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Framework: repeated measurement data

¢ Mixed-effects models: analyse observations collected repeatedly on
several individuals.
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% Same overall behaviour but with individual variations.
¢ Non-linear growth.
¢ Are these variations due to known characteristics?

» E.g.: growing conditions, genetic markers, ...
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Non-linear mixed-effects model (NLMEM)

1) Description of intra-individual variability:
Forallie{l,...,n}, je{1,...,n},

iid.
vi = g(pis 0, ty) + eij, e~ N(0,02)

© yjj € R: response of individual i at time t; (observation).
@ ¢; € R9: individual parameter, not observed.

@ 1) € R": fixed effects, unknown.

@ g: non-linear function with respect to ¢; (known).

2) Description of inter-individual variability:
i.id.
i =1+ ViB 4 &, &' Ng(0,T)

@ ;1 RY9: intercept, unknown.

o V; € RP: covariates for individual i (known).

@ 3 € Mpxq covariate fixed effects matrix, unknown.
Population parameters: () = (1, 3,1, 07, )
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High-dimensional covariate selection in NLMEM

% Goal: identify

soz{(e,m)e{l,...,p}x{l,...,q}

Bom # 0},

where 8° is the true fixed effects matrix.
% Specificity of the problem: p >> n
— Assumption: each column of B° is sparse

% Main difficulties:
@ High-dimensional variable selection:
» parsimonious estimation of 3
> regularised methods (LASSO-type, Tibshirani (1996))
> sparsity-inducing priors (Tadesse and Vannucci, 2021)
@ Non-explicit likelihood
» The ;'s are not observed (latent variables model)
> theoretical and algorithmic in LMEM (Schelldorfer et al., 2011)
» g is non-linear
> algorithmic only in NLMEM (Ollier (2021), not high-dimension)
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Methodology

Proposed approach

Association of a Bayesian spike-and-slab Gaussian prior for
variable selection with a stochastic version of the EM algorithm,
called MCMC-SAEM, for inference.

Naveau, M., Kon Kam King, G., Rincent, R., Sansonnet, L., and
Delattre, M. (2022). Bayesian high-dimensional covariate
selection in non-linear mixed-effects models using the SAEM
algorithm. arXiv preprint arXiv:2206.01012.
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Spike-and-slab prior for the coefficients of [

% Introduction of latent variables d/,, 1 <2 <p, 1< m<gq:

1 if (¢, m) is to be included in model S,
Sem = ;
0 otherwise.

% Spike-and-slab prior on 8 (George and McCulloch, 1997):
T(Bem|0em) = (1 — dem)ho(Bem) + demhi(Bem),
ie.:
@ Bim|(dem = 0) ~ ho(Bem): concentrated "spike" distribution
@ Bem|(dem = 1) ~ hi(Bem): diffuse "slab" distribution

Figure: Spike-and-slab Gaussian prior. Source: Deshpande et al. (2019)
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2. Theoretical guarantees
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Selection consistency

¢ Aim: obtain selection consistency results for non-linear mixed
effects models under spike-and-slab prior.

¢ Selection consistency: the posterior probability of the true
model converges to 1, iEf Eo {I’I(ﬁ 1S3 = So]Y(n))} — 1.
0

¢ Posterior contraction: ability of the posterior distribution to

recover the true model from the data
sup Eo [n (9 2 dn(0,60) > Cne,,‘Y(”)ﬂ — 0, with e, — 0.
o
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State of the art

< With known variance:

LR Dirac

Castillo et al. (2015)

Laplace
Roc¢kova and George (2018) LR Laplace Laplace

Consistency
Contraction

< With unknown variance:

Narisetty and He (2014) LR Gaussian
Jiang and Sun (2019) LR Generic
Ning et al. (2020) Multivariate LR Dirac
Jeong and Ghosal (2021a) GLMs Dirac

Jeong and Ghosal (2021b) LR with nuisance Dirac
Shen and Deshpande (2022)  Multivariate LR Laplace

Gaussian
Generic
Laplace
Laplace
Laplace
Laplace

Consistency
Consistency
Consistency
Contraction
Consistency
Contraction

where LR = Linear Regression.
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Stages of proof

