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Abstract

We give conditions for a non-monotone system to preserve the usual vector order of solutions
for a subset of initial conditions. Our approach consists of separating terms that meet Kamke’s
sign condition from other ones in the dynamics, and considering Picard iterations. These conditions
amount for the dynamics to preserve a partial order, which is not necessarily induced by a cone.
Examples illustrate the results.
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1 Introduction

Monotone dynamical systems have received a great attention in the literature (see for instance the mono-
graph [14], the review [10] and the references herein). Let us recall that the semi-flows of monotone
systems preserve a vector order, and that their asymptotic behaviors present some strong properties (see
[8, 9]). In particular, systems & = f(¢,z) in R™ that are cooperative preserve the partial order relative to
the positive orthant in R’} :

Yo = xo = y(t) = x(t), t > to (1)

(where y(-), x(-) are solutions of the initial value problems y(tg) = yo, x(to) = 2o and > is considered
component-wise). Kamke’s condition

ofi

Zj

(t,) >0, i (2)

characterizes such systems from the single knowledge of the Jacobian matrix of f. This condition can
been extended to partial orders relative to the other orthants of R™, that are {x € R"; (—1)™iz; > 0; i =
1---n} where m; € {0,1}
. Ofi .,
—1 mi+m; ZJ t, > O7
(e ) 20,4

(see [14]), or for even more general positive cones P of R™

A (gi(t,x).y> >0, y€dP, A€ A(P) (3)

where A(P) is the set of supporting linear forms of P (see [17]). More recently, the cooperativity property
with respect to cones has been characterized for non-smooth dynamics [5].

The preservation of vector order for solutions of dynamical systems has important implications in
several applications. In particular, this property is at the core of the interval observers techniques (see
for instance [6, 12]). Let us stress that the cooperativity property is required for the observers and not
necessarily for the original system, as underlined in [2] and further investigated for instance in [4, 15].
However, in some practical problems, one may observe an order preservation of trajectories (relatively to
the positive orthant R’} ) for some subsets of initial conditions of for some variables only, while the system
is not cooperative. For instance, the anaerobic digestion model studied in [11] exhibits an augmentation
of the biogas variable when increasing the initial organic matter, while the dynamics is not monotone.



The aim of the present work is to characterize theoretically such situations for a class of systems. For
this purpose, we shall consider a decomposition of the map f by isolating terms into a partial map h
that prevent Kamke’s condition to be fulfilled, and give conditions on the maps f and h for the ordering
property (1) to hold for a subset of initial conditions. Note that in practice it is not always easy to
find a cone P that verify condition (3) (if it exists). This is also a motivation of our work to propose a
methodology that could facilitate this search.

For simplicity of the presentation, we shall consider autonomous dynamics only, but extension of the
results to non-autonomous ones does not present any particular difficulty and is left to the reader. The
paper is organized as follows. In Section 2, we define a partial order in the positive quadrant induced by
the decomposition of the dynamics, under some hypotheses, and give preliminaries results that will be
used in the following. Section 3 gives our main results about properties of the maps f and h that ensure
the preservation of the partial order. Finally, Section 4 illustrates the results and the methodology on
examples. In particular, we analyze the anaerobic digestion model [11] from this perspective.

2 Hypotheses and preliminaries

Consider a dynamical system on a domain €2 C R

We assume that f can be written as

f(z) =gz, h(x)), z €N (5)
where h a map from € to R™ such that the following hypotheses are satisfied.

HO. The maps g, h are C! on O, Oy, respectively, where Oy, Oy, are open sets with Q x h(Q) C O,
h(2) C Oy,

H1. For any continuous function ¢ : Ry — h(2), Q is positively invariant by the non-autonomous system

o(t) = g(x(t),o(t), t = 0 (6)
which is moreover forward complete !.

H2. The set  is p-convex (i.e. for any z, y, in Q with y > x and s € [0,1], sz + (1 — s)y is in ) and
the dynamics & = g(z, ) is cooperative on €, for any fixed z € h(Q) i.e. Kamke’s condition (2) is
fulfilled

8gj .
_— > .
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H3. The map z — g(z, z) is monotone (i.e. component-wise non-decreasing) on h(2), for any x € Q i.e.

z,Z2€h(Q), 2>z = g(x,2) > g(z, 2).

H4. The components of A have no critical point in Q i.e.

Vhij(z)#0,j=1---m, €.

Remark 1. When the dynamics (4) is not cooperative but satisfy H2 and HS3, the map h is necessarily
non monotone.

