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Empirical Process Results for Exchangeable Arrays*

Laurent Davezies' Xavier D’Haultfoeuille Yannick Guyonvarch $

Abstract

Exchangeable arrays are natural tools to model common forms of dependence between
units of a sample. Jointly exchangeable arrays are well suited to dyadic data, where ob-
served random variables are indexed by two units from the same population. Examples
include trade flows between countries or relationships in a network. Separately exchange-
able arrays are well suited to multiway clustering, where units sharing the same cluster
(e.g. geographical areas or sectors of activity when considering individual wages) may be
dependent in an unrestricted way. We prove uniform laws of large numbers and central
limit theorems for such exchangeable arrays. We obtain these results under the same
moment restrictions and conditions on the class of functions as those typically assumed
with i.i.d. data. We also show the convergence of bootstrap processes adapted to such
arrays.

Keywords: exchangeable arrays, empirical processes, bootstrap.

1 Introduction

Taking into account dependence between observations is crucial for making correct inference.
For instance, different observations may face common shocks, tending to correlate them pos-
itively and thus leading to overly optimistic inference when ignored (Bertrand et al., 2004).
Such common shocks may arise if the data are polyadic (e.g., dyadic), namely they involve
interactions between several units of a given population. An example is international trade,
where each observation corresponds to a pair of countries, one exporting and the other im-
porting. We can then expect that two such pairs may be dependent whenever they share
at least one country, because of that country’s specificities in terms of international trade.
Common shocks may also correspond to aggregate fluctuations that affect all units sharing
some characteristics. For instance, wages of two individuals may be correlated either because
they live in the same geographical area, or because they work in the same sector. We refer to

multiway clustering when there are several dimensions along which units may be correlated.
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Holland and Leinhardt (1976), Fafchamps and Gubert (2007) derived variance formulas for
linear regressions with dyadic data, while Cameron et al. (2011) propose similar formulas for
multiway clustering. The Stata command ivreg2 and the R package multiwaycov are now
used routinely to report standard errors accounting for multiway clustering. However, theory
has lagged behind this practice. Tabord-Meehan (2019) shows the asymptotic validity of
inference based on Holland and Leinhardt’s suggestion for dyadic data, but for OLS estimators
only. Graham (2019) and Graham et al. (2019) study respectively parametric regressions and
density estimation with dyadic data. Regarding multiway clustering, the only papers we are
aware of are the recent works of Menzel (2019) and MacKinnon et al. (2019). Again, they

focus on linear parameters.!

In this paper, we establish uniform laws of large numbers (LLN) and central limit theorems
(CLT) for such type of data. Uniform LLNs and CLTs are key in showing consistency and
asymptotic normality of nonlinear estimators under weak regularity conditions. As such, they
have been studied extensively with i.i.d. but also dependent data. We refer to, e.g., van der
Vaart and Wellner (1996) and Giné and Nickl (2015) for overviews with i.i.d. data, and
Dehling and Philipp (2002) for the case of time series (see also, e.g., Bertail et al., 2017;
Han and Wellner, 2019, for recent results on sampling designs). Noteworthy, we obtain these
uniform LLNs and CLTs under the same moment restrictions and conditions on the class
of functions as those usually considered with i.i.d. data. Thus, statistical results deducted
from the uniform LLNs and CLTs with i.i.d. data directly extend to the exchangeable arrays
we consider. As a proof of concept, we consider Z-estimators and smooth functionals of the

empirical cumulative distribution function (cdf).

We also study consistency of a direct generalization of the standard bootstrap for i.i.d. data
to polyadic data. A related bootstrap scheme for multiway clustering is the so-called pigeon-
hole bootstrap, suggested by McCullagh (2000) and studied by Owen (2007), but for which no
uniform result has been established so far. For both, we establish weak convergence of the cor-
responding process. These results imply the validity of the corresponding bootstrap schemes

in a wide range of setting, including Z-estimators and smooth functionals of the empirical cdf.

To prove these results, we first argue that polyadic data correspond to dissociated, jointly
exchangeable arrays. Similarly, multiway clustering corresponds to dissociated separately ex-
changeable arrays. We then rely extensively on the so-called Aldous-Hoover-Kallenberg repre-
sentation (Hoover, 1979; Aldous, 1981; Kallenberg, 1989) for such arrays. This representation
allows us in particular to prove a symmetrization lemma, which is very useful to derive the
uniform LLNs and CLTs. This lemma generalizes a similar result for i.i.d. data, but also for
U-processes (see, e.g. de la Pena and Giné, 1999, Theorem 3.5.3). Note that simple LLNs and
CLTs have been already proved, or are direct consequences of known results on dissociated,
jointly exchangeable arrays. For LLNs, we refer to Eagleson and Weber (1978) and Lemma
7.35 in Kallenberg (2005). For CLTs, see Silverman (1976). But to our knowledge, no abstract

LOn the other hand and interestingly, Menzel (2019) studies inference both with and without asymptotically

normality. He also shows that refinements in asymptotic approximations are possible using the wild bootstrap.



uniform LLNs and CLTs have been proved so far for such arrays.

Finally, we illustrate our results with two applications to international trade. In the first, we
test whether international trade remains stable from one year to another, using a Kolmogorov-
Smirnov test. Given the dependence structure over pairs of countries and through time, the
asymptotic distribution of the test under the null is complicated, making the bootstrap attrac-
tive. We show that neglecting the dependence between dyads leads to important overrejection
of the null hypothesis. Next, we estimate the so-called gravity equation, a very popular model
for explaining trade between countries. Since Santos Silva and Tenreyro (2006), this equation
has often been estimated with Poisson pseudo maximum likelihood, an estimator for which
our results apply. Again, much fewer explanatory variables are significant at usual levels when
accounting for dependence between pairs of countries than when considering such pairs to be

i.i.d. observations (as in Santos Silva and Tenreyro, 2006).

The paper is organized as follows. Section 2 describes the set-up and gives our main results
for jointly exchangeable arrays. In addition to uniform LLNs and CLTs, we prove weak
convergence of our bootstrap scheme. We also show results for Z-estimators and smooth
functionals of the empirical cdf. Section 3 considers a few extensions. In particular, we study
separately exchangeable arrays. An important difference for such arrays is that the multiple
dimensions, corresponding to different sources of clustering, may not grow at the same rate.
We show that our results still hold in this case. We also study “degenerate” cases (in the same
sense as with U-processes) and consider another bootstrap scheme. The two applications to
international trade are developed in Section 4. The appendix presents three key lemmas. In
the supplementary material, we present additional extensions. In particular, we generalize our
main results to cases where the number of observations for each k-tuple (e.g., the number of
matches between two sport players) varies. We also display Monte Carlo simulations and all

the proofs of our results.

2 The set up and main results

2.1 Set up

Before formally defining our data generating process, we introduce some notation. For any
A CR and B C R for some k > 2, we let AT = AN (0, 00) and

B={b=(by,..by) € B: ¥(i,j) € {1,....k}* i # j,b; £b;}.

We then let I, = N** denote the set of k-tuples of NT without repetition. Similarly, for any
n € Nt we let I, = {1,..,n}*. For any i = (i1,...,i) and j = (j1,...,jx) in NF, we let
i®F = (i1j1, .-, irjr). With a slight abuse of notation, we also let, for any i = (i1, ..., i) € N,
{1} denote the set of distinct elements of (i1, ...i). For any r € {1,...,k}, we let

k
E =< (e1,....ex) € {0,1}F Zej =r

j=1



Finally, for any A C NT, we let G(A) denote the set of permutations on A. For any ¢ =
(i1,...,7x) € NT* and 7 € &(NY), we let 7(3) = (7 (i1), ..., 7(ix)).

We are interested in polyadic data, that is to say random variables Y; (whose support is
denoted by )) indexed by ¢ € I. Dyadic data, which are the most common case, correspond
to k = 2. For instance, when considering trade data, Y;, ;, corresponds to export flows from
country 7; to country . In network data, Y3, ;, could be a dummy for whether there is a link
from 41 to 45. In directed networks, Y;, ;, # Y3, 4, while Y;, ;, = Y, ;; in undirected networks.
Similarly, Y;, 4,4, could capture whether (i1, 12,43) forms a triad or not (see, e.g. Wasserman
and Faust, 1994, for a motivation on triad counts). Y; could also correspond to data subject to
multiway clustering. Then i1,..., i3 are the indexes corresponding to the different dimensions
of clustering, for instance geographical areas and sectors of activity. In such cases, however,

adaptations of our set-up are needed, and we postpone this discussion to Section 3.3 below.

We assume that the random variables are generated according to a jointly exchangeable and

dissociated array, defined formally as follows:

Assumption 1. For any m € S(NT), (Y;);en, 4 (Yr(i))ier,- Moreover, for any A, B disjoint

subsets of Nt with min(|A|, |B|) > k, (Yi);car ts independent of (Y3), pr-
The first part imposes that the labelling conveys no information: the joint distribution of the
data remains identical under any possible permutation of the labels. The second part states
that the array is dissociated: the variables are independent if they share no unit in common.
14i2) 1,92) if {il,ig} N {jl,jg} = (. On the other

hand, Assumption 1 does not impose independence otherwise. This is important in many

For instance, Y; must be independent of Y|
applications. In the international trade example, Y;, ;, and Y;, ;, are likely to be dependent
because if i1 is open to international trade, it tends to export more than the average to any
other country. It may also import more from other countries, meaning that Y;, ;, and Y, ;,

could also be dependent.

Lemma 2.1 below is very helpful to better understand the dependence structure imposed by
joint exchangeability and dissociation. It may be seen as an extension of de Finetti’s theorem
to arrays satisfying such restrictions. It is also key in establishing our asymptotic results

below.

Lemma 2.1. Assumption 1 holds if and only if there exist i.i.d. variables (Uy)jcn+ 1<|7|<k

and a measurable function T such that almost surely,?

Y= ((U{iGE}'*')eEU’T“:lST) Vi € 1. (2.1)

This result is due to Kallenberg (1989) but a weaker version, where the equality only holds in
distribution, is known as Aldous-Hoover representation (Aldous, 1981; Hoover, 1979). Accord-

ingly, we refer to (2.1) as the AHK representation hereafter. To illustrate it, let us consider

2In this formula, the (U{iGe}+)e€Uk_lgr appear according to a precise ordering, which we let nonetheless

implicit as it bears no importance hereafter.



dyadic data (k = 2). Then, according to Lemma 2.1, we have, for every i1 < ig,
Yivin = T(Uir, Uiy, Uiy in})- (2.2)

Thus, in the example of trade flows, the volume of exports from i; to 79 depends on factors
specific to 47 and 49, such as their own GDP, but also on factors relating both, such as the
distance between the two countries. (2.2) has been also used by Bickel and Chen (2009) and
Bickel et al. (2011) to model network formation (in which case Yj, ;, = 1 if there is a link
between i; and iz, 0 otherwise). Note also the link between (2.2) and U-statistics: Y;, ;, would

correspond to such a statistic if 7 did not depend on its third argument.

Under Assumption 1, the (Y;);cy, have a common marginal probability distribution, which
we denote by P. We are interested in estimating and making inference on features of this
distribution, such as its expectation or a quantile, based on observing the first n units only,

namely the sample (Y;)ser, ,, with n > k.

2.2 Uniform laws of large numbers and central limit theorems

Let F denote a class of real-valued functions admitting a first moment with respect to the
distribution P and let Pf denote the corresponding moment E[f(Y7)] (with 1 the k—tuple
(1,...,k)). To avoid measurability issues and the use of outer expectations subsequently, we

maintain the following assumption:

Assumption 2. There exists a countable subclass G C F such that elements of F are pointwise

limits of sequences of elements of G.

Assumption 2 is not necessary but often imposed (see, e.g. Chernozhukov et al., 2014; Kato,
2019). We refer to Kosorok (2006, pp.137-140) for further discussion.

In this section, we study the empirical measure P,, and the empirical process G,, defined on

F by |
P, f = (”n,k) > (),

i€l
Gnf = v (Puf — Pf).

