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Estimating costs and margins: input-output methodology

Econometric model of specific production costs
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(D.Desbois, 2015), FACEPA Project, FP7  European program



Quantile estimates of costs and margins in agricultural production
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(D.Desbois, 2015) 

Distribution in European countries: wheat, 2006Quantile process: wheat, France, 2006



Equivariance properties of conditional quantiles under monotonic
transformation

�𝜇𝜇𝑞𝑞(𝑀𝑀 ∣ 𝑌𝑌) = �𝜇𝜇𝑞𝑞(𝑌𝑌 − 𝑋𝑋 ∣ 𝑌𝑌) = 1 − �𝜇𝜇(1−𝑞𝑞)(𝑋𝑋 ∣ 𝑌𝑌)

The order statistics are equivariant by monotonic transformation:

By reparametrisation in 𝑋𝑋 of 𝑀𝑀 = 𝑌𝑌 − 𝑋𝑋, the result is:

If 𝜆𝜆 ∈ 0;∞ then 𝜇𝜇𝑞𝑞 𝜆𝜆 ∗ 𝑋𝑋 + 𝐶𝐶 𝑌𝑌 =C+ 𝜆𝜆 ∗ 𝜇𝜇 𝑞𝑞 𝑋𝑋 𝑌𝑌

If 𝜆𝜆 ∈ −∞; 0 then 𝜇𝜇𝑞𝑞 𝜆𝜆 ∗ 𝑋𝑋 + 𝐶𝐶 𝑌𝑌 =C+ 𝜆𝜆 ∗ 𝜇𝜇 1−𝑞𝑞 𝑋𝑋 𝑌𝑌

(D.Desbois, NOV’AE, 8, 2023) 



Blé Coûts spécifiques (€) pour 1 000 € de  produit brut Marges brutes (€) pour  1 000 € de produit brut
Code Régions RICA D1cs Q1cs Q2cs Q3cs D9cs MCOcs D1mb Q1mb Q2mb Q3mb D9mb MCOmb
A010 Schleswig-Holstein 389 407 364 354 542 464 458 646 636 593 611 536
A030 Niedersachsen 214 229 295 351 327 305 673 649 705 771 786 695
A050 Nordrhein-Westfalen 325 245 222 224 233 204 767 776 778 755 675 796
A060 Hessen 383 410 343 356 333 428 667 644 657 590 617 572
A090 Bayern 283 354 418 561 669 487 331 439 582 646 717 513
A115 Sachsen-Anhalt 245 214 290 284 289 188 711 716 710 786 755 812
F131 Champagne-Ardenne 379 514 537 530 752 492 248 470 463 486 621 508
F132 Picardie 314 299 376 465 465 332 535 535 624 701 686 668
F134 Centre 303 317 376 490 568 367 432 510 624 683 697 633
F135 Basse-Normandie 699 646 617 525 687 507 313 475 383 354 301 493
F136 Bourgogne 475 442 543 657 779 491 221 343 457 558 525 509
F141 Nord-Pas-de-Calais 321 370 452 508 687 498 313 492 548 630 679 502
F151 Lorraine 524 508 488 398 531 452 469 602 512 492 476 548
F152 Alsace 589 721 817 886 1001 864 -1 114 183 279 411 136
F153 Franche-Comté 689 759 680 625 832 706 168 375 320 241 311 294
F162 Pays de la Loire 428 421 435 562 555 403 445 438 565 579 572 597
F163 Bretagne 368 400 456 421 483 396 517 579 544 600 632 604
F192 Rhône-Alpes 609 640 904 935 911 903 89 65 96 360 391 97
F193 Auvergne 336 384 528 792 804 434 196 208 472 616 664 566
I260 Emilia-Romagna 187 270 374 437 481 346 519 563 626 730 813 654
I282 Umbria 316 305 327 358 359 376 641 642 673 695 684 624
B341 Flandre 305 363 446 496 1085 552 -85 504 554 637 695 448
B343 Wallonie 397 306 342 407 407 404 593 593 658 694 603 596
D370 Danemark 213 261 363 462 552 426 448 538 637 739 787 574
U411 England-North 332 348 346 471 564 375 436 529 654 652 668 625
U412 England-East 264 302 339 421 475 323 525 579 661 698 736 677
U413 England-West 363 343 294 308 406 349 594 692 706 657 637 651
U431 Scotland 338 405 522 443 490 478 510 557 478 595 662 522
E570 Extremadura 182 206 218 373 498 299 502 627 782 794 818 701
O660 Österreich 201 240 266 261 344 200 656 739 734 760 799 800
S710 Slattbygdslan 341 331 388 522 567 323 433 478 612 669 659 677
H761 Kozép-Dunàntùl 382 465 419 348 638 563 362 652 581 535 618 437
H762 Nyugat-Dunàntùl 361 357 393 388 509 759 491 612 607 643 639 241
H765 Eszak-Alfoid 302 238 339 371 341 197 659 629 661 762 698 803
P785 Pormoze & Mazury 300 353 395 505 562 418 438 495 605 647 700 582
P790 WiekoPolska &Slask 252 280 344 430 536 424 464 570 656 720 748 576
P795 Mazowsze & Podlasie 266 263 302 349 458 336 542 651 698 737 734 664
P800 Malopolska & Pogörze 254 290 372 331 383 347 617 669 628 710 746 653