Remark 2. A controlled dynamical system & = g(x,u) (where u is the control) with g satisfying H2 and
H3 is called in the literature a "monotone control system” (see [1, 3]) and satisfies the property

Yo = xo, v(-) 2 u(-) = y(t) = x(t), t =0

where u(+), v(-) are Lebesgue-measurable functions of time (or "open-loops”) and x(-), resp. y(-) denotes
the (absolutely continuous) solution for x(0) = xo and control u(-), resp. y(0) = xy and control v(-).
Our study amounts to investigate when this property is satisfied for a feedback control h(x) instead of an
open-loop control.

1A system is forward complete when solutions exist globally, for any positive time.



We then consider a partial order > on €, defined as follows

Definition 1. For z, y in £,
yrax < y >z and h(y) > h(z) (component-wise).

We implicitly assume that h is such that the partial order does not degenerate i.e. y = & y = .
Let us underline that this partial order is not necessarily induced by a cone when the function £ is not
homogeneous (see for instance the examples in Section 4.2). Otherwise, when h is for instance linear,
h(x) = Ax where A is a m x n matrix, the partial order > is induced by the cone C := {z € R}; Az > 0}
and y = z amounts exactly to write y —x € C.

As the partial order > is not necessarily induced by a cone, we shall use different techniques than
the usual one based on the Jacobian matrix of f (see [14, 17]). In particular, we shall consider an
approximation scheme for solutions of (4) which benefits from the structure (5) and the property of
monotone control systems recalled in Remark 2. It consists in starting from a solution of (4) for a given
initial condition and making iterations of solutions of the non-autonomous dynamics (6) that converge
to the solution of (4) for another initial condition. More precisely, for a given time interval [0,T], we
associate to any zg, Zo in €2 the sequence of functions ¢;, ¢ = 0,1, --- defined as follows

1. the function ¢q is given by

where z(-) is the solution of (4) for the initial condition z(0) = x,

2. the functions ¢; for ¢ = 1,--- are given recursively by

¢i = O[(bifl]a 1= 1u e

where O is the operator defined on the set ® of continuous functions ¢ : [0, 7] — h(f2) as

O[o)(t) := h(zs(1)), t €[0,T]
and x4 is the solution of (6) for the initial condition x(0) = Zo.
We shall denote by Z(-) the solution of (4) for the initial condition x(0) = Zo, and the corresponding
function ¢(t) = h(z(t)) for t € [0,T].

Remark 3. For sake of simplicity of the presentation, we have assumed completeness of the system. As
we consider comparison of solutions on a finite time interval, this assumption can be relaxed considering
a time interval [0, T] on which solutions xz(-), T(-) are defined.

Note that the sequence of solutions x4, which alternates the integration of the g dynamics for a given
function ¢; and the update of the function ¢; is similar to splitting methods for solving numerically
ordinary differential equations (see for instance Chapter 1.8 in [7]). One has the following property about
this sequence of solutions.

Lemma 1. Assume Hypotheses HO-H1 are fulfilled. The sequence (xg;, Pit1) converges uniformly to
(@,0) on [0,T7.

Proof. Let € > 0. The map h being continuous, one has

M:= sup |[h(x)] < +oo.
z€B(Zo,€))

For T, > 0, consider the set
E = {x() € C([0,To), Q); 2(0) = Zo, [|2(t) — Zoll <€, t € [0, Tp]}.

For z(-) € E, we define A[z](-) as the solution of § = g(y, h(z(t))), y(0) = Ty for t € [0,Tp] (note that
the solution y(-) of this Cauchy problem is unique and well defined thanks to Hypotheses HO and H1).
One has then

y(t) = Zo + / o(y(r), hx(r))dr, t € [0, T).



The map g being C!, there exists a number C' > 0 such that

ly(t) — zo]l < / lg(u(r), ha(r)l| dr < / C(L+ |y + (@) )dr, ¢ € [0,T)

and one gets

ly(t) — ol < / C(1+ ly(r)]| + M)dr = C(1+ ||zl + M)t + C / ly(r) — zol| dr.

With Gronwall’s Lemma, one obtains
ly(t) — Zoll < C(1 + To + M)te®t < C(1 + To + M)Tpe™.