Let £°°(F) denote the set of bounded functions on F. We prove below that under restrictions
on F, P, f converges almost surely to P f uniformly over f € F, while G,, converges weakly in
(>°(F) to a Gaussian process. We refer to, e.g., van der Vaart and Wellner (1996) for a formal
definition of weak convergence of empirical processes. These results, stronger than pointwise
convergence of P, f and G,, f, are key in establishing the consistency and asymptotic normality
of, e.g., smooth functionals of the empirical cdf or Z- and M-estimators. We consider briefly
applications in Section 2.4 below, and refer to Part 3 of van der Vaart and Wellner (1996) for

a more comprehensive review of statistical applications of empirical process results.

We use the rate \/n to normalize P, f — Pf, though we have n!/(n — k)! different random

variables. In general, we cannot expect a better rate of convergence. To see this, let (X;);en+



be i.i.d. random variables and let Y; = Zje{i} X;. Then (Y;)4er, satisfies Assumption 1, and
P, f boils down to an average over n i.i.d. terms only. In some cases, however, for instance
if the (Y;);er, are i.i.d., the convergence rate is faster than \/n.® Theorem 2.1 below remains
valid in such cases, but the limit Gaussian process is then degenerate. We come back in more

details to such cases in Section 3.1 below.

Let us now introduce the restrictions on F that we use to obtain uniform laws. We require
additional notation for that purpose. For any n > 0 and any seminorm || - || on a space
containing F, N(n,F,||-||) denotes the minimal number of || - ||-closed balls of radius 1 with
centers in F needed to cover F. Njj(n,F,||-||) denotes the minimal number of n-brackets
needed to cover F, where an n-bracket for f € F is a pair of functions (¢,u) such that
¢ < f<wand [[u—£]| <n. The seminorms we consider hereafter are | ||, = ([ |f["du)*/"
for any r > 1 and probability measure or cdf pu. Hereafter, an envelope of F is a measurable
function F satisfying F'(u) > supscr[f(u)]. Finally, we let Q denote the set of probability

measures with finite support on ).
Assumption 3. The class F either:

(i) admits an envelope F with PF < oo and ¥n > 0,

sup N (n[[Fllq.1, F, || - llg1) < oo;
QeQ

(ii) or satisfies Njj (0, F., || - ||, (p)) < oo for alln > 0.
Assumption 4. The class F either:

i) admits an envelope F with PF? < oo and
(i)

[o.¢]
| suw sV e
0 QeQ

Q.2 F, | - [lg.2)dn < oo;

(it) or satisfies [° \/logNH (0. F | | papy)dn < 0.

Assumptions 3 and 4 are exactly the same as the conditions often imposed with i.i.d. data
to show uniform LLNs and CLTs (see, e.g., Theorems 19.4, 19.5, 19.13 and 19.14 in van der
Vaart, 2000).* In particular, Assumption 4-(i) (resp. (ii)) imposes a condition on what is
usually referred to as the uniform (resp. bracketing) entropy integral, see, e.g., van der Vaart
and Wellner (1996). Finiteness of the uniform entropy integral is satisfied by any VC-type
class of functions (see Chernozhukov et al., 2014, for a definition), or by the convex hull of

such classes under some restrictions. The bracketing entropy integral is finite for instance

3 As with U-statistics, we expect different rates depending on the degree of “degeneracy”.

4In van der Vaart (2000), the supremum in Assumptions 3 and 4 is taken over the set of probability measures
@ with finite support on Y and such that ||F||g,2 > 0. This additional restriction is simply due to a different
convention in constructing covering numbers, as van der Vaart considers open balls while we use closed balls,
following, e.g., Kato (2019).



for classes of monotone or Holder continuous functions (see, e.g. van der Vaart and Wellner,
1996).

The following theorem establishes uniform LLNs and CLTs under these two conditions. We
denote by 1’ the k—tuple (1,k +1,...,2k — 1).

Theorem 2.1. Suppose that Assumptions 1-2 hold. Then:
1. If Assumption 3 holds, sup ez |Pnf — Pf| tends to 0 a.s. and in L'

2. If Assumption 4 holds, the process G, converges weakly in £°°(F) to a centered Gaussian

process G on F as n tends to infinity. Moreover, the covariance kernel K of G satisfies:

1
K(f1, f2) = m Z Cov (fl(Yﬂ(l))a fz(Yn/(l/))) .
 (mr)eS({1})x6({1})

The proof is in Section 3.5 of the supplement. When Assumption 3-(ii) holds, Part 1 can be
proved by essentially combining Theorem 3 in Eagleson and Weber (1978) and Lemma 7.35 in
Kallenberg (2005). Part 2 was also proved for a finite F by Silverman (1976). But the weak
convergence result under the bracketing entropy condition, and the uniform laws under the
uniform entropy conditions, do not follow from such results. To prove the former, we adapt a
maximal inequality in Giné and Nickl (2015, see their Lemma 3.5.12) to our context. To this
end, we show that Hoeffding’s bound on U-statistic (Hoeffding, 1963, Section 5.a) still applies

to our context.

To prove the results under the uniform entropy conditions, the key ingredient, as with i.i.d.
data, is a symmetrization lemma stated in Appendix A below and proved in the supplement.
Its proof relies extensively on Lemma 2.1 and a decoupling inequality that may be of in-
dependent interest (see Lemma A.2). The latter result generalizes a similar inequality for
U-processes (see de la Pena, 1992). In the proofs of both lemmas, we follow similar strategies
as with U-processes, with two complications. First, even with & = 2, Y; does not only depend
on U;; and Uj,, but also on Uy, ;,3. Second, when k > 3, dependence between observations
arises not only because of single-unit terms such as U;, or U;,, but also because of multiple-unit

terms such as Uy, ;.1

As in the i.i.d. case, Assumption 3 is actually stronger than necessary to obtain the uniform
law of large numbers. The following proposition gives an exact characterization, where, for
simplicity, we restrict to k = 2. It is similar to the characterization for i.i.d. data (see, e.g.
Theorem 3.7.4 in Giné and Nickl, 2015) or for U-processes (see Theorem 5.2.2 in de la Pena

and Giné, 1999). Let us introduce the following norms:

n

iy =+ 30 [t 32 Vi) + 1Y),

el Lo et
1
HfHLz = m 1<‘; < ‘E [f(Yimé) + f(Yigiy) | U{il,iQ}] ‘ .
S1<igsn



Proposition 2.1. Suppose that Assumptions 1-2 hold and F admits an envelop F with PF <
co. Then super [Puf — Pf| = 0 if and only if both log N (e, F.||-||1,2) /n* and log N (e, F, ||
|[1,1)/n tend to O in outer probability.?

Proposition 2.1 emphasizes the two aspects of dissociated, exchangeable arrays. The first is
iid. variations, through the random entropy term related to || - ||12, which only involves
(Ufiy is} )icl, o~ The second is U-statistic like variations, through the random entropy term
related to || - |[1,1: up to negligible terms, ||f|[1,1 only depends on (U, )1<i;<n. Key in estab-
lishing the necessity of these two conditions is a weak converse of the symmetrization lemma

for k = 2, see Equation (3.29) in the supplement.

2.3 Convergence of the bootstrap process

We now study the properties of the following bootstrap sampling scheme, which extends the

pigeonhole bootstrap (McCullagh, 2000; Owen, 2007) to jointly separable arrays:

1. n units are sampled independently in {1, ...,n} with replacement and equal probability.

W; denotes the number of times unit ¢ is sampled.

2. the k—tuple ¢ = (i1, ..., i) € I, 1, is then selected W; = H§:1 Wi, times in the bootstrap

sample.

Then we consider P}, and G, defined on F by

pif =" S W),

ieHn,k

Ghf =vn(PLf —Puf).
Asymptotic validity of the bootstrap amounts to showing that conditional on the data (Y;)er,
G} converges weakly to the process G defined in Theorem 2.1.% As discussed in, e.g., van der
Vaart and Wellner (1996, Chapter 3.6), the outer almost-sure conditional weak convergence
boils down to proving
sup E (h(G},)|(Ys)ier,) — E (R(G))| =5 0, (2.3)
€Bly

where BLy is the set of bounded and Lipschitz functions from £*°(F) to [0, 1] and “25” denotes

outer almost-sure convergence.

Theorem 2.2. If Assumptions 1-2 and 4-(i) hold, the process G}, converges weakly in £>°(F)

to G, conditional on (Y;)icr, and outer almost surely.

S5For a definition of convergence in outer probability or outer almost-sure convergence considered below, see

e.g. Chapter 1.9 in van der Vaart and Wellner (1996).
5For the sake of brevity, we focus afterwards on convergence results under the sole uniform entropy condition
(Assumption 4-(i)).



This theorem ensures the asymptotic validity of the bootstrap above not only for sample
means, but also for smooth functionals of the empirical cdf and nonlinear estimators, as we
shall see below. The proof of Theorem 2.2, in Section 3.7 of the supplement, follows the same
lines as that of Theorem 2.1, though some of the corresponding steps are more involved, as
often with the bootstrap. In particular, to prove pointwise convergence, we use arguments in
Lindeberg’s proof of the CLT for triangular arrays, Theorem 2.1.1 and Urysohn’s subsequence

principle, combined with Prohorov’s theorem.

Note that in contrast with the standard bootstrap for i.i.d. data,

E (B (D] (Vict) = 5 3 F08) £ Pl

’I:GHnyk

However, the difference between P, and P, the empirical measure with weights 1/ n*, becomes
negligible as n — oco. Accordingly, we also show in the proof of Theorem 2.2 the almost-sure
conditional convergence of \/n (P} f — P/ f), in addition to that of GJ.

2.4 Application to nonlinear estimators

Theorem 2.1 ensures consistency and asymptotic normality of a large class of estimators.
In turn, Theorem 2.2 shows that using the bootstrap for such estimators is asymptotically
valid. To illustrate these points, we consider here two popular classes of estimators, namely
Z-estimators and smooth functionals of the empirical cdf. Similar results could be obtained
for, e.g., M-estimators (see, e.g. Cheng and Huang, 2010) or generalized method of moments

estimators (see, e.g. Hansen, 1982).

Let us first consider Z-estimators. Let © denote a normed space, endowed with the norm
| - lle and let (v6,n)(9,n)coxn denote a class of real, measurable functions. Let W(6)(h) =
Py, Un(0)(h) = Puipgy and V3 (0)(h) = Pyapgn. We let, for any real function g on H,
llgll2 = suppeyy |g(R)|. The parameter of interest 6y, which satisfies U(6y) = 0, is estimated
by 6 = arg mingee |9, (0)|l3. We also define §* = argmingeo ||¥*(0)|l3 as the bootstrap
counterpart of 9. The following theorem extends Theorem 13.4 in Kosorok (2006) to jointly
exchangeable and dissociated arrays. For related results on Z-estimators in the i.i.d. case, see
Section 3.2 in van der Vaart and Wellner (1996) and Wellner and Zhan (1996).

Theorem 2.3. Suppose that Assumption 1 holds and:
1. |U(0m) |l — O implies ||0m, — bolle — O for every (Om)men in O;

2. The class {1pp : (8,h) € © X H} satisfies Assumptions 2-3, with the envelope function
F satisfying PF < oo;

3. There exists § > 0 such that the class {1g, : ||0—00lle < 0, h € H} satisfies Assumptions
2 and 4, with an envelope function Fy satisfying PF(;2 < 00;

4. limg_,g, suppep P (Yo.n — Yogn)° = 0;



5. 9@l = 0p(n2) and P (|1Vaw;(0) | > 0l (Yi)ser, ) = op(1) for every n > 0;
6. 0 — W(0) is Fréchet-differentiable at 0y, with continuously invertible derivative ¥g,.

Then \/ﬁ(@\— 0o) converges in distribution to a centered Gaussian process G. Moreover, con-

ditional on (Y;)ser, and almost surely, Va(0* — 8) converges in distribution to G.

Next, we consider smooth functionals of Fy, the cdf of Y;. Suppose that ) C RP for some
p € NT and 6§y = g(Fy), where g is Hadamard differentiable (for a definition, see, e.g., van der
Vaart and Wellner, 1996, Section 3.9.1). We estimate 6y with = g(ﬁ;), where Fy denotes
the empirical cdf of (Y5);er,, - Finally, we let 0* denote the bootstrap counterpart of 0.

