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Water-minimizing strategies under viability constraint for a crop
fertirrigation model

M.G. Dadjo'® A. Rapaport!, J. Harmand?, R. Ushirobira® and D. Efimov®
April 18, 2025

Abstract. We consider a generic model of fertigation for which the control variable is the irrigation
flow rate. We first characterize conditions for which the dynamical system is viable by allowing maximal
biomass production at harvesting time. Then, we consider the problem of minimizing the quantity of
water delivered during a season under the viability constraint. We provide a complete optimal feedback
synthesis as concatenations of bang and boundary arcs. We show that the optimal strategies can be
radically different depending on the initial condition, leading to distinct ways to avoid water and nitrogen
stresses for crops. Moreover, we characterize the possibility of having an infinity of optimal singular
trajectories.

Key words. Crop modeling, water irrigation, state constraints, viability theory, optimal control,
boundary arcs, singular arcs.

AMS subject classifications. 34H05, 93C15, 49J30, 92B05.

1 Introduction

In many regions of the world, and especially in the arid ones, agricultural production faces water scarcity,
leading to difficulties in satisfying food population needs. Crops irrigation with treated wastewater,
instead of fresh water, is a solution for preserving water resources. This practice increasingly attracts the
interests of decision-makers.

The underlying idea is to preserve, at the water treatment step, the nutrients that are beneficial for
crop growth, notably nitrogen, so that no additional nutrients, which may spread and contaminate soils,
have to be brought. In this regard, irrigation with reused water amounts to fertigation (i.e., irrigation
with nutrients supplied in water). In the present work, we propose to address the problem of optimizing
crop production via fertigation. Although many works about optimization with classical irrigation can
be found in the literature |21, 18], 17, 12} 2], and several commercial software are available on the market
[6, 16], the optimization of fertigation has been comparatively much less considered, apart some recent
works [I3] 1T}, [9]. With classical irrigation that covers the crop’s water needs during the whole agricultural
season, the soil’s nitrogen concentration can be diluted to the point that it no longer meets the crop
demands if the initial nitrogen content is insufficient. This often causes farmers to supply nitrogen at the
beginning of the season with the risk of spreading unnecessary quantities of nitrogen in soils. Bringing
nitrogen with water appears to be a safe solution, provided that its concentration is appropriate and does
not end up with too much nitrogen in the soil at the end of the season.

Here, one also faces a dilemma between nitrogen dilution and water supply, which we will find in the
optimization problem. In the former works [I3| [TT], 0], numerical investigations have been conducted, but
a mathematical analysis of optimal control under constraints has not yet been done, as we do here.

In the present work, we consider a crop model describing hydric and nitrogen stresses inspired by
existing literature [20} [14] and former works [I0) 2] ©9]. We assume here that the crop growth is not
limited by other resources or nutrients (such as phosphorus). As reported in the literature, water and
nitrogen are the common limiting factors of crop yield [19]. The originality compared to existing literature
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models is to consider explicitly in the model that nitrogen can be brought with irrigation, modeling the
so-called fertigation.

With the help of this model and control theoretical tools, the present work aims to grasp the right
balance between water and nitrogen inputs to be reached for good growth performances. The nitrogen
input can be made by classical fertilization, for instance, at seed time or with fertigation. Fertigation
is typically used when soil nitrogen content is insufficient to guarantee maximal growth even when the
supplied water avoids the hydric stress but can be compensated by the nitrogen in the irrigation water.
However, when the nitrogen concentration in supplied water is too low, an initial input has to be con-
sidered. Therefore, we are also looking for the analysis of the model to be able to characterize situations
for which initial nitrogen inputs are necessary or not.

For farmers, biomass production at harvesting time is usually the main performance index, but that
has to be balanced with water consumption. In this note, we consider that achieving the nominal
production is a "hard constraint,” and we consider the optimal control, which consists of minimizing
the total amount of water (with fertigation) during a season under this constraint. To ensure this last
problem is feasible with the features of the fertigation system, we consider the viability domain as the set
of initial conditions, given by the moisture and nitrogen contents at seeding time, for which it is possible
to obtain the maximal production at harvesting time. Our viability analysis allows us to characterize the
operating parameters of the fertigation systems, which are nitrogen concentration in irrigation water and
maximal irrigation rate for which the viability property is satisfied. The limits of the viability conditions
that we have identified with this model provide the minimal inputs to obtain the maximal production
at harvesting time, avoiding unnecessary overload of the soil with nitrogen content. In the second step,
we study the optimal control problem with constraints, which consists of having the maximal production
(that amounts to stay in the viability domain) while minimizing the total water consumption. Preliminary
results, with numerical simulations but no proofs, are presented in the conference paper [g].

The paper is organized as follows. In the next section, we present the model and its hypotheses. In
Section [3] we posit the viability problem and give conditions for the viability property to be fulfilled.
In Section [4] we formulate the optimal control under constraints feasible under the former conditions.
We also distinguish cases according to which constraint is saturated and in which order. In particular,
we exploit a recent extension of the Bang-Bang Principle for piecewise affine dynamics [5] to define a
family of control strategies. Finally, Section [p| illustrates our results and discusses several points related
to non-intuitive situations and messages for practitioners. Finally, Section [6]summarizes our main results.

2 The model

In the spirit of existing models [20, [14] and former works [I0} 2, @} [7], we consider the following simplified
crop model over the agronomic season represented by the time interval [0, 7], where S denotes the level
of water in the soil (between 0 and 1) and N, B are the nitrogen and biomass per unit of surface

$ = ki - et Ks(S) (1= (t) Kn(S) + kau) (1)
N = —ksplt) Ks(S)f (g) T kO 2)
B o= el Ks()f () oo ®)
where
s, Scbsl 0. Sels
KS(S) = ﬁ, S e [Sw,S*] KR(S) = S — Sh’ S e [Sh, 1]
1, Selsh] 1 -5,

with threshold values 0 < S, < S, < S* < 1,

Cn

—, Cpy €0,
HCw) = o N € [0,nc]

1, Cnx>nc

The crop radiation interception efficiency ¢, which is a C* increasing function with ¢(0) = 0, ¢(T) = 1, is
used to model the regulation between crop transpiration ¢(t) Kg(S) and soil evaporation (1—¢(t))Kg(S),



where Kg, K have classical expressions that can be found in the literature, while f is the plant nitrogen
uptake function. The growth function g is C!' and positive for non null biomass. The control u is the
irrigation rate, that takes values in a set U = [0, umax]. Parameters k; (i = 1,--- ,4) are all positive
numbers, where k; is a rate related to soil porosity, k3 a stochiometric coefficient, and ks, k4 are related
to characteristics of the irrigation system. The originality of this model is to consider irrigation water
containing nitrogen at concentration denoted C%', a practice known as fertigation. Note that adding
nitrogen needed for crops in this manner requires adding water, which could require more water than
needed. On the other hand, providing water needed for crops could dilute the nitrogen present in soil if
the concentration C% is not large enough. This interplay between water and nitrogen supplies requires
to investigate beneficial strategies for crops that consume reasonable amounts of water, which is the main
purpose of the present work.
We shall say that a control (time function) u is admissible if it belongs to L!([0,7],U) and the
corresponding solution S remains on the domain [0,1]. Clearly, any solution of with a non-negative
initial solution remains non-negative whatever is the control. The state constraint S < 1 can be simply
satisfied by imposing the following condition on the control
1
{$=1}=u<—.

ko
From the agronomic viewpoint, this means that when the soil is saturated, i.e. S = 1, the irrigation
has to be regulated to avoid water loss. We shall denote U the set of admissible controls u. We shall
say that the crop suffers from hydric stress when the value of the function Kg is not maximal (that
is when S < §*), and nitrogen stress when the value of the function f is not maximal (that is when
N —neS < 0). The parameters C% and umayx are the operating parameters of the fertigation. This

model does not consider climatic events like rain and droughts because we implicitly assume that crops
grow in a greenhouse.