𝜇𝜇0.1
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Specific costs of wheat Gross margins of wheat
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F192 - Rhône-Alpes

F152 - Alsace

F153 - Franche-Comté

F135 - Basse-Normandie

F151 - Lorraine

F193 - Auvergne

B341 - Flandre

A060 - Hessen
A050 - Nordrhein-Westfalen

A115 - Sachsen-Anhalt

O660 - Österreich

U412 – England-West

E570 - Extremadura
D370 - DanemarkA090 - Bayern

F141 - Nord-Pas-de-Calais
F136 - Bourgogne

F131 – Champagne-Ardenne

Biplot de l’ACPn

> library(factoextra)
> fviz_pca_biplot(respca,repel=TRUE,geom.ind
="point",col.var = "#2E9FDF", + col.ind = 
"#696969")

nPCA Biplot

(D.Desbois, NOV’AE, 8, 2023) 



Divisive Classification Algorithm
Chavent's Method for Divisive Classification:

Generated by the binary response (yes/no) to the question
Ψ = [ 𝑧𝑧𝑞𝑞 ≤ 𝑐𝑐 ? ],

Let be 𝐴𝐴𝑘𝑘 ,𝐴𝐴𝑘𝑘 the bipartition induced on the 𝐶𝐶𝑘𝑘clusters formed by the 𝑛𝑛𝑘𝑘 objects ;

As in Wardʹs method, the upper "hierarchy" of the 𝑃𝑃𝐾𝐾 partition is sorted by the h index of
the 𝐶𝐶𝐾𝐾, clusters, defined by their inter−inertia (B):

ℎ 𝐶𝐶𝑘𝑘 = 𝐵𝐵 𝐴𝐴𝑘𝑘 ,𝐴𝐴𝑘𝑘 =
𝜇𝜇 𝐴𝐴𝑘𝑘 𝜇𝜇 𝐴𝐴𝑘𝑘
𝜇𝜇 𝐴𝐴𝑘𝑘 + 𝜇𝜇 𝐴𝐴𝑘𝑘

𝑑𝑑2 𝑔𝑔 𝐴𝐴𝑘𝑘 ,𝑔𝑔 𝐴𝐴𝑘𝑘

the DIVCLUS−T algorithm splits the𝐶𝐶𝐾𝐾∗ cluster maximising ℎ 𝐶𝐶𝐾𝐾 , such as 𝑃𝑃𝐾𝐾+1, the new partition

𝑃𝑃𝐾𝐾+1 = 𝑃𝑃𝐾𝐾� 𝐴𝐴𝐾𝐾 ,𝐴𝐴𝐾𝐾 −𝐶𝐶𝐾𝐾∗

has the lowest intra inertia, according to the following rule:
𝑊𝑊 𝑃𝑃𝐾𝐾+1 = 𝑊𝑊 𝑃𝑃𝐾𝐾 − ℎ 𝐶𝐶𝐾𝐾∗ .



