
HAL Id: hal-04344009
https://hal.inrae.fr/hal-04344009

Submitted on 27 Dec 2023

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Distributed under a Creative Commons Attribution - NonCommercial 4.0 International License

Combinatorial maps, a new framework to model
agroforestry systems

Laëtitia Lemière, Marc Jaeger, Marie Gosme, Gérard Subsol

To cite this version:
Laëtitia Lemière, Marc Jaeger, Marie Gosme, Gérard Subsol. Combinatorial maps, a new framework
to model agroforestry systems. Plant Phenomics, 2023, 5, pp.0120. �10.34133/plantphenomics.0120�.
�hal-04344009�

https://hal.inrae.fr/hal-04344009
http://creativecommons.org/licenses/by-nc/4.0/
http://creativecommons.org/licenses/by-nc/4.0/
https://hal.archives-ouvertes.fr


Lemiere et al. 2023 | https://doi.org/10.34133/plantphenomics.0120 1

RESEARCH ARTICLE

Combinatorial Maps, a New Framework to Model 
Agroforestry Systems
Laëtitia  Lemiere 1,2,3*, Marc  Jaeger 2,3, Marie  Gosme 1, 
and Gérard  Subsol 4

1ABSys, Univ Montpellier, CIHEAM-IAMM, CIRAD, INRAE, Institut Agro, Montpellier, France. 2CIRAD, UMR 

AMAP, F-34398 Montpellier, France. 3AMAP, Univ Montpellier, CIRAD, CNRS, INRAE, IRD, Montpellier, 

France. 4Research-Team ICAR, LIRMM, Univ Montpellier, CNRS, Montpellier, France.

*Address correspondence to: laetitia.lemiere@inrae.fr

Agroforestry systems are complex due to the diverse interactions between their elements, and they develop 
over several decades. Existing numerical models focus either on the structure or on the functions of 
agroforestry systems. However, both of these aspects are necessary, as function influences structure and 
vice versa. Here, we present a representation of agroforestry systems based on combinatorial maps (which 
are a type of multidimensional graphs), that allows conceptualizing the structure–function relationship at 
the agroecosystem scale. We show that such a model can represent the structure of agroforestry systems 
at multiple scales and its evolution through time. We propose an implementation of this framework, coded 
in Python, which is available on GitHub. In the future, this framework could be coupled with knowledge 
based or with biophysical simulation models to predict the production of ecosystem services. The code 
can also be integrated into visualization tools. Combinatorial maps seem promising to provide a unifying 
and generic description of agroforestry systems, including their structure, functions, and dynamics, with 
the possibility to translate to and from other representations.

Introduction

Agroforestry
Agroforestry systems (AFS) are composed of a mixture of trees, 
crops, and/or animals [1] providing many ecosystem services 
beneficial to humans [2]. These systems are complex due to the 
high level of biodiversity that they contain (both planted and 
spontaneous), and the interactions between the different species. 
Since interactions between species act locally, AFS are character-
ized by a high level of spatial heterogeneity, and the spatial 
arrangement of the components of the system is a crucial driver 
of its functioning [3]. Therefore, the spatial design of these 
systems determines the production of ecosystem services [4]. 
Furthermore, AFS develop over a long period due to the slow 
growth of trees. AFS evolve through time due to

• � internal dynamic processes (tree growth is an example, 
which results in increased shade)

• � farmers’ management, which can have an impact on the 
system’s structure (for instance tree thinning).

Some choices made at plantation time (such as tree row 
distance and orientation) have consequences over the whole 
lifetime of the system. Conversely, some aspects of the manage-
ment of these systems must be adaptive over time. In fact, as 
the trees grow and the shade becomes more important, the 
cultivated species and management change.

Models: From crop models to FSPM
Due to the diversity of possible combinations between tree, 
crop, animal species, and the associated management, and to 

the long development time of AFS, experimental evidence is 
scarce to understand the functioning, measure the performance 
and optimize the design of AFS. Simulation models would be 
of great help in this respect. Plant modeling has a long history, 
starting in the 60s [5,6] aiming to predict crop yields in relation 
to environmental conditions. Such models, designed at the crop 
level (and thus so-called crop models), became mature in the 
late 90s [7] and have since been used to evaluate cropping 
systems, including systems based on diversified rotations [8]. 
However, these models fail to explain within field variability, 
cannot be employed when secondary growth must be consid-
ered (trees), and are not adapted to crop mixtures beyond 
simple 2-species mixtures [9,10].