For the following, we shall denote by (S g ,N{ g v,) the solution of (I)-(2) with S(to) = So,
N(tg) = Np and control u € U.

3 The viability analysis

From equation , one can see that the biomass growth is maximal when

Ks(S(t)f <J;[<(f))) =1, te€l0,T]

which amounts to claim that the state (S(t), N(t)) belongs to the set
E:=A{(5@),N(t)) € [0,1] xRy | 5(t) = 5%, N(t) = ncS(t)} (4)

(see Figure [1)) for any t € [0,7T]. Therefore, the maximal production of biomass at time T is attained
exactly for solutions (S(¢), N(t)) that remain in the set E for t € [0,7]. Being in E amounts to state
that both hydric and nitrogen stresses are avoided. So, we shall consider the following viability property.

Definition 1. The domain E is viable if for any initial condition (to, So, No) € [0, T] x E, there exists an
admissible control u such that the solution of (1))-[2)) with S(to) = So, N(to) = No verifies (S(t), N(t)) €
E for any t € [to, T).

For convenience, we define the numbers
Cy =ncks — ks, Cz= k401i\771 —nckika.

Proposition 1. The domain E is viable in the sense of Definition[]] if and only if the condition
- , k
Cff > O3 = 72 max (neki (1~ Kn(S")). ks ) (5)

18 fulfilled and umax s such that
1 -,

max (, —
. ke' C
Umax > Umax = 1 2 2

— otherwise
ko

) ZfCl <0 andC’2>O7



S* 1
Figure 1: Ilustration of the set E. The boundaries of the hydric stress is depicted in blue and of the
nitrogen one in red

For the proof of this Proposition we have chosen the viability approach [I], which consists in showing
that an inward pointing condition is satisfied at the boundary of the domain E, but another (equivalent)
formulation based on projected dynamical systems [3] could have been used.

Proof. At S = S*, one has from equation
S =ki(—p—(1—@)Kgr(S*) + kou).
A necessary condition to have S >0 is that u € [0, umax] satisfies

u> o+ (1 —];P)KR(S )
2

This has to be fulfilled for any possible ¢ € [0, T], which implies the condition

e > ma 2O L= R)ER(ST) _ 1 ™)
t€(0,T) ko T

When N = ¢S, one has from equations —
N —neS =kine (¢ + (1 — 9)Kr(S)) — ks + (kaCR — nokiks)u.

Then, a necessary condition to have N — ¢S > 0 is to have for any (t,S) € [0,T] x [S*, 1] the existence
of u € [0, umax) such that

(kine — k3)p + kinc(1 — »))Kgr(S) + (k4C}'\? — ncklkz)u >0
which implies the existence of u € [0, umax] such that
min (kine — ks, kinc Kr(S*)) + (kaCN' — nckiks)u >0

that is
min (Cl, klncKR(S*)) 4+ Cou > 0. (8)

At S = 1 one should have also S <0, that is u < k—12, along with

min ((717 kmc) + Cou > 0. (9)

Let us distinguish cases depending on the signs of C7 and Cs.

i. If C1 <0 and Cs <0, clearly condition cannot be fulfilled for a non-negative u.



ii. If Cy < 0 and C3 > 0, one has to have

koC1+Cy >0 (10)
for condition @D to be fulfilled with u < 1712 Condition implies that um,ax satisfies
-0

umaxz C >0
2

(1 —Cl>
Umax = Max [ —, —— | .

and combining with

ke Oy

iii. If C7 > 0 with Cs > 0, conditions and @ are fulfilled for any u > 0. Therefore, only needs
to be satisfied.

iv. If C; > 0 with C5 < 0, u has to satisfy

min (Ct, kine Kr(5*))
= _02 .
This condition is compatible with condition if
ko min (C’l,klncKR(S*)) +C2>0 (11)

u

and then condition @D with u < é is necessarily satisfied. Finally, umax has simply to satisfy .

Note that conditions for the set E to be viable in case ii with , or case iii, or case iv with ,
are satisfied when the single condition is satisfied. If this later one is not verified, we are precisely
in cases i, ii, or iv when the set F is not viable. Therefore, this condition is necessary and sufficient for
the set E to be viable. Equivalently, this condition is fulfilled if and only if is verified. Finally, tmax
has to fulfill (@ depending on the case ii, iii or iv. O

4 The optimal control problem

We assume in the rest of the paper that the operating parameters C4', umax verify the viability conditions:

mn n
CN 2 CN7 Umax > Umax

where }\7 and upmax are given in —@. According to Proposition the set E defined in is thus
viable, and one can consider the optimization problem of minimizing the total amount of water delivered
on [0, 7] while remaining in the set F, (i.e. guaranteeing the maximal biomass production at time T).

Problem P: For (Sy, Ng) € E, search

T
inf / w(r)dr st (St g (1), Nitg, no (D) € B, t € [0,7].
w 0

Problem P takes the form of a standard optimal control problem with state constraints, and classical
argumentation ensures the existence of optimal solutions (see, for instance, [4]). A usual approach to
studying optimal solutions is to write necessary optimality conditions from the Maximum Principle with
state constraints. In general, these conditions do not provide straightforwardly the optimal solution
because one has to analyze the solutions of the adjoint system with the maximization condition of the
Hamiltonian and terminal conditions. We failed to characterize the optimal solutions of our problem in
this way due to the non-autonomous behavior of the dynamics (the Hamiltonian is no constant along
optimal solutions) and the measure-multipliers of the state constraints (or jumps in the adjoint variables)
to be determined, which make together the analysis quite intricate, even though our constraints are
of relative degree 1 for which formulas are available [I5]. We have chosen another route exploiting
the particular structure of the dynamics and the constraints with a recent extension of the Bang-Bang
Principle for piecewise affine systems [5].

As usual for optimal control problems linear in the control variable, we call "bang arc” a part of
trajectory with constant control u that takes extreme value (0 or 1) and ”singular arc” a part of trajectory
for which the Hamiltonian is singular in the control u (i.e. for which the switching function is identically
null). When dealing with constraints, we distinguish also ”boundary arc” as a part of trajectory for which
at least one constraint is saturated.



Proposition 2. For any initial condition (So, Ny) € E, problem P admits an optimal solution composed
of bang arcs in the interior of E and possibly boundary arcs on the boundary of E.