Typologie coûts et marges
Q3m >= 423 Q3m < 423

D9m < 351D9m >= 351

Q2m >= 609.5 Q2m < 609.5

C2 C1

C1.1 C1.2C2.2.1C2.2.2
C2.2C2.1

C2.1.2 C2.1.1

P2

P3

P4

> resdivP4<-divclust(reg06ble[,3:14],K=4)

Partitions into two (P2), three (P3) and four (P4) classes from the divisive class hierarchy of the DIVCLUST procedure
Typology of costs and margins

(D.Desbois, NOV’AE, 8, 2023) 



ND

Q2m ≥ 609,5 €  &   Q1c < 577 €

Q2m < 609,5 €  &   Q1c < 577 €

Q3m < 423 €     &   D1c < 649 € 

Q3m < 423 €    &   D1c ≥ 649 €  

Non déterminé

Map projection of partition P4 of the divisive clustering

typoLayer(spdf = nuts2.spdf, df = nuts2P4n3.df, var = "P4", legend.pos ="topright", col=c(rainbow(4), 
"white"), legend.values.order=c("C1.2","C1.1","C2.2","C2.1","NULL")) (D.Desbois, NOV’AE, 8, 2023) 



 fp13<-as.factor(r3828p13[,2])
 reslda<-lda(x=r3828p13[,3:8],grouping=fp13)
 predlda<-as.data.frame(predict(reslda)$x)
>    ggplot(predlda,aes(LD1, LD2))+geom_point(aes(color=fp13))+geom_text(label=r3828p13[,1],check_overlap=TRUE)

Linear discrimination P13: first linear discriminating plane

Learning sample: fully estimated regions Test sample: partially estimated regions

Rheinland-
Pfalz

Castilla-Leon
Nederland

Lazio

Brandenburg

Piemonte

LD2 (5,5%)

LD1 (89,6%)

(D.Desbois, NOV’AE, 8, 2023) 



P13

C2.2.2.2.2
C2.2.2.2.1

C2.2.2.1.2

C2.2.2.1.1

C2.2.1

C2.1.2.2
C2.1.2.1.2
C2.1.2.1.1

C2.1.1.2.2
C2.1.1.2.1

C2.1.1.1

C1.2

C1.1

Map projection of partition P13 (full and partial estimates)

> typoLayer(spdf = nuts2.spdf, df = nuts2P13n2.df, var = "p13", legend.pos ="bottomleft", 
col=c(rainbow(13)),legend.values.order=c("1","2","3","4","5","6","7","8","9","10","11","12","13"),
legend.title.cex = 0.5,legend.values.cex = 0.5, lwd=0.05)

P13

C2.2.2.2.2
C2.2.2.2.1

C2.2.2.1.2

C2.2.2.1.1

C2.2.1

C2.1.2.2
C2.1.2.1.2
C2.1.2.1.1

C2.1.1.2.2
C2.1.1.2.1

C2.1.1.1

C1.2

C1.1

(D.Desbois, NOV’AE, 8, 2023) 



• Supremum Distance
For any symmetrically constructed quantile process, i.e. Τ = 𝜏𝜏1 = 𝜀𝜀, … , 𝜏𝜏𝑗𝑗 = 𝑞𝑞, … , 𝜏𝜏𝑗𝑗+𝑝𝑝 = 1 − 𝑞𝑞, … , 𝜏𝜏2𝑝𝑝 = 1 − 𝜀𝜀

pour 𝐽𝐽 = 1, … , 2𝑝𝑝 , by re-parametrizing 𝑀𝑀 into 𝑋𝑋 − 𝑌𝑌, the supremum distance is written as follows:
𝑑𝑑∞𝑀𝑀 𝑖𝑖′, 𝑖𝑖 = 𝑑𝑑∞𝑀𝑀 𝑖𝑖, 𝑖𝑖′ = 𝑆𝑆𝑆𝑆𝑝𝑝𝑗𝑗∈𝐽𝐽 �𝜇𝜇𝑀𝑀 (𝑞𝑞)𝑖𝑖

