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Estimating costs and margins: input-output methodology

Econometric model of specific production costs

K
. k . ..
X, = ZaihYkh +¢&, with ¢, iid.
k=1

PRODUITS TOTAL CHARGE
CHARGES
X,
X,
X,
TorAL PRODUIT

(D.Desbois, 2015), FACEPA Project, FP7 European program



Quantile estimates of costs and margins in agricultural production

1. Specific costs
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2. Gross margins
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Quantile process: wheat, France, 2006

(D.Desbois, 2015)
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Equivariance properties of conditional quantiles under monotonic
transformation

The order statistics are equivariant by monotonic transformation:

IfA €]0;00]  then u,(A*X + C|Y)=C+ A * ucgy (X[Y)

If A € |—00;0] then ug(A*X + C|Y)=C+ A * p1_q)(X[Y)

By reparametrisationin X of M =Y — X, the result is:

ugMTY)=p, (Y =X 1Y) =1—pq_X 1Y)

(D.Desbois, NOV’AE, 8, 2023)



o pe Blé Colits spécifiques (€) pour 1 000 € de produit brut [Marges brutes (€) pour 1 000 € de produit brut :
Specific costs of wheat .4 Régions RICA Dics Qlcs Q2cs Q3cs D9cs MCOcs | DImb Qlmb Q2mb Q3mb D9mb MCOmb Gross margins of wheat
AOI0 Schieswig-Holstein | 389 407 364 | 354 | 542 | 464 | 458 J646_1 636 593 611 536
A030 Niedersachsen 214 229 295 351 327 305 | 673 649 705 771 786 695 '
A A0S0 Nordrhein-Westfalen | 325 245 222 224 233 204 | 767 776 778 755 675 796 A
oo™ = 646 AOBO Hessen 383 410 343 356 333 428 | 667 644 657 50 617 572 || o™ = 458
: A090 Bayem 283 354 418 561 669 487 | 331 439 582 646 717 513

A115 Sachsen-Anhalt 245 214 290 284 289 188 | 711 716 710 786 755 812 — 1000 — 542
F131 Champagne-Ardenne | 379 514 537 530 752 492 248 470 463 486 621 508 -

= 1000 — 354 F132 Picardie 314 2099 376 465 465 332 | 535 535 624 70l 686 668
F134 Centre 303 317 376 490 568 367 | 432 510 624 683 697 633

" F135 Basse-Normandie 699 646 617 525 687 507 313 475 383 354 301 493 A

= 1000 — pe.75)*° F136 Bourgogne 475 442 543 657 779 491 | 221 343 457 558 525 509 — 1000 — c
F141 Nord-Pas-de-Calais | 321 370 452 508 687 498 | 313 492 548 630 679 502 H0.9)
F151 Lorraine 524 508 488 398 531 452 | 469 602 512 492 476 548 '
F152 Alsace 589 721 817 886 1001 864 1 114 183 279 411 136
F153 Franche-Comté 689 759 680 625 832 706 | 168 375 320 241 311 204
F162 Pays de la Loire 428 421 435 562 555 403 | 445 438 565 579 572 507
F163 Bretagne 368 400 456 421 483 396 | 517 579 544 600 632 604
F192 Rhone-Alpes 609 640 904 935 911 903 89 65 96 360 391 97
F193 Auvergne 33 384 528 792 804 434 | 196 208 472 616 664 566
1260  Emilia-Romagna 187 270 374 437 481 346 | 519 563 626 730 813 654
1282 Umbria 316 305 327 358 359 376 | 641 642 673 695 684 624
B341 Flandre 305 363 446 496 1085 552 85 504 554 637 695 448
B343 Wallonie 397 306 342 407 407 404 | 593 593 658 694 603 596
D370 Danemark 213 261 363 462 552 426 | 448 538 637 739 787 574
U411 England-North 332 348 346 471 564 375 | 436 529 654 652 668 625
U412 England-East 264 302 339 421 475 323 | 525 579 661 698 736 677
U413 England-West 363 343 294 308 406 349 | 594 692 706 657 637 651
U431 Scotland 338 405 522 443 490 478 | 510 557 478 595 662 522
E570 Extremadura 182 206 218 373 498 299 | 502 627 782 794 818 701
0660 Osterreich 201 240 266 261 344 200 | 656 739 734 760 799 800
S710 Shttbygdslan 341 331 388 522 567 323 | 433 478 612 669 659 677
H761 Kozép-Dunantil 382 465 419 348 638 563 | 362 652 581 535 618 437
H762  Nyugat-Dunantdl 31 357 393 388 509 750 | 491 612 607 643 639 241
H765 Eszak-Affoid 302 238 339 371 341 197 | 659 629 661 762 698 803
P785 Pormoze & Mazuy | 300 353 395 505 562 418 | 438 495 605 647 700 582
P790 WiekoPolska&Slask | 252 280 344 430 536 424 | 464 570 656 720 748 576
P795 Mazowsze & Podlasie | 266 263 302 349 458 336 | 542 651 698 737 734 664 _
P800 Malopolska & Pogorze| 254 200 372 331 383 347 | 617 669 628 710 746 653 |(D.Desbois, NOV'AE, 8, 2023)