Proof. Let (So, No, Bo) be an initial condition for system —— with (Sp, No) € E and By > 0. Let
V* be the optimal value of the Problem P, and posit

M= /OT o(t)dt

We consider the variables

- BO) e - t
M(t)/BO ek V(t)f/o u(t)dt

and the extended controlled system defined on RY. (without constraints)

§ = k(—p(t) ~ (1 - p()Kr(S) + k)

N = —k‘3<p(t) + ]{340}\?U

M = ot

Vv o= u (12)
Zy = max(S—1,0)

Zy = max(S — 5*,0)

Zs

max(ncS — N, 0)

Then, one can straightforwardly check that an optimal control u(-) for problem P minimizes the time to
reach the target

T ={(S,N,M,V,Zy,25,25) €R"; (S,N)e E, M =M*, V=V* Z; =0 (i=1,2,3)}

from the initial condition (Sg, Ny, 0,0,0,0,0) for system with controls in ¢, and that the minimal
time is exactly T. Note that the dynamics is (non-autonomous) piecewise affine with a convex
control set U, and its non-differential locus is exactly on the boundary of E. On can then apply the
result given in [5], which provides an extension of the well-known Bang-Bang Principle and states that
a reachable target for a piecewise (non-autonomous) affine dynamics with a compact convex control set
is reached in minimal time with a control that takes extreme values where the dynamics is smooth with
possible singular arcs at non-differential locus. Clearly, the associated trajectory to such a control satisfy
Zi(t) =0 (: = 1,2,3) for t € [0,T] and thus satisfy the constraint (S(¢), N(t)) € E for any ¢t € [0,T].
This shows the existence of an optimal control with bang arcs in the interior of F and possibly boundary
arcs on the boundary of E. O

Note that this general result does not provide information about the number and the order of switches
and boundary arcs. However, it guides us to look for particular structures of the optimal solutions, which
we did by exploiting the cascade property of the dynamics, where the S-dynamics does not depend on the
other variable N (but the optimal control has to depend on both variables because of the constraints),
and using comparison arguments with the introduction of intermediate variables. Our approach is as
follows: we first consider the simplest solutions with a bang and boundary controls (i.e. with a minimal
number of commutations) that saturate only one constraint among the three constraints S <1, § > S*,
N > n.S and study their optimality. In the second step, we search for more complicated trajectories
(i.e. with more commutations) that can saturate more than one constraint by combining the former
strategies. Finally, we cover all possible initial conditions in F.

Let us begin with a preliminary result that will be useful in the following.

Lemma 1. For any (So, No) € E, an optimal solution of the problem P minimizes N(T) among all
admissible controls. Moreover, the optimal cost is given by the expression

T
N*(T) - NO + k3/ (p(t)dt
0
kaCiE

V=

where N*(T') is the minimal value of N(T).



Proof. From , one gets
t t
N(t) = No — kg/ o(r)dr + km}y/ u(r)dr, tel0,T].
0 0

Therefore, minimizing fOT u(7)dT amounts to minimizing N(7T) among all admissible solutions in F.
Moreover, one gets the expression of the cost as

T N*(T) — Ny + ks [F o(t)dt
/ w(ryar = X0 ]:chm?)fo #(?)
0 4“ N

O

Remark 1. Note that ncS* is the smallest value of N in E. Therefore, if there exists an admissible
control such that the solution remains in E and verifies N(T) = ncS*, then it is necessarily optimal.

Because of the cascade structure of the dynamics —, its is convenient to fix an initial value
S(0) = Sy € [S*, 1] for the humidity variable, and distinguish several cases for the initial value N(0) = Ny
of the nitrogen variable, with (Sp, Np) in E. Guided by the intuition that for high values of the initial
nitrogen content Ny one expects the nitrogen stress to be never met, we characterize first values of Ny
for which the optimal solution saturates the hydric constraint S > S* only (Section . Then, we study
cases for which the nitrogen constraint N > 7S is saturated before the hydric one (Section . For
lower values of Ny, we expect cases for which the nitrogen constraint N > 1S only is saturated, what
we study in Section [£:3] However, we found a possible gap among these sets of values of Ny, but showed
that it corresponds to singular cases in the sense that a convex combination of two particular extreme
solutions, which is a singular arc, is optimal (Section . Note that this does not contradict the result
in [5] as this latter one does not guarantee the uniqueness of optimal trajectories.

4.1 Saturation of the hydric stress only

We consider situations where applying the control ©u = 0 generates a trajectory that hits the hydric
constraint first (or never saturates both constraints), defining a control strategy that ensures the hydric
constraint is fulfilled at any time.

Definition 2. The S-strategy is given by the time-varying feedback

0, S > 5~
US(t,S) = {ugdr(t), S — g* (13)
where )
ubI(t) := — () + (1 — () Kr(S)) (14)

ko

Note that under @, the control does take values in [0, umayx] and is thus admissible. This strategy
consists of no irrigation until the humidity level reaches the threshold S* if it can, and in this latter case,
maintaining the humidity S constant at the value S*. We now characterize the optimality of this strategy.
Let us define the hitting time related to the hydric constraint with the null control as follows.

ts = sup{t € [0,T]; S5,(t) > S*}, S5 = Sp g, (ts)- (15)
Note that when the time horizon T is large enough, one has necessarily S§ = S*.
Proposition 3. The S-strategy is optimal for Problem P when condition
Cs = Cip(ts) + kinc Kr(S5)(1 — p(ts)) = 0 (16)
or

ts
No > N} i= max (ncso,nos; i [ go(t)dt) (17)
0

18 fulfilled. Then, the optimal value of the criterion is equal to

I X
v k2/ts (p(t) + (1 — (1) Kr(S*))dt, ts<T "

0, ts =T



Proof. From equations —, one gets

N—ncS = kine(e+ (11— @)Kr(S)) — ksp + (kO — nokiks)u (19)
= Cip+ (1 —p)kincKr(S) + Cou
For S > S* and u = 0, one obtains from the following properties
1. when C; > 0, one has N — 7705' > 0 with the control v = 0, and has necessarily the property
N(t) —ncS(t) >0, te]0,ts] (20)
2. when C < 0, one has
N(t) =ncS(t) = Crg' () — ' () Kr(S(1) + (1 — p(t) kinc Kp(S(t))S(t) < 0. (21)

and thus
N(t) = ncS(t) > N(ts) —ncS(ts) = Crp(ts) + (1 — o(ts))kincKr(SE), t€[0,ts]

Therefore, when is fulfilled, the property is also verified. Otherwise, as shows that
the map t — N(t) — ncS(t) is concave on [0,tg], the property is verified exactly when

N(0) =ncS(0) = 0 and N(ts) —ncS(ts) = 0. (22)
From with v = 0, one gets "
Ni(ts) = No — k?,/o o(t)dt
Then is fulfilled precisely when condition is verified.
At S = S§*, which is attainable before T' when tg < T, one obtains with the control

N —neS = (01 + Z") (p+ (1 —@)Kr(S*)) + ks(1 — ¢)Kr(S")

where o .
O+ 2 =2y —k
1 + kg kg N 3
which is non-negative under the condition C%' > C%'. Therefore, one has the property

N(t) —ncS(t) >0, telts,T] (23)

with the S-strategy. So, property along with (23) shows that the solution nggo generated by the
S-strategy remains in E on [0,7], when or (17)) is fulfilled. We will prove that it is necessarily
optimal.