In these cases, structural aspects should be considered, 
downscaling the model at the individual plant level. This can 
be effective using functional–structural plant models (FSPM), 
whose development started in the late 90s [11]. FSPM rely on 
the strong mutual links between the plant architecture (related 
to structure) and the ecophysiological processes (related to 
functions and specifically production) [12]. FSPM are often 
used to model and visualize plants [13] but also to predict the 
production of ecosystem services, either one by one [14] or 
several at a time [15]. FSPM can be used as a decision support 
tool [16] to help farmers make decisions to optimize crop per-
formance. However, FSPM often face the drawback of complex-
ity in their calibration and validation, thus limiting their use 
in agroecology, which relies on species diversification. Subject 
to specific assumptions, it is possible to use an approach based 
on cohorts to overcome this limitation, as was done in the 
Greenlab model [17], thus bridging the scale from individual 

Citation: Lemiere L, Jaeger M, 
Gosme M, Subsol G. Combinatorial 
Maps, a New Framework to 
Model Agroforestry Systems. 
Plant Phenomics 2023;5:Article 
0120. https://doi.org/10.34133/
plantphenomics.0120

Submitted 7 March 2023  
Accepted 4 November 2023  
Published 15 December 2023

Copyright © 2023 Laëtitia Lemiere 
et al.  Exclusive licensee Nanjing 
Agricultural University. No claim 
to original U.S. Government Works. 
Distributed under a Creative 
Commons Attribution License 4.0 
(CC BY 4.0).

D
ow

nloaded from
 https://spj.science.org on D

ecem
ber 27, 2023

https://doi.org/10.34133/plantphenomics.0120
mailto:laetitia.lemiere@inrae.fr
https://doi.org/10.34133/plantphenomics.0120
https://doi.org/10.34133/plantphenomics.0120
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
http://crossmark.crossref.org/dialog/?doi=10.34133%2Fplantphenomics.0120&domain=pdf&date_stamp=2023-12-15


Lemiere et al. 2023 | https://doi.org/10.34133/plantphenomics.0120 2

plant to crop scale [18]. Nevertheless, they fail to give a con-
ceptual modeling framework for AFS, since traditionally they 
were not able to address simultaneously different species. 
Recently, they have been used to optimize mixtures of several 
plants [19], but these works remain limited, in scope and genericity. 
Agroforestry models have rarely used a FSPM approach [20]. 
When they did, they focused on individual plant architecture 
(for instance to define tree structural plasticity from local envi-
ronmental conditions [21,22] and not the spatial organization 
of the system itself.

Limits of existing models of the structure of AFS
Existing agroforestry models (both simulation models and 
models aiming at visualization) have used a variety of ways to 
represent the structure of AFS. In the most abstract representa-
tions, tree positions are not explicitly represented, but only the 
topology, i.e., the adjacency relationships between the elements 
composing the agroforestry system. This results in graph rep-
resentations of AFS [23]. Graphs are built from nodes, repre-
senting the elements composing the system, and directional 
edges linking them, representing node relations such as adja-
cency. Graphs offer a structural description of composition and 
adjacency, as presented in Fig. 1, and can also be mobilized to 
represent the dynamics of the system. However, contrary to 
FSPM, they do not emphasize nor take advantage of the strong 
link between structure and function. An in-between could be 
to associate interactions between elements (including ecosystem 
services) to edges between the nodes. Then, simple algorithms 
can be applied to model the evolution of the plot [24] or the 
ecosystem services [25]. However, this representation is not 
sufficient to explicit the spatial arrangement of an agroforestry 
system. For example, Fig. 1A to C show that 3 different plots 
may share the underlying graph (Fig. 1D).

One possible solution to this problem is to explicit the dis-
tances between the elements of the system and their relative 
positions, for a representative part of the system, i.e., to identify 
the Ecosystem Services Spatial Unit. The Ecosystem Services 
Spatial Unit is the smallest spatial unit encompassing all the 
interacting species and other functional components that 
together provide a specified set of ecosystem services in a farm-
ing landscape [26]. This is the option chosen in WaNulCas [27] 
and Hi-sAfe [28]. They simulate the functioning of a simple 
pattern (3 trees maximum for WaNulCas; any number, but the 
smallest possible for computational costs, for Hi-sAfe), which 

can then be reproduced by defining periodic boundary condi-
tions to simulate an infinite space and avoid edge effects. Then, 
the spatial heterogeneity of AFS is modeled thanks to a dis-
cretization of space. WaNulCas operates in 2D, using the 
distances from the tree locations and the depth in soil, while 
Hi-sAFe operates in 3D, allowing representation of soil layers 
as well as distance and orientation to the tree. The advantage 
of these methods is that they reduce the computation cost: 
instead of simulating the whole plot, only the pattern is simu-
lated. The disadvantage is that these models cannot represent 
constraints at the plot level, such as the width of the headlands 
to allow farm machinery to turn.