In general, the stages of proof (following Castillo et al. (2015)) are as follows:

1. Support size: sup Eg [I’I (,6 1158 > K|So| Y(")>] —0

Bo
2. Posterior contraction / Recovery:

sup Eo [I‘I (9 : d,(6,600) > Cne, Y(")ﬂ — 0, with e, — 0
)
3. D(;stributional approximation:

sup Eo [Hn (Be-|yM)y—n= (e |y™)
Bo

] —0

TV

4. Selection, no supersets: sup Eq {I’I (ﬂ 258 D S0,53 # So
Bo

5. Selection consistency: igf Eo [N(B: S5 = SolY(M)] — 1.
0

y(n))] 0

M Marion Naveau High-dimensional variable selection in NLMEM 12 /19



Theoretical guarantees
€000

First approach: extension of Jeong and Ghosal (2021b)

¢ Consider a non-linear marginal mixed model:

}/i = f;(ﬁ) + Zifi +€}k' 87 NNH;(0702/nf)v fl‘ NNq(07 r)7

where y; € R, B € RP, Z; € My, xq and n; € {1,...,J,}, where n; and J, can
grow with n. We assumed that ¢ is known.

¢ Thus, this model can be re-written as:
yi = fi(B) + &1, gi ~ Nu(0,0%1 + ZTZT),

We denote by S the support of 5. The true parameters are noted: Sy, g, So
and So — |50|
% Prior:

@ Spike-and-slab Dirac-Laplace on (S, 3): (S,8) — Fplgs)gs(ﬁs)c?o(ﬁsc),

o Inverse-Wishart(Z, d) prior on I': 7(I') oc |[|~(0a+1)/2 exp (—L Tr(Xr—1)).
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Assumptions

AC)

@ For each i, f; is assumed to be Lipschitzienne:

1£:(8) = i(B)l2 < Kill8 = Bllz. for all 8,5 € R”.
We denote by K = >"7_, K?.
» Example: Log-Gompertz model y; = 51 + bi — Ce P2ty Ejj

VK LsVK

<AL
Lipt =77 /n

A .
© g5(As) = Iljes 5 exp(=AlG]), with
constants Ly, Lo, L3 > 0.

, for some

@ For some constants A;, Ay, Az, Ay >0,
A1P_A37Tp(5 —1) <mp(s) < A2P_A47TP(5 —1),s=1...p.

» Example: 51,...5, ~ (1 —r)do + rL, mp = Bin(p, r) where
r ~ Beta(1, p¥), u > 1.

Marion Naveau High-dimensional variable selection in NLMEM 14 /19



Theoretical guarantees
0000

Assumptions

@ 55> 0,

o solog(p) = o(n), &B — 0, log(Jn) < log(p)

o1 5 pm,-,,(l'o) < Pmax(ro) 5 1'
o ||Bolloc S A7 log(p),
1

° - S 1n>q is bounded,

° min,-{p,ln/iﬁ(Z,-TZ,-) in;>qt 21, ie Zis afull rank,

° max;{pﬁq/ai(Z;TZi)} S L
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Support size theorem

Let’s assume that the previous hypotheses are satisfied. Then,
there exists a constant C; such that:
y)] — 0.

Eq [” <B |Sﬁ‘ > (159
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Perspectives

¥ In non-linear: Under spike-and-slab Dirac-Laplace, can we get:
@ Posterior contraction?
@ Distributional approximation of the posterior?
@ Selection consistency?

under what assumptions?
Can the same results be obtained by making the model more complex

(Z: depending on (3)?

¢ In linear: Can we obtain a selection consistency theorem under
spike-and-slab LASSO prior in LMEM with covariance matrix unknown?

M Marion Naveau High-dimensional variable selection in NLMEM 18 /19
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Thank you for your attention!

A@ Marion Naveau High-dimensional variable selection in NLMEM 19 /19



References

References |

Castillo, ., Schmidt-Hieber, J., and Van der Vaart, A. (2015). Bayesian linear
regression with sparse priors. The Annals of Statistics, 43(5):1986-2018.
Publisher: Institute of Mathematical Statistics.

Chen, J. and Chen, Z. (2008). Extended bayesian information criteria for model
selection with large model spaces. Biometrika, 95(3):759-771.