Let us denote by S(-) the solution generated by the S-strategy, and u the corresponding control
function. For any other admissible solution S with a control %, one has

SO =5W) |k k() = F(S() — S()), ¢ € [0, 4]
1-Sh

S(t) = S(t) = —k1(1 = (1))
As the function F satisfies F'(t,0) > 0 for any ¢ € [0,%s], we deduce that the solution ¢ = S — S of
d = F(t,0), 6(0) = 0 stays non-negative on this time interval. When T' > tg, one has on [ts,T]| S(t) = S*

which is the smallest admissible value to stay in . Therefore, any admissible solution S that stays in F
verifies S(t) > S(t) for any ¢ € [0,7]. Then one can write

T T
S(T) — S(0) = fklfo o(t) + (1 fgo(t))KR(S(t))dtJrklkz/O u(t)dt

< 3(T) - 5(0) = —hy /T o) + (1 — o) K n(S(0)dt + ks /T a(t)dt



from which we obtain

T 1 (T R T
|t < o [ e acs) - Kaena+ [ awd

2

and as the function Kg is increasing, we deduce

T T
/ u(t)dt < / a(t)dt
0 0
that is the optimality of the S-strategy. Finally, expression follows directly from (13). O

Let us stress that conditions , do not depend on operating parameters and are thus intrinsic
to the crop-soil system. We focus now on situations for which these two conditions are both invalidated.
Note that having condition not fulfilled is possible (i.e. the existence of initial conditions (SpNp) in
E) when N} > n¢Np. Thus, we shall consider now the following conditions:

Cs = Cro(ts) + kinc Kr(Ss)(1 — ¢(ts)) <0 (24)

and .
S
N§ =ncS% + kg/ @(t)dt > ncSo. (25)
0

4.2 Saturation of both stresses

From the analysis in Section we know that when applying the control u = 0, the hydric constraint is
hit first, then the nitrogen constraint remains non-saturated up to the terminal time. We consider here
cases for which, when applying the control u = 0, the nitrogen constraint is hit before the hydric one,
and we define then a N S-strategy that guarantees both constraints to be satisfied, as follows. Note that
we must consider cases for which S§ = S* (i.e. when S = S* can be reached).

Definition 3. The NS-strategy is given by the time-varying feedback

0, N >ncS and S > S*,
uns(t, S, N) == { max(0,ubd"(t,8)), N =ncS and § > S*, (26)
ubdr(t), S =5

where
Hr1.5) = o) K)ot o

and ugdr is defined in ([14)).
Note that implies C; < 0 and gives Cy > —koCy > 0. Then for any (¢,5) € [0,7] x [0,1]

one has uRdr(t, S) < E—i% which is upper bounded by uy,.x With condition @ The control uyg is thus

admissible.
From the definitions of tg and of N§, one has NG sy.n, (ts) = NGB8y, (ts) = neS* with
No = N{, and the following number is thus well defined.
N{ = inf{Ny € [ncSo, NgJ; 3t € [0,T] s.t. Ny¥ v, (£) = ncS*} (28)
One has the following result about the optimality of the NS-strategy.

Proposition 4. Assume that conditions — are satisfied with Sy = S*. For any Ny € [Ng,Ng},
the N S-strategy is optimal for problem P. The optimal cost is equal to

1 t* 1 T
Vi (st — No+ ks / ()t | + - / o(1) + (1 — o(8) Kr(S*)dt
ks Oy 0 ko Jix

where
t* = inf{t € (ts,T); S&ggwg (t) = S5*}.

If Ng > neSo, then the optimal solution for Ny = Ng verifies N(T) = ncS*.



Proof. For Ny = Ng , the control generated by N S-strategy coincides with the one generated by the
S-strategy, the case S = % = S* is not met by the feedback , and we already know from Proposition
that it is optimal.

For Ny < N (when Ng is strictly less than NJ), the solution with the control u = 0, verifies from the
definition of tg,

ts
S(ts) = S*, N(ts) = No— k3/ S(1)dt < noS*
0
and by continuity, the number
ty :=inf{t € [0,T]; N(t) —ncS(t) =0}

is well defined, with ¢ty < tg and S(ty) > S*. Moreover ¢y is increasing with respect to Ny < N{.
For t > tx, one has with the control the property

5(0) > 5 = $(1) <~ ((C1 + Co)ilt) + Kn(S0)(kahono + Co)(1 - 9(1))) <0 (29)

-2

Then, for such time ¢, one obtains

(ot + B Ka(SO)(1 — 0(0)) = Cr (1)~ kine Ka(S(1))e' (1) + b Kn(S() (1~ #(0$(1) < 0
which implies
Cro(t) + kinc Kr(S(t)(1 — ¢(t)) < Cro(tn) + kinc Kr(S(tn))(1 — o(tn)).

On the other hand, at time ¢y one should have N (ty) —ncS(ty) < 0 (if not, one obtains a contradiction
of ti being an infimum), that is

N(ty) = neS(ty) = Crp(tn) + kine Kr(S(tx))(1 - o(tn)) < 0.

We deduce that the control uRdr(t, S(t)) defined in is positive for any ¢ > ¢ty such that S(t) > S*

(and thus uyg = uRdr). With this control, one can also check that one has for such times ¢

N(t) = noS(t) = 0= N(t) —neS(t) = 0. (30)

Moreover, one has Sy%%(t) > S8.5,(t) > S* for t € (ty,ts), as the control uys = u]]%dr takes positive

values. For Ny > Ng , we know that there exists a time
t* = inf{t € (t,T); S(t) = §*}

for the solution (S, N') with the control uyg, and one has N (t*) = n¢.S* from (30). Let us show that S(tx)
is decreasing with respect to Ny. Take Ny < N} < NJ and denote S’ the solution generated by the control
upng for the initial condition S(0) = Sy, N(0) = N/}. As ty is increasing w.r.t. Ny, one has S’(t) = S(t)
for ¢ € [0,tn], and S’'(t) < S(t) for t € (tn,t)) where ¢y, > ty is the time to reach N’ — eSS’ = 0
(indeed at ty one has S(tx) — S'(tx) = 0 with S(tx) — S'(tx) > 0 because the control for the solution
(S, N") is null on [0,t%), and if there exists a time ¢t € (¢tn,ty) with S(t) — S’(¢) = 0 one should have
again S(t) — S’(t) > 0 which is not possible, which shows that one has necessarily S(t) — S’(t) > 0 for
t € (tn,ty)). This gives S'(ty) < S(ty), but one has S(ty) < S(tn) from and we conclude the
inequality S’(t)y) < S(tn), that is the map Ny — S(tn) is decreasing. By uniqueness of the solutions
with the control uRdr, we obtain S'(t) < S(t) for ¢ > tiy as long as S'(t) > S*. We deduce that ¢*
is decreasing w.r.t. Ny € (Ng, Ng) and consequently the final state N(T) is increasing w.r.t. Ny. This
implies that one has N(T') > ncS* for any Ny € (NJ, N§). For Ny = N{, if one has No, 50,87 (T) = neS*,
then uyg is necessarily optimal, according to Remark (1} Note that when Ng > 1nc, one has necessarily

N(T) = neS*. If not, one should have t* < T and by continuity there exists Nj € (n¢, Ng ) such that
the solution with the N S-strategy reaches S* at a time t* € (¢*,T), in contradiction with the definition

2.
If N(T) = ncS*, we already know that the solution is necessarily optimal (cf Remark. Let us show

now that a solution (S, N) with Ny € [Ng, Ng§) and control uyg such that N(T) > ncS* is optimal. Tt
will be convenient to consider the function

B(t) := ki kaN(t) — kyCRS(t).
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From equations —, one obtains for any admissible solution in E
B(t) = k1(Ca + kaCr)p(t) + (1 — o(8)) krkaCR Kr(S(1)), t € [0,T]. (31)

Assume there exists an optimal solution (5 N ) in E with the same initial condition (Sy, Ng) and an

admissible control % such that " -
/ at)dt < / u(t)dt.
0 0

From (2)), one gets N(T) < N(T) and as S(T) > S* = S(T), one should have
B(T) < B(T) (32)

where 3 denotes the function 3(t) := ki ko N (t) — k4CiS(t). From the integration of between 0 and
T, one gets

/ (1— () Kr(5(t)dt < / (1~ (1) Kr(S(t))dt.
0 0

However, one has S(t) > S(t) for t € [0,ty] and t € [t*,T], and Kp is increasing. We deduce that the
function t — S(t) — S(t) has to be negative on some interval of non-null measure [t;,t5] C [ty,*] with
ty < t*. Consider then the set B

E:={tets, t*]; S(t) =S(t)}.