Theorem 2.4. Suppose that g is Hadamard differentiable at Fy tangentially to a set Dy, with
derivative equal to g%y, Suppose also that Assumption 1 holds. Then:

1. \/ﬁ(ﬁ;/ — Fy) converges weakly, as a process indezed by y, to a Gaussian process G with

kernel K satisfying

1
K(ylayQ) :(k — 1)'2 Z COU(H{YW(]_)Syl}?H{Yﬂl(ll)ng})'
(mm)e6({1})x6({1'})

2. If G € Dg with probability one,
Vi (8= 60) 5 N(0, V(g (G))).

Moreover, conditional on (Y;)sc1, and almost surely, \/ﬁ(é\* —</9\) converges in distribution

to the same limit.

In practice, Dy often corresponds to the set of functions that are continuous everywhere or at
a certain point yo. This is the case for instance with g : Fy = Fy.'(7) for 7 € (0,1). In such
cases, one can show that G € Dy under the same condition as for i.i.d. data, namely that Fy

is continuous everywhere or at the point Fy 1(7‘).

3 Extensions

We now consider several extensions to our main results. First, we study the asymptotic
behavior of the properly normalized empirical process in degenerate cases where K(f, f) = 0.
Second, we establish additional results on the bootstrap. Third, we study separately, rather
than jointly, separable arrays. Other extensions to arrays with multiple observations per k-
tuple and arrays where Y; is defined even if there are identical indices in 2 are considered in

the supplement. We also develop therein a test that the data are in fact i.i.d.

3.1 Degenerate cases

We consider here situations where K(f, f) = 0 for all f € F, focusing for simplicity on

k = 2.7 Such a degeneracy appears for instance if the variables in the array are actually

"If K(f,f) =0 for only some f € F, we focus on F' = {f € F: K(f, f) = 0}.

10



i.i.d., in which case \/nG,, converges to a Gaussian process with covariance kernel K(f1, f2) =
Cov(fi1(Y1,2), f2(Y12)). As another example (see Menzel, 2019; Bretagnolle, 1983), suppose
that Y5, 5, = X3 Xi,, with (Xj);en+ 11.d. variables with E(X;) = 0, V(X;) = 1. Let also
F ={fa(x) = Az, X € I} for a compact I C R. Then one can easily see that v/nG,, converges
weakly in (°(F) to G(f\) = M(Z? — 1), with Z a standard normal variable.

More generally and as with U-processes (see, e.g. Arcones and Giné, 1993), when K(f, f) =0,

—1/2 and the asymptotic distribution

the rate of convergence of P, f — Pf is n~! rather than n
may not be normal. For any (i1,i2) € Ig, let Vi, 5, = 7(Uiy, Uiy, Uy, 4,)) be the Aldous-
Hoover-Kallenberg representation where, without loss of generality, the variables in 7(-,-, )
are assumed to be uniform on [0, 1]. Let ¢, (u) = (1 + ]l{ng})l/z cos (mmu) for m even and
VY (u) = v/2sin((m+1)7u) for m odd. Then (¢, )men forms an orthonormal basis of L]0, 1].

For all m € N? and any f € F, we define p.,,(f) by
i (f) = B [[f (Y12) = E (f(Y12))] iy (U1)%my (U2) s (Upr 23)] -

Let (Zm)mEN+v (Zm17m2)(m1,m2)€NXN+ and (Z{ml,mg},mg)(ml,mg,m3)€N2xN+:m1<m2 denote inde-
pendent standard normal variables. We then define the process G on F by

Gd(f) = Z Mml,mg,O(f) (Zm1 Zm2 - ]l{mlzmg})

(m1,mo)eNT2

+ Z Hmy,my,ma (f)Zml,mz + Z Mm(f)Z{ml,mg},mg-

m1€EN, (ml,mg,m3)€N2><N+:
mo€NT mi17#ma

To prove the convergence of /nG,,, we consider a condition on F that slightly differs from

Assumption 4-(i).

Assumption 5. The class F admits an envelope F with PF? < 0o and
(o @]
| sw1ogN GliPllgz. 7.1l oz dn < oc.
0 QeQ

Assumption 5 is more stringent than Assumption 4-(i). A similar condition was also imposed

by Arcones and Giné (1993) for degenerate U-processes of order 1, see their condition (5.1).

Theorem 3.1. Suppose that k = 2, Assumptions 1-2 and 5 hold and K(f, f) = 0 for all
f € F. Then /nG,, converges weakly in £>°(F) to G.

As with degenerate U-processes (see Section 5 of Arcones and Giné, 1993), the limit process
is a Gaussian chaos process. The result is based in particular on a symmetrization lemma

and a maximal inequality taylored to these degenerate cases. Specifically, the symmetrized
1) (2

i €iy of
Rademacher variables. We refer to Lemmas S3 and S10 in the supplement for more details.

process only includes Rademacher variables at the pair {iy,i2} level, or products

Finally, we note that the bootstrap process considered above does not generally converge to

G?8 With iid. data, for instance, one can show that the variance of the bootstrapped

8The same holds true for the multiplier bootstrap process considered below.
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mean converges to 3V(Yj, ;,). We expect similar phenomena as with U statistics, where the
bootstrap is known to fail in degenerate cases (Arcones and Gine, 1992; Arcones and Giné,
1994). In the close case of separately exchangeable arrays (see Section 3.3 below), Menzel
(2019) shows that a suitable wild bootstrap is consistent for the sample average, whether or
not we have degeneracy. Whether such a result generalizes to the empirical process is left for

future research.

3.2 Further results on the bootstrap

Theorem 2.2 shows convergence of the bootstrap process under conditions on F that ensure
the convergence of the initial process G,,. The following result shows that under moment
conditions, convergence of G, is actually necessary for the convergence of G}, to a Gaussian

process.

Theorem 3.2. Suppose that Assumptions 1-2 hold, Pf? < oo for all f € F and F admits an
envelope F such that PF'19 < oo for some § > 0. Then, if conditional on (Y3)ier, and outer
almost surely, the process G}, converges weakly in (*°(F) to G, a centered Gaussian process,

the process Gy, also converges weakly in (°°(F) to G.

Theorem 3.2 may be seen as a partial extension to jointly exchangeable arrays of Theorem
2.4 in Giné and Zinn (1990), which, with i.i.d. data, establishes the equivalence between the
convergence of the bootstrap process and PF? < oo together with convergence of the initial

process.

With i.i.d. data, several other bootstrap schemes than the multinomial bootstrap are possible:
see, e.g., Barbe and Bertail (1995) for an extensive review. The situation is probably no
different with jointly exchangeable arrays. To illustrate this, we consider a version of the
multiplier bootstrap adapted to such data (see, e.g., Kosorok, 2003, for the case of i.i.d. data).
Specifically, let (&), be a sequence of i.i.d. random variables that are centered, have unit
variance and are independent from the original data (Y;);er, ,- We then consider the following

process:

1 < 1
Gnm* : f = = gil — T [f(}/;'l,iQ) + f(}/;'z,il)] - 2]Pnf
vn ;:1 n-1 19‘227&;19

The next theorem shows the conditional weak convergence of G]** under the same conditions

on F as previously.

Theorem 3.3. Suppose that Assumptions 1-2 and 4-(i) hold and (&)1, is i.i.d. with E(&;) =
0, V(&) = 1. Then, conditional on (Y;)scr, and outer almost surely, the process GJ"* converges
weakly in £>°(F) to G.

3.3 Separately exchangeable arrays

Up to now, we have considered cases where the n units that interact stem from the same

population. In some cases, however, they do not, because the k populations differ. For

12



instance, we may be interested only in relationships between men and women. In that case,
the symmetry condition in Assumption 1 has to be strengthened: both the labelling of men
and the labelling of women should be irrelevant. This corresponds to so-called separately
exchangeable arrays, defined formally in Assumption 6 below. Another important motivation
for considering separately exchangeable arrays is multiway clustering, namely dependence
arising through different dimensions of clustering. For instance, wages of workers may be
affected by local shocks or sector-of-activity shocks. In such cases, we observe Y;, ;,, the wage

of a worker in geographical area i; and sector of activity 5.9

More generally, we consider in this section random variables Y; where ¢ = (i1, ...,i%) € Ntk,
implying that repetitions (e.g. i = (1,...,1)) are allowed. We impose the following condition

on these random variables.

Assumption 6. For any (mq,...,m) € G(NT)F,

d
(}/%)ieN*k = (Y7r1 (51) e ey Tk (ik))iEN“'k .

Moreover, for any A, B, disjoint subsets of N, (Y;);cax is independent of (Y;);cpk-

This condition is stronger than Assumption 1 since it implies in particular equality in distri-

bution for m = ... = 7.

Let us redefine 1 here as (1, ...,1) and let n = (n1, ..., ny), where n; > 1 denotes the number of
units observed in population j (or cluster j with multiway clustering). Note that in general,
nj # njy for j # j'. The sample at hand is then (Y;)1<i<pn, where ¢ > 7’ means that i; > z;
for all j =1,...,k. Let n = min(nq,...,ng). The empirical measure and empirical process that

we consider for separately exchangeable arrays are:

Puf=——— 3 (¥,

Hj:l Nj 1<i<n

an:\/E(Pnf_Pf)'

We also consider the “pigeonhole bootstrap”, suggested by McCullagh (2000) and studied,
in the case of the sample mean and for particular models, by Owen (2007). This bootstrap
scheme is very close to the one we considered in Section 2 for jointly exchangeable arrays,

except that the weights are now independent from one coordinate to another:

1. For each j € {1,...,k}, n; elements are sampled with replacement and equal probability
in the set {1,...,n;}. For each i; in this set, let VVZ]] denote the number of times i; is

selected this way.

2. The k-tuple ¢ = (i1, ..., 7% ) is then selected W; = H?:l Wf] times in the bootstrap sample.

90ftentimes, we actually have several observations per cell, and the number varies from one cell to another.

This extension is discussed in Section 1.1 of the supplement.
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The bootstrap process Gj, is thus defined on F by

N.;

Gnf=vn % > Wi—1)) f(Yie)

[l=1m 1520 =1

o

Henceforth, we consider the convergence of Py, G, and Gj, as n tends to infinity. More
precisely, as with multisample U-statistics (see, e.g. van der Vaart, 2000, Section 12.2), we
assume that there is an index m € N, left implicit hereafter, and increasing functions g1, ..., gx
such that for all j, nj = gj(m) — oo as m — oo (we also assume without loss of generality
that for all m € N*, g;(m+1) > g;(m) for some 7). The following theorem extends Theorems
2.1 and 2.2 to this set-up.

Theorem 3.4. Suppose that Assumptions 2 and 6 hold and that for every j = 1,...k, there
exists \j > 0 such that n/nj — X\j > 0. Then:

1. If Assumption 3 holds, supscr |Pnf — Pf]| tends to 0 a.s. and in L'

2. If Assumption 4-(1) holds, the process G,, converges weakly in (°°(F) to a centered Gaus-
sian process Gy on F as n tends to infinity. Moreover, the covariance kernel Ky of Gy
satisfies:

k
Kx(f1, f2) = Y _ACov (fi(V1), f2(Y2,)) , (3.1)
j=1

where 2; is the k-tuple with 2 in each entry but 1 in entry j.

3. If Assumption 4-(i) holds, the process G}, converges weakly to Gy, conditional on (Y;);cn+k

and outer almost surely.

Theorem 3.4 includes the case where A\; = 0 for some j, corresponding to “strongly unbalanced”
designs with different rates of convergence to oo along the different dimensions of the array.
In that case, only the dimensions with the slowest rate of convergence contribute to the

asymptotic distribution, as can be seen in (3.1).

Because the (n;)j—=1. 1 are not all equal in general, Theorem 3.4 does not follow directly from
Theorem 2.1, even if Assumption 6 is stronger than Assumption 1. We prove the result by
showing a simpler and convenient version of the symmetrization lemma in this setting. We

refer to Lemma S2 in the supplement for more details.