Other agroforestry models focus only on the structure and 
do not have the capacity to represent the functioning. This is 
the case with EcoAf [29], or RegenWorks [30], which uses a 
rule-based description. In these cases, the agroforestry system 
is described by the combination of a pattern (e.g., repetition of 
lines with a certain orientation and distance between lines, with 
a succession of trees along the lines) and rules (e.g., “the first 
line must be at least 20 m from the plot boundary” to allow for 
machine maneuvers, “no line should be shorter than 10 m” to 
avoid having trees in the corners of the plot). The pattern and 
rules can then be applied to any georeferenced plot to generate 
an instantiation of an agroforestry system, obtaining the geo-
graphical coordinates of trees to be used when planting in the 
field. The advantage of this method is that it takes into account 
some of the constraints at the plot level, but it does not simulate 
the links between structure and function. For example, in 
EcoAF, tree growth is simulated by simple look-up tables that 
predict the size of a tree as a function of its age, but it does not 
take into account its environment. Furthermore, rule-based 
models are not able to represent irregular systems such as scat-
tered trees found in traditional AFS, or even in modern AFS, 
when tree mortality creates more or less random gaps in the 
initial pattern after a few years.

To overcome this problem and to represent accurately an 
agroforestry system, models can use the coordinates of each 
individual tree, either with local coordinates [31] or with a 
geographic coordinate system. To date, there are few examples 
employing formal approaches from the Geographic Information 
System (GIS) world to agroforestry system design. A formalism 
can be derived from a dedicated language as proposed by 
Degenne et al. [32] and can also be implemented as graphs in 
the generic Ocelet platform [33]. This way of representing AFS 
is close to field reality, but simulating the functioning of AFS 
can become very expensive in terms of computational time in 
the case of large plots. Moreover, models using this representa-
tion of space often rely on basic relationships to simulate func-
tions as a linear function between tree size and age as shown 
in Agroforestryx [34] or ShadeMotion [35].

Table 1 compares these different spatial representations in 
terms of complexity, spatial, and time criteria. Not surprisingly, 
there is a trade-off between realism in the spatial representation 
of agroforestry system and versatility, i.e., the ability to be 
applied to different plots/AFS with minimal additional effort. 
There seems to be an opposition between those focusing on the 
structure of AFS (GIS-based, rule-based) and the ones focusing 
on the functioning of AFS: realistic representations lack many 
features that would be desirable for the simulation of agro-
nomic performance and ecosystem service production, such 
as the representation of interactions between species. Technical 
performances are also considered such as computation costs. 

A B C

D

Fig. 1. Three different agroforestry plots (A to C) represented by the same graph (D).
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Another lack is the interaction with the outside world: in spatial 
unit-based representations, the outside world does not exist 
because the pattern is replicated indefinitely. In rule-based 
representations, the outside is just represented by constraints 
linked with the shape of the plot, and in GIS-based representa-
tions, the outside world is not explicitly represented or not 
considered.

Finally, AFS and the ecosystem services they provide evolve 
over the seasons and years. Thus, it is important that the spatial 
representation of AFS allows representing the evolution of the 
structure through time, a feature about which the existing rep-
resentations of AFS are not very good at.

As a summary, the use of graph shows wider benefits from 
other approaches, and our hypothesis was that the identified 
drawbacks can be overcome:

• � The ability to take into account constraints at plot scale 
may be solved using a hierarchical multiscale graph defi-
nition able to consider the system as a whole in interac-
tion with the outside.

• � The ability to represent understory vegetation strip can 
be assessed using a classical multilayer approach, or even 
better, using a 3-dimensional graph approach represent-
ing systems components as solids and thus offering sur-
faces adjacency as exchange areas.

• � The realism of the representation can be assessed by 
refining the geometry of the components, not only on 
the nodes but also on the edges, allowing representations 
of fluxes and interfaces.

Among the various graph class formalisms, combinatorial 
maps [36] answer to these requirements.

In this paper, we introduce a new framework, inspired by 
FSPM approaches, to model AFS. This framework combines 
the versatility and abstracting power of combinatorial maps, 
with the spatial realism of coordinate-based representations.

Materials and Methods
In this section, we first introduce the combinatorial maps con-
cepts, requested to describe the systems, and then introduced 
the combinatorial map dual, which is of high interest to model 
exchanges between the system components.

Combinatorial maps [37,38] are a theoretical framework 
that owes its origin to the modeling of the evolution of surfaces, 
applied to leaf growth simulation [39] and which has been 
mainly exploited in computer-aided design, mostly for efficient 
adaptive meshing. We propose this framework to explore to 
model AFS. The main motivation for choosing this framework 
is to rely on strong theoretical background based on graph 
theory. A graph is composed of nodes linked by directional 
edges. Its background ensures the possibility to add or delete 
nodes, which entails changes to the edges and faces, in a clean 
and robust manner, mechanically impacting the attributes. This 
is important for AFS’ representation, to represent both the 
dynamics of ecosystem provision within the year, and the 
dynamics of the system’s structure across years.

Combinatorial maps
A combinatorial map of dimension n can be seen as a general-
ization of a graph defined in n dimensions adapted to model 
spatial subdivisions. Here, we will work in 2 dimensions.

A combinatorial map of dimension 2 is composed of a limited 
set of darts (Fig. 2A) and 2 operators defined on the set of darts. 