nPCA Biplot
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> Tibrary(factoextra) * - |
>"fv1: Z_Eca_bi pl ot(rsspca, reBe1=TRUE, geom. ind B341 - Flandre |
="point",col.var = "#2E9FDF", + col.ind = 0

"#696969") _ i
(D.Desbois, NOVAE, 8, 2023) Dim1 (79.9%)



Divisive Classification Algorithm

Chavent's Method for Divisive Classification:

Generated by the binary response (yes/no) to the question
L W=[z9 <c?],
Let be {Ak,Ak} the bipartition induced on the Cj clusters formed by the n;, objects ;

As in Ward’s method, the upper "hierarchy" of the Py partition is sorted by the h index of
the Cy, clusters, defined by their inter-inertia (B):

pAu(Ay) —
——d Ar), glA
) 4 (i) (940, 9(4x))

the DIVCLUS-T algorithm splits theCy cluster maximising h(Cy), such as P .1, the new partition
Pxi1 = Pk U{AK:E} — Cg

has the lowest intra inertia, according to the following rule:
W (Pg41) = W(Pg) — h(Cg).

h(Cy) = B(Ak, Ax) =



Partitions into two (P2), three (P3) and four (P4) classes from the divisive class hierarchy of the DIVCLUST procedure

Typology of costs and margins
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(D.Desbois, NOV’AE, 8, 2023)

> resdivP4<-divclust(regO6ble[,3:14],K=4)



Map projection of partition P4 of the divisive clustering

e
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C1.2 Q3m<423€ & Dlc>649¢€
C1.1 Q3m<423€ & Dlc<b649€
c2.2 Q2m<609,5€ & Qlc<577¢€

C2.1 Q2m 2609,5€ & Qlc<577€

JRO0N

ND Non déterminé

> typoLayer(spdf = nuts2.spdf, df = nuts2pP4n3.df, var = "P4", Tegend.pos ="topright", col=c(rainbow(4),
"white"), Tegend.values.order=c("c1.2","c1.1","c2.2","c2.1","NULL")) (D.Desbois, NOV’AE, 8, 2023)



Linear discrimination P13: first linear discriminating plane
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> fpl3<-as.factor(r3828pl3[,2]) . )
> reslda<-1da(x=r3828p13[,3:8],grouping=~fpl3) (D.Desbois, NOV’AE, 8, 2023)
> predlda<-as.data.frame(predict(resida)$x)
> ggplot(predlida,aes(LD1l, LD2))+geom_point(aes(color=fpl3))+geom_text(label=r3828p13[,1],check_overlap=TRUE)



Map projection of partition P13 (full and partial estimates)