4 Applications to international trade

Finally, we illustrate the importance of accounting for dependence in real dyadic data, through

two applications to international trade data.
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4.1 Evolution of international trade

There is a large interest in economics on the evolution of international trade. But before
analyzing the causes and consequences of such an evolution, one must check that there is
indeed some significant changes. In this first application, we test whether the distribution of
exports remains the same between two consecutive years, using Comtrade data on all countries

from 2012 to 2018. We use for that purpose the Kolmogorov-Smirnov (KS) test statistic

1
KSy = Sug n(n 1 Z ]I{Til,iQ,tSU} - ]l{Til,z‘Q,tHSu} :
ue (i1,i2)€ln 2

where T;, ;, + denotes the trade volume from country ; to country i, in year ¢t. Let us assume
that Assumption 1 holds, with Y; = (T;+,T;¢+1). Then, under the null hypothesis that the
distributions of T;; and T; ;41 are equal, we have, by Theorem 2.1, \/nKS; 4, |G|, with
F = {fulz,y) = Tzcuy — Lyy<uy}. Given the dependence structure both between pairs
of countries and across time, the distribution of |G|z depends on the true data generating

process. To estimate it, we rely on the recentered bootstraped test statistic:

K S} = sup

uer [n(n —1) Z (Wi = 1) (]I{Til*i?*é“} B ]I{Til*i?vf“g“}) '

(i1,i2)€ln 2

We compute the p-value of the test by P (KS;‘ > KSt‘(}/i)ie]In,k). For the sake of comparison,
we also compute p-values based on alternative forms of dependence that have been considered
in applied work on similar data. Specifically, we also assume that the variables (Y;); are i.i.d.
We then assume pairwise clustering, where Y;, ;, and Yj, ;; may be dependent, but Y; and Yj
are independent if 7 is not a permutation of <. We also consider one-way clustering according
to 41 (and, similarly, according to iz). In this case, Y, ;, and Y;, ;, may be dependent, but
Yi i, and Yy

these cases, we use the bootstrap, but with different bootstrap schemes accounting for these

iy are independent as soon as i; # i}, whether or not i = i3. For each of

different dependence structures.

Pairs of KS test p-values under different assumptions

years statistic iid. PW.cl. E.cl I cl. dyadic
2012-2013  0.048 < 0.001 <0.001 <0.001 <0.001 <0.001
2013-2014  0.018 < 0.001 < 0.001 <0.001 0.026 0.038

2014-2015  0.022 < 0.001 < 0.001 <0.001 0.005 0.007

2015-2016  0.002 0.44 0.391 0.377 0.951 0.998

2016-2017  0.012 < 0.001 <0.001 <0.001 0.215 0.254

2017-2018  0.045 < 0.001 <0.001 <0.001 <0.001 <0.001

Notes: data from the Comtrade database. “cl.”, “E”, “I” and “P.W.” stand for clus-

tering, exporter, importer and pairwise, respectively. The p-values were obtained

with 1,000 bootstrap samples.

Table 1: KS tests of Fr,, = Fr, ., under different dependence assumptions

1
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The results are displayed in Table 1. They suggest significant changes in export volumes in
some years but not all. In particular, international trade seems very stable between 2015 and
2017. There is some evidence of changes between 2012 and 2015 but we still do not reject the
null hypothesis at the 1% level for the years 2013-2014. The other columns of the table shows
the importance of accounting for dependence along both dimensions. In particular, assuming
i.i.d. data or pairwise dependence always leads to a strong rejection of the null, except for
2015-2016.1° Clustering along exporters also leads to artificially small p-values, in particular
for the pairs 2013-2014, 2014-2015 and 2016-2017. In this context, clustering along importers

leads to results that are closer to those based on dyadic data.

4.2 Estimation of a gravity equation

Second, we revisit Santos Silva and Tenreyro (2006), who estimate the so-called gravity equa-
tion for international trade. Omitting the year index, this gravity equation states that T;, ;,
satisfies

Ty iy = exp(ao) G G2 DP2 exp (Aiy iy B) iy o (4.1)

i1,i2
where G; denotes country ¢’s GDP, which would correspond to the mass of ¢ in a traditional

gravity equation, D;, ;, denotes the distance between i1 and i3, A;, ;, are additional control

variables and 7;, ;, is an unobserved term.

To estimate 6y = (ay, ..., a3, 8)', Santos Silva and Tenreyro (2006) suggest to use the Poisson
pseudo maximum likelihood (PPML for short) estimator f. The idea, formalized in Gourieroux
et al. (1984), is that with i.i.d data, the PPML estimator is consistent and asymptotically
normal for 6y even if T; does not follow a Poisson model, provided that E [n;|X;] = 1, with
X; = (1,In(G4,),In(G4y, ), In(D;), A;). This is because the PPML estimator is based on the
empirical counterpart of

E [ X} (T; — exp(Xibp))] = 0, (4.2)
and this equality holds true if E [n;] X;] = 1.

Now, assuming as in Santos Silva and Tenreyro (2006) that the variables (Y;);er, (with Y; =
(T;, X;)) are i.i.d. is restrictive. We suppose instead that Assumption 1 holds. Then Theorem
2.3 applies to this setting, implying that 0 is still consistent and asymptotically normal in this
case.'! Nonetheless, the rates of convergence and asymptotic variance are different in the two

cases, resulting in different inference on 6.2

10°A concern is that if the data are actually i.i.d. (or, more generally, pairwise dependent), our bootstrap
is conservative, which would explain the discrepancy between the p-values under pariwise dependence and
non-degenerate joint exchangeability. Using the methodology in Section 1.3 of the supplement, we test for
pairwise dependence. For the eight years we consider, the null hypothesis is rejected at all standard levels,
with p-values always smaller than 1074

"1n this case, H = {1,...,dim(X;)} and g.»(Y:) = Xn,:(Ts — exp(X3i60)). Then the key conditions 2 and 3
in Theorem 2.3 are satisfied as soon as O is bounded, see e.g. Example 19.7 in van der Vaart (2000).

12The same application has been considered by Graham (2019), who shows, assuming convergence of a certain
sample average, the asymptotic normality of the PPML estimator under the same dependence structure as

ours. On the other hand, he neither considers bootstrap-based inference nor proves the consistency of his
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We use the same dataset as Santos Silva and Tenreyro (2006), which covers 136 countries
for year 1990, and consider the exact same specification as the one they use in their Table
3. In this specification, the additional control variables A; include exporter- and importer-
level variables, namely their GDP per capita, a dummy variable equal to one if countries are
landlocked and a remoteness index, which is the log of GDP-weighted average distance to
all other countries. It also includes variables at the pair level, namely dummy variables for
contiguity, common language, colonial tie, free-trade agreement and openness. This openness
dummy is equal to one if at least one country is part of a preferential trade agreement. We

refer to Santos Silva and Tenreyro (2006) for additional details.

Table 2 below presents the results. The first column displays the point estimates, which,
as expected, are identical to those in Santos Silva and Tenreyro (2006). The other columns
display the p-values for the null hypothesis that 6p;, the j-th component of 6y, is equal to
0. We consider the same forms of dependence as with the KS test above. Under joint ex-
changeability, we compute the p-value p; for 6p; = 0 using p; = P (]/0\;‘ - @;] > @H(i’z),eﬂnk)
For other forms of dependence, we follow the usual practice of computing the p-values using
the asymptotic normality of 53 and estimators of the asymptotic variance under these various

dependence structures.

p-values under different assumptions

Variable Estimator iid PW.cl. E.cl I cl. dyadic
Log(E’s GDP) 0.732 <1073 <10% <1073 <107® <1073
Log(I's GDP) 0.741 <107 <107 <107 <1073 <1073
Log(E’s PCGDP) 0.157 0.003 <1073  0.04 0.001  0.078
Log(I's PCGDP) 0.135 0.003 <10=® 0.004 0.055  0.076
Log of distance -0.784 <1073 <1073 <1073 <1073 <1073
Contiguity 0.193 0.064 0.16 0.112  0.077  0.461
Common-language 0.746 <107 <107® <107% <1073 0.056
Colonial-tie 0.025 0.867 0.902 0.891  0.882  0.952
Landlocked E -0.863 <1073 <1073 <1073 <1073  0.004
Landlocked I -0.696 <1073 <1073 <107® <1073 0.011
E’s remoteness 0.66 <1073 <107® <107 <1073 0.036
I’s remoteness 0.562 <1073 <1073 0.003 0.004 0.105
P-T agreement 0.181 0.041 0.117  0.054  0.122  0.456
Openness -0.107 0.416 0.522 0.498  0.453  0.771

Notes: data from Santos Silva and Tenreyro (2006), same specification as in their Table 3.
“cl., “E”, “T7, “PCGDP”, “P-T”, “P.W.” stand for clustering, exporter, importer, per capita
GPD, preferential-trade and pairwise, respectively. The p-values for the last column were

obtained with 1,000 bootstrap samples.

Table 2: Point estimates of 6y and p-values of 6y; = 0 under different dependence assumptions

(asymptotic) variance estimator.
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Using our bootstrap leads to much larger p-values than under the i.i.d. assumption. Only the
log of distance and the log of GDP of the exporter and the importer appear to be significant
at the 1073 levels, whereas five additional control variables are significant at that level under
the i.i.d. assumption. In particular, common language and importer’s remoteness are not
even significant at the usual 5% level.!3 Interestingly, there is also a gap between assuming
one-way clustering, either at the exporter or at the importer level, and assuming to have a
jointly exchangeable and dissociated array. In the former case, we still have seven variables
that are significant at the 1073 levels. Confidence intervals, not displayed here, lead to similar
conclusions. In particular, compared to the average length of i.i.d.-based 95% confidence
intervals, those based on pairwise clustering are only 8% wider. Those based on one-way
clustering on exporters (resp. importers) are 20% (resp. 17%) larger. On the other hand,

those based on Assumption 1 are 136% wider.

5 Conclusion

While polyadic data are increasingly used in applied work, and empirical researchers routinely
account for multiway clustering when computing standard errors, the statistical theory behind
these forms of dependence has lagged behind. Following Bickel and Chen (2009) and Menzel
(2019), we link these dependence structures to jointly and separately exchangeable arrays.
Using representation results for such arrays, we then prove uniform laws of large numbers and
central limit theorems. These results imply consistency and asymptotic normality of various
nonlinear estimators under such dependence. We also establish the general validity of natural
extensions of the standard nonparametric bootstrap to such arrays. Our application shows
that using those bootstrap schemes may make a large difference compared to assuming i.i.d.

data or clustering along a single dimension, as has often been done.

One caveat is that for the bootstrap confidence intervals to be valid, the asymptotic variance
of the estimator should be positive. This may not be the case, for instance if the data (Y;)ser,
are actually i.i.d. Inference based on the wild bootstrap without this positivity condition
has been studied for sample averages under multiway clustering by Menzel (2019). How to
conduct inference on nonlinear estimators under joint exchangeability or multiway clustering

without this positivity condition remains an avenue for future research.

A Key lemmas

We first state the symmetrisation lemma. Let (¢4)c-n+ denote Rademacher independent

variables, independent of (Yi)z’eﬂk' Then:

13 As in Footnote 10 above, we test for pairwise dependence, to see whether our results could be driven by
the fact that our bootstrap is conservative in such cases. We obtain a p-value smaller than 10~* and thus

reject this hypothesis at all usual levels.
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Lemma A.1l. Suppose that Assumptions 1-2 hold and P|f| < oo for all f € F. Then

there exist real numbers Cyy, ..., Cr . depending only on k and (Y;})ier, ,.--, (Yik)ieﬂk, jointly

exchangeable and dissociated arrays with Ylj 4 Yy for all j € {1,...,k}, satisfying

k
1 1 n—k)! .
S%Z A Z El® ( ) Ch. sup Z ericen+f (Y3) ,

n!
e'cEr FEF lieL, s

Though more complicated than its i.i.d. version (see e.g. Lemma 2.3.1 in van der Vaart and
Wellner, 1996), it serves the exact same purpose in the proofs of Theorems 2.1-2.2: conditional
on the (Y;"),y , the process f Zz’eﬂn,k €rioent f (Y) is sub-Gaussian. In view of the AHK
representation, the terms £g;oey+ could be expected. Given the aforementioned link with
U-statistics, Lemma A.1 can also be seen as a generalization of the symmetrization lemma for
U-processes for non-degenerate cases, see in particular Theorem 3.5.3 in de la Pefia and Giné

(1999).

The proof of Lemma A.1 crucially hinges upon the following decoupling inequality, which may
be of independent interest. Hereafter, we let A, = {A C {1,..n} : |A| =r}.