For Ty > 0 small enough, one has C(1 + ||Zo|| + M)Tpe¢™ < € and thus y(-) = A[z](:) belongs to E. A
is then well defined as an operator on E.
Take two elements z(-), Z(-) in E. One can write for any ¢ € [0, Tp]

IA[z](8) — Al] @) < /O/IIQ(A[H?](T),h(fE(TD)—g(A[w](T),h(m(T)))lldT

IN

/O Ly ([ A[z](r) = Alz](T)[| + [|h(Z (7)) — h(z(7))[)dr

where L, is the Lipschitz constant of the map g on B(Zo, €) x h(B(Zo,€)). One has also
t
|A[Z](2) — Alz](0)]] < /0 Ly([Alz) () — Alzl(T)|)dT + ToLgLn |7 — 2|,

where Ly, is the Lipschitz constant of h on B(Zo,€)) and || ||, denotes the infinity norm on [0, 7p]. With
Gronwall’s Lemma, one can write

Iz () — Al ($)]| < ToLgLne"™ |7 — 3, , t € [0, Tp].

One has TOLtheLgTU < 1 for Ty small enough, and we conclude that the operator A is a contraction
mapping on E for the || || norm. By the Banach’s fixed point theorem, we deduce that the Picard’s
iterations

x¢i+1(.) = A[.T@](), =0,
where x4, (-) is the solution of & = g(z, ¢o(t)) with z(0) = Z¢, converges uniformly to the unique fixed
point Z(-) of A, that is the solution of

& = g(z, h(z)) = f(z), 2(0) = Zo
on [0, Ty]. By continuity of h, the sequence ¢;11(-) = h(z4,(+)) converges uniformly to ¢(-) = h(Z(-)).

If Ty < T, consider an integer k such that ||xy,(To) — Z(To)|| < € for ¢ > k, and T3 > Tp. For any
1> k, define the set Ez = {SL'() S C([To,Tl],Q), 1‘(T0) = Ty, (To), H$(t) — i‘(To)” < €, t e [To,Tl]} and
the operator A; defined on E; by A;[z](-) solution of § = g(y, h(x(t))), y(To) = x4, (To) for t € [Ty, T1].
As before, one has for a small enough Ty, A;[F;] C E; and A; contraction on F;, for any ¢ > k. Note
that one has zy, = A;. A1 - - Agq1[xg,] on [T, T1] for @ > k. Therefore, the sequence x4, converges
uniformly on [Ty, T3] to a unique limit, which is necessarily the solution Z (and the convergence of ¢;11
follows).

This argumentation can be repeated on a time interval [T}, T] for a certain T» > T7, and so on, defining
an increasing sequence 7. If T; converges to T, < T, one can again apply the same argumentation with
T and Z(Tw) and obtain the existence of an interval [Too, T2, ] with T, > T, on which the convergence
of x4, to Z is obtained, contradicting the definition of the limit T\. Finally, we conclude the uniform
convergence of the sequence (z4,, ¢;+1) to (Z,$) on the whole time interval [0, 7. O

Remark 4. This approach is of particular interest when the solution of (6) can be easily determined for
any given function ¢(-). This is typically the case when g is linear with respect to x and h(0) = 0. For
systems of the form

& = Az + Bh(z)



where h is a non-linear (Lipschitz) function and A, B are matrices of adequate dimensions, the solution
x4 has the explicit expression

xy(t) = eAtf(O) + /Ot eA(t_T)B(b(T) dr .

As 0 is a solution of the system (i.e. for xo = 0), one can simply take ¢og = 0 to initiate the sequence
of ¢; which converges to the solution for the initial condition Ty. The iterations ¢; = O'[0], i = 1,---,
provides then an alternative method to the classical discretization schemes such as Runge-Kutta.

The approximation scheme we consider here is valid for any pair of initial conditions xg, o in €.
However, our objective in the next Section is to consider initial conditions such that Ty = zg.

3 Comparison of solutions

Our objective here is to give conditions on the map h for the solutions of the system (4) to preserve the
partial order = . We consider two approaches. The first one is based on a geometric condition for domain
invariance, while the second one guarantees the monotonicity of the sequence ¢; defined in Section 2.

For xg, Zo in 2, we shall denote by z(-), Z(-) the solutions of (4) for the initial conditions z(0) = zo,
Z(0) = Zo.
3.1 Invariance-based approach

Proposition 1. Assume Hypotheses HO-H4 are satisfied. If the maps g and h satisfy for any j=1---m
the condition

z,y €y =, hy(y) = hi(x) = Dj(,y) = Vh;(y).g(y, h(y)) = Vh;(x).g(z,h(z)) =0 (7)
then having To = xo in Q implies Z(t) = z(t) for any t € [0,T].