P13
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> typoLayer(spdf = nuts2.spdf, df = nuts2Pl3n2.df, var = "pl1l3", legend.pos ="bottomleft",
CO-|=C(r‘a'inbOW(13))’-legend_va-lues.Or‘der':(_'_("l"’"2"’"3","4","5","6"’"7","8"’"9"’"10"’"11","12"’"13"),
legend.title.cex = 0.5,1legend.values.cex = 0.5, 1lwd=0.05)



From margins to costs: invariance of distances between quantile processes
symmetrically constructed

* Supremum Distance

For any symmetrically constructed quantile process, i.e. T = {Tl =& . =0, ., Tjyp = 1—gq, vy Top = 1-— e}
pour ] = {1, ..., 2p}, by re-parametrizing M into X — Y, the supremum distance is written as follows:

di(i',0) = (0, = Supjes (i @7 = @) = Supje (|[1 - e T= D] = [1 - T= D} )

= Supje; (|ux(T= @)y = ix T = @)}| )X @', D=d (i, 1)

 Manhattan Distance
For any symmetrically constructed quantile process, i.e. T = {rl =& ., Tj=0q, «,Tjip = 1—gq, vy Top = 1-— e}
pour ] = {1, ..., 2p}, by re-parametrizing M into X — Y, the Manhattan distance is written as follows:

di' (@', i) = di' (i, i") = X ey |HM (@)} - IJM(CI){rl = Djej Hl —phx (1= Q){] - [1 — ux(1 — q){,“
= Yjes || @ = )| - [ T=0)]|| =¥ 0)=6% 1"
* Minkowski Distance of k order (Euclidean distance for k=2)

For any symmetrically constructed quantile process, i.e. T = {Tl =&, T =¢q, i, Tiyp=1—¢q,...,T3p =1— e}
pour ] = {1, ..., 2p}, by re-parametrizing M into X — Y, the Minkowski distance of k order is written as follows:

000~ [ -0 = (1t T o] 1= o)
= k\/ZJ'E] ([x@= )| = |ux T= ! Dk=df§ ', D)=d¥ (i, i")




Distance Invariance with Duality: Tchebichev Distance
Margins

> dman_cm06<-dist(cm06[,c(13:23,25)],method="maximum')

> dman_cm06

DAN

DEU

ESP

HUN

ITA

NED

OST

POL

SVE

UKI

©O O O O O O O o o o o

BEL

.058
.098
.087
.150
.115
.039
.058
.073
.132
.211
.089

©O O O O O O O o o o

DAN

.046
.029
.092
.078
.019
.114
.046
.074
.153
.043

DEU

©O O O O o o o o o

.037
.052
.039
.062
.154
.035
.034
.113
.026

Margins & Costs

ESP

O O O o o o o o

.079
.061
.048
.143
.028
.062
.124
.034

FRA

o O o o o o

.044
111
.206
.077
.037
.063
0.

061

HUN

.086
171
.042
.024
.096
.065

o O o ©o o o

ITA

0.095
0.049
0.093
0.172
0.059

NED

0.129
0.188
0.267
0.145

OST

0.059
0.138
0.033

POL SVE

0.079

0.043 0.122

> dman_cm06<-dist(cm06[,c(2:12,24)],method="maximum")

> dman_cm06

DAN

DEU

ESP

FRA

HUN

ITA

NED

osT

POL

SVE

UKI

BEL
.058
.099
.087
.150
.115

.081
.073
.133

0
0
0
0
0
0.039
0
0
0
0.211
0

o O O O O O o o o o

.089

> dmax_cmO6<—-distCcmO6[,2:25] ,method="maximum')