𝑗𝑗 − �𝜇𝜇𝑀𝑀 𝑞𝑞 𝑖𝑖′
𝑗𝑗 = 𝑆𝑆𝑆𝑆𝑝𝑝𝑗𝑗∈𝐽𝐽 1 − �𝜇𝜇𝑋𝑋 (1 − 𝑞𝑞)𝑖𝑖

𝑗𝑗 − 1 − �𝜇𝜇𝑋𝑋 1 − 𝑞𝑞 𝑖𝑖′
𝑗𝑗

= 𝑆𝑆𝑆𝑆𝑝𝑝𝑗𝑗∈𝐽𝐽 �𝜇𝜇𝑋𝑋 1 − 𝑞𝑞 𝑖𝑖′
𝑗𝑗 − �𝜇𝜇𝑋𝑋 (1 − 𝑞𝑞)𝑖𝑖

𝑗𝑗 =𝑑𝑑∞𝑋𝑋 𝑖𝑖′, 𝑖𝑖 =𝑑𝑑∞𝑋𝑋 𝑖𝑖, 𝑖𝑖′

• Manhattan Distance
For any symmetrically constructed quantile process, i.e. Τ = 𝜏𝜏1 = 𝜀𝜀, … , 𝜏𝜏𝑗𝑗 = 𝑞𝑞, … , 𝜏𝜏𝑗𝑗+𝑝𝑝 = 1 − 𝑞𝑞, … , 𝜏𝜏2𝑝𝑝 = 1 − 𝜀𝜀

pour 𝐽𝐽 = 1, … , 2𝑝𝑝 , by re-parametrizing 𝑀𝑀 into 𝑋𝑋 − 𝑌𝑌, the Manhattan distance is written as follows: 
𝑑𝑑1𝑀𝑀 𝑖𝑖′, 𝑖𝑖 = 𝑑𝑑1𝑀𝑀 𝑖𝑖, 𝑖𝑖′ = ∑𝑗𝑗∈𝐽𝐽 �𝜇𝜇𝑀𝑀 (𝑞𝑞)𝑖𝑖

𝑗𝑗 − �𝜇𝜇𝑀𝑀 𝑞𝑞 𝑖𝑖′
𝑗𝑗 = ∑𝑗𝑗∈𝐽𝐽 1 − �𝜇𝜇𝑋𝑋 (1 − 𝑞𝑞)𝑖𝑖

𝑗𝑗 − 1 − �𝜇𝜇𝑋𝑋 1 − 𝑞𝑞 𝑖𝑖′
𝑗𝑗

= ∑𝑗𝑗∈𝐽𝐽 �𝜇𝜇𝑋𝑋 1 − 𝑞𝑞 𝑖𝑖′
𝑗𝑗 − �𝜇𝜇𝑋𝑋 (1 − 𝑞𝑞)𝑖𝑖

𝑗𝑗 =𝛿𝛿1𝑋𝑋 𝑖𝑖′, 𝑖𝑖 =𝛿𝛿1𝑋𝑋 𝑖𝑖, 𝑖𝑖′

• Minkowski  Distance of k order (Euclidean distance for k=2)
For any symmetrically constructed quantile process, i.e. Τ = 𝜏𝜏1 = 𝜀𝜀, … , 𝜏𝜏𝑗𝑗 = 𝑞𝑞, … , 𝜏𝜏𝑗𝑗+𝑝𝑝 = 1 − 𝑞𝑞, … , 𝜏𝜏2𝑝𝑝 = 1 − 𝜀𝜀

pour 𝐽𝐽 = 1, … , 2𝑝𝑝 , by re-parametrizing 𝑀𝑀 into 𝑋𝑋 − 𝑌𝑌, the Minkowski distance of 𝑘𝑘 order is written as follows:

𝑑𝑑𝑘𝑘𝑀𝑀 𝑖𝑖′, 𝑖𝑖 = 𝑑𝑑𝑘𝑘𝑀𝑀 𝑖𝑖, 𝑖𝑖′ =
𝑘𝑘
∑𝑗𝑗∈𝐽𝐽 �𝜇𝜇𝑀𝑀 (𝑞𝑞)𝑖𝑖

𝑗𝑗 − �𝜇𝜇𝑀𝑀 𝑞𝑞 𝑖𝑖′
𝑗𝑗 𝑘𝑘

=
𝑘𝑘
∑𝑗𝑗∈𝐽𝐽 1 − �𝜇𝜇𝑋𝑋 (1 − 𝑞𝑞)𝑖𝑖

𝑗𝑗 − 1 − �𝜇𝜇𝑋𝑋 1 − 𝑞𝑞 𝑖𝑖′
𝑗𝑗 𝑘𝑘

=
𝑘𝑘
∑𝑗𝑗∈𝐽𝐽 �𝜇𝜇𝑋𝑋 1 − 𝑞𝑞 𝑖𝑖′

𝑗𝑗 − �𝜇𝜇𝑋𝑋 (1 − 𝑞𝑞)𝑖𝑖
𝑗𝑗 𝑘𝑘

=𝑑𝑑𝑘𝑘𝑋𝑋 𝑖𝑖′, 𝑖𝑖 =𝑑𝑑𝑘𝑘𝑋𝑋 𝑖𝑖, 𝑖𝑖′

From margins to costs: invariance of distances between quantile processes 
symmetrically constructed



Distance Invariance with Duality: Tchebichev Distance

> dmax_cm06<-dist(cm06[,2:25],method="maximum")

> dmax_cm06

       BEL     DAN     DEU    ESP     FRA     HUN     ITA     NED     OST    POL    SVE

DAN  0.058                                                            

DEU  0.099   0.046                                                      

ESP  0.087   0.029   0.037                                                

FRA  0.150   0.092   0.052   0.079                                          

HUN  0.115   0.078   0.039   0.061   0.044                                    

ITA  0.039   0.019   0.062   0.048   0.111   0.086                              

NED  0.081   0.114   0.155   0.143   0.206   0.171   0.095                        

OST  0.073   0.046   0.035   0.028   0.077   0.042   0.058   0.150                  

POL  0.133   0.088   0.048   0.062   0.037   0.031   0.107   0.199   0.060            

SVE  0.211   0.153   0.113   0.124   0.063   0.096   0.172   0.267   0.138   0.079      

UKI  0.089   0.043   0.026   0.034   0.061   0.065   0.059   0.145   0.033   0.057   0.122

> dman_cm06<-dist(cm06[,c(2:12,24)],method="maximum")

> dman_cm06

       BEL     DAN     DEU    ESP     FRA     HUN     ITA     NED     OST    POL    SVE

DAN  0.058                                                            

DEU  0.099   0.046                                                      

ESP  0.087   0.029   0.037                                                

FRA  0.150   0.092   0.052   0.079                                          

HUN  0.115   0.078   0.039   0.061   0.044                                    

ITA  0.039   0.019   0.062   0.048   0.111   0.086                              

NED  0.081   0.114   0.155   0.143   0.206   0.171   0.095                        

OST  0.073   0.046   0.034   0.028   0.077   0.042   0.058   0.150                  

POL  0.133   0.088   0.048   0.062   0.037   0.031   0.107   0.199   0.060            

SVE  0.211   0.153   0.113   0.124   0.061   0.096   0.172   0.267   0.138   0.078      

UKI  0.089   0.043   0.026   0.034   0.061   0.065   0.059   0.145  0.033   0.057   0.122

> dman_cm06<-dist(cm06[,c(13:23,25)],method="maximum")