By the intermediate value theorem, the set £ is non-empty, and since the functions S and S are continuous,
& is a closed set. Therefore, there exists t, := max . If S(t*) = S*, then one can reproduce the argument
of Proposition [3| to show that one should have S(t) = S*, t € [t*,T] for S to be optimal, but then one
has N(T) = N(T) + (N(t*) — N(t*)) > N(T), as N(t*) = ncS* is the smallest value of N in E. This
contradicts N(T) < N(T). Therefore, one has necessarily S(t*) > S* = S(t*) which implies ¢, < t*. By
definition of ¢, one has S(t.) = S(t.) with S(t) > S(t) for t € (t.,t*). Then, by integrating between
te and t*, one obtains

B(t*) — B(t*) = B(te) — Blte) + kika O /t (1 — () (KR(S(t)) — Kr(S(t)))dt > B(t.) — B(t.)

e

where
B(te) = kikoN(t) — ksCS(te) > kikaneS(te) — kaCWF S (te) = kikaneS(te) — kaCWS(te) = B(te)

from which one deduces 3 (t*) > B(t*). By integrating between t* and T, one gets

T
B(T) — B(T) = B(t") — B(t") + k1k401’\7/ (1= o)) (Kr(S(t)) — Kr(S™)dt = B(t*) — B(t") >0
t*
which contradicts . We conclude that the solution (S, N) is optimal. Finally, the expression of the
optimal cost comes from a straightforward calculation of the integration of between 0 and T and
between t* and T'. O

Remark 2. When Ng = nc and initial condition is So = 1, Ng = n¢, one has S = N/nc > S* at initial
time. The control u]l{,dr defined in is equal to u?,dr(o, 1) = —kine/Ce < 0, which is not admissible.
However, the optimal control is w = 0 at the initial time, which immediately takes the trajectory out of
the boundary N — ncS = 0 until it joins this edge again. This is why the expression of the feedback
is max(0, b9 (¢, S)) and not simply ubd(¢,S) when S = N/nc > S*.

4.3 Saturation of the nitrogen stress only

The cases with Ny > Ng have already been treated in Sections and where it has been proved that
applying the control u = 0 until one of the constraints is saturated is optimal. For Ny < Ng , we found this
strategy to be non longer optimal. Instead, we consider a radically different strategy, which consists of
irrigating as much as possible since the beginning with a ”bang-bang” or ”bang-boundary-bang” control
in such a way that the nitrogen constraint only is saturated strictly at final time 7' (indeed, we found
that saturating the constraint N — n¢S > 0 on a time interval of positive length is not optimal if the
trajectory does not touch S = S%). This new strategy is defined as follows.
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Definition 4. The N-strategy is parameterized by a commutation time t. € [0,T], and given by the
feedback
Umax, ©<te.andS <1,

un(t, S, te) := < a, t<t.and S =1, (33)
0 t 2>t
where L
U= e (34)

Clearly, this control is admissible with condition @ We begin by a technical Lemma.
Lemma 2. There exists an unique t, € [0,T] such that S&gé""éc)(T) = S% for the dynamics (12).

Proof. Consider the map p : t. — Sggs""tC)(T), which is clearly continuous, and let us show that
it is increasing. Take t.; < t.2 in [0,7], and denote Sy, S2 the corresponding solutions with control
un (s, te1), un (s, -, te2) respectively. Clearly, the solutions S, S coincide on [0, ¢, 1]. One has Sa(t.1) =
S1(te1) and Sa(te2) > Si(te2). On the time interval [t.2,T], S1, S are solutions of the same dynamics
with control u = 0. By comparison of solutions of scalar dynamics (see for instance [23]), one gets Sa(t) >
S1(t) for any t € [t 2,T], which implies pu(tc2) > pu(te1). For t. = T, one has pu(T) = Sg,gé""T) (T) >
So > 8* > S%. For t. = 0, one has u(0) < p(ts) = S§ g, (T) = S%. Therefore, there exists an unique
t. € [0,T] such that p(t,) = S%. O

It will be relevant to define the time
t1 = max{t € [0,T], Syg(t) <1} (35)

Then, the value
T .
Ng =ncSs+ k3 / p(t)dt — k4 Cy (umax min(¢,, t1) + @max(0,t, — tl)) (36)
0

is such that the solution for Ny = Ng and the control ux with commutation time ¢, reaches exactly the
point (S%,ncS%) in E at the final time T. Note that one has necessarily Ng < Ng because any solution
with Ny > Nj cannot reach the set {N — 1S = 0} at time T (see Section . One has the following
result about the optimality of the control uy.

Proposition 5. Assume that conditions — are fulfilled. If Ng > ncSo, then for any Ny €

*

[ncSo, Ng], there exists a unique tf € [t.,T] such that the solution with control uy (-, -,t%) verifies N(T) =

ncS(T) > neS*. Then, the N-strategy with t. = t% is optimal for the problem P, and the optimal cost is
V* = Umax min (¢}, t1) + @ max(0, t5 — ¢1).

Proof. Note first that condition implies C; < 0 and then condition gives Cy > —koC'y > 0.
The map N.(t.) = Ngg(EN:’C (t.) is clearly continuous with respect to t.. Then, the composed
function '

E(te) = Ny sy Nty (T) = 105, sy (T)

where S.(t.) = Sg)gé""tc) (t.), is continuous with respect to t. (from the continuity of solutions of ordinary

differential equations w.r.t. the initial condition). We look now for the existence of a zero of this function.
Let t. € [0, T] and denote S, N the solution with control uy(:,-,t.). For ¢ € [0, min(¢,%.)], one has

N(t) =neS(t) = (—ks +nck)e(t) + (kaCF — nekike)umax +ncki(1 — () Kr(S(t)

Z 0190(15) + OQUmax~

From (6, one has Cotmax > —C; > 0 and thus N(t) — neS(t) > 0 for any t € [0, min(t,, t1)]. If t. > ty,
then for ¢ € [t1,%.], one has S(¢t) = 1, and from (2] one gets

N(t) = —ksp(t) + =N > kg 4 TN > fp g N
ko 2 ko
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(except when t =t. = T), the last inequality being provided by condition . Therefore, the function

V(t) := N(t) —neS(t)

is increasing on [0,t.]. We immediately deduce the inequality £(T) = v(T") > v(0) > 0.

Let us show that ¢ is increasing with respect to t.. Take t/, > t. in [0, 7] and denote S’, 4" the solution
with control upn(:,-,t.). Note that the solutions coincide on [0,¢.] and thus one has S'(t.) = S(t.),
~'(t.) = v(t.). Note that one has also

te te
/ un (t,S'(t),t.)dt > / un (t,S8(t),te)dt =0
t t

c c

and one gets from equation the inequality S’(t) > S(t) for t € (t¢,t.]. Then, by uniqueness of the
solutions of the scalar dynamics with control u = 0, we deduce the inequality S’(t) > S(¢) for any
t € (t.,T). From equation (19)), one can write

T t!,
E(t) =+ (T) = +'(t.) + / (Cro(t) + (1 — p(t) kineKr(S'(1)))dt + Cs / un (t, §'(t), 1)) dt

c c

As Kg is increasing and Cs > 0, we obtain

T
€(t0) > 2t + [ (Cuelt) + (1= e()hnoKr(S(0))dt =2(T) = ()
tC
which proves that £ is increasing. Moreover, as in the proof of Proposition [3] with C; < 0, we obtain that
the function + is concave (with control u = 0).
For t. = 0, the control u is equal to 0 on the whole interval [0, T], and one has for any Ny < Ng

ts ts
ts) = Nits) ~n0S(ts) = No ks | p()dt =S5 <Ny ~ks [ p(t)dt ~ 0S5 =0,
0 0
If t¢ =T, one has thus v(T') < 0. If tg < T (which implies S§ = S*), one has with condition

J(t) <A(ts) = Crp(ts) + (1 — @(ts)kinc Kr(S*) <0, t>ts.