> dmax_cmO6

DAN

DEU

ESP

FRA

HUN

ITA

NED

osT

POL

SVE

UKTI

BEL

0.058

O0.099

0.087

O0.150

O0.115

0.039

0.081

0.073

O0.133

O0.211

0.089

DAN

0.046

0.029

0.092

0.078

0.019

o0.114

O0.046

0.088

O0.153

0.043

DEU

0.037
0.052
0.039
0.062
O.155
0.035
0.048
O0.113
0.026

ESP

0.079
0.061
0.048
0.143
0.028
0.062
O0.124
0.034

FRA

O0.044
Oo.111
O0.206
0.077
0.037
0.063
O0.061

HUN

0.086
O0.171
0.042
O0.031
0.096
O0.065

DAN

.046
.029
.092
.078
.019
.114
.046
.088
.153
.043

DEU

.037
.052
.039
.062
.155
.034
.048
.113
.026

o O O O o o o o o

ITA

O0.095
0.058
O0.107
O0.172
0.059

o O O o o o o o

Costs

YA J J
d(i,i") = Sup; ( X; xi,|)

HUN ITA NED OST POL

0.086

0.171 0.095

0.042 0.058 0.150

0.031 0.107 0.199 0.060

0.096 0.172 0.267 0.138 0.078

0.065 0.059 0.145 0.033 0.057
oSsT POL SVE

0.060

O0.138 0.079

0.033 O0.057 Oo.122

ESP FRA
.079
.061 0.044
.048 0.111
.143  0.206
.028 0.077
.062 0.037
.124  0.061
.034 0.061
NED
O0.150
O0.199
0.267
0.145

SVE

0.122



What contribution can the analysis of symbolic data make to the study of costs and margins?

 What about symbolic mean, symbolic variances, symbolic covariances,
& symbolic PCA ?

 What about symbolic distances & symbolic clustering ?

 What about symbolic discrimination ?



Standardized interval PCA of the typological reference frame
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Fertilizer costs & associated gross margins

Using this duality of conditional quantile estimates, we can study other variations of the concepts of costs and margin
For example, the costs of fertilizers and the associated gross margin to compare the efficiency of production systems
in relation to different inputs.

Filter
“ CD1l CQ1l cQz2i caQ3l CD9l MD1I MQ1l MQ2I1 MQ3lI MD9l CMUI MMUI

BEL | [0.01) 0.02] [0.02:0.03] [0.04:0.05] [0.06:0.08] [0.08:0.11] [0.89:0.92] [0.92:0.94] [0.95:0.96] [0.97:0.98] [0.98 [0.04:0.04] [0.96:0.96]
DAN [0.02:0.02] [0.04:0.04] [0.06:0.06] [0.09:0.09] [0.14:0.14] [0.86:0.86] [0.91:0.91] [0.94:0.94] [0.96:0.96] [0.98:0.98] [0.03:0.04] [0.96:0.97]
DEU [0.00:0.01] [0.02:0.03] [0.08:0.08] [0.14:0.14] [0.18:0.18] [0.82:0.82] [0.86:0.86] [0.92:0.92] [0.97:0.98] [0.99:1.00] [0.07:0.08] [0.92:0.93]
ESP [0.01:0.02] [0.02:0.03] [0.06:0.06] [0.10:0.10] [0.17:0.17] [0.83:0.83] [0.90:0.90] [0.94:0.94] [0.97:0.98] [0.98:0.99] [0.06:0.06] [0.94:0.94]
FRA [0.02:0.03] [0.05:0.06] [0.12:0.12] [0.18:0.18] [0.23:0.23] [0.77:0.77] [0.82:0.82] [0.88:0.88] [0.94:0.95] [0.97:0.98] [0.08:0.09] [0.91:0.92]
HUN [0.02:0.04] [0.06:0.07] [0.09:0.11] [0.14:0.16] [0.20:0.20] [0.80:0.80] [0.84:0.86] [0.89:0.91] [0.93:0.94] [0.96:0.98] [0.11:0.11] [0.89:0.89]