Table 1. Qualitative comparison of different types of spatial representations of AFS

Model of AFS

Comparison criteria Graph Spatial unit Rules-based GIS

Ability to simulate different 
plots/AFS with small extra effort

++ ++ + −

Efficiency to reduce computa-
tion costs necessary to simulate 
ecosystem services

++ + − −

Ability to simulate local interac-
tions between species

++ + − −

Ability to take into account 
constraints at plot scale

− − ++ +

Ability to represent understory 
vegetation strips

− − + −

Ability to represent irregular-
shaped AFS

+ − − ++

Realism of the spatial represen-
tation

− − + ++

Interaction of the system with 
outside

+ − − −

Ability to project in time + + + −
Example [23] Hi-Safe [28] EcoAf [29] [31]
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The following paragraphs explain in more detail the terms and 
operations relevant to combinatorial maps.

A dart links 2 nodes. It is oriented. Also, a dart can carry 
the relationship between the origin of the dart and its end 
(Fig. 2A).

The nodes, usually connected to spatial points, are defined 
as a starting (or ending) point of the darts. In our application, 
a node will represent a plant, a tree, or a tight group of plant. 
The mathematical definition will be given below because we 
need to define others elements before.

The faces are the areas surrounded by a closed list of con-
secutive darts (therefore, dart orientation matters).

The consecutive darts are defined with the permutation 
operator β1. It finds around the starting node of a given dart 
the dart that has the smallest angle (given an orientation con-
vention). For example, in Fig. 2C, β1(1) gives 2.

To create a conventional edge that is not oriented (Fig. 2B), 
we need to have 2 darts linking the same edges but of opposite 
directions. To do this, we need to define an involution, written 
β2. It outputs the dart opposite a given dart. Therefore, for any 
dart d, β2(β2(d)) = d and in Fig. 2D, β2(2) = 4 (and β2(4) = 2).

A compound sequence of permutation(s) and involution(s) 
which allows one to traverse the map or a portion of the map 
from a specific dart d, defines an orbit of d. Orbits therefore 
define generic functions as a list of k composed operators. 
Mathematically, an orbit of a given dart d can be written as 
(βi1 o βi2 o … βik)(d), with ik = 1 or 2. For example, in Fig. 2C, 
the orbit drawing a face from dart 2, is the sequence of repeated 
β1 permutation, noted β1*, until reaching dart 2; the sequence 
is thus 2, β1(2) = 3, β1(3) = 1, β1(1) = 2 and its compound 
function is (β1 o β1 o β1). This specific orbit, applying β1 until 
reaching the initial dart d, allows us obtaining the face issued 
from dart d; we call it “orbitFace”. This function can then also 
be used in orbit sequences to visit several faces and in particular 
the full map. For example, a way to explore the full map drawn 
in Fig. 2D starting from dart 2 can be the sequence: orbitFace(2), 
then β2(2) and orbitFace(4). It may also be written as 
orbitFace(β2(orbitFace(2))).

Another useful orbit is the function that allows exploring 
all darts from a given node. (In fact, in combinatorial map, the 
node definition raises from this orbit: a node referred from dart 
d is defined by the successive β1 and β2 compound iterations 
applied on d.) We call this function, “orbitNode”, mathemati-
cally noted (β1 o β2)*. In Fig. 2D, starting from dart 1, orbit-
Node(1) is a node defined by 1, β1(1) = 2, β2(2) = 4, β1(4) = 5; 
β2(5) is empty.

On this example, we see that some dart (such as dart 5) may 
have no image from the involution: this is the case for each dart 
lying on the external border of the system. We found it more 
explicit to constraint the combinatorial map to explicit this 
external border. Indeed, we consider that the adjacency of an 
element with the outside of the system is of interest in the case 
of AFS. On Fig. 2D, this leads to define the outside face intro-
ducing 4 new darts: 7, 8, 9, and 10 (see Fig. 3). Mathematically, 
for each dart d, β2(d) belongs to the set of darts of the map, and 
the orbitNode function applies on any dart until reaching it 
again. With this constraint, orbitFace and orbitNode define a 
cyclic operator.

Using combinatorial maps allow us to add or delete darts in 
a formal framework. If we delete an edge to merge the 2 triangle 
faces from Fig. 2D, all darts must be updated (orientation, 
update to the next dart) to maintain the map consistency. 
This possibility is very important for scene design and will be 
detailed in the discussion section.

Dual representation
Graph theory shows that one can construct a dual graph [40] 
from the original graph called primal. This applies to a combi-
natorial map and its dual representation, which is also a com-
binatorial map. It is interesting since it allows us to explicit 
higher-level adjacency relations automatically. Briefly, to con-
struct the dual, each face becomes a node and each dart links 
the node corresponding to its face in primal to the node of its 
β2’s face. An example is given in Fig. 4A showing a combinato-
rial map composed of 3 faces (F1, F2, and F3) and its dual (Fig. 
4B). In its dual, F1, F2, and F3 become nodes and, for example, 
edges 3 and 5 between F1 and F2 in Fig. 4A become edges con-
necting nodes F1 and F2. Note that the β1 and β2 operators are 
still the same in the dual.

