Theory Theoretical applications Operational applications Presentation of myself

When discretizing in time (h) and space (k ) the order of

convergence is k + √ h.
Fast solution of general non-linear xed point problems.

Algorithms mixing value iteration and policy iteration with an example of zero-sum game where the convergence is as bad as using value iteration.
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Approximating games and convergence

Unifying approach for approximating a zero-sum game by a sequence of approximating games. Discounted payo and average payo Convergence of the values and of optimal strategies of the approximating games to the limit game.

Conversely, based on optimal policies for the limit game, we construct policies which are almost optimal for the approximating games.

Applications to state approximation of stochastic games, convergence of nite horizon problems to innite horizon problems, convergence in the discount factor .... A Dynamic Game with consistent conjectures 

Theory

φ 1 t , ...φ n t is a (weak) control-consistent conjectural equilibrium ⇐⇒ e i * j (t) = e j * (t), ∀i = j, t, x(0) = x 0 (with x(0) given) Optimization problem: → e i * i (t) = ψ i t (x(t)) φ 1 t , ...φ n t is a feedback-consistent conjectural equilibrium ⇐⇒ ψ i t = φ ji t , ∀i = j, t, x(0) = x 0
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What about state and strategy based conjectures. Quérou and Tidball (2014) x is a non renewable resource and c i is consumption of player i. The problem of player i is

max {c i t } ∞ t=0 ρ t logc i,t , x t+1 = x t -c i,t -c j,t .
Player i conjectures that player j's consumption decision at period t is given by: c c j,t = a i x t + b i c i,t-1 , where a i and b i model the player's beliefs. In other words, agent i assumes that the consumption policy of agent j at period t is a function of the state of the resource at period t and his own consumption strategy at period t -1.
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What about state and strategy based conjectures.

Consistent Conjectural problem max {c i t } ∞ t=0 ρ t logc i,t , x t+1 = x t -(a i x t + b i y i,t )-c i,t , y i,t+1 = c i,t ,c i,0 , x 0 , given Consistent Conjectural problem max {c i t } ∞ t=0 ρ t logc i,t , x t+1 = x t -(a i x t + b i y i,t )-c i,t , y i,t+1 = c i,t ,c i,0 , x 0 , given Benchmarks Non cooperative problem (Nash feedback) max {c i t } ∞ t=0 ρ t logc i,t , x t+1 = x t -c i,t -c j,t , x 0 , given.
Cooperative solution (Pareto solution)

max {c i t ,c j t } ∞ t=0 ρ t 2 i=1 logc i,t , x t+1 = x t -c i,t -c j,t , x 0 , given.
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What about state and strategy based conjectures.

Results

In the conjectured model the optimal consumption policies depend on the initial consumption level. This implies that one might inuence the consumption path that will be chosen by focusing on the initial level of consumption.
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What about state and strategy based conjectures.

Results

In the conjectured model the optimal consumption policies depend on the initial consumption level. This implies that one might inuence the consumption path that will be chosen by focusing on the initial level of consumption.

The feedback consistent conjectural equilibrium coincides with the cooperative solution under complete information provided that the initial level of consumption is cooperate in both cases. If agents cooperate initially then asking for consistency ensures that cooperation will be sustained in the long run.
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What about state and strategy based conjectures.

Results

If the initial consumption is too high, then the conjectural procedure leads to a more aggressive pattern than even in the non-cooperative case under full information. The eects of strategic behaviours are reinforced by incomplete information.
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What about state and strategy based conjectures.

Results

If the initial consumption is too high, then the conjectural procedure leads to a more aggressive pattern than even in the non-cooperative case under full information. The eects of strategic behaviours are reinforced by incomplete information.

When initial consumption is suciently low, we obtain that the procedure leads to an under-exploitation of the resource compared to the full information cooperative benchmark.
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The learning model 

Adapting conjectures

This update process can take one of the general forms:

φ t+1 i = U i (φ t i , e t * i , e t * j , x t ) (1) 
φ t+1 i = S i (e 0 * j , x 0 , . . . , e t * j , x t ) .

(2)

In the rst form (1), the functions are updated (hence U)

based on the most recent observation of the opponent. In the second form (2), some statistic (hence S) is performed on the whole history of observations.

Note that φ t i is a sequence of functions. In practical situations we are going to consider particular functional forms for the conjecture. This functional form will depend on a certain numbers of parameters. These parameters are going to be learned in the learning procedure.
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A groundwater exploitation problem

Water extraction is the only input in the production process of the farmers and gives a prot P i (e t i ),

Unitary cost increases when the level of the water table is low,

Players can also take into account the state of the resource and have an extra (subjective) prot of maintaining the resource, in this case ρ is the discount factor and γ i is his resource preference,

The dynamics is given by the evolution of the level of the water table.

π i (e t i , e t j , x t , x t+1 ) = P i (e t i ) -c(x t )e t i + ργ i x t+1 , such that

x t+1 = x t + R -e t i -e t j .
Near-sighted or short-sighted procedures.
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Three kinds of conjectures

Linear conjecture in e : e c j = β i e i , i = j.

Copy e (imitation): e c j = β i + e i , i = j.

Ane conjecture in x: e c j = β i (x t + R), i = j.