ITA [0.01:0.01] [0.02:0.02] [0.04:0.04] [0.08:0.08] [0.12:0.12] [0.88:0.88] [0.92:0.92] [0.96:0.96] [0.98:0.98] [0.99:0.99] [0.03:0.03] [0.97:0.97]
NED [0.00:0.00] [0.00:0.01] [0.01:0.01] [0.02:0.02] [0.03:0.03] [0.97:0.97] [0.98:0.98] [0.99:0.99] [0.99:1.00] [l.00:1.00] [0.01:0.01] [0.99:0.99]
OST [0.00:0.03] [0.04:0.06] [0.07:0.09] [0.11:0.13] [0.16:0.18] [0.82:0.84] [0.87:0.90] [0.91:0.93] [0.94:0.96] [0.97:1.00] [0.08:0.08] [0.92:0.92]
POL [0.02:0.03] [0.05:0.06] [0.09:0.10] [0.15:0.16] [0.22:0.23] [0.77:0.79] [0.84:0.85] [0.90:0.91] [0.94:0.95] [0.97:0.98] [0.09:0.09] [0.91:0.91]
SVE [-0.01:0.02] [0.00:0.04] [0.10:0.10] [0.22:0.22] [0.29:0.29] [0.71:0.71] [0.78:0.78] [0.90:0.90] [0.96:1.00] [0.98:1.01] [0.02:0.03] [0.97:0.98]
UKI [0.01:0.03] [0.04 [0.09:0.09] [0.14:0.14] [0.17:0.17] [0.83:0.83] [0.86:0.86] [0.91:0.91] J[0.95) 0.96] [0.97:0.99] [0.04:0.05] [0.95:0.96]

Tibrary (RSDA)

iscm06<-read.sym.table("C:/Users/Desbois/Documents/SDA/SDA_2023/iscm06.txt", header=TRUE, sep='\t',dec=',', row.names=1)
row.names(iscm06)<-c("BEL","DAN","DEU","ESP","FRA","HUN","ITA","NED","OST","POL","SVE","UKI")

View(iscm06)



Centers sPCA
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| cQl+ N HﬁEAO SQA CM2+
5 © o KIDEU
g CQ2+ m
N
CQ3+ 7 MMU+
N ; CD9+ o | MQ3+
| | | | | | | MD9+
4 2 0 2 4 6
C1
| | | i | | |
-1.5 -05 00 05 10 15
>11brary(rsda)

>res_centers<-sym.pca(cmis06,method=‘centers’)
>plot(res_centers,choix="var")
>plot(res_centers,choix="1nd")



Duality of costs and margins: sym.pca & sym.kmeans

Specific Costs & Gross Margins

>1ibrary(rsda) o, ~ o0
> res_kmeans4<-sym.kmeans(cmis06,k=4) CD1+§ S U 31 %E MQ2+
> res_kmeans4 E S _ 33 oS
Clustering vector: CMU+% CM2+
c _
BEL DAN DEU ESP FRA HUN ITA NED OST POL SVE UKI 5 5 2 DAN Groups: 1,2, 3, 4
2 2 3 3 1 3 2 4 3 3 1 3 CQl+ Q@ | 2 MBVE
. 2 EL
Specific Costs CQ2+ . MMU+
S MQ3+
> res_kmeans4<-sym.kmeans(cmis06[,c(6,7,8,9,10,12)],k=4) o
> res_kmeans4 CQ3+ 1 NED MD9+
, _ CD9+ 1 | | | I
Clustering vector:
-0.010 0.000 0.010

BEL DAN DEU ESP FRA HUN ITA NED OST POL SVE UKI

2 2 33 1 3 2 4 3 3 1 3 orin_surface_12

Gross Margins
> res_kmeans4<-sym.kmeans(cmis06[,c(1,2,3,4,5,11)],k=4)
> res_kmeans4

Clustering vector:
BEL DAN DEU ESP FRA HUN ITA NED OST POL SVE UKI

114 4 3 4 1 2 4 4 3 4  >res_princurv<-sym.pca(cmis06,method=‘principal.curves')
with the permutation s=(1->2; 2->4; 3->1; 4->3) « >plot(res_princurv,choix="1ind™)