To explicit the contribution of combinatorial maps, we 
decline it on an agroforestry context in the following results 
section and we detail our implementation.

Results

Application of combinatorial maps to AFS:  
A simple example
Starting from a simple example, we illustrate here the underlying 
concepts and operators of its combinatorial map representation 
and introduce their respective conceptual meaning in our 
application on agroforestry system modeling.

1

23 4
5

6

β2
F1

F2

1

2
3

β1

DA CB

Fig. 2. Examples of combinatorial map objects. (A) A dart, (B) an edge, (C) a face, and (D) 2 faces (F1 and F2) with β2, which sets the adjacency between F1 and F2 and allows 
to move from one face to another.
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Let us consider a simple agroforestry system composed of 
2 tree lines, each planted on an understory vegetation strip, and 
1 crop alley between them, as presented in Fig. 5. Let us also 
suppose that each tree line is composed of 3 trees. Its combi-
natorial map representation is shown in Fig. 5B in red. Each 
area (the 2 strips, trees inside the strips, and crop alley) is mod-
eled by a simple rectangular face. Note that a face (such as a 
tree line) may contain other faces (trees). This is represented 
by a hole, a concept natively present in combinatorial map 
theory and that implies a hierarchical relationship between 
faces. In a tree line, we represent a tree as a face inside the strip 
face. At the highest level, the outside face (in red in Fig. 5B) 
encapsulates the plot composed of 3 faces (2 tree lines and 
1 crop alley). An edge is an interface between areas and cor-
responds to the border either between crop and a tree line or 
between the plot and the outside of the plot.

In its dual map (the blue arrows in Fig. 5B), the agroforestry 
areas (the faces, including the outside face) become nodes, and 
the edges now represent the interactions between areas. Thus, 
in this dual representation, permutation β1 can be used to 
model exchange between different areas. The meaning—the 
interpretation in our application domain—of the different theo-
retical elements composing a combinatorial map, its dual, and 
key operators, are exposed in Table 2, the first 3 lines concerns 
the combinatorial map conceptual components, dart and oper-
ators; while the following lines consider orbits, that is to say 
compound operators.

Usefulness of combinatorial maps to represent the 
functioning of AFS
In complex systems, making sure that a model is consistent (in 
particular that modifications in one part of the model do not 
induce undesired consequences on another part) is challenging 
due to the numerous elements and all their possible interac-
tions. The combinatorial map framework brings a straightforward 
answer to this question: the list of all aspects that must be con-
sidered is simply the list of all cycles in the map and its dual. 
Indeed, the main interest of using the formalism of combinato-
rial maps is the proper identification of adjacency relations at 
the n-dimension levels. This is trivial on the direct map but is 
also true on the dual. Depending on the hierarchical level of a 

given cycle, different data exchange procedures or functions 
(in the programming sense) can be applied to compute different 
functions (in the ecological sense) of the element.

The lowest cycle is the β2 operation since β2 represents a 
local relationship between 2 components. This relationship may 
carry local interactions between these components: specific 
modeling and data sharing can be assessed at this level without 
the need to query information from the rest of the map

The orbitFace function defines a cycle bordering the ele-
ment. This function can then carry the endogenic evolution of 
the element; it may include the evolution of embedded faces if 
there are any. In this context, modeling approaches can be 
defined on the full face and no specific data management has 
to be defined regarding other components of the system.

At the opposite, the orbitNode function defines a local cycle 
around all elements sharing a local adjacency. When previous 
function are mainly tools to move in maps, this function is of 
key interest for data sharing and exchange. Therefore, when 
modeling this aspect, it is necessary to use models of higher 
complexity, involving all the local interactions, but their rele-
vance must be considered.

1

23
4

5

7

6

8

9

10

F1

F2

Fig. 3. Combinatorial map composed of 2 faces and an external border.

A B

Fig. 4. (A) A combinatorial map example and (B) its dual, which is also a combinatorial map.
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We can consider a similar analysis on the dual map. The dual 
graph explains which components interact mutually in the sys-
tem and with the outside and which are considered as simply 
embedded. The major interest arises from the fact that, on the 
dual, the adjacencies are related to a global instead of a local 
scale, since faces (i.e., elements) are now considered as nodes. 
At the lower scale, a dart represents an oriented relation 
between 2 elements. The involution β2 applies to its inverse 
relation. Then, a dart indicates what comes out of the node β2 
indicates what comes in the node. At the darts level, we can 
instantiate global information exchange/models in a nonsym-
metric manner, since darts are oriented. The orbitFace now defines 

a cycle between the different nodes (elements) and defines then 
a framework to address the specific ecosystem services sup-
ported by these elements. The orbitNode of an element is also 
of interest. Indeed, we can consider global output and input in 
the agroforestry element, and their balance. In agroforestry 
context, it groups all input and output of an area.