Therefore, one has v(T') < v(tg) < 0. Whatever is tg, one has thus £(0) < 0 when ¢, = 0. The function
¢ being continuous increasing with £(T") > 0, we deduce that the exists an unique ¢} such that £(¢%) =0
(i.e. such that corresponding solution verifies N(T') — noS(T) = 0), which belongs to (0,7"). However,
we must check that the corresponding solution remains in £. We have already shown that v is increasing
on [0, %], which implies () > 0, and that + is concave on (t%,T") with v(7') = 0. This implies that one
has necessarily v(t) > 0 for any ¢ € [0,T). The constraint N > n¢.S is thus satisfied at any time.

The solution S is non decreasing on [0, ], and decreasing on [¢t%,T] (as the control u is equal to 0
for t > t*). Therefore, the solution remains in F when S(T') > S*. If tg = T, then one has necessarily
S(T) > S5 > 8*. If tg < T, note that T' — t,. is the largest time for which it is possible to reach S* at T
and thus one has S(T') > S* exactly when ¢} > ¢,. From equation one gets

T te
N(T)= Ny — k3/ p(t)dt + k4C}\?/ un(t, S(t),tc)dt
0 0

and for t. = t,, one has S(T) = S* with the property

t

Zc

T
Ny < N} < N(T)< N} - kj/ o(t)dt + mc}y/ un (t, S(t),t,)dt = neS* — £(t,) < 0= £(t).
0 0
As the function ¢ is increasing, we deduce the equivalence
No < N} = t:>t,.

We conclude that the solution with the control uy such that N(T) — noS(T) = 0 satisfies also the
constraint S(t) > S*, t € [0,T], when Ny < Ng (when tg = T, note that one has necessarily ¢, = 0).
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Let us show now that the solution (S, N) with the control u(t) = un(t,S(t),t}) is optimal. If not,
there should exist another solution in E, denoted (S N ) with an admissible control @ such that

/0 iy < /0 " byt

Note from equation that this implies the inequality
N(T) < N(T). (37)

On the another hand, one has from equation

T T T
N(T) = neS(T) = No —ncSo + C1 /0 p(t)dt + kmc/o (1= () Kr(S(t))dt + Cs / u(t)dt =0

0

and

) T T } T
N(T) = neS(T) = Ny — ne:So + Ci /O o()dt + k:lnc/o (1= () Kr(S(t))dt + C /O a(t)dt > 0

which implies

k:mc/o (1— (1)) (Kr(S(t) — Kr(S(t))dt < 02/0 a(t) — u(t)dt < 0. (38)
Note that one has, for a.e. t € [0, 1]

$(t) - S(t) ki (= () (Kr(S(1)) = Kr(S())) + ka(tmax — (t)))
—k1p(1)(KRr(S(t)) — ( S5(t)))

with S(0) = S(0), which implies that the inequality S(t) > S(t) is satisfied any ¢ € [0,#,]. For t € [t;,t],
one has S(t) = 1 > S(t). Therefore, the inequality S(t) > S(t) is satisfied for any t € [0,¢%], and as
the function Kg is increasing, we deduce the inequality Kx(S(t)) — Kr(S(t)) > 0 for any t € [0,t%].
This implies from 7 that there exists necessarily an non-empty interval (t,,t,) C (t5,T) such that
Kr(S(t)) — Kr(S(t)) < 0 for t € (ts,t5). As the function Kg is increasing, we deduce that one should
have S(t) > S(t) for t € (t4,ty). But then, as @(t) > 0 = u(t) for any ¢ € [t,,T], the solutions S, S
cannot cross i.e. the inequality S(t) > S(t) is verified for any ¢t > t,. In particular, at t = T', one gets

vl

N(T) = neS(T) > nesS(t) = N(T)

which contradicts the inequality .
Finally, the expression of V* follows from the definition of the strategy uy. O

Remark that the case for which S% > S* (that is when S = S* cannot be reached) is treated with
Proposition [5|

4.4 The singular case

For convenience, let us posit R

Ng := max(ncSo, Ng) (39)
where Ng is defined in . Note that when condition is not fulfilled and Ng > Ng , the case
Ny € (Ng,Ng ) is not covered by Propositions of former sections. We call this case ”singular”
because, as shown below, there exist optimal controls that do not take extreme values nor saturate the

constraints, which are thus necessarily singular controls, what differs from the optimal strategies in our
former propositions.

Proposition 6. Assume that conditions ([24)-(25)) are satzsﬁed with St = S*. If N0 > NO, where Ng,
Nﬂ are defined in , , then for any Ny € (NO,N ), the control

N} — Ny

u = 'l_LIj — uT = - -
() = Auf(t) + (1= Mu'(t), A N NE

te0,T) (40)
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s optimal, where uT, un denote the optimal open loop controls given by Propositions |ZL @ for the initial
condition Ny = NO, No respectively. The optimal cost is

1 T
V* = — <7705* — No + k3/ @(t)dt) . (41)
k'4ON 0
Proof. Let (S t.NT), (5%, N*) be the optimal solutions given by Propositions for the initial condition
Ny = NO,N0 respectlvely
From equations (1] one has
AS* 4+ (1 - /\)S'T = —/w(t) — ki (AKR(S*) + (1 = N)Kg(ST)) + kika (M (t) + (1 — Nu' (1)),
AN* 4+ (1 = NNT = —kso(t) + ks CR (A () + (1 = Nul(t))

Note that one has AKz(S*) + (1 — A\)Kr(ST) = Kp(AS* + (1 — \)ST)) as K is an affine function in the
domain E. Therefore

S(t) = ASH(t) + (1 — N)ST(t), N(t) = AN*(t) + (1 = A)NT(t), tel0,T]

is the solution of (), for the control u and the initial condition (Sg, Ny). As the solutions (ST, NT),
(8%, N¥) remain in the convex set F, we deduce that the solution (S, N) does also, and the control u( is
admissible. From NT(T) = N¥(T) = ncS* (with t* = T'), we get N(T) = ncS* and according to Remark
we conclude that u is optimal.

Finally, the expression of the optimal cost is given by Lemma [T} O

Remark 3. In the case of Proposition[d, there emsts indeed an infinity of optimal solutions. Let S,
N be the solution with the control u defined on (40) for an initial condition Ny € (NO,NT). Take any
absolutely continuous function 6 such that

T
/0 (1 - p(t)5(t) = 0.

with §(t) = 0 for t € [0,7)U [T — 7,T] for some positive T < T/2, and for any t with u(t) =0 Then, the
control ]
. 1—(t) o(t)
a(t) = u(t) + e | ——L5(t) + . ae tel0,T
(1) = u(t) <k2<1_5h) 0+ 72 0,7]

takes values in [0, Umax] for a.e. t € [0,T], provided the number e > 0 to be small enough. The solution
S, N with the same initial condition Sy, No and control @ satisfies

S = —kip(t) = k(1 — o(t) Kr(S) + kykyii(t) '
= —kip(t) — k1 (1 — o(t))Kr(S — 8(t)) + kykau(t) + £8(t)

from which we deduce that it satisfies S(t) = S(t) + ed(t) for any t € [0,T]. One has also

N0 = 108(0) = N0~ o5 +e (2B [ o= popatsias + (HE e ) st

Fort € [0,7]U [T — 7,T), one has S(t) = S(t), N(t) — ncS(t) = N(t) — ncS(t), and as the inequalities
S* < S(t) <1, N(T) — ncS(t) > 0 are satisfied for any t € (0,T), we deduce that for e small enough,
one has also S* < S(t) < 1, N(T) —ncS(t) > 0 for t € (0,T). Thus, one has (S(t), N(t)) € E for any
t €[0,T), and as N(T) = N(T) = ncS* we conclude that the control @ is also optimal.