2 2 3 3 1 3 2 4 3 3 1 3



+—-———

!
| ———-2-

DIV (Sodas 2.5): Margin Divisive Hierarchy

Classe 1 (Ng=1) {SVE}
[D1 Margin <= 0.740000]
+--—— Classe 3 (Ng=1) {FRA}
1———7i [Q1 Margin <= 0.832500]
i +---— cClasse 8 (Ng=1) {POL}

l————4-

+—-———-

l———-5-

+—-———-

!-—=-10- [D1l Margin <= 0.790000]
I

f———— Classe 11 (Nd=1) {HUN}
[D1 Margin <= 0.810000]
+--—— Classe 5 (Ng=1) {DEU}
!———9i [D1 Margin <= 0.825000]
i e Classe 10 va=1) {UKI}
———6i [0l Margin <= 0.872500]
| 4o Classe 7 (-1 {OST}
i———Si [Q1 Margin <= 0.892500]
i———— Classe 9 (Nd=1) {ESP}
Classe 2 (Ng=2) {DAN'ITA}
[D1 Margin <= 0.892500]
Classe 6 (Nd=1) {BEL}

3- [Q1 Margin <= 0.955000]

+____

Classe 4

{NED}

(Nd=1)

IF [D1 Margin <= 0.74] & [D1 Margin <= 0.845]
< IF [D9 Cost > 0.155] & [D9 Cost > 0.26] >

IF [Q1 Margin <= 0.8325] & [D1 Margin <= 0.81] & [D1 Margin > 0.74]
&[D1 Margin <= 0.845]

IF [D1 Margin <= 0.79] & [Q1 Margin > 0.8325] & [D1 Margin <= 0.81]
& [D1 Margin > 0.74] & [D1 Margin <= 0.845]

IF [D1 Margin > 0.79] & [Q1 Margin > 0.8325] & [D1 Margin <= 0.81
& [D1 Margin > 0.74] & [D1 Margin <= 0.845]

IF [D1 Margin <= 0.825] & [Q1 Margin <= 0.8725] &[D1 Margin > 0.81]
& [D1 Margin > 0.74] & [D1 Margin <= 0.845]

IF [D1 Margin > 0.825] &[Q1 Margin <= 0.8725] & [D1 Margin > 0.81]
& [D1 Margin > 0.74] & [D1 Margin <= 0.845]

IF [Q1 Margin <= 0.8925] & [Q1 Margin > 0.8725] & [D1 Margin > 0.81]
& [D1 Margin > 0.74] & [D1 Margin <= 0.845]

IF [Q1 Margin > 0.8925] & [Q1 Margin > 0.8725] & [D1 Margin > 0.81]
& [D1 Margin > 0.74] & [D1 Margin <= 0.845] IS TRUE

IF [D1 Margin <= 0.8925] & [Q1 Margin <= 0.955] & [D1 Margin > 0.845]

IF [D1 Margin > 0.8925] & [Q1 Margin <= 0.955] & [D1 Margin > 0.845]

< IF [D9 Cost <= 0.155] & [Q3 Cost <= 0.045]) >
IF [Q1 Margin > 0.955] & [D1 Margin > 0.845]



DIV (Sodas 2.5): Cost Divisive Hierarchy

*oo7- Classe 1 (Ng=1) {NED: Nederland}  IF [D9 Cost <= 0.155] & [Q3 Cost <= 0.045]
1-———3— [Q3 Cost <= 0.045000] <IF [Ql IVIargin > 0.955] & [Dl IVIargin > 0.845]>
! .
! f-——— Classe 4 (Ng=1) {BEL: Belgium} |F [D9 cost <= 0.155] & [Q3 Cost > 0.045] & [D9 Cost <= 0.1075]

!
!

! ! !
! l-———-5— [D9 Cost <= 0.107500]
! !

!