Demidenko, E. (2013). Mixed models: theory and applications with R. John
Wiley & Sons.

Dempster, A. P., Laird, N. M., and Rubin, D. B. (1977). Maximum likelihood
from incomplete data via the em algorithm. Journal of the Royal Statistical
Society: Series B (Methodological), 39(1):1-22.

Deshpande, S. K., Ro¢kova, V., and George, E. I. (2019). Simultaneous
variable and covariance selection with the multivariate spike-and-slab lasso.
Journal of Computational and Graphical Statistics, 28(4):921-931.

George, E. |. and McCulloch, R. E. (1997). Approaches for bayesian variable
selection. Statistica sinica, pages 339-373.



References

References |l

Jeong, S. and Ghosal, S. (2021a). Posterior contraction in sparse generalized
linear models. Biometrika, 108(2):367-379. Publisher: Oxford University
Press.

Jeong, S. and Ghosal, S. (2021b). Unified Bayesian theory of sparse linear
regression with nuisance parameters. Electronic Journal of Statistics,
15(1):3040-3111. Publisher: The Institute of Mathematical Statistics and
the Bernoulli Society.

Jiang, B. and Sun, Q. (2019). Bayesian high-dimensional linear regression with
generic spike-and-slab priors. arXiv preprint arXiv:1912.08993.

Kuhn, E. and Lavielle, M. (2004). Coupling a stochastic approximation version
of em with an memc procedure. ESAIM: Probability and Statistics,
8:115-131.

Narisetty, N. N. and He, X. (2014). Bayesian variable selection with shrinking
and diffusing priors. The Annals of Statistics, 42(2):789-817. Publisher:
Institute of Mathematical Statistics.

Ning, B., Jeong, S., and Ghosal, S. (2020). Bayesian linear regression for
multivariate responses under group sparsity.



References

References |1l

Ollier, E. (2021). Fast selection of nonlinear mixed effect models using
penalized likelihood. arXiv preprint arXiv:2103.01621.

Rockovd, V. and George, E. |. (2014). EMVS: The EM approach to Bayesian
variable selection. Journal of the American Statistical Association,
109(506):828-846.

Roc¢kova, V. and George, E. |. (2018). The spike-and-slab lasso. Journal of the
American Statistical Association, 113(521):431-444. Publisher: Taylor &
Francis.

Schelldorfer, J., Biihimann, P., and DE GEER, S. V. (2011). Estimation for
high-dimensional linear mixed-effects models using 1-penalization.
Scandinavian Journal of Statistics, 38(2):197-214.

Shen, Y. and Deshpande, S. K. (2022). On the posterior contraction of the
multivariate spike-and-slab LASSO. arXiv preprint arXiv:2209.04389.

Tadesse, M. G. and Vannucci, M. (2021). Handbook of Bayesian variable
selection. CRC Press.

Tibshirani, R. (1996). Regression shrinkage and selection via the lasso. Journal
of the Royal Statistical Society: Series B (Methodological), 58(1):267-288.



References

Model approximation

{ yi=fi(,0i) +ei e S n(0,0%1,),
©Y; = X,ﬁ + gi agi I’I\Sj NQ(07 r)

where y; € R™, fi(Y, i) = (F(¥, pis tin), .- -, F(, @i tin)), b € R, i € RY,
Xi € Mgxp, B € RP.

First order approximation of f;(1, Xi8 + &;) around E[p;] = X;0:

yi = fi(¥, XiB) + Zi(B)&i + €,

f;
where Z; = %

— Non-linear marginal mixed model with varied matrix of random effects
(Demidenko, 2013).
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|dea of the proof

Set B={(B,T) :|S5| > 5}, with any integer § > s.
fB Ba r)dn(ﬁv )
S Aa(B,T)dN(B,T) "
A(B.T) =111, Pg,r, likelihood ratio.

0

Yet, by Bayes’' formula: M(Bly) = where

Thus, the following lemma shows that the denominator of the posterior
distribution is bounded below by a factor with probability tending to one:

Let’s assume that the previous hypotheses are satisfied. Then, there
exists a constant M such that:

Po </ Aa(B,T)dN(B,T) > 7p(s0)e M= '°g(p)+'°g(”))> — 1.