Now, in accordance with Proposition we characterize an optimal solution which is ”bang-(boundary)-
bang-boundary” as follows. It combines the feedback expressions and of the NS and N-
strategies.

Definition 5. The NS*-strategy is parameterized by a commutation time t. € [0,T], and given by the
feedback

Umax, t<te.andS <1,
u, t<te.andS=1,

UNS* (ta Sa tc) = (42)
0 t>t. and N > ncS

wbdr(t,8) t>t, and N =ncS
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where the controls 4 and u]l{[dr are defined in and .

Proposition 7. Assume that conditions . are satzsﬁed with SS S*. If NJr > Ng, where Ng,

Nﬁ are defined in (28)), (39 , then for any Ny € (NO,NO) there exists t. € (0,T) such that the solution
wlth the control uNS*( ,te) verifies S(T) = S* and N(T) = ngS*. For such a commutation time, the
corresponding control is optz'mal and the cost is given by .

Proof. Let us fix Ny € (Ng, Ng) and t. € [0,7]. As in the proof of Proposition [5| one has
N(t) —ncS(t) > Cip(t) + Cottmax >0, t € [0,41].

where t; is defined in (35)), and if ¢, > ¢;, one has

S(t) =0, N(t) > —ks + >0, tety,t]-

Therefore the inequality N(t) — neS(t) > No — neSo > 0 is verified for any ¢ € [0,t.]. For ¢ > t., the
expression of the feedback ensures that one has N(t) — n¢S(t) > 0. The nitrogen constraint is thus
satisfied with the N S*-strategy whatever is the commutation time ¢..

Recall from Section that for Ng = N& the N-strategy is optimal for a certain commutation time
th > 0. Denote (S*, N¥) the corresponding solution. For Ny > Ng, notice that the control uy (-, -, %)
remains admissible because the corresponding solution is exactly given by S(t) = S*(t), N(t) = N*(t) +
No — NE > N¥(t) for any t € [0,T]. Consequently, one has N(T) — ncS(T) > 0. By continuity of the
solution with respect to the commutation time ¢., we deduce that there exists ¢ > 0 with tf —e > 0 such
that for any t. € (th —e,tt), the control uy(-,-, %) gives a solution with N(T) — ncS(T) > 0. However,
with t. < !, the solution verifies S(T) < S*(T) = S*. Finally, notice that for t. € (& —¢,t), the
N-strategy comc1des with the the N.S* one.

On the other hand, for t. = 0 the N.S*-strategy coincides with the N S-strategy which is optimal for
Ny = Ng. Denote (ST, NT) the corresponding solution. For Ny < Ng, the solution (S, N) with ¢, = 0
meets the constraint N = 1S before the solution (ST, NT) does, which implies that one has S(T) > S*
(and thus N(T) = ncS(T) > ncS*, i.e. t. =0 cannot be optimal for Ny € (Ng, NJ))

By continuity of the solution with respect to the commutation time, we deduce that there exists t. €
(0,tf —¢) such that the solution (S, N) with the N S*-strategy verifies S(T') = S*. If N(T)—ncS(T) > 0
then this implies that the N .S*-strategy coincides with the N-strategy for the commutation time £., but
as t. < t!, we deduce as formerly that one should have S(T) < S*(T) = S*, and thus a contradiction.
Therefore, this solution has to verify N(T') = ncS*, and is thus optimal according to Remark O

Finally, exploiting the results of Propositions [3] [ [5] and [7] we refine the result of the former Propo-
sition [ as follows.

Theorem 8. For any initial condition (So, Ng) € E, Problem P admits an optimal solution which is
composed of bang arcs in the interior of E and possibly boundary arcs on the boundary of E, with up to
three commutations.

5 Numerical illustrations and discussion
We have considered a class of concave functions ¢, given by the following expression

t(l1+ )

, a>0
t+«

o(t) =
parameterized by «, which in some sense measures how quickly the vegetation cover progresses over time,
impacting the LAI (Leaf Area Index). We have chosen a plausible set of values of model parameters (see
Table 7 inspired by the literature.

For these parameters, we have computed the lower bounds (5)), (6]) on the operating parameters C’]i\?,
Umax fOr the set E to be viable (see Table . The values in Table |1| of these parameters being above
these bounds, we deduce that the set E is viable for these operating parameters.

Then, we have determined by solving numerically the differential equation the various quantities
considered in Propositions that are reported them in Table

16



Fi | ke | ks | ka| S
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Table 1: Parameters values of the model

C¥ | tmax

1.55 1

Table 2: Lower bounds on the operating parameters for the viability of the set F

ts ‘ Cs ‘ N§ ‘ t. ‘ Ng ‘ N{ ‘ ncSo

0.269673 ‘ —0.801007 | 0.594958 | 0.699568 | 0.502550 | 0.551077 | 0.475

Table 3: Values of the various quantities considered in Propositions and

From Table [3] one has Cg < 0, and from Proposition [3| we get that the S-strategy is optimal for
Ny > Nj. Astg < T, we have S& = S* and from Proposition We know that the N S-strategy is optimal
for Ny € [Ng, Ng]. In Table [3} we see also that one has Ng > ncSp, and then the N-strategy is optimal
for Ny € [neSo, Ng] according to Proposition |5| Finally, as N(;r > Ng7 the NS*-strategy is optimal for
Ny € (Ng, Ng ) according to Proposition EL but also the singular control defined in Proposition @ For
this set of parameters, all four possible strategies are met depending on the initial nitrogen concentration
Np, as summarized in Table [4

Mo | lesond) | RN | DN | )

optimal || N-strategy ‘ N S*-strategy ‘ N S-strategy ‘ S-strategy
control

anticipate stress act on stress

Table 4: Optimality of the various strategies depending on Ny

For various values of Ny, we have determined numerically the optimal solutions with the help of the
Bocop software, which is based on a direct method [22]. We can see in Figures [2] to [7| that the solutions
are in perfect accordance with the theoretical results, as predicted by Table[d] Of course, the advantage of
the analytical analysis is that it provides feedback strategies instead of open loops given by the numerical
method, which is easier and more robust to apply in practice.

u
09+ 14 09+ 14
0.85 -| 0.85 -|
4 12
08 2 08
075 -| 075 -
4 14

T T T T T ] T T T T T T T T )
1 S o 02 o4 o0 o088 1T 06 07 o8 09 1 S o 02 o0s o6 o8 1t

Figure 2: Optimal solution for Ny = n¢c.Sy Figure 3: Optimal solution for Ny = Ng
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Figure 4: Optimal solution for Ny = Ng Figure 5: Optimal solution for Ny € (Ng, Ng)

N N
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041 02 o4 02

P o s ob 1S % dz oh e s 3t P o s ob 1S % ok oh ae s 3t
Figure 6: Optimal solution for Ny = Ng Figure 7: Optimal solution for Ny > NS

For the singular case, that is for Ny € (Ng, Ng ), we have plotted various solutions

1. on Figure , the solution given by the N S*-strategy (cf Proposition [7]) which is in accordance with
the (extended) Bang-Bang Principle. Note this solution presents three commutations, while former
ones have one or tow. This is the maximum number given by Theorem

2. on Figure [0} the solution as the convex combination of trajectories and control of the particular
cases given in Figures 3] and [d] following Proposition [6] This solution is singular on the whole time
interval.