Proof. We consider the system in Q2
= g(a, (@)
g =9y, h(y))

and show that the set
M :={(z,y) € Q*; y = x}

is positively invariant. Let Njs(x,y) be the normal cone to M at (z,y) € M (see for instance [16]). By
the intersection formula of normal cones, one has the expression

e Vhi(x
Nuwa) = SR )+ X R (S0 @y con
k, yp=z Js hj(y)=h;(z)

where ey, denotes the k-th basis vector in R” (i.e. with ex =1, ex; =0, [ # k).
For (z,y) € OM such that y; = xj, for some k, one has

o= (48)- (k)

Let consider the scalar function ¢(\) := gx(z + My — z), h(z)) for A € [0,1] (which is well defined as
is p-convex). One has (1) = ¢(0) + fol ¢’ (N)dA, that is

g (z; h(x)) = gr(y, h(y))
= (ol h@) = guy. (@) + (91 (0. b)) = 90 h(w)) )

1. h(@)) = gulo ) + [ 57 G2 o+ Ay = ). h(o) o = )y
l

With y > « and y, = x, one gets gr(y, h(z)) > gx(z, h(z)) with Assumption H2. From Assumption H3,
one has gi(y, h(y) > gx(y, h(x)). Therefore, 5 is non positive.



For (z,y) € OM such that h;(y) = h;(z) for some j, one has
Vh;(z) ) (g(ﬂv, h(ﬂ?)))
. =Vh;(x).f(x) — Vh;(y). =—-D,(x,
(th Y) g(y, h(y)) i(x)-f(x) iW)-f(y) i(z,y)
which is non positive under condition (7). Therefore, the inward pointing condition

g9(@, h(z))
v. (g(y, h(y))> <0, v € Ny(z,y), (z,y) € OM

is verified for any (x,y) € M, which implies that M is positively invariant (see for instance [19, Chap.
10, XV)). O

Let us make some comments about the condition (7) of Proposition 1. It has some similarities with
condition (3) on the boundary of the cone, but is adapted to the context of a partial order that is not
induced by a cone. It is a global condition and not a local one, which is the price to pay for a partial
order that is not induced by a cone. However, there are only m scalar conditions to check, because the
cooperative property of g with respect to x is already exploited. Note that the general formulation (5)
allows to have terms h;(z) (j =1---m) in common in several equations of the dynamics, and is thus of
particular interest when the number m is relatively small (even when the partial order > defined from h
is induced by a cone, this condition can be convenient to check compared to condition (3)). On practical
problems, this condition can be quite easy to check, while checking the cooperative property of g with
its Jacobian matrix is often straightforward (see examples in Section 4).

3.2 Monotonicity of the sequence ¢;

We exploit here the property of monotone control systems (cf Remark 2) to show that the monotonicity
of the sequence ¢; provides the order preservation of the solutions.

Lemma 2. Assume Hypotheses HO-HS3 are satisfied. If To > xg and the sequence ¢; is non decreasing
i.e. ¢iy1(t) > ¢i(t) (component-wise) for any t € [0,T] and i =0,1,--- then one has

z(t) = z(t), t € [0,T).
Proof. Remark first that the solution z(+) is also solution of the non autonomous system

& = g(z, do(t)) (8)

for the initial condition z(0) = zo.

Let x4,(-) be the solution of (8) for the initial condition z(0) = Zo. From Hypothesis H2, the non-
autonomous dynamics (8) is cooperative and consequently one has x4, (t) > z(t) for any ¢ € [0, T].

Let 24, (-) be the solution of
&= g(z, ¢1(t)) (9)
for the initial condition z(0) = Zo. If ¢1 > ¢o, then by Hypothesis H3, one has g(z, ¢1(t)) > g(z, ¢o(t)) for
any x € Q and t € [0,T]. Let us recall that the solutions of two differential equations, whose right-hand
sides are component-wise ordered, and one of the equations is cooperative, are ordered (see for instance
[18]). The dynamics (8) being cooperative, one then gets x4, (t) > x4, (t) for any ¢ € [0, T].

Recursively, one obtains x4, (t) > x4, (t) for i =1,--- and ¢ € [0,7]. Then one gets from Lemma 1

- 7

Z(t) = Hm x4,(t) > x4, (t) > 2(¢), t € [0,T7.

1—+o00

In the same way, one has

o(t) = h(z(t)) = lim ¢i(t) > do(t) = h(z(t)), t € [0,T].

i——+00
O

Remark 5. Zo > zo and ¢; non decreasing imply h(zo) = ¢(0) > ¢o(0) = h(xy), i.e. one has necessarily
To >~ To.