This event is denoted by A,,.
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|dea of the proof

Then, Eo [M1(Bly)] = Eo [ (Bly) 1.a,] +Eo [N (Bly) Lac].
—_—————

—0 by lemma

And by the lemma and Fubini-Tonelli's theorem the first term is bounded by a
term tending towards 0 with n:

Js Ma(B,T)dN(B, )
JAL(B,T)dN(B,T)
< mp(s0) " exp {M(so log(p) + log(n))}M(B) — 0.

Eo [M(Bly) 14,] = Eo

This leads to the theorem: there exist a constant C; such that
Eo [M(Ss] > Cisoly)] — 0.
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Posterior contraction Rényi theorem

Definition

For two n-variates densities f = [[_; f; and g = []_; g of
independent variables, the average Rényi divergence (of order 1/2)
is defined by:

1 n
Ri(f,g) = —;Zlog/ Vfigi
=1

Let’s assume that the previous hypotheses are satisfied. We denote
by pa,r = I1i=1 pa,r,i the joint density for pgr ; the density of the
ith observation vector y;, and py the true joint density. Then,
there exists a constant Cy such that:

Eo [I‘I ((ﬂ,r) . Ra(pg,rs po) > Czsolng(p)‘YH — 0.

.
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Bayesian hierarchical model

% Observations: y = (y;)i,

% Parameters:

Beta prior on each a,, @ Fixed hyperparameters: vy, 11, ...

@ To be estimated: © = (0, «)

% Latent variables: Z = (¢, )
where ¢ = (@im)i,m and & = (8em)e,m

Jlmlam ~ B(am)

‘N‘q pﬁ0r| |IW prior‘

Bem|6em ~ N (0; (1 — em )0 + Semr1)

‘ N, prior | | ZG prior |

@il (1 B;T) ~ No(n+ BTV T)

Yiil (03 0%) ~ N (9(pis tij); 02)
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Proposed method

Idea: explore different levels of sparsity in each column of 8 by varying the value of v in a
grid A.

1. Creation of a model collection: for each vy € A,
» Compute © by a MCMC-SAEM algorithm (Kuhn and Lavielle, 2004):

MAP _
ez/o

argmax 7(O|y)
(SIS

» Estimate § (Rotkové and George, 2014): & = argmax P(5|C:)%AP) such as
§
bom =1 <= P(6pm = 1|OMAP) > 0.5 <=> Define:

/5\,/0 = {(( m) e{1,..., p x{1,..., ., q} ‘ [( fﬂﬂoAP eml| > sg(vo, 1, (0 MAP)m)}

2. Select the "best" model among (§V0)VOEA by a fast criterion, eBIC (Chen and Chen,
2008):

g = argmin{ — 2log (p(y;é%LE ) + By, x log(n) + 2log ((Bpl[’())) }

voEA

with Byy: number of free parameters in the model S,;.

3. Return /5\,;0.
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Spike-and-slab regularisation plot

A Regularisation plot B eBIC criterion
100 — - 13100
50 13000
Q
< - o
[
12900
0
128001
695.0 25 0.0 25 5.C -5.0 -25 0.0 25 5.C
log(vo ) log(vo )

Figure: ¢ =1, n =200, J = 10, p = 500, 72 = 200, ¢ = 30, v1 = 12000,
= 1200, 8 = %(100,50,20,0,...,0)
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Computing the MAP in a latent variables model

% Let's go back to the first step of the proposed method:
» Compute the MAP estimator of ©

» Goal: maximise m(Oly) = [ 7(©, Z|y)dZ with

B P(y|©, 2)p(©, Z)
m(©,Zly) = Iz [ p(y1©, Z)p(©, Z)d6dZ

» Non-explicit integral
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EM algorithm (Dempster et al., 1977)

1. Initialisation: choose ©(%)

2. lteration k > 0:
o E-step (Expectation): compute

Q(@|@(k)) = EZ|(y,e<k>) [|0g(7f(@» Z|}/))'y,@(k)] .

o M-step (Maximisation): compute

0+ = argmax Q(0|0W).
)

3. © =00 for K large enough.
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