Lemma A.2. Let v < k, (Wa)aca, be a family of i.i.d. random variables with values in

a Polish space S and (ngj))A R j=1,...1&]| be some independent copies of this family.
CAr

Let ® be a non-decreasing convex function from RT to R and ¢ be a bijection from &, to

{1,...,|&|}. Let H be a pointwise measurable class of functions from S!&! x L,x to R such
. . Er|—1
that £ (SUPheH ‘h ((W{i@e}+)e€& ,z) D < oo. Finally, let L, = (3\5r||5r|)\ =1 pen

Ed h( Wiioe )
sup gﬁ:k (Wiice)t) oeg, o

<E® | L, su h (W‘?(e” ) i
>~ The'}I-)[ Z ( {’L@e}-‘r ecE,
’LG]InA’k
The proof is given in the supplement. This result generalizes the decoupling inequality for
U-statistics of de la Penia (1992) to our setting. As with U-statistics, it is possible to obtain
a reverse inequality if r € {1,k — 1,k} and m — h <(W{iw®e}+)ee& ,iw) is constant on &y,
for all h € H. With such a reverse inequality, it is possible to replace Y;" by Y; in Lemma
A.1. It is unclear to us, however, whether this reverse inequality still holds if » ¢ {1,k — 1, k}
(implying k& > 4). The key argument for the reverse inequality in de la Pena (1992) is that by
the symmetry condition above, we can replace h <(W{iw®e}+)ee c ,iﬁ> by an average over k!
terms. However, for the proof to extend to our setting, one would need an average over |&,|!

terms. This is not possible in general when |£.| > k, which is the case when r ¢ {1,k —1,k}.

Next, in order to prove the convergence of the empirical process under the bracketing entropy
condition (Assumption 4-(ii)), we establish the following maximal inequality, which is very
close to that of Giné and Nickl (2015) for i.i.d. data (see their Lemma 3.5.12).
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Lemma A.3. Suppose that Assumption 1 holds. Let (fj)i<j<n be real-valued functions and
F={x—efj(x),ec{-1,1},j=1,..,N}. Then:

4klog 2N maxser || f]]oo
3v/n '

E max[G. (/)| < 2 JFos2N V(500 +
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Supplement to “Empirical Process Results for Exchangeable Arrays”

Laurent Davezies* Xavier D’Haultfeeuille f Yannick Guyonvarch *

Abstract
This supplement first presents additional extensions to our main results, and in particular
the case of multiple observations per k-tuple. Second, Monte Carlo simulations illustrate the
performance of our bootstrap scheme in finite samples. Third, it displays all the proofs of our
results. Section 3 gathers the proofs of the main results in Section 2 of the paper, while Section

4 focuses on the proofs of the extensions. Section 5 collects all the technical lemmas.

1 Additional extensions

1.1 Multiple observations per k-tuple

In some cases, we observe multiple observations for the same k—tuple 4. For instance, in the case of
exchanges in a network, we may observe multiple or no such exchanges between i; and ¢3. In sport
competitions, we may observe N;, ;, matches between players i; and is, with possibly N;, ;, = 0.
Similarly, in multiway clustering (see Section 3.3 of the main text), we very often have several
individuals per “cell” 4. To deal with this issue, and focusing here for simplicity on the case of
jointly exchangeable arrays,! we consider that for each 4 € I, there exists a random variable N;
taking values in N and a sequence Y; = (Y ¢)¢>1, with Y, having support ), such that we only
observe (Nj, (Yi¢)i<e<n,). To allow for N; = 0, we assume in the following that for any sequence
(ae)e=1, Yoy ar = 0.
In this set-up, it is often natural to redefine the parameters of interest: if the relevant units of
observation are the INV; units within each k—tuple, then parameters of interest are defined with
respect to P rather than P, with

N1

Pf=E|> f(Y10)

=1

In the example of sport matches, this expectation weights equally each match rather than each pair

of players and is therefore often more relevant.? For instance, the sample average

N
ZZEHn,k ZZ:’Ll Yz,f

0 =
Zi@ln,k Ni
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1Jointly separable arrays can be treated similarly.

2If the unit of interest were the tuple itself, one could consider instead Pf = E [Z;V:ll (Yl,g)/Nl}. Our results

below on P directly extend to P. But note that P is not defined in the very common situation where P(N; = 0) > 0.



is an estimator of §y = P(Id)/P(1), where Id denotes the identity function. This parameter also
satisfies 0y = [ydFy (y), with Fy(y) = ﬁ(ﬂ{.gy})/ﬁ(l). Similarly, quantiles would be defined as
Oy = ﬁ; 1(7’) for some 7 € (0,1). More generally, any parameter related to the units within each
k—tuple is defined with respect to P rather than P.

Accordingly, we study the behavior of P,, G, and @:‘L defined on F by:

N;
Baf= O S S i)

i€l j, 4=1
Guf = Vi (Balf) = Pf),

N.
Tk (’I’L - k)' -
an = \/ET Z (Wz - 1) Zf(yz,é)
’I:E]In’k (=1
The following theorem shows that the previous results extend to this set-up with random N;, only

up to adaptations of the moment conditions.

Theorem S1. Suppose that Assumption 1 holds with (N;,Y;) in place of Yz, P1>0 and Assumption
2 holds. Then:

1. If Assumption 3-(i) holds with F' also satisfying PF < oo, then SUpfer ’]@nf — ﬁf‘ tends to 0

almost surely and in L.

2. If E(N?) < oo and Assumption 4-(i) holds with F also satisfying E (Nl Zévzll FQ(YLZ)) < 00,
the process Gn converges weakly in {>°(F) to a centered Gaussian process G on F as n tends

to infinity. Moreover, the covariance kernel K of@ satisfies:

1 Nr(1) Nﬂ./(ll)

Rf(fl,fQ) = W Z COU( ; fl(Yﬂ(l),€)7 ; fQ(Yﬂ'/(l’),Z)>'

(m)eS({1Hx6({1'})

3. Under the same condition as in 2., the process @;‘L converges weakly to @, conditional on

(Yi)ier, and outer almost surely.

We assume that (Nj, Y;)icr, , rather than just (Y;);cr, , satisfies Assumption 1. Importantly, however,
this does not restrict the dependence between N; and Y;, or between the (Y;¢),. Hence, conditional
on Nj, the correlation between Y;, and Y; » may vary with N;, for instance. Note also that even
if we focus on P rather than P here, the conditions on F remain nearly unchanged, with only
modifications of the moment conditions. For uniform LLNs, we simply replace PF < oo by PF < .
For uniform CLTs, instead of replacing PF? < oo by PF? < 00, we require the slightly stronger
conditions that E(N?) < oo and E (Nl Zévzll F2(Y1,g)) < oo. These conditions are nonetheless
equivalent to PF? < 0o when Nj is bounded. Note also that with a finite F , our proof would only
require PF? < .

The proof of Theorem S1 is very similar to those of Theorems 2.1 and 2.2, with one difference. In

those theorems, we use the symmetrization lemma to bound the fluctuations of G,, by a function of



the entropy of the class F. Here, similarly, we bound the fluctuations of G, by a function of the

entropy of the class

n

F = {f(n, YLy ooy Yn) = Zf(yg) n €N (y1,..yyn) €V f E f} i
/=1

The additional point to prove is that we can control the complexity of F under Assumption 4 and

the moment conditions above, even if Assumption 4 imposes conditions on F rather than on F

directly.

1.2 Including “diagonal” elements

In some cases, Y; may also be defined for 7 € {1, .., n}k\Hn,k, namely for k-tuples featuring identical
indices. For instance in international trade, one may also consider sales of national firms in their
own countries, corresponding to variables Y;; for i € NT. Let us first consider the case k = 2. We
still impose Assumption 1, but this time on the array (Y ;) jjen+2 instead of (Y; ;)¢ jyer,- Then

the empirical measures is simply

]P)nf = ) Z f(}/h,iz))
" 1<ivin<n
whereas the definition of G,, remains unchanged, with still Pf = E[f(Y12)]. The bootstrap scheme
would remain the same, except that Y;; would appear with a weight W;, as in the standard bootstrap
with i.i.d. data.

To analyse P,,, G,, and their bootsrap counterpart, we can simply cut them into two parts, the part
excluding “diagonal” elements and that including only such elements. Since the (Y} ;)ien are i.i.d.
under Assumption 1, we can apply uniform LLN and CLT and their bootstrap counterpart to the
“diagonal” part. Because we further divide by 1/n in P, f, this part tends to 0 in probability. Hence,
Theorems 2.1 and 2.2 directly apply without any modifications to this setting.

With k£ > 2, a similar reasoning holds, except that we have to introduce jointly exchangeable arrays
of smaller dimensions k — j, with j € {1,...,k — 1} corresponding to the number of repetitions in
the k-tuples. We can then apply our theorems to those lower dimensional arrays. Because the
corresponding averages are multiplied by terms tending to 0, as with k = 2, they are asymptotically

negligible, and again our theorems apply without any changes.

1.3 A statistical test of independence

Let (Kll,iz)(ih
We show in this section how to test that the (Y3, i), i)

appealing for two reasons. First, standard inference can be conducted on the data under this

i»)el, denote an array of random variables in R? satisfying Assumption 1 with k = 2.

cla,ii<ip are ii.d. Such a test may be

hypothesis. Second, it may indicate that inference based on our bootstrap is conservative, in case
we do not reject the null hypothesis. Note that the restriction ¢; < i3 allows one to have pairwise

dependence, i.e. Y;, ;, and Yj, ;; may still be dependent.



To define the test statistic, let Y denote the sample average of the (Yiy is)(i1,in)el,, » and

~ 2 o -
3= m igg(ml,h + -YiQ”[:l - 2Y>( i1,40 + }/;27i1 _ 2y)l
Then define Z‘m‘z — 512 <l/z‘17i2 + Yip,iy — 2?), with 22‘1,2‘2 = (21,1172,2, - deé)/. The test statistic
we consider is 2
P R T T
T, =) max |0, ( ) zt 7t | (11)
(=1 n(n —1)(n —2) ity 1,82 “i1,i3

Let Fy denote the cumulative distribution function of a x?(¢) distribution, with the convention
that Fy(z) = 1,>0. Then define F(z) = & 3¢ (D) Fy(x) and g(7) = inf{z : F(z) > 7}. For
testing the null hypothesis at the asymptotic level 1 — «;, we consider the test of critical region
Wo ={T, >q(1 —a)}.

The idea behind the test is that if the (Yi, i,) () i0)elb i <ip are iid., E (Zfl’i2 me3> = 0 for all ¢,
with Z;, ;, defined as Z;, ;, but with Y and X replaced by E(Y; 2) and V(Y7 2), respectively. Thus,
intuitively, T}, remains bounded in probability in this case.®> On the other hand, in non-degenerate
cases,

E (2,2} 1) = B [B(Z, ;,|U)?] > 0, (1.2)

where the (Uj, );, en+ are the random variables appearing in the AHK representation of (Y7, i,) iy in)el.-

As a result, we can expect T}, to tend to infinity. The following proposition formalizes these ideas.*

Proposition S1. Suppose that Assumption 1 holds with k = 2, Yo = (Y1172,...,Y1‘f2) e RY,
E(|Y1€,2\4) < oo forall £ € {1,...,d} and V(Y1 2) is positive. Then:

1. If the (Yiyiy) (i1 in)ela iy <ip @7€ 4.0.d., limy, oo Pr(W,) = o for all a € (0,1/2);

i1,12)
2. If (1.2) holds for some £ € {1,...,d}, limy_yoo Pr(Wy) =1 for all o € (0,1).

We apply this test to the trade data we use in Section 4 of the paper. A common concern in our
two applications is that if the data are i.i.d., our bootstrap procedure is conservative. This could
then explain the discrepancy between the p-values based on our bootstrap and those based on
assuming pairwise clustering. In the first application, Y;, ;, = T3, i,,+ where we recall that T;, ;, ;
are the exports from country i; to country io during year ¢ € {2012,...,2017}. The results are
clear-cut: with T, > 70 for all the years we consider, the p-values are always smaller than 1074,
In the second application, one can show that that the variable that matters for inference on 6y
18 Yiy is = Xiy i (Til,iz - eXP(Xfl,iﬁo))‘ Estimating Vi, 5, by Vi, i, = Xi, i (Til,ig - eXP(Xfl,i2§)>,
with 6 the PPML estimator of 6p,> we obtain a large test statistic of T}, ~ 276.3, corresponding once
more to a p-value smaller than 10~%. So in both applications, we reject at all usual levels the null

hypothesis above.

3We may have E (Zi, i, Zi, i5) = 0 in other degenerate cases but we derive below the distribution of T, only if the
(Yir iz ) (i1 i2) €la i1 <ip aTe 1i.d.