We give now sufficient conditions to obtain a non-decreasing sequence of functions ¢;.

Proposition 2. Assume Hypotheses HO-H) are satisfied. If the maps g and h satisfy for any j=1---m
the condition

2,y €Q; yr=x, 2z €h(Q),h(x) >z

hy(y) = hy(x) = Dy (2,9.2) = Vhy(y).g(y. h(x)) — Vh,(x).g(z.2) > 0 (10)

then having To = o in Q implies T(t) = z(t) for any t € [0,T], and the sequence of functions ¢; is non
decreasing.

Proof. Let us consider the set
S = {(z,y) € 9, h(y) > h(z)}.
Under Hypothesis H4, the normal cone Ng to S (see for instance [16]) verifies

Ng(z,y) = Z Rt (—VVhiJL](gQ , (x,y) € 08S.

3, ki (y)=h;(z)
We proceed recursively to show that the sequence ¢; is non decreasing (component-wise).
For i = 0, one has z4,(t) > z(t) for any ¢t € [0,T] (see the proof of Lemma 2). Note that one has

t
h(z4,(0)) = h(Zo) > h(zo) = h(x(0)) i.e. (2(0),24,(0)) € S. We show that (x(-), z¢,(-)) remains in S, as
a solution of the dynamics
{ & =g(z,h(z )))

9 =9(y, h(z)
such that y(t) > x(t) for t € [0,T]. At (x,y) € S with h;(y) = hj(z) for some j € {1,---,m}, one has
) = Thadate ) - Vi) gluhta)

(vmm»>,(< ()
—Vh;(y) (y, h(x))

= —D;(if,y, h({E))
Under condition (10), one obtains the inward pointing property

y>zx, (z,y) €95 = w. (g(gy(7x};(ygc)))> <0, v e Ng(z,y)

which implies that the set .S is invariant by (x(-), z4,(-)) (see for instance [19, Chap. 10, XV]). We deduce
that ¢1(t) — ¢o(t) = h(xe,(t)) — h(x(t))) remains non-negative for any ¢ € [0, 7.
Assume now that one has x4, (t) > x4, ,(t) and ¢;41(t) > ¢;(t) for any ¢ € [0,T] and ¢ < n.

For i = n 4+ 1, the recurrence property ¢,41(.) > ¢,(.) with z4,.,(0) = z4,(0) = Zo implies as
before, from the properties of the map g (Hypotheses H2 and H3), that one has x4, (t) > x4, (t) for
any t € [0,T]. Note that one has h(zg,.,(0)) = h(Zo) = h(ze,(0)) ie. (z4,(0),74,.,(0)) belongs to S.
Note that (x4, (-), Ze,.,(-)) is a solution of the dynamics

{ T = g(x,¢n(t)) = g($, h($¢n_1(t)))
¥ = g(y, h(x))

such that y(¢t) > x(¢t) and h(x(t)) — h(zg, , () = dnt1(t) — Pn(t) > 0 for t € [0,T]. As previously, we
write

Vi) \ (80O oy
() (ot} = Vnta)ate o, () = Vi) 900 h(o)
= —Dj(z,y,h(z4,.,(1)))
For y > « and t € [0,T] such that h(z) > h(zg, ,(t)) and (z,y) € 0S with h;(y) = hj(z) for some

Jj € {1,---,m}, one has D;(y,x, h(zg, ,(t)) > 0 from condition (10). One has then, as before, the
inward pointing property

g(y, h(x))

from which we deduce that the solution (x4, (-), %4, (-)) remains in S, and thus the function ¢,42(-) —
Gnt1(-) = h(zg,,, () — h(zg,(-)) is non-negative. The recurrence property is thus proved.

y >z, h(z) > h(zy, (1)), (z,y) €S = v. (g(x,qi)n(t))) <0, v € Ng(x,y)

Finally, the result follows from Lemma 2. O



Remark 6. Analogously, one obtains under Hypotheses HO-H4 a non-increasing sequence of functions
¢; with Ty = To when the maps g, h satisfy for any j = 1---m the condition

x,y € yrx, z€h(Q), 2> h(y) (1)
hi(y) = hj(z) = Df(x,y,2) = Vh;(y).g(y, z) — Vh;(x).g(x, h(y)) >0

(the proof is similar and left to the reader).