Combinatorial map transformation
AFS and ecosystem services change over seasons and years 

in 2 possible ways:
• � The structure of the system does not change, but the inter-

nal mechanisms evolve (i.e., ecosystem services such as 
microclimate buffering start to be produced as trees grow).

A B

Fig. 5. Example of agroforestry plot in combinatorial map. (A) Example of an agroforestry plot with 1 alley of maize crop between 2 lines of trees (credit National Agroforestry 
Center) (B) A corresponding combinatorial map in red and its corresponding dual in blue, reduced to strips of 4 trees each generated by our application and postprocessed 
for improved readability.

Table 2. Combinatorial map’s elements and their corresponding meaning in agroforestry context

Combinatorial map 
object Map interpretation Example (red, Fig. 5B) Interpretation in dual Example (blue, Fig. 5B)

Dart A side of the current 
element

1: External right border of 
the full system

A link from the cur-
rent element to the 
other

1: Interface between the under-
story vegetation strip to crop

β1 (permutation) Pass to next dart: 
follow the element 
border

β1(1) = 2 links to lower right 
external border

Go to next element is-
sued from the current 
element

β1(1) = 2 : Move from strip-
crop link to crop-outside

β2 (involution) Go to inverse dart to 
change face: move to 
neighbor face

β2(1) = 9 links the external 
right border to the line strip 
right border

Identify the element 
is connected from

β2(11) = 12 
Upper left tree is connected to 
left line tree strip

Compound operations

OrbitFace Path through all darts 
from the same face

(β1 o β1 o β1 o β1)(9) = 
β1*(9) follows the right line 
tree strip starting from its 
right border (9)

(β1 o β1 o β1 o β1)(9) 
follows the right line 
tree strip starting 
from its right border 
(9)

(β1 o β1 o β1 o β1)(9) follows 
the right line tree strip starting 
from its right border (9)

OrbitNode Intersection OrbitNode (16) = (β1 o 
β2)*(16) defines the node B 
from darts 16, 13,11,12,2,3

Area, identifies all 
relations issuing from 
an element

Orbit(Crop): relations with top 
line tree strip, outside and bot-
tom line-tree strip
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• � The structure of the system is modified (addition or 
removal of plants, e.g., through tree thinning to keep 
only the best individuals after a few years of growth).

We can simulate the first type of change by modification on 
the attributes of darts. This operation is trivial in terms of code 
implementation and poses no risks of having unforeseeable 
repercussions on the system’s structure. The second corresponds 
to the addition (or deletion) of a node. It is an operation well 
known in combinatorial maps [37], respectively called sewing 
and cutting functions and defined on all the dimensions of the 
map simultaneously. Concretely, this operation updates all the 
darts and their respective permutation and involution.

Surprisingly, in the example presented in Application of 
combinatorial maps to AFS: A simple example, trees and crop 
are not connected. Tree–crop interaction can only be induce 
from through the strip component. Indeed, trees are still small 
in this case, and their representation in the strips is a small face. 
As trees grow and the projection of their crown overlaps with 
the cropped alley, the faces representing the trees will also 
expand and infringe on the crop face. Thus, the crop face sub-
divides into smaller faces corresponding to a mixing zone com-
posed of crops overlapped by the canopy (in red in the Fig. 6). 
When updating the corresponding map, new local relationships 
will appear with dart adjacencies between the concerned trees 
borders and the crop border. Conversely, new global relation-
ships will appear in the dual map between each concerned tree 
and the crop (in blue in Fig. 6).

Higher-level operations: Pattern matching
Numerous operators that have been developed in graph theory 
can be very useful in an agroforestry context. We will detail 
here pattern matching.

During the agroforestry design process, actors could want 
to know if their system is already existing somewhere else or if 
a specific ecosystem service is present inside the system. To 
answer these questions, we must compare 2 (sub)systems, a 
task for which many pattern matching methods exist in graph 

theory [36], both for exact and approximate matching requests. 
In the example in Fig. 7, we search for the structure that sup-
ports a biotic interaction (e.g., regulation of pests by natural 
enemies) between an alley cropping and 2 tree lines serving as 
overwintering habitats for the natural enemies (Fig. 7A). In this 
case, we search exact matching between the substructure and 
the whole plot map. As can be seen in Fig. 7B, this pattern is 
present once. In addition, the pattern matching can use the 
darts’ information, so we can instantiate constraint-based attri-
butes like “crop area must lay between two tree lines”. Note that 
the pattern matching can also apply to properties such as dis-
tances computed from faces’ coordinates; “the width of the alley 
cropping must be a multiple of the width of the farm cropping 
engine” is such a constraint.

