs)

ελ 0 λ 1 λ 2 1 ε X → Y 1 → Y 2 → • • • Y d ↓ εµ 0 ↓ µ 1 ↓ µ 2 ↓ µ d ∅ ∅ ∅ ∅ • Quiescent Pool ≫ Growing Follicles • Slow
ελ 0 λ 1 λ 2 1 ε X → Y 1 → Y 2 → • • • Y d ↓ εµ 0 ↓ µ 1 ↓ µ 2 ↓ µ d ∅ ∅ ∅ ∅ In the limit ε → 0 We expect X and Y = (Y 1 , • • • , Y d ) to converge to a differential-algebraic equation : dx dt (t) = F (x(t), y (t)) , x(0) = x in , 0 = G (x(t), y (t)), t > 0 9 /39 Romain Yvinec BIOS, PRC, INRA 9 /
Singular Perturbation Theory (stochastic CTMC)

ελ 0 λ 1 λ 2 1 ε X → Y 1 → Y 2 → • • • Y d ↓ εµ 0 ↓ µ 1 ↓ µ 2 ↓ µ d ∅ ∅ ∅ ∅ Re-scaled Continuous Time Markov Chain : (X ε (t) = εX 0 (t/ε), Y ε (t) = (X 1 (t/ε), • • • , X d (t/ε))) : Events Rate self-renew : (X , Y ) → (X + ε, Y ), 1 ε r 0 (Y )X , activation : (X , Y ) → (X -ε, Y + e 1 ), 1 ε λ 0 (Y )X , atresia : (X , Y ) → (X -ε, Y ), 1 ε µ 0 (Y )X , growth : (X , Y ) → (X , Y + e i+1 -e i ), 1 ε λ i (Y )Y i , i = 1..d -1 , atresia : (X , Y ) → (X , Y -e i ), 1 ε µ i (Y )Y i , i = 1..d , 10 /39 Romain Yvinec BIOS, PRC, INRA ελ 0 λ 1 λ 2 1 ε X → Y 1 → Y 2 → • • • Y d ↓ εµ 0 ↓ µ 1 ↓ µ 2 ↓ µ d ∅ ∅ ∅ ∅ Theorem (G. Ballif, F. Clément, R.Y. SIAP 2022) (...) (X ε , Y ε ) converges in D R [0, ∞[×L m (N d ) to the unique solution of      dx dt (t) = Λ0 x(t) x(t) , x(0) = x in , Λ0 x(t) = - y ∈N d λ0(y ) + µ0(y ) π x(t) (y ) , y ∈N d Lx ψ(y )πx (y ) = 0 , ∀ψ bounded on N d , Lx ψ(y ) = λ0(y )x ψ(y + e1) -ψ(y ) + d-1 i=1 λ i (y )y i ψ(y + e i+1 -e i ) -ψ(y ) + d i=1 µ i (y )y i ψ(y -e i ) -ψ(y ) .
11 /39 Romain Yvinec BIOS, PRC, INRA 11

Schéma de preuve

• Compacité / Estimée sur les moments :

∀p ≥ 1, sup ε E sup t≥0 X ε (t) + d i=1 Y ε i (t) p < ∞
• Identification de la martingale "lente" :

M ε f (t) = f X ε (t) - t 0 Af X ε (s), Y ε (s) s . + R ε f (t) où Af (x, y ) = r 0 (y ) -λ 0 (y ) -µ 0 (y ) xf ′ (x)
• Identification de la martingale "rapide" :

M ε g (t) := ε g Y ε (t) -g (Y ε (0)) - t 0 N d L X ε (s) g (Y ε (s))ds Events Rate self-renew : (X , Y ) → (X + ε, Y ), 1 ε r 0 (Y )X , activation : (X , Y ) → (X -ε, Y + e 1 ), 1 ε λ 0 (Y )X , atresia : (X , Y ) → (X -ε, Y ), 1 ε µ 0 (Y )X , growth : (X , Y ) → (X , Y + e i+1 -e i ), 1 ε λ i (Y )Y i , i = 1..d -1 , atresia : (X , Y ) → (X , Y -e i ), 1 ε µ i (Y )Y i , i = 1..d , Hypothèses ⋆ r 0 (y ) < R 0 , ∀y ⋆ λ 0 (y ) ≤ B 0 , ∀y ⋆ λ i (y ) > 0, i ∈ [[0, d -1]], ∀y ⋆ µ d (y ) > 0, ∀y ⋆ α i > 0 tel que λ i (y ) + µ i (y ) ≥ α i , ∀i ∈ [[0, d]], ∀y