We notice that conditions (10) or (11) are similar to condition (7) but are more demanding. It allows
to obtain guaranteed approximations of the solution from below or from above, or both providing a
guaranteed frame of the solution in the spirit of intervals computing [13]. In the next sub-section, we
focus on a class of systems for which these three conditions are equivalent.

3.3 The separate case

We consider here a class of functions f for which we can derive simpler conditions to check. This is
illustrated in the example of Section 4.1.

Definition 2. The formulation (5) is in a separate form if there exists maps g, h from Q to R™ such
that

f(x) = §(x) + h(z), z € Q (12)
where h has m non-identical null components izj for j in a subset J of {1,--- ,n}.
Then, we replace the former hypotheses HO-H5 by the following ones.
HOs. The maps § and h are C* on Q.
Hi1s. For any continuous function ¢ : Ry — h(Q), Q is positively invariant by the non-autonomous system
t=g(x)+ o), t>0, x€Q
which is forward complete.
H2s. Q is p-convex and the map g satisfies Kamke’s condition on 2.
H4s. For any j € J, ﬁj has no critical point in 2.
We have the following conditions to ensure monotonicity with respect to >.

Corollary 1. Assume Hypotheses H0s-H2s and H{s are satisfied when f is written in the form (12). If
the maps g and h satisfy the property

oh;
> 2
. (v)

r,y€Q, y=xz, hij(y) =h;j(z) = =

() >0, jked (13)

then, the conclusions of Propositions 1, 2 hold when the condition

2,y €Q, y =, hi(y) = hi(x) = Dj(x,y) = Vh;(y)-4(y) — Vh;(x).g(z) 20, jeJ  (14)
1s verified.

Proof. For j € J, the function D; defined in (7) of Proposition 1 coincides with D;. The function Dy
defined in (10) of Proposition 2 can be written as

D (w,,2) = [Vhs(y) 5) = Vhy(@).3(0)] + [Vhi(y)hiy) - Thy(2).2]

The expression in the first brackets is non-negative under condition (14), while the second verifies under
condition (13)

Vhy(y)-h(y) = Vh(z)2 =Y %@mk(y) — @)z = > 2L (@) (ha(y) — 21) > 0.
keJ keJ

For j & J, one has clearly D;(z,y) = 0 and D; (,y,2)=0. Conditions (7), (10) of Propositions 1, 2 are
thus fulfilled. O



In a similar way, one can check that conditions of Corollary 1 imply also the condition (11). Condition

(13) can be interpreted as a kind of matching condition: the functions h; have to be non-decreasing only

with respect to variables z; whose dynamics does not satisfy the cooperativity condition (i.e. g—ﬁ(x) <0

for some I # k and = € Q).

Remark 7. When the map h is linear h(x) = Az, the conditions of Corollary 1 take the simple form
Ajp >0, j, ke,
By € y>w, Aj(w—y) >0 = Dj(z,9) = 4;(3(y) — §(=))) 2 0, j € J.

This is illustrated on the example of Section 4.1.

4 Examples

We present first a biological example, that has initially motivated this work, for which we have a separated
dynamics and a cone-induced order. Then, we present a more sophisticated example with non separated
dynamics and non cone-induced order.

4.1 Separated dynamics and cone-induced order

We consider a model of anaerobic digestion [11] that describes the conversion of organic matter X into
substrate S assimilable by bacteria B, in a landfill

X = —K,X+aK,B
S = [HEyX —$u(S)B
B = (u(S)—-Ka)B

where parameters K}, K4 are in R, and «, Y, f; in (0,1). The growth function u is C! increasing with
1(0) = 0. We refer the reader to [11] for more details about the biological meaning of these assumptions.
The originality of this model is to have a re-circulation of dead biomass into organic matter. The biogas
produced between times 0 and ¢ is proportionate to the quantity.

This model is clearly non cooperative. However, one observes in simulations

- when increasing initial conditions, the corresponding solutions are ordered in X and B but not
necessarily in S,

- when increasing initial organic matter only, the biogas production at any time ¢ > 0 increases.