4We impose here the existence of fourth moments. Approximation arguments as those used in the proof of Theorem
3.1 could be used to show the same result under finite second moments only, but at the price of lengthening the proof.

5Just as we show in the proof of Proposition S1 that using Y and S instead of E(Y1,2) and V(Y7 ,2) does not have
any effect on the asymptotic distribution of T,,, replacing 6y by 9 does not affect this asymptotic distribution.



2 Monte Carlo simulations

We investigate in this section the finite sample properties of the bootstrap scheme considered above,
by studying the coverage probabilities of confidence intervals based on this bootstrap. We consider

dyadic data satisfying Assumption 1, with N; = 1 for all ¢ € I5, and the following dependence

Yiio = 1+ plens, +e2i) +1/0.5 — a2 (vell 5, + V2 =021, )

where the (€14, , €24, )i, en+ (5;91 in) (i1,i2)€lo A0 (€13 ) (i1 ,i9)el, are mutually independent and marginally
S S

ityi2 — oyt

structure:

all standard normal variables. We impose Corr(ey;,,€2;,) = 0.8 and ¢ The parameter
i € [0,1/4/2] represents the importance of individual versus pair factors, whereas v € [0, /2]
represents the importance of symmetric versus asymmetric shocks. In the baseline scenario, we
let (p,v) = (v/0.2,1). We also consider three other scenarios. In the first, (i,v) = (1/0.2,0). In
the second, (u,v) = (0,1), which implies that the limit process is degenerate. In the third, we
use exponential(1) distributions instead of standard normal variables, with a Gaussian copula on
(€14, €2i, ) and still a correlation parameter of 0.8. Our parameter of interest 6y is the median of
Y1 2, which is thus equal to 1. Hereafter, we study inference on 6y based on the empirical median é\,

for n € {10, 20, 40, 80}.

We inspect the performance of two different confidence intervals. The first is the symmetric interval
[0+ qo.05(|16* — 8])], where 6* denotes the bootstrap counterpart of 8 and g (U) denotes the quantile
of order « of U, conditional on the data (}/;')ie]ln’k. The second is the percentile bootstrap interval

[90.025 (5*), q0_975(§*)]. Given Theorem 2.4, both intervals are asymptotically valid.

Our results are displayed in Table 1. Our two confidence intervals have very good properties in
the three non-degenerate scenarios, even for very small sample sizes. They appear to be slightly
conservative for small n and with normal variables, but the example of exponential distributions
shows that this need not be the rule. In the degenerate scenario where o = 0, the confidence intervals

are very conservative. Finally, the two confidence intervals are very close to each other.



Symmetric Percentile

Scenario n bootstrap CI bootstrap CI
Baseline: 10 0.984 0.986
pw=+0.2 20 0.977 0.979
r=1 40 0.969 0.971
80 0.961 0.961
Baseline 10 0.98 0.983
but v =0 20 0.971 0.972
40 0.965 0.968
80 0.962 0.961
Baseline 10 0.996 0.997
but 4 =0 20 0.998 0.997
40 0.999 0.998
80 0.999 0.998
Baseline 10 0.939 0.935
but exponential 20 0.940 0.942
variables 40 0.943 0.942
80 0.945 0.944

Notes: 5,000 simulations, 200 bootstrap samples for each.
Table 1: Coverage probabilities on the true median (nominal coverage: 95%)

We also consider Kolmogorov-Smirnov (KS) tests for the two-sample problem. Specifically, we
are interested in testing whether two variables Y;' and Y2 have the same distribution, under the
assumption that the array of variables Y; = (Yil, YZQ) satisfy Assumption 1. The DGP that we
consider for Y} is:
Vi, =00t —1)+¢l;, +eb, + Ehyins

where (£4;, )iy, (€b;,)ir and (g} ;. )iy i, are mutually independent. We also suppose that for j € {1,2},
(g)iy>€5:,) ~ N(0,%) with X1y = Y19 = 1, £12 = 0.5. Similarly, (g} ;,,€7 ;,) ~ N(0,%). The null
hypothesis therefore holds when 6 = 0, and not otherwise. To test for the null hypothesis, we rely
on the Kolmogorov-Smirnov test. As explained in Section 4.1, the asymptotic distribution of the
test statistic depends in a complicated way on the data generating process. Instead of trying to

estimate it, we rely on the bootstrap.

Figure 1 shows the power of the bootstrap test as a function of # and for different sample sizes,
namely n = 10, 20,40 and 80, as above. The power curves are as expected. In particular, they
increase quickly with n when 6 # 0. The test is slightly conservative for n < 40 and rejects slightly

too much for n = 80, but the true level remains close to the nominal for § = 0.



Notes: for each n and 0 € {—1,—0.8,...,1}, we used 500 samples and 200 bootstrap samples for each.

Figure 1: Power curves of the KS test for different sample sizes

3 Proofs of the main results

3.1 Notation

To ease the reading, we first summarize the notation we use throughout the proofs. Objects
introduced in a single proof are defined therein directly and not reported here. We recall that k

denotes the dimension of the array of data. Also, bootstrap counterparts appear with a star.

Subsets or elements of N¥

At AN (0,00), for any A C R.

A {i€ Arij£ij if j # 5}, for any A C NTF,
A {ieA:rij<ijifj<j'}for any A C Nt
|A| the cardinal of A C N**.

S(A) The set of permutations on A.

S, &({1,....,m}H

I N*k,

Er {e c {0;1}F: E?:l ej=r}forr=1,.. k.

i element of I, or N**, with component (i1, ..., iz).
{1} the set of distinct elements of 4 = (iy, ..., i) € NF.
e element of {0, 1}*.



7€ for 2 € I, , and e € &,, the k-dimensional vector with component ¢; at the first
non-null entry of e, iy at the second non-null entry of e and so on.5
(0,...,0)
1 (1,..., k) except in Section 4.4 and Lemmas S2, S6 and S8, where 1 = (1,...,1).
2, element of N¥ with 2 at each component but 1 at its rth component.
- (ix(1)s -+ in(r)), for any ¢ € N" and m € &,.
® the Hadamard product, i.e. 1 ® e = (i1€1, ..., ixex).

Sample and random variables

Number of units in the population.

(n1,...nk), with n; the number of clusters in the j-th dimension in Section 4.4.
H?:1 n;.

(Ni, (Yie)e=1..n;) (see Section 1 above).

Mutually independent Rademacher random variables (i.e., with values 1 or —1
with probability 1/2), for any set .A.

jointly exchangeable array defined in Lemma A.1 with marginal distribution
P.

same as (Y;")ier,, but when applying Lemma A.1 to F and (}A}i)ieﬂk instead of
F and (Y;)ier, -

same as (Y );er, -

(}/7-;1,7:27 Yiz,il)'

Functions and classes of functions

Id

D

fS

f2
Fxg

The identity function.

UneN ({TL} X yn)

{9:3f e F:glx,y) =[f(x) + fW)]/2}.

{f%: f € F}, for any class of functions F.

{(f.9): feF,geg}

{h=fi—Fo: (fi.f2) € F x FE[(A(V1) = fo(11))] < 82},
{h=fH—fa:(f1,f2) € F x F}.

for any function f from ) to R, the function from D to R defined by

oy, yn) = 22020 f(ye)-

{ f:feF } Fs and Fo are defined similarly.
the minimal number of || - ||-closed balls of radius n with centers in F needed
to cover F. If || - || is random, N(n, F,|| - ||) denotes the measurable cover of

this minimal number.

Jo supg \/log N Fllg.2:F, || - lg,2)dn, where the supremum is taken over the

set of probability measures with finite support.

SFor instance if k =5, 7 = 3,4 = (6,9,2) and e = (0,1,1,0, 1), we obtain 3¢ = (0,6,9,0, 2).



Probability measures and norms
Note that we sometimes need to evaluate random variables at some specific value of the probability

space. We denote by w elements of this probability space ).

Qf | fd@, for any probability measure Q).

P the probability distribution of Y;.

P,, P, (";!k)! Yiet, , Ov; and & i, . Ov;, respectively.

P (”;,k)! Yier, , Wif(Yi), where W is the bootstrap weight of <.
P o k)' Zzeﬂn k 5Y’"

g/l (f ]g]rd,u)l/T for ;1 a measure and r > 1

(” k)' T
[1/lleara Yicioy | Zneer Lot/ (Yeyerin o) ]l{F(Y’“ )<M}’7
(7'7r)e+1,<1 e)
with f € F, F an envelope for F and M > 0.

3.2 Lemma A.1

We proceed in four steps. First, we obtain an upper bound with a sum of differences that are
identically distributed but not independent. Roughly speaking, they are nonetheless “less dependent”,
as we “decouple” the random variables appearing in the AHK representation (2.1) by introducing
independent copies of them (see inequality (3.4) below). In the second step, using a telescopic sum,
we further bound our expectation of interest by another one involving sums of differences that are
independent, conditional on a suitable o-algebra. The third step is the symmetrisation step itself,
where Rademacher variables are introduced. The fourth step concludes by combining the previous
steps. Note that the key decoupling inequality (3.4) is given separately in Lemma A.2, as it may be

of independent interest.

First step: decoupling

()

) and (VA ) denote some indepen-
ACN*:1<|AI<r ACNT:1<|A|I<r

For any (r,7) € {1,....,k} x N, let (UIE{)

dent copies of the (UA)AcNJ_lS‘AET. Let Yi(k) =T (U‘g%e}*)eeuk . and, for r < k,
j=1¢J
(r) _ (0)
Yii=1 <<U{i@e}+)eeu§ & (Vv‘{@e}*)eeuf e ) .
Because E [f ( =E [f YZ ) } and (Y;)ier, 4 (Yi(0)> o0 Ve obtain, by Jensen’s inequality
1€l

and Lemma Sl

|

| B 5 (319 (1)

fE./—' ' ZE]In k

fer ZEHn k

IA
=

)

)

X () ()

zEE]In k

(
E|® (sup Z f(Y; [f (Y1)]
E

k
<z
r=1

A

ksup |——
feF



For i € R¥ and 7 € &y, let i = (ir(1)s -+ in(k)). For any f € F, let also

f<(U{i®e}+)eeuf_1&> DI

TES

Note that Zieﬂn’k f (<U{i®e}+)eeuk . ) = Zieﬂn,k f(Y;) and if the components of i’ are a permu-
r=1%"

tation of those of 7 we have

f <(U{i®e}+)eeu7’f1&) =f ((U{i’®e}+)eeu’;15,.> : (3.2)

For r = 1,....k, let £, = UQ?:THEj and &, = U;;}ET. Let U™ be the o-algebra generated by the

variables (UE%E}JF)(Le)@nMQ and (V{(i(ge}Jr)(i,e)eHn,kxET‘ Forany j e N,i €1, and e € U;?/:lgj/,

(4) _ (770 (4)
let Wricey+ = (U{iQe}+’ V{i@e}+)'

As we will reason conditional on U", let us use f,; (w) as a shortcut for

I <<U{(?()De}+>eegr ,w, (V{(i%e“)eegj :

|. Let us also define
- (0)
Afr,i <<W{i®e}+)e€<‘:r>
L (n—k) [ (0) < (0)
O T (0 ) = T (F20).e )]

Then, by definition of Yi(T) and Af, ;,

for any vector w € RI€r

[ (n—k)! (r—1) (r) r
E|® |k Yi AN “
gm0 )
o (| 52 o7 (5200, ) ]
L (;161-%)'— 16%;19 frﬂ <( {7«@3}+>e€5r .