Éléments de preuves

• Processus majorant linéaire :

(U, V ) → (U + ε, V ), 1 ε R 0 U , (U, V ) → (U, V + e 1 ), 1 ε B 0 U , (U, V ) → (U -ε, V + 1), 1 ε α 0 U , (U, V ) → (U, V + e i+1 -e i ), 1 ε α i V i . • Par couplage : X ≤ U et i j=1 Y j ≤ i j=1 V j . • Lyapounov F (y ) = d i=1 i j=1 y j p i pour p i ↘.
Pour l'unicité :

dx dt (t) = ⟨r 0 -λ 0 -µ 0 , π x(t) ⟩x(t) • Lyapounov F : ⟨π x , F ⟩ < ∞. • Pour toute fonction f tel que | f |≤ F ⟨f , π x -π x ′ ⟩ = (x -x ′ )⟨(g x (• + 1) -g x (•)) λ 0 , π x ′ ⟩ où g x est solution de l'équation de Poisson : L x g x = ⟨f , π x ⟩ -f et vérifie | g x |≤ F
What is it useful for ?

✓ acceleration of reserve decay with age : 

Fluctuations

At leading order, fluctuations are Gaussian of order √ ε :

U ε = X ε -x √ ε CLT ... U ε converges towards U that satisfies U(t) = U in + t 0 λ ′ 0 (x(s))x(s) + λ(x(s)) U(s)s . + t 0 G (x(s), •), π x(s) W . s 8 /39 Romain Yvinec BIOS, PRC, INRA
Fluctuations with more than two timescales X =quiescent follicles ; Y =small growing follicles ; Z large terminal follicles : 

ελ 0 ε p λ 1 1 ε X → 1 ε p Y → Z ↓ εµ 0 ↓ ε p µ 1 ↓ µ 2 ∅ ∅ ∅ For p > 1/2,

Parameter values interpretation

• Mean activation time is around 200 days, while growing time is around 50 days.

• The first-wave follicles is approx. 5 times faster than the second wave for compartments 0,1,2 

•⇒Figure 2 .

 2 Figure 2. Schematic diagram showing the model of follicle dynamics in humans for adult ages up to and above 38 years of age (phases 1 and 2 respectively). Follicles leave stages I, II and III at the indicated growth and death rates (with SE) expressed as number per year per number of follicles present. http://humrep.oxford Downloaded from
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  al. Multiscale population dynamics in reproductive biology : singular perturbation reduction in deterministic and stochastic models, ESAIM : PROCEEDINGS AND SURVEYS, 2020. Structured Population in compartments



  Bonnet et al. Multiscale population dynamics in reproductive biology : singular perturbation reduction in deterministic and stochastic models, ESAIM : PROCEEDINGS AND SURVEYS, 2020.

  Activation ≪ Fast growth Bonnet et al. Multiscale population dynamics in reproductive biology : singular perturbation reduction in deterministic and stochastic models, ESAIM : PROCEEDINGS AND SURVEYS, 2020.

  

  

  

•

  Follicles atresia is negligible in compartment 2,3,4 (t, .), x)ρ(t, x) = λ 0 (ρ(t, .))ρ 0 (t) ,

	27 /39 Romain Yvinec BIOS, PRC, INRA Modèle structuré en taille        dρ 0 (t) dt = r 31 /39 Romain Yvinec BIOS, PRC, INRA

0 (ρ(t, .)) -λ 0 (ρ(t, .)) -µ 0 (ρ(t, .)) ρ 0 (t) , ∂ t ρ(t, x) = -∂ x (λ(ρ(t, .), x)ρ(t, x)) -µ(ρ(t, .), x)ρ(t, x) lim x→0 λ(ρ
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Résultat préliminaire de problème inverse (modèle linéaire, µ = 0)34 /39Romain Yvinec BIOS, PRC, INRA

Résultat préliminaire de problème inverse (modèle linéaire, µ = 0)35 /39Romain Yvinec BIOS, PRC, INRA
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Does it works in practice ?

• Timescale separation is coherent with published data on follicle counts in mice at the lifespan time scale, away from a transient period. 

Going further

• What about fluctuations ?

• Can we infer the regulation mechanism that control follicle activation ? Ovarian Reserve build-up

• Tracing follicles of the first wave of activated follicles.

• Proportion of first wave activated follicles among growing follicles. Problème stationnaire pour la partie indépendante du cycle