To show these properties as a consequence of the preservation of a partial order > (as defined in Definition
1), we have to consider a set of coordinates with X, B and replace variable S. With Z = B+ Y S, the
model writes in the & := (X, Z, B) " coordinates

X = —KpX+aK,B
7 = YfiK,X — KB
B = (W%E)-Ki)B

on the invariant domain Q = {¢ € RY; Z > B)}. This model is not cooperative either, but we look now
for a partial order > preserved by the system. Our method consists in isolating terms that prevent the
system to be cooperative and check if conditions of Proposition 1 or 2, or Corollary 1, are fulfilled. Here,
the model can be written in the separate form £ = §(§) + h(€) with

—Kp X 4+ aKyB ~ 0
g(&) = —KqZ , WE) = | YHKWX + Ky(Z - B)
(m(%E) - Ka)B 0



One can straightforwardly check that conditions of Corollary 1 are satisfied with J = {2} and that one
has dzhs > 0. Take now &, € in 2 with § > £ and ha(§) = ha(§) (that is with YV f1 K5 (X — X) + Ka(Z —
Z — (B — B)) =0), and write

Dy (&,6) = *YflK;ZL(X*X)JrOéYflKth(B*B)j{(g(ZfZ) )
] Ky (u(3)B - u(8)B) + K3(B - B)
Y fiEKp(Kq — Kp)(X = X) + Ka(aY fL K, — p(5))(B — B)

Y

(where S =S+ +(Z—-Z— (B—-B)) =5 — fiK,(X — X) < S). Then, a sufficient condition to have
condition (14) of Corollary 1 to be satisfied is to have

K4, > K}, and mggcu(s) <aY f1Kp. (15)
S

Concerning the biogas production, one gets from the equations of the model
t
G(t) = B(t) — B(0) + Ky / B(r)dr.
0

Therefore, if one has X (0) > X(0) with S(0) = S(0) and B(0) = B(0), one has £(0) = £(0) and thus
£(t) > &(t) for any t > 0 (with B(-), B(-) non identical), which implies G(t) > G(t) for any ¢ > 0.

Let us now illustrate the preservation of this partial order on numerical simulations for parameters
given in Table 1 For these values of the parameters, one can straightforwardly check that condition (15)

Kn | Ka | a | Y | fi| u(S)

0.18
160 + S

0.176 ‘ 0.18 ‘ 0.9 ‘ 0.9 ‘ 0.8 ‘

Table 1: Parameters values for Example 4.1

is fulfilled. We considered the three initial conditions
(X0, So, Bo) = (3,50,100) < (X§, 54, BY) = (5,50,200) < (X, S5, BY) = (5,51, 300).
In the &-coordinates, one has
€0 = (3,145,100) < €5 = (5,245,200) < &) = (5,345.9,300)

and
ho(€o) = 8.48016 < ho(£L) = 8.7336 < hy(£L) = 8.8956

Therefore, one has &8 = fg > &, and one can see on Figure 1 that the solutions are ordered in the
(X, Z, B)-coordinates, as expected (but they are not ordered for the variable S).

4.2 Non separated dynamics and non cone-induced order

Consider the system on the domain 2 =Ry x R x R4
i = (—a+z1 + 219 — 23)2) + B3
iy = yxy — 673 (16)
T3 = <1 — 6_x2+x§).%‘3 — dxs

where a, 3, §, 7y are positive parameters. One can easily check that the set ) is forward invariant by this
dynamics. The Jacobian matrix is written as

* 21 2(Bxs — x1)
Y * —25$3
0 e T2t@ag, *

and thus the system is not monotone on ). Let us write now the system as follows

iy = —azy + (1 — 2)a? + Bad + th(z)a
(ﬁg = —25.’E2 + h((E)

. _ 2
Tg = (1 —e ‘”2'*‘“73)1;3 — 03
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Figure 1: Comparison of some solutions in Example 4.1

where
h(z) = ya1 + 6(229 — 22).

This dynamics is in the form (5) but is not separated. We thus consider the non-autonomous dynamics

—axy + (1 - %)x% + Bz3 + %gb(t)xl

i =g(z,0(t)) = 202 + H(1)

(1 — B_IQ—HC%)J??, — 023

One can straightforwardly check that set 2 is also forward invariant whatever is the function ¢ and

that the system is cooperative and monotone in ¢ on 2. More

over, the gradient of h is always non

null. Hypotheses HO-H1-H2-H3-H4 are fulfilled. Note that for this function h, the partial order > given

in Definition 1 is not induced by a cone (because h(z) > 0 does

not necessarily implies h(7z) > 0 for

any 7 > 0). To apply Proposition 2, we have to consider for z, y in Q, z € h(Q) with y > 2 and

h(y) = h(z) > z the quantity

) gl b)) ~ S (@)g(r.2)

v(—alyr — 1) + (1 - 3)(wi — =1) + B(y3

D™ (x,y, 2)