> dman_cm06

       BEL     DAN   DEU     ESP     FRA    HUN     ITA     NED     OST    POL    SVE

DAN  0.058                                                            

DEU  0.098   0.046                                                      

ESP  0.087   0.029   0.037                                                

FRA  0.150   0.092   0.052   0.079                                          

HUN  0.115   0.078   0.039   0.061   0.044                                    

ITA  0.039   0.019   0.062   0.048   0.111   0.086                              

NED  0.058   0.114   0.154   0.143   0.206   0.171   0.095                        

OST  0.073   0.046   0.035   0.028   0.077   0.042   0.049   0.129                  

POL  0.132   0.074   0.034   0.062   0.037   0.024   0.093   0.188   0.059            

SVE  0.211   0.153   0.113   0.124   0.063   0.096   0.172   0.267   0.138   0.079      

UKI  0.089   0.043   0.026   0.034   0.061   0.065   0.059   0.145   0.033   0.043   0.122

Margins Costs

Margins & Costs

𝑑𝑑 𝑖𝑖, 𝑖𝑖′ = 𝑆𝑆𝑆𝑆𝑝𝑝𝑗𝑗 𝑥𝑥𝑖𝑖
𝑗𝑗 − 𝑥𝑥𝑖𝑖′

𝑗𝑗



What contribution can the analysis of symbolic data make to the study of costs and margins?

• What about symbolic distances & symbolic clustering ?

• What about symbolic mean, symbolic variances, symbolic covariances, 
& symbolic PCA ?

• What about symbolic discrimination ?
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Sodas 2.0 Software

Standardized interval PCA of the typological reference frame
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Fertilizer costs &  associated gross margins

> library(RSDA)
> iscm06<-read.sym.table("C:/Users/Desbois/Documents/SDA/SDA_2023/iscm06.txt", header=TRUE, sep='\t',dec=',', row.names=1)
> row.names(iscm06)<-c("BEL","DAN","DEU","ESP","FRA","HUN","ITA","NED","OST","POL","SVE","UKI")
> View(iscm06)

Using this duality of conditional quantile estimates, we can study other variations of the concepts of costs and margin  
For example, the costs of fertilizers and the associated gross margin to compare the efficiency of production systems 
in relation to different inputs.
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>library(rsda)
>res_centers<-sym.pca(cmis06,method=‘centers’) 
>plot(res_centers,choix="var")
>plot(res_centers,choix="ind")
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> res_kmeans4<-sym.kmeans(cmis06[,c(1,2,3,4,5,11)],k=4)
> res_kmeans4
Clustering vector:
BEL DAN DEU ESP FRA HUN ITA NED OST POL SVE UKI 
1      1      4      4      3     4       1     2      4     4       3     4 
with the permutation s=(1->2; 2->4; 3->1; 4->3)
2 2 3 3 1 3 2 4 3 3 1 3

> res_kmeans4<-sym.kmeans(cmis06[,c(6,7,8,9,10,12)],k=4)
>  res_kmeans4
Clustering vector:
BEL DAN DEU ESP FRA HUN ITA NED OST POL SVE UKI 
2 2 3 3 1 3 2 4 3 3 1 3 

>library(rsda)

> res_kmeans4<-sym.kmeans(cmis06,k=4)
> res_kmeans4
Clustering vector:
BEL DAN DEU ESP FRA HUN ITA NED OST POL SVE UKI
2 2 3 3 1 3 2 4 3 3 1 3
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Duality of costs and margins: sym.pca & sym.kmeans