Remark that the first result in Lemma A.2 applies conditional on U". Then, letting K, =
Erl—1
(3|5T\‘5'"‘)| | and ¢ be an arbitrary bijection from &, to {1, ..., ||}, we obtain

E |® Afa (W ) “
! (5| (e
<E |® (Kl,r sup Z Afrs ((W{(fgg})»+)eesr>‘)

fer 'ie]lnﬂk

u1. (3.4)

Second step: telescoping sum

Let < be a total order on &.. We note e < €’ if e < €’ or e = €'. For every (e, e’) € £ let

() e \
(UES) UGe).) e <e

e (€(e)) ) .
W{i@e’}+ - (V{2®21}+7 V{,L®ee/}+) lf e/ >‘ e

(e(e”)) (e(e”) ‘ _
(U{iQe’}+’ V{i@e'}+) ife' =e.
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Then, for any e € &,

(L) _ (1)) (£(e")
(W{’Qe/}+)e’6& - (U{iQe’}Jr]l{e'je} + V{l@e’}Jf]l{e'>e}’
(L(e) (e(e)
Utioe+ Ler<ey V{z@e'}+1{e’>e})e,egr : (3.5)
(¢,e’) _ (L(e") i (£(e) :
and (W{@e,H)e/E& = <W{i®e’}+>e'e&' Af,q ((W{@e’}*)e'e&) can be decomposed into the
following telescoping sum:
e
Afri (< {’Qe/}+) e'eE, ) g Bfrs ((W{’Qe'}+>e'e&> '

By Lemma S1, we obtain, with Ka, = |&,|K1 ,,

E|o (K, A wie), ) ur
( 1 JSCE-I; zeﬂzk fT't (( {ice }+) e’'eér
SE | Kopsup| S0 AT, (WS, > u|. 3.6
|5 o [ ( : ?Elg)-' i€l Frs <( {ice }+>€/€g'r (3:6)

Third step: symmetrization

For any e € &, let Uy, be the o- algebra generated by the same variables as U™, (Uéfg;2%+)(ixe/)eﬂn’k xE re/<e

and (V{(lée,)})Jr)(z e')€l, xXE, €/ e- Let ]Ink = {(il,ig, ,Zk) S {1, ,n}k 1 <12 < ... < Zk} - ]In,k and
&}, be the set of permutations of {1, ...,k}. For any ¢ = (i1, ...,i) € N¥ and 7 € &}, let i, denote
(iﬂ(l), e iw(k,)). For any ¢ € I, and e € &,, let i€ be the k-dimensional vector with component i,
in the first non-null entry of e, i3 in the second non-null entry of e and so on. Similarly, for any
1 €l,_, and e € &, let i(1=¢) Dbe the k-dimensional vector with component ¢1 at the first null entry
of e, iy at the second null entry of e and so on. For instance, if k =5, r =3, 1= (6,9,2), ¢ = (7, 3)
and e = (0,1,1,0, 1), we obtain ¢ = (0,6,9,0,2) and #(*=¢) = (7,0,0,3,0).

For every e € &,, we have

Lp={ic+#09 iel, me6.i e {L..n)\(i)""}. (3.7)

Thus,

> Afri (( eyt ’e&»)

i€l &

_ e
LT % e (o)
i€l '€ ({Ln\{i})F—7 T€Sr

With this new indexation of the sum on ¢ and reasoning conditional on {j ,, the triple sum above
can be rewritten as a sum of n!/[(n — r)!r!] symmetric and independent terms. Hence, it is equal in

distribution to

Z €L} Z Z A?m'fﬁri’“*e> ((ng;;)+i/<1—e>)®e’}+)e/esr) ’

iel,,  ie(L..nj\apF 7€,

11



where the (€4)acq1,....n} are i.i.d. Rademacher variables. For every ¢ € m and any m € G,., we have
{i} = {(i¢ +¥1~9) © e}*. Hence, using (3.7) again,

Z g{l} Z Z Afnisr_i_i/(l—e) ((Wﬁ;)+z’(l e))Qe/}+>e 1cE, )

ich,  ve({L.n\{pkr T€6r
)
- Z 5{l®e}+Asz ((W{l®e’}+> /GST)'
ZEH k

Furthermore, for every e € &,, by (3.5),

n!

7(678)
WAJCT’L <(W{i®e’}+>e/€g )
_7F (£(e) (£(e))
*fr,z’ ((U{i@ee’}+]l{6/<6} + V{@e,}ﬂl{e >e}) ect, )
i (L(e") (e(e)
~ s ((U{i@e'}+ﬂ{e'<e} + V{i@e/}ﬂ{e'te})ee&) ‘

Since for every (j,7') € N2, (UA))AC{l .ny and (ngj,))Ag{l,...,n} are equal in distribution and
independent and (UX))AQQ ny AL (U,Sl ))Ag{17._.7n} whenever j # 5/, we obtain, conditional on U",

(£(e")) (£(e”)
((U{@e/}+]1{e/<e} + V{l®8’}+]l{e/>e})e’€57')ieﬂ k
a (¢(e") (£(e")
d (e(e"))
= ((U{iGe/}+)6/€‘€r>i€Hn A )

Then, by independence between (€4)scn+:1<|4)<k and (U(j), V/(Xj))jEN,ACN+:1S|A\§k and the triangle

w]

u’"] : (3.8)

and Jensen inequalities

!8| 2_E|® (Kw Sup | D (ive+ Al ((ng)e'ﬁ)e'e&)‘)

665 fE]'- ieﬂn,k

r t(e"))
s K377“ sup €lice ""fri ( U( / / )
ee& _ ( reF zeﬂznk {ice}t ( {ice }+)e €&,

where K3, = Zk(n;!k)!Km.

Fourth step: conclusion

Combining Equations (3.1), (3.3), (3.4), (3.6), (3.8) and using the expressions of K ,, K3, and
K3, we finally obtain

LI T (ym)]|)]

iEHn’k

— k)
(n k)! sup
nl per

12
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i€l k
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Er|—1
with Cp = 2K1&, | (316.1) " and

= (U e D) e (Vi) )

: (7) (0)
By construction of the (UA )ACN+:1§\A\§k an ( A )ACN+:7«+1§ Al<k’
able and dissociated, with marginal distribution P. This concludes the proof.

(Y )ier, is jointly exchange-

3.3 Lemma A.2

Erl—J
For any j € {1,...,]& ]}, let L, ; = (3!5}“&')' | 7 We will prove by reverse induction on j that for
every function b from &, to {1, ..., ||} with |R(b)| = 7,

- (235 > #((7), . 1)
5 0 (W), 1)

i€l
<E® | L., sup
ZEH k

) . (3.9)

The result follows by considering 7 = 1. (3.9) is in fact an equality when j = |&,|, so the result holds

for the base case. Next, when b is not a bijection, both sides of (3.9) are left unchanged when b
is replaced by o o b for o a permutation of {1,...,|€,|}. As a consequence, we can assume without
loss of generality that [b=(1)] > 2 and b=1(2) = ... = b=(|b=1(1)|) = 0 in the induction step. This
induction step is divided into two parts. In the first part, we build an array of random variables

(W/(;e))eGST,AEAT~ This array is such that
7€) i7(e)
((W{iee}+>eeb—1<1) ) (W{i@ew)egb—l(l))ieﬂn )

4 (¢'(e)) (b(e))
a <(W{i®e}+>e€bl(l) ’ <W{i@'3}+)e¢bl(1)> iel, ) (3.10)

with ¢ a bijection from b=1(1) to {1,...,[b=1(1)|}. Moreover, it satisfies, for all 4 € Lk,
mi7(e) .
E (h <(W{i®e}+> ) ‘W) Z h <( Wi ecs, ’) ’ (3.11)

b/EB
where W denotes the o-algebra generated by the (W(] ))AeA 1] and
ryJ =1, ]Cr

Bb) ={t :V(e) =ble)ifed b~ '(1), V(e) € {1,...|b-1(1)|} if e € b1 (1)}.
In the second part of the induction step, we combine (3.10) and (3.11) with Jensen, convexity and
triangle inequalities to get upper bounds on the left-hand side of (3.9).
First part: construction of the WXE).

Let ¢ be a bijection from b=1(1) to {1,...,|b=(1)|} and let (T‘I;‘)AGA be some independent uniform

T

random variables on {1,...,[b=%(1)|}. For (j,1) € N x N*, rem(4,!) denotes the remainder of the

13



rem (¢ (e)+rb ,[b~1
division of j by . For any (e, A) € & x Ay, let e — p{ITemE @l O0) 4o o =101y and

W(e) W@ otherwise. Similarly, let we = W(é( 9 ifecb (1) and W' = W otherwise.
A A A A A

Conditional on 7%, the function e ~ 1 + rem (6’(6) + 7Y, ]b*1(1)|) is a bijection from b=1(1) to

{1,...,|b71(1)[}. Tt follows that conditional on r%, we have

(WE‘E))eesr < <W‘(‘e))ee& )

Because the right-hand side does not depend on rf’4, the previous equality also holds unconditionally.

Independence of the Wg)s across A ensures

(¢

4 (e

)eEST,AEAT )ee&,AeAr ’

or equivalently

(7o) (W)
(101" eee, iel, k€' €€, {10} ) ece, i€l i e/ €€,

Considering elements such that e’ = e in the previous equality yields (3.10).

Next, if (Ae)ece, is a family of distinct elements of A, then uniform distribution and independence

of the rzes induces that for every ¢ € I, 1,

(h ((W(e))ee&’i> W) \B(

For every i € I, 1, ({t ® e}‘*‘)ee& is a family of distinct subsets of {1,...,n} of cardinal r, so (3.11)

> (W), 1)

v eB(b)

follows.

Second part: upper bound on the LHS of (3.9)
As {2,...,[b711)|} N R(b) = 0, B(b)\{b} can be partitioned into two subsets Bj(b) and Ba(b), with
B1(b) = {b' € B(b) : [R(V)| > j = [R(OD)[},
Bo(b) = {b/ € B(b) : b/(e) =m € {2,...,|b1(1)|} Ve € b~ 1(1)}.
Moreover, |B2(b)| = [b~1(1)|—1. Let W; and W be the o-algebra generated by {Wf(lj), Ac A, je R(b)}
and {W(]),A cA.,je R(b)\{l}}, respectively. The W(])s are i.i.d. across j. Consequently, for

every b’ € Ba(b),
b (e .
W e, ) )

(0 (7). o8) ) ==
=5 (1 (705 e, 1) ).

As a result, using the partition B(b) = {b} U B1(b) U Bz(b), we obtain

(b(e)) N (t'(e)) :
h((W{iQEeH)ee&l,z) -E| Y} h((W{i®:}+)eegr,z) ’Wll

(¥ () :
=P h((W{iezw)eea”) ‘Wll

14



Then, by Lemma S1.

3E® | su h( w b)) z)
(hqu 16; . ( {’Qe”)eeer
< E | |3sup 3 h(( Wiiaelh ) e z) ’Wl
heH \ien, ., |veB(b ]
+E|®[3sup E Z h( V[/(l.)l(e))+ ,i> ‘Wl
L ( he€H liel,, ,  |b'eBi(b) ( {ioe} )eeé} |

> B[ (02 ).cs, 6) ]

'LG]I

+E @(3(\()_( ]—l)sup

)] e

Denote by T, T, and T3 the three terms on the RHS and let b(e) = £ (e) if e € b~(1) and b(e) = b(e)
otherwise. Then

=E |® | 3|B(b )’225 (h< {Z@e}* e€tr Z> ‘W>D]

i€l
)..9)
)] | 513

T <E [® | 3sup
heH

Y 3 n((7E) e )

i€l, k bIEB

<E |® | 3|B(b)| sup
heH 1€an

a(C
(.0

The first inequality follows by Jensen’s inequality. The first equality is due to (3.11). The second

<E |® [ 3|B(b) ]Lr]+1sup

inequality uses Jensen’s inequality and (3.10). Finally, (3.13) relies on the induction hypothesis and

|R(b)| > j. Similarly,
<3|Bl Sup )]

> oh ((W{(fée)%) z)D] , (3.14)

i€l 1

Y E|®

1( Y eB; (b)

2. h(( W) e, ’)

ZEH k

<E

0] (3‘31 (b) |Lr7j+1 sup
he

where the first inequality follows by Jensen’s inequality and the second by the induction hypothesis,
since |R(V')| > j for all ¥’ € By(b). Finally, note that for each %, all the {¢ ® e}*s are disjoint so,

conditional on W1,
(b(e)) d (v (0(e)
(W{iQe}+)e€5r - (W{i®6}+>e6&n ‘
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As a result,

Ty =E @(3(15( |—1)sup

o), ]

’LEI[ k
> n (WD), )

€l k

)
T

where the inequality follows by Jensen’s inequality and the induction hypothesis again. We finally

<E |® (3 (7)1 = 1) Ly sup

heH

get (3.9) by combining (3.12)-(3.15) with monotonicity of ®, the expression of L, ;1 and
max (|B(b)], |B1(0)], [ (1) — 1]) < &,

This concludes the induction step, and thus the proof of the lemma.