3. on Figure [I0] the solution provided by Bocop, which is also singular on the whole time interval.
The numerical software has provided a kind of regularization of the solution given by Proposition
[6l The control is smooth but is a pure open loop.

Note that all these solutions end at the corner point (S*,7n¢S*) at time T' and are thus optimal (cf
Remark .

N u N u

09 144
085 - 0.85 -

12 12
LER 08
075 075

14 1]

07 07
065 - 084 065 08
06 06
055 -
05 05
0.45 - 0.45 -
0.4 0.4

035 035

03 T T T —g o T T T T 1 03 T T T —g o T T T T 1
06 07 o8 09 1 o 02 04 06 08 1t 06 07 08 09 1 o 02 04 05 08 1t

Figure 8: Optimal solution for Ny € (N&, N) Figure 9: Optimal solution for Ny € (N, NJ)
with the N.S*-strategy with the control
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Figure 10: Optimal solution for Ny € (Ng, Ng)
obtained with the numerical software Bocop

Let us comment on these optimal solutions.

e When the initial quantity of nitrogen is high (Ny > NJ), it is not surprising that the nitrogen
constraint is not saturated. Indeed, the S-strategy coincides with the optimal one already found in
the literature for the simplified model with no nitrogen stress [2]. It consists of no irrigation until
the humidity threshold S* is met and then keeping the humidity level equal to this threshold up to
the final time. A sensor measuring the humidity level S is required to apply this control strategy.

e For the lower value of initial nitrogen Ny € (NJ7 N{), the lack of irrigation causes the system to
face the nitrogen stress before the hydric one. Then, the optimal solution consists of keeping the
system at the edge of this constraint until it reaches the humidity threshold and then keeping
the humidity level precisely equal to this threshold (as for the S-strategy). In this way, the NS-
strategy generalizes the S-strategy in the context of nitrogen stress. Here, as online information,
the measurement of the nitrogen content N (or its concentration N/S) is required, in addition to
the humidity level S.

e A surprising feature occurs when keeping the system at the edge of the nitrogen stress does not
allow it to reach the humidity threshold (because the time horizon has been reached before) for
small initial nitrogen content Ny < Ng . Then, the N S-strategy is no longer optimal, and the best
one is radically different. The N-strategy consists of irrigating since the beginning to maintain
the humidity level at its maximal level up to a precise time ¢}, from which stopping the irrigation
conducts the system to touch the N-stress precisely at the terminal time. Unlike the S-strategy, the
N-strategy is not a particular instance of the N S-strategy. On the contrary, the N-strategy requires
anticipating the future and providing water from the beginning. From a practical viewpoint, this
”open-loop” strategy requires the precise determination of the optimal commutation time ¢ from
the model’s data an initial Ny, without the need for future online measurement.

e Another non-intuitive feature is the possibility for a subset of initial conditions Ny € (Ng, Ng ) to
reach the ”corner” point (S*,ncS*), defined as the intersection of the two constraints, precisely at
the final time, and different strategies are possible. The N S*-strategy does not require irrigation on
a time window, but differently to the other cases, this time window is not at the beginning or the
end of the season. Other possibilities are singular controls given by particular irrigation strategies,
which no longer consist of keeping the system at boundaries of the set F or without irrigation. Such
strategies are most demanding to implement because they require the prior determination of the
whole time profile depending on the initial Ny. However, it can obtained with smooth controls but
remains open-loops. For these cases, the final nitrogen content is the smallest among all possible
ones.

On Figure we have plotted the optimal value of the water consumption V' and the corresponding
final nitrogen N(t), as function of the initial nitrogen content. This shows that although the optimal
irrigation strategies can be quite different for Ny < Ng or Ng > Ng, the minimal water consumption
V* is constantly decreasing with initial Ny, down to the constant level for which the system receives
enough nitrogen never to face nitrogen stress, that is when Ny > N§. Note that the part of the curve
for Ny € (N(g, Ng) is linear, justified by the expression given in Proposition@ Due to the particular
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Figure 11: Minimal water consumption (left) and final nitrogen content (right) as a function of Ny (the
colors indicate which strategy is optimal)

structure of the singular cases with Ny € (Ng, Ng ) for which the final nitrogen content N(T") is always
the minimal value n¢S* of N in E, the map Ny — N(T') is non-monotonic and flat for (Ng, Ng).

If one intends to minimize both the water consumption and the residual nitrogen content (while
ensuring maximal biomass production), a Pareto diagram might be helpful. In Figure one can see
that the Pareto front is for Ny € [N(;r , N{], for which a compromise between water consumption and final
nitrogen content has to be chosen. Note that this locus corresponds to the optimality of the N S-strategy.

NT)
0.45 4 N
0
® N;
® N
0.3 v
0.7 0.79

Figure 12: Set of optimums (N (T"), V*). The Pareto front is depicted in magenta

We have presented here a case study for which all the four N, S, NS, NS* strategies strategies can
be optimal with one, two or three commutations. For other sets of parameters, one can have Ng < Ng
and then there is no singular case, or Ng < neSy and then the N-strategy is never optimal, or Ng = Ng
and in this last situation the N S-strategy is never optimal. To preserve a reasonable paper length, we
have not depicted here other such simpler cases.

6 Conclusion

Considering the problem of minimal irrigation under maximal biomass production for a simplified crop
model, we have provided conditions for this optimal control problem with state constraints to be feasible,
and given the different structures of the optimal strategy depending on the initial nitrogen content. We
have characterized optimal solutions as concatenations of bang and boundary arcs, these latter ones being
on the boundary of the constraints set only, and shown that they have at most three commutations. This
analysis illustrates the extended Bang-Bang Principle for non-autonomous piecewise affine dynamics. We
have also exhibited cases for which there exists an infinity of optimal singular trajectories, related to the
non-smooth feature of the constraints set.
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These strategies can be implemented as simple feedback measuring online the humidity level S if the
limit of water stress is met before the harvesting time or the nitrogen concentration N/S if the limit
of the nitrogen stress is met before the harvesting time. In the other cases, both quantities need to be
measured. We have also exhibited a particular set of initial conditions that conducts to the smallest
residual nitrogen in the soil, which could serve as a theoretical target for the practitioners.

This study revealed that when the crop radiation efficiency increases rapidly with time, and the
nitrogen concentration in the irrigation water is low, then the minimal residual nitrogen content in the
soil is obtained when the initial nitrogen content belongs to a particular interval of values, and not for the
smallest initial nitrogen content. Therefore, having a low initial nitrogen content in the soil could lead
paradoxically to larger residual contents. This can be explained by the larger water consumption needed
to maintain maximal production. This non-intuitive feature is due to the interplay between nitrogen
dilution and water supply in fertigation. This interval for the initial nitrogen content could serve as a
theoretical target for practitioners. However, the practical application of the fertigation strategies would
have to face some technical and sanitary issues (such as time-varying fluctuations, pipe clogging, and
undesirable nano-particles or pathogens), that are not addressed in the model.

Future perspectives of this work could concern non-viable cases, looking then to viability kernels, that
are the largest subsets of initial conditions for which the optimal control problem under constraint is
feasible [1I], and the consideration of non deterministic climatic disturbances (rains, droughts).
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