• >res_princurv<-sym.pca(cmis06,method=‘principal.curves')
• >plot(res_princurv,choix="ind")
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           +----  Classe 1 (Ng=1)
           !                                                                                                                       
      !----2- [D1 Margin <= 0.740000]
      !    !                                                                                                                       
      !    !         +----  Classe 3 (Ng=1)
      !    !         !                                                                                                             
      !    !    !---7- [Q1 Margin <= 0.832500]
      !    !    !    !                                                                                                             
      !    !    !    !    +----  Classe 8 (Ng=1)
      !    !    !    !    !                                                                                                        
      !    !    !    !---10- [D1 Margin <= 0.790000]
      !    !    !         !                                                                                                        
      !    !    !         +----  Classe 11 (Nd=1)
      !    !    !                                                                                                                  
      !    !----4- [D1 Margin <= 0.810000]
      !         !                                                                                                                  
      !         !         +----  Classe 5 (Ng=1)
      !         !         !                                                                                                        
      !         !    !---9- [D1 Margin <= 0.825000]
      !         !    !    !                                                                                                        
      !         !    !    +----  Classe 10 (Nd=1)
      !         !    !                                                                                                             
      !         !---6- [Q1 Margin <= 0.872500]
      !              !                                                                                                             
      !              !    +----  Classe 7 (Ng=1)
      !              !    !                                                                                                        
      !              !---8- [Q1 Margin <= 0.892500]
      !                   !                                                                                                        
      !                   +----  Classe 9 (Nd=1)
      !                                                                                                                            
!----1- [D1 Margin <= 0.845000]
      !                                                                                                                            
      !         +----  Classe 2 (Ng=2)
      !         !                                                                                                                  
      !    !----5- [D1 Margin <= 0.892500]
      !    !    !                                                                                                                  
      !    !    +----  Classe 6 (Nd=1)
      !    !                                                                                                                       
      !----3- [Q1 Margin <= 0.955000]
           !                                                                                                                       
           +----  Classe 4 (Nd=1)

{HUN}

{SVE}

{FRA}

{POL}

{DEU}

{UKI}

{OST}

{ESP}

{DAN,ITA}

{BEL}

{NED}

IF [D1 Margin <= 0.74] & [D1 Margin <= 0.845]

IF [Q1 Margin <= 0.8325] & [D1 Margin <= 0.81] &  [D1 Margin > 0.74]
&[D1 Margin <= 0.845]

IF [D1 Margin <= 0.79] & [Q1 Margin > 0.8325] & [D1 Margin <= 0.81] 
& [D1 Margin > 0.74] & [D1 Margin <= 0.845]

DIV (Sodas 2.5): Margin Divisive Hierarchy

IF [D1 Margin > 0.79] & [Q1 Margin > 0.8325] & [D1 Margin <= 0.81
& [D1 Margin > 0.74] & [D1 Margin <= 0.845]

IF [D1 Margin <= 0.825] & [Q1 Margin <= 0.8725] &[D1 Margin > 0.81]
& [D1 Margin > 0.74] & [D1 Margin <= 0.845]

IF [D1 Margin > 0.825] &[Q1 Margin <= 0.8725] & [D1 Margin > 0.81] 
& [D1 Margin > 0.74] & [D1 Margin <= 0.845]

IF [Q1 Margin <= 0.8925] & [Q1 Margin > 0.8725]  & [D1 Margin > 0.81]
& [D1 Margin > 0.74] & [D1 Margin <= 0.845]

IF [Q1 Margin > 0.8925] & [Q1 Margin > 0.8725] & [D1 Margin > 0.81] 
& [D1 Margin > 0.74] & [D1 Margin <= 0.845] IS TRUE 

IF [D1 Margin <= 0.8925] & [Q1 Margin <= 0.955] & [D1 Margin > 0.845]

IF [D1 Margin > 0.8925] & [Q1 Margin <= 0.955] & [D1 Margin > 0.845]

IF [Q1 Margin > 0.955]  & [D1 Margin > 0.845]

< IF  [D9 Cost > 0.155] & [D9 Cost > 0.26] >

< IF [D9 Cost <= 0.155] & [Q3 Cost <= 0.045]) >





Symbolic Mean & Symbolic Variances
• Interval data

• Symbolic mean:

• Symbolic variance: 

de Carvalho & al. (2006)

Bertrand & Goupil (2000)



Symbolic Covariances

• Billard & Diday (2003)

• Billard (2008)



What properties for various definitions, algorithms & 
representations in …

• Adding a constant?
• Multiplication by a constant ?
• Mixing intervals ?

So, as a user of such methods, it is our responsibility to check 
the relevance of these properties to our analytical objectives



… and let me introduce one last personal 
request

Edwin, could you inspire us in the 
analysis of our environmental footprint, 
please ?
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