2
— x5

+20( = 20(y2 — w2) + h(y) — 2) — 20((1— €

Note that h(y) = h(x) implies

26(y2 — x2) = 6(y3 — x3) —v(y1 — z1) and (y3 — y2) — (23 — 22) =

from which one gets (using also h(y) > z),

D—(z,y,2) > ~y(—alyr—21)+ (1 =3y —23) + By3 — 23)) +

+20(—0(y3 — 23) + (1 — 21)).
Then, by rearranging terms, one obtains the inequality

D™ (z,y,2) > (20 —a+%)(y1 —x1) +v(1 = 1)(yi

On the other hand, a straightforward computation gives

oh

11

) + 5 (h(y)yr — z21))
y2t+ys _ 5)2/32, _ (1 _ e—z2+m§ - 5)$§)

(1 —x1)+y2 —x2 >0

S

2(y1 — 1))

—a}) + (78 — 26%)(y3 — 23).

55 (@9 h(@)) = 7(20 — a)zr + (1 = F)at + (8 — 20)a3.



Therefore, when the parameters satisfy the inequalities
v8>20>aand1>4§>7 (17)

the set Q = {z € Q, h(z) > 0} is forward invariant and one has D(x,y,z) > 0 for z € h(Q). The
conclusions of Proposition 2 follow when applied to €.

We have run numerical simulations for values of the parameters « = 0.8, 8 =3, 6 = 0.5, v = 0.4 (for
which one can check that condition (17) is satisfied) and the three initial conditions 2o = (0.1,0,1,0,2)T,
¢ = (0.1,0.1,0.5)T, 75 = (0.1,0.2,0.3)T. One computes h(xg) = 0.2, h(zd) = 0.095, h(z}) = 0.275.
Clearly, o, Z&, 3 belong to Q with Z& > z¢ and Z} > xo. However, corresponding solutions z(-), Z%(-)
are not ordered with respect to the > order, while z(-), Z°(-) are (see Figure 2). This is in accordance
with Proposition 2 because one has z§ = zo but not z& = zo.

T T T T T T T T T T T T T T T T T T T T T
0 02 04 06 08 1 12 14 16 18 2 0 02 04 06 08 1 12 14 16 18 2 0 02 04 06 08 1 12 14 16 18 2

Figure 2: Comparison of solutions z(-), Z%(-), Z°(:)) in Example 4.2

Let us now illustrate the benefit of the guaranteed estimation from below provided by the sequence
(24, Pi+1) as defined in Section 2. Clearly zo = (0,0,0) " is solution of (16), with ¢9 = 0. Then, for
any initial condition Zg = 0, one can provide an approximation from below of the solution Z(-) with
the (x4,;,Pi+1) sequence. For instance, for o = z§, Figure 3 depicts the iterations (z4,, di+1). As
expected, one can see on this figure the non-decreasing behavior and the convergence of this sequence.
With only 12 iterations, one obtains an approximation (from below) of ¢ with quite a good accuracy:
| — 10|, = 0.0016 for T = 2.

5 Conclusion

In this note, we have provided conditions for a partial order stronger than the usual vector order in R™ to
be preserved by the flow of a dynamical system. We have shown that this property can be related to the
monotonic behavior of some Picard iterations, which does not require the partial order to be necessarily
induced by a cone. Our approach is based on a separation of terms that satisfy Kamke’s condition from
other ones, in the expression of the dynamics. For practical problems, it might be difficult to find a
partial order for which the dynamics exhibits a monotonicity property. Our approach facilitates this
search, as we have shown with examples. However, several ways of making such a separation are possible,
and we do not know a systematic way to do it. The study of the best way, in terms of the less restrictive
conditions or the largest partially order subset in R™, could be the matter of a future work. Extensions
of this work with respect to other vector order in R™, and for the design of interval observers, could be
also subjects of investigation.

Acknowledgments

The authors thank the French Embassy in Morocco and the TSARA program of INRAE for funding the
second author’s visits to France during the preparation of her PhD. The first author is very grateful to
Pierre-Alexandre Bliman for fruitful discussions. We thanks also the Referees for the relevant comments
that have greatly helped to improve the paper.

12



0.2
- =
0.6 Po o1
-
? 0.15
0.4 H
0.1+
0.2 o
0.05 o
0 T T T T T T
0 0.5 1 1.5 2 0 0.5 1 1.5 2
0.5
= T2 0.3 —_— I3
0.4 o
0.25 o
0.3 o
0.2 -
0.2 +
014 0.15
0 T T T 0.1 T T T
0 0.5 1 1.5 2 0 0.5 1 1.5 2
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