3.4 Lemma A.3

Let [n/k| denote the largest integer smaller or equal to n/k. For any array (A;)ier,, and any

i € I, ,, we have

n/k
A — J{:{JZWEGn A (b (t=1)+1),...m(kt) L (e(t=1) 1) =1 ..., w ()= i}
i =

[n/k
/JEﬂGGn 1{71'( k(t—1)+1)=i1,...,m(kt)=i }

The denominator is |n/k] times the number of permuations over {1,...,n} with k values fixed. It is
thus equal to |[n/k|(n — k)!. Hence,

[n/k]
> A= S A1) 1), w(kt)
i€l i, n/k n o ' €6, t=1

XY Lt 1)+ 1) i, ()i}

iEHn k
Z an/kJ
Ar (k(t—1)41),...m(kt) -
Ln/k '71'66’71, t=1
Let ¢ = maxi<j<n || fj|loc and 0% = max;<j<n V(f;(¥1)). For any n > k, let r, = (n/|n/k])'/2.
Then:
N n/k|
n! 2¢ry, Z ! Z e
i€l 1, €6y
with
| k)
Vagr = o > 9Va(kt—1)+1),...x(kty) — Elg(Y1)].
=1

For every s > 0, and g € F let ¢, 4(s) =E [exp (s% > ores, Vmg,,r)} . By convexity of x — exp(sz)

and joint exchangeability, we get

gpn’g Z E { sVn,g, 7r:| —F [esvn,g,id} 7
nl TEG
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where id denotes the identity permutation. V;, 4;q is a sum of [n/k] i.i.d. random variables. Then,
by Theorem 3.1.5 in Giné and Nickl (2015),

0.2
E [esvnvgvid} < exp <Ln/kJ462 (exp(s) —1— s)> .

Hence, Theorem 3.1.10 (b) in Giné and Nickl (2015) entails

2cry, 2|n/k|o?log2N  log2N
E[f){lgg\Gn(f)qS TE] (\/ 102 T3 )

/ 4cklog 2N
2
§2 ko IOg 2N + W,

where the last inequality follows by remarking that r,, < v/2k.

3.5 Theorem 2.1
3.5.1 Uniform law of large numbers

Convergence in L! under Assumption 4-(i) Let M be some arbitrary positive constant. The

symmetrization Lemma A.1 applied to the class G = { fhp<uy, f €F } and ® =Id ensures that

|

For every (aij)i=1..n,j=1..m € R™" and independent Rademacher random variables (&;)i=1..n, we

have (see for instance Lemma 2.3.4 in Giné and Nickl, 2015)

E [sup P..f ~ P1l| < 28 [F (%) Lrapean]

k
+ Z Z K, E [Sl]l:p

r=1ecé&,

(n—k)!

> ctivey f (Y7) Lipyry<my

n! .
ZEHnyk

with K.} some non negative number depending on r and £ only.

E| ma giaii|| < |2log(2m) ma az; . 3.16
LE{L...),(m} z:zl = [ g( )jE{l,...},(m}Z.:Z1 Z]] ( )
Next, reasoning conditionally on the data, we can consider for every n; > 0 a minimal 7;-covering of
F for the seminorm || - ||e,a7,1 With closed balls centered in F. This implies

|-y

E |sup ( , ) Y ctioer+f (V) Lpyn<my ’(W)ienn,k
T =
(TL — k)' T T
=E |sup 1 Z {4} Z Z f (Y(z )e+i'<1fe>) 1 . (Y7 )ien, ,
F n: — . T {F(Y (11— ))SM}
i i€l , TE€Sr ({1, .n\{i})F—" (im)e+i’(1—e

<M (210g2N(771,f,|~

EEPRYIIEN V2
— ear1) (1 T)T) + 1. (3.17)

To obtain the inequality, we apply (3.16) with m = N (1, F, || - |

—k)!
ai; = (n— k) Z Z Ii (Y{;ﬂ)ewu_e)) Lipeyr (1)) MY

' X .
n' 2 (im)e+
TeES, z/e({177n}\{z})k—r 2 i

e,M,l) and
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where f; is one of the N (91, F, || - ||e,m,1) centers of balls needed to cover F. Inequality then (3.17)
follows by remarking that

n 1/2 1/2 1/2
n (n—k)! (n—r)! B (n—r)lr!
(;afj) SM(T) n! T!(n—r—(k—r))! _M< n! > )

Observe that ||g||e,ar,1 < ||gllgr,1- Thus, considering 171 = n||F||gr,1 and using Point 2 of Lemma

S12, we have, for every n > 0,

n—k)! - -
E sup ( " ) > ctiwertf () Lirary<an ‘(Yi )ieﬂn,k]
’ i€l k
. — e V2
n!

For any 7 and any 4 € I, we have E(F(Y])) = E(F(Y1)), and next E (||Fl|qgr,1) = E(F(Y1)).

Integration with respect to the distribution of (Y;")er, , ensures

n—k)!
E 51]1__p ( o ) Z E{i@e}+f(yir)]l{F(Y[)§M}]
' ’L'G]In,k
1/2
2log2supg N (|| F'llQ,1, F. || - llg1) (n —r)!r!
_M< QN Pl Pl lea) 0= r0) ™ gy

It follows that there exists a constant K ,’€ such that

E [sblrp |Pnf — Pf@ < Kj, (E [F (Y1) H{F(Y1)>M}}

2log 2 N (n||F
M< og2supg N (n]|F|
n

1/2
o1 |- HQ,1>> +77E(F(Y1))> .

Picking M and n such that E {F (Y1) ]l{F(y1)>M}} +nE(F(Y1)) is small and letting n tend to infinity,
we conclude that E [supz [P, f — Pf|] = o(1).

Almost-sure convergence under Assumption 4-(i). Let X, the o-algebra generated by H,,
the set of functions ¢ from Y% to R that are invariant by the action of any permutation 7 on NT

such that 7(j) = j for j > n:

g ((K)ZEH}C) =g ((Yiﬁ(il),...,ﬂ(ik)))ieﬂk) .

Let h ((Yi)ier, ) = supz [Puf—Pflandforl = 1,...n+1,let P\ F = O sm 0 F (V) Ty

n!

Let 7 denote the transposition on Nt exchanging n + 1 and [. Exchangeability and the definition of

H,, ensure that

((Yi)ie({L-er}\{l})’“ (9 ((Yinenk))geml) - <<Yw<i>>ie<{1,...,m1}\{z}>k’ (g <(Y”(i))ieﬂk>)9€”n+l>
as. <(Y;')ie]ln7ka (g ((Yi)ieﬂk))geﬂnﬂ) .
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For every | < n + 1, the above implies that conditional on %,,11, (Y; has the same

i P
distribution as (Y;)ier, - As a result,

E @p LS = PA] 201 ) = B (WO, o) B
(M((V3ier, 1) [Sns1)

E
E (s;p P f — Pf||zn+1) .

Because Zn+1 P\{l}lf (nn!k Zzeﬂnﬂ k Z:l 1 f( )1{l¢{1}} = +1_k) ZiEHn+l,k f(Yi), we have

n+1
T 2 Bt = Puaf

The triangle inequality ensures
S]]p’P 1f_Pf|<nglsup’P)\{l}f—Pf‘

Combining the last inequality with E (supz [Ppi1f — Pf||Znt1) = supr [Poyr f — Pf| yields

n+1

1
sup|Pus1f — Pfl < —— S E (sup By s — Pyl ;znﬂ)
F n+1+= F

=K (Sl]l:p P f — Pf||2n+1) .

This means that supr |P,f — Pf| is a backward submartingale with respect to the decreasing
filtration X,,. Hence, by the convergence theorem for backwards submartingale (see, e.g., Theorem
22 of Chapter 24 in Fristedt and Gray, 2013) and its convergence to 0 in L', supz|P,f — Pf]

converges almost surely to 0.

Results under Assumption 4-(ii) Thanks to the previous almost-sure convergence result

applied to F reduced to a single function, we know that for every f € F, P, f L—af Pf. Using this

observation, we can replicate the proof of Theorem 2.4.1 in van der Vaart and Wellner (1996).

3.5.2 Uniform central limit theorem

We follow the usual strategy here by showing the pointwise convergence, asymptotic equicontinuity
and total boundedness of F (see, e.g., van der Vaart and Wellner, 1996).

First step: pointwise convergence Let (fi,...,fm) € F X ... x F. The Cramer-Wold device
ensures the joint asymptotic normality of (fi, ..., f) if the asymptotic normality holds for f =
ST A for every (A, ..., Ap) € R™. For f € L2(P), 6 = (" )t >iern, , J(Ys) denotes the estimator
of §p = E (f(Y1)). Theorem A in Silverman (1976) ensures that |

Vit (8= o) =5 N0 K (1, ).
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Second step: asymptotic equicontinuity under Assumption 4-(i) We have to show that,

for every € > 0, lims_,o limsup,,_, o P (sup rers IGnf] > e) = 0. We show the stronger result that

lim limsup E [Sup |an|] =0.
0—0 n—oo

A weighted Rademacher empirical process is sub-Gaussian with respect to the Euclidean norm of

the vector of weights. As a result, conditionally on the original data, we can apply Theorem 2.3.6 in

Giné and Nickl (2015). This observation implies that for every r = 1,...,k and e € &,,

[ n —k)!
E [sup # > ctiveyf (Y7 ’(W)z‘eﬂn,k
_]:5 n ie]lmk
(n - k) r r
=E S}__lp Z €{i} Z Z f(if(iﬂ)EJri/(l—E)) (}fz )iEHn,k
’ i€l €S i (Lo \{i)FT

4\/2(n —r)lrl [oe
g()/o \/logZN(e,]-'g,||-He72)de,
with
2
(n—r)lr!
Hf||e2 - n' Z n _ ’f' 'T' Z Z f ()/(;ﬂ_)e_’_z’/(lfe))
! — e
i€l , €Sy e ({1, np\{ip)FT

20 < HfHI%;2 Asaresult, N (6,.7:5, HH62> <
N (5,]-"5, H-||P272) and o} < 07, with 07 = sup, ||f]|12p,272. Next for every r =1,....k and e € &,:

and 07 = supy, |

(n—k)!

> eriver f (Y7

’L'E]In,k

VnE lsup
Fs

’ ()/;T)ieﬂn’k]

§4\/2k:!/ T\/log2N (& F5u-llsy o) de- (3.18)
O n?

Since va + b < y/a+ /b and P, is a (random) probability measure on ) with finite support for any

r=1,...,k, we obtain

/Om' \/10g 2N (5,f5, H‘HP:“Q)dE

ar/|IFler 2
0830, +1|Fllr;2 [ sup s Nl Flloa.Fol-loaldn. (319)

Let Jr;(u) = [y supg \/logN(nHFHQQ,]:(;,H llo,2)dn. The functions z +— /x and (z,y) —

VYJF;(V/x/\/y) are both concave (the latter in view of Point 2 of Lemma S11) and E (||F||1%,22> =
E (||F?||pr 1) = E(F?(Y1)). Then, by Lemma A.1 applied to the class Fs, (3.18)-(3.19) and Jensen’s
inequality,

E(o?

DY
E [swic. r)

<ZE Y2+ E(F(Y; >>1/2Jf5<

r=1
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Thanks to Points 3 and 4 of Lemmas S12, we further get

E lsup |G f
Fs

- 2\1/2 2 1/2 E(U2)1/2
S E(eH)Y2+E(FA (Y1) 2 TF <4E(F2(Y1>)1/2> :

r=1

As lim,_,o Jr(z) = 0, it is sufficient to show that

lim lim sup E(02) = 0, for every r = 1,....,k (3.20)

6—0 n—oo

By the triangle inequality and the definition of F5 and F,

n—k)! n—=k)!
o2 =sup | "= 5 | <sup[UTEE S 2y - Pyt 4
Fs = Ts ™ e,
— k)!
< sup (n ; ) > L) - P46
Foo n: ieﬂn,k

Noting that 4F?2 is an envelope for F2 , Point 5 of Lemma S12 yields

sgpN (77\]4F2HQ71,]-"020, IE HQJ) < oo for every n > 0.

Applying Theorem 2.1.1 to the class F2 for the array (Y;");cr,, We get

Third step: asymptotic equicontinuity under Assumption 4-(ii) The proof in the i.i.d
case is detailed in, e.g., Giné and Nickl (2015), see their Theorem 3.7.38. We simply remark that
once the maximal inequality for independent data (cf. Lemma 3.5.12 in Giné and Nickl, 2015) is
replaced with Lemma A