β such that φ i (β, e i ) = e * j (or φ i (β, x) = e * j ) → β, β t+1 i = µβ t i + (1 -µ) βt . µ speed of adjustment.
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Simulations

The performance of a learning scheme can be evaluated using many criteria. Taking into account environmental and economic concerns, we select for our comparisons: a) the limiting/steady state stock of water x ∞ , representing the environment, and b) the total discounted sum of prots for both players, representing the welfare of the society, V .

Experiments:

The graphs represent the result of simulations in the plane (x ∞ , V ). Near-sighted solution (x ∞ , V ) are functions of γ. Total gain V(γ)

x ∞ (γ) Nash Pareto Affine x, µ = 0.1 Linear e, µ = 0.9

Copy e, µ = 0.9

Near-and far-sighted behavior, ρ=0.95 

2
π i (e i , e j , x) = P i (e i ) -c(x)e i = p i (ae i -be 2 i + f ) -(c -zx)e i ,
e i water extraction p i price ae i -be 2 i + f production function czx unitary cost of pumping such that The goal of the agency is to give incentives to improve total welfare. She has two control instruments: one for tuning the degree of strategic interaction between agents, and the other that discourages or encourages extraction.

x t+1 = x t + R - i e t i , ẋ = R - i e i .
(c -zx t ) -→ c -z(x t + mR -n i e i ), m, n ∈ [0, 1].
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Experimental economics

Experimental economics is a branch of economics that studies human behaviour in a controlled laboratory setting or out in the eld, rather than just as mathematical models. F (C , S) = p 1 S + max(0, p 2 (C -S))

It is used

p 1 is the price of the quantity of water reserved. p 2 is the price of the consumption beyond the volume reserved.

Theory Theoretical applications Operational applications Operational applications. Water Bill. Results

The linear and non-linear pricing systems are compared according to various economic criteria including the prot of farmers, the income of the manager, and the total value of agricultural production.

An empirical application is made with a crop growth model and data collected from the Midi-Pyrenees region.

Non-linear pricing systems allows irrigation water managers to reduce the impact of drought on production.

It depends on the characteristics and capabilities of the water company.

It can be used to anticipate agricultural water demand in order to avoid imbalance with water availability.
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  , (1991) Numerical Approach to the Innite Horizon Problem of Deterministic Control Theory . Appl. Math. Optim.. M. Tidball, R. González, (1993) Zero Sum Dierential games with Stopping Time. Some Results about their Numerical Resolution . Annals of Dynamics Games. M. Tidball, (1995) Undiscounted Zero Sum Dierential Games with Stopping Times . New Trends in Dynamic Games and Applications. M. Tidball, E. Altman, (1996) Approximations in Dynamic Zero-Sum Games, I . SIAM J. Control and Optimization. M. Tidball, O. Pourtallier, E. Altman, (1997) Approximations in Dynamic Zero-Sum Games, II . SIAM J. , A. Jean-Marie, N. Quérou, M. Tidball, (2004) Theory of Conjectural Variations . In Monograph series in Mathematical Economics and Game Theory, World Scientic Publishing. theoretical concept in which players have a conjecture about the behaviour of their opponents: they think the others will play in function of their own decision. theoretical concept in which players have a conjecture about the behaviour of their opponents: they think the others will play in function of their own decision.

Fershtman

  andKamien (1985) in dierential games,Jean-Marie and Tidball (2005) in discrete-time games, prove: Open-loop Nash equilibria coincides with weak control-consistent conjectural equilibria Feedback Nash equilibria coincides with feedback-(1985) in dierential games, Jean-Marie and Tidball (2005) in discrete-time games, prove: Open-loop Nash equilibria coincides with weak control-consistent conjectural equilibria Feedback Nash equilibria coincides with feedback-consistent conjectural equilibria Fershtman and Kamien (1985) propose to consider other kinds of conjectures (state and strategy based conjectures) of the form e c j = φ ij (x(t), e i (t)).

  Katrin Erdlenburch, Sophie Martin (work in progress): Water and surface choice in a dynamic setting. The problem is no longer a linear-quadratic model. We use discretization tools. Water management problem where strategies are the water extraction and the cultivated area. Dynamic game and Viability approach. discrete time, innite horizon. A water agency can act on the marginal extraction cost of water users (Leader). The water users (farmers) are selsh and myopic (Nash).

  Figure: Extraction behaviors and resource levels in sole-agent continuous time
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the pumping cost. Results

It is always optimal to encourage water consumption (m = 1).

When the water agency is patient (large discount factor), it is optimal to maximize strategic interactions between agents (n = 1). For small discounting (n = 0). When m and n can be functions of t, we obtain conditions on the parameters where the optimal solutions are constant over time.

When these conditions are not veried we exhibit through simulations, that non-constant, e.g. periodic or threshold-based policies are improving on the constant ones, and could be optimal. The optimal control problem for the water agency is no longer a L-Q model. Choice experiments/survey. To analyse the acceptability of farmers to this kind of mechanism as a tool to allocate agri-environmental payments.
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Operational applications: some papers Y. Sidibé, J.P. Terreaux, M. Tidball, A. Reynaud, (2012) Coping with drought with innovative pricing systems : The case of two irrigation water management companies in France .