Implementation
Our implementation of the model (available at https://github.
com/agroforestar/carte_combinatoire) is still under develop-
ment. The prototype founds on 2 key ideas. First, our map is a 
2D map based on 2D coordinates, which makes sense in the 
case of mapping the location of trees in an agricultural plot. 
Second, our implementation is incremental, meaning that the 
map is built by sequentially merging more and more complex 
faces. The system starts from a list of sets of coordinates describ-
ing the areas covered by the trees, the crops, and the understory 
vegetation strips, makes a face for each area, and then merges 
these individual faces until the whole system is included in the 
final map. The algorithms for creating and manipulating the 
maps come from the reference book by Damiand and Lienhardt 
[37], and we implemented them in Python 3.9. An important 
point to note is that all objects in the agroforestry system are 
considered as a face on our map even trees, which are usually 
considered as point objects.

We implemented most of the algorithms described by 
Damiand and Lienhardt [37]. In particular, we wrote the con-
structor (algorithm 22), the iterators (algorithms 28 to 30 and 34) 
and the functions to manipulate attributes of combinatorial 
map classes (algorithms 23 to 27). Then, we wrote the algo-
rithms to create and remove darts (algorithms 35 and 36). We 

Fig. 6. Combinatorial map (in red) and its dual (in blue) of the system represented 
in Fig. 1, several years later: the trees have grown and their canopy overlap the crop 
area. The grown trees areas are now split in 2 parts, on USV and on crop, on both 
graph and dual graph (in blue) generated by our application and postprocessed for 
improved readability.

A B

Outside

Line

TreeTree

Tree
Tree Tree

Tree

Line

Crop

Line

Crop

Fig. 7. Example of pattern search. (A) A combinatorial map of ecosystem service that 
helps to regulate insect pest. (B) A combinatorial map of a plot that contains this 
ecosystem service twice.
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also implemented the algorithms to copy a map (algorithm 37) 
and to sew darts (algorithm 44). This set of methods allows to 
incrementally constructing the map from different faces rep-
resenting the elements in the system.

In fact, this implementation was adapted to our context. We 
construct our class Face as a class inherited from class nMap 
(Fig. 8). Faces can have several holes. In case of a tree line face, 
a tree is representing by a hole in the strip face and filled with 
a face for the tree. We described the face class as an inheritance 
class from nMap (Fig. 8, left) with their holes. A hole is com-
posed of darts and delimits a space filled with another face. The 
face definition can thus be considered as a recursive definition, 
and each level can be related to a specific scale. For instance, 
the area of a tree line can be considered as an entity at a given 
level, and its holes, corresponding to the individual tree areas, 
describe the area in more detail.

We introduce the Properties attribute in myDart, an inher-
ited class of Dart (Fig. 8, right). It contains 2D coordinates, the 
type of the start node (tree, crop …) and may qualify other 
properties. We can simulate exchange between different areas 
into the plot and with the outside with the list of properties on 
darts.

Discussion

Advantages of the proposed framework compared  
to existing models
Despite the fact that the structure of AFS is of crucial importance 
to understand, predict, or optimize the production of target 
ecosystem services [26], to our knowledge, no agroforestry 
model used the concept of FSPM to represent the spatial orga-
nization at the system scale. In this article, we propose a new 
framework to describe AFS based on combinatorial maps.

This framework shows a good balance between the important 
criteria (complexity, capabilities to hold time, and space dynam-
ics) for an efficient spatial representation targeting agroforestry 
system design (Table 1). Three features of the framework are 
of particular interest and show improvement over existing 
representations of AFS.

First, the 2 dual representations inherent to combinatorial 
maps allow representing not only the structure of the agroforestry 
system (as existing models already do) but also its functions. 
Indeed, our framework allows the user to focus alternatively 
on the areas, which represent the structure of the agroforestry 
system, and on the interfaces between areas, thus enabling to 

simulate the interactions between the elements of the system, 
which are the basis of ecosystem services. The model automati-
cally ensures the consistency between both representations. 
This is consistent with the concept of FSPM, where the struc-
ture of a system (the plant) is directly linked to its functions. 
However, further research is needed to fully exploit this dual 
representation to build a complete Functional Structural 
Agroforestry Models approach.

Secondly, combinatorial maps allow a recursive description 
of the structure of the agroforestry system, so it becomes possible 
to describe the system in a hierarchical way. At the highest level, 
the system is described within an outside face, in which the 
different components are embedded. In the example presented 
above, at the second level, the system is composed of the areas 
of tree lines and of the crop. Each tree line area, in turn, embeds 
the different tree areas composing the tree line. However, the 
way the orbits are defined is the same and at all levels of the 
description. This authorizes a multiscale computation of 
ecosystem services, which is deemed particularly important to 
model complex AFS [41]. In particular, the fact that this frame-
work can manage multiple scales allows aggregating individual 
plants at lower scales and adding a positive or negative impact 
of the system structure at higher scales. The combinatorial map 
and its dual define a framework that imposes that the interac-
tion between the system elements must be modeled differently 
according to the local adjacencies and local relations. It also 
defines the cases where we need to mobilize models describing 
endogenous mechanisms or models describing interactions. 
For example, the fact that adjacencies between elements of the 
system are explicitly represented in the dual representation 
facilitates the simulation of local interactions between species. 
This recursive structure as well as the possibility of pattern 
matching is an asset for predicting ecosystem services either 
by reducing computation time (running relevant models’ 
implementation only on subsets of the whole agroforestry 
system) or by allowing to use a database of structure–service 
relationships.