!

t———— Classe 6 (Nd=2) {DAN Danemark; ITA: |ta|y } IF [D9 Cost <= 0.155] & [Q3 Cost > 0.045]
! & [D9 Cost > 0.1075]
l————1- [DY9 Cost <= 0.155000]

+———— Classe 2 (Ng=1) {ESP: Spain}  IF [D9 Cost > 0.155] & [D9 Cost <= 0.26] & [D9 Cost <= 0.19] & [Q2 Cost <= 0.07]

!———7; [Q2 Cost <= 0.070000]
!
! —-———— Ccl 8 Ng=1
. asse § (o= & [Q2 Cost > 0.07] & [Q3 Cost <= 0.13]

-——8- [Q3 Cost <= 0.130000]
!

' . — —

, {OST: Austria} IF [D9 Cost > 0.155] & [D9 Cost <= 0.26] & [D9 Cost <= 0.19]
|

|

!

! ! +--—- classe 9 (ng=1) {DEU: Germany} IF [D9 Cost > 0.155] & [D9 Cost <= 0.26] & [D9 Cost <= 0.19]
|

|

|

|

o' [Dlcost <= 0.012500] & [Q2 Cost > 0.07] & [Q3 Cost > 0.13] & [D1Cost <= 0.0125]
!
*-——= Classe 10 a=1) {UKI: United Kingdom} |F [p9 cost > 0.155] & [D9 Cost <= 0.26] & [Q2 Cost > 0.07]
g____,-g_ [D9 Cost <= 0.190000] & [Q3 Cost > 0.13] & [D1 Cost > 0.0125] & [D9 Cost <= 0.19]
+———— Classe 5 (Ng=1) {POL: Poland} IF[D9 cost > 0.155] & [D9 Cost <= 0.26] & [D9Cost > 0.19]

-———10- [DlCost <= 0.027500]
! !

& [Q3 Cost <= 0.1675] & [D1Cost <= 0.0275]

: +--—- Classe 1l (Nd=1) {HUN: Hungary} IF [D9 Cost > 0.155] & [D9 Cost <= 0.26] & [D9 Cost > 0.19]
| ———6- [Q3 Cost <= 0.167500] & [Q3 Cost <= 0.1675] & [D1 Cost > 0.0275]
1
+-——— Classe 7 (Nd=1) {FRA: France} IF [D9 Cost > 0.155] & [D9 Cost <= 0.26] & [D9 Cost > 0.19]
: : & [Q3 Cost > 0.1675] , ,
f-——--2- [D9 Cost <= 0.260000] <IF [D1 Margin <= 0.74] & [D1 Margin <= 0.845]>

fo———  Classe 3 (Wd=1) {SVE: Sweden} IF [D9 Cost > 0.155] & [D9 Cost > 0.26]



Symbolic Mean & Symbolic Variances

* Interval data (i=1,....n) ([air, birls - -y [@ip, Dip))
* Symbolic mean: B 1 < a;; + by
ii'ij = — .
1 4 2
i=1
T 2
* Symbolic variance: m 1 aij +bij
53 —;Z( o i)
i=1
(2) - (*-’113 TJ)E + (bij — f})z
de Carvalho & al. (2006) Sii = Z o
i=1 |

Bertrand & Goupil (2000)




Symbolic Covariances

13 ‘|"'—11_jr bﬂ"_ﬂﬂ) _
@ji = E — T Ty,

e Billard & Diday (2003) in j

* Billard (2008) S5 =on Z [(ﬂfj —T;) (b — 1)+ (bij — T;5) (ay — 7)

+2 ({Iij — Tj) {:I’Iﬂ — Tj}—l—'z (bt'j — Tj) [:E]ﬂ — ngl ] .



What properties for various definitions, algorithms &
representations in ...

* Adding a constant?
* Multiplication by a constant ?
* Mixing intervals ?

So, as a user of such methods, it is our responsibility to check
the relevance of these properties to our analytical objectives



.. and let me introduce one last personal
request

Edwin, could you inspire us in the
analysis of our environmental footprint,
please ?
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