The third advantage is that the consistency of the agrofor-
estry model is enforced by the combinatorial map structure 
even when the system is modified. Thus, the description is 
robust and remains valid when adding or removing elements. 
Therefore, it can be used to design the representation of a new 
agroforestry system from scratch, as well as to modify an exist-
ing system represented either by geographical coordinates of 
plants or by a graph where nodes are the plants. This framework 
is also particularly well suited to represent the intrinsic dynam-
ics of an agroforestry system, in which elements can appear 
(such as tree planting), disappear (such as tree thinning, or tree 
death), change their properties, or even impact the adjacencies 
as is the case when tree growth causes the tree canopy to project 
beyond the understory vegetation strip.

Limits and perspectives
Although the proposed model fulfills all the criteria that we 
identified initially, some limits remain. For instance, global 
relations such as groups of nonadjacent elements (e.g., tree 
lines) are not represented directly in the combinatorial map. 
However, these relationships can be computing from the mini-
mal topological graph [23]; this operation corresponds to an 
agroforestry pattern [26] extraction. Further work will 
allow full integration of the algorithms to do this into the 
prototype.

nMap

Darts: list<Dart>

FreeMarks: list<int>

Null_Dart: Dart

Faces: list<Face>

Face

Gap : List<Face>

Dart

Betas : list<Dart>

Marks : list<Bool>
List is composed of

myDart

Properties : Dictionnary

Fig.  8.  UML class diagram of our implementation of combinatorial map. In black, 
attribute already present in referenced book and, in red, attributes we add in our 
application.
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There is a need for further research in agroforestry, in par-
ticular to better understand and predict the link between 
species interactions and production of ecosystem services. 
Although this link has been highlighted for some time (e.g., 
[42]), work has only just started to automatize mining agro-
nomical knowledge in relation with plant traits to predict the 
production of ecosystem services of different species associa-
tions (e.g., [43]), and the tree–service relationships are currently 
only able to relate services to single tree species, not species 
associations (e.g., [44]). Furthermore, to our knowledge, no 
trait–service database or tool take into account the spatial lay-
out of associated species, despite the fact that its importance 
has been recognized [26]. Our framework could combine the 
notions of ecosystem service spatial unit and the relationship 
between species associations and biotic interactions in order 
to propose a modeling approach extending the principles of 
FSPM at the agroecosystem scale. Once we have built a catalog 
of patterns (i.e., tuples of agroforestry elements) that provide 
ecosystem services (potentially based on different biophysical 
models), our framework will allow us to analyze both structural 
and functional aspects of an agroforestry system.

Future applications of our framework will be useful to help 
farmers and advisors to design AFS and estimate their evolu-
tion through time. Integrating 2D or 3D visualization tools will 
facilitate the design process with a better communication [45] 
and help farmers to better project themselves and understand 
the impact of their choices on the system’s functioning. For 
example, we intend to use this framework to develop augmented 
reality tools that could be used either during agroforestry 
design workshops, for user-friendly, quick and robust, inter-
active ex ante evaluation of agroforestry system, or after the 
design phase, to visualize the future aspect of an agroforestry 
plot in the field.

Conclusion
Modeling AFS is challenging due to the diversity of systems 
and the diversity of modeling objectives, from visualizing AFS 
during the design phase to running simulations to predict the 
functioning of the system. Our framework, inspired by FSPM, 
uses combinatorial maps to represent AFS. This framework 
allows focusing either on the agroforestry system structure 
(with the map representation) or on the system functioning 
(with its dual representation). The proposed approach ensures 
the consistency between both representations when the system 
evolves. Compared with existing representations of AFS, this 
framework combines the versatility of a graph-based represen-
tation with a spatial realism sufficient to represent irregularities 
in the pattern and the possibility to record geographical coor-
dinates. Thus, our framework might serve as a unifying repre-
sentation, with the possibility to export to and import from all 
other representations.
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Agroforestry systems are complex due to the diverse interactions between their elements, and they develop over
several decades. Existing numerical models focus either on the structure or on the functions of agroforestry systems.
However, both of these aspects are necessary, as function influences structure and vice versa. Here, we present a
representation of agroforestry systems based on combinatorial maps (which are a type of multidimensional graphs),
that allows conceptualizing the structure–function relationship at the agroecosystem scale. We show that such a model
can represent the structure of agroforestry systems at multiple scales and its evolution through time. We propose an
implementation of this framework, coded in Python, which is available on GitHub. In the future, this framework could be
coupled with knowledge based or with biophysical simulation models to predict the production of ecosystem services.
The code can also be integrated into visualization tools. Combinatorial maps seem promising to provide a unifying and
generic description of agroforestry systems, including their structure, functions, and dynamics, with the possibility to
translate to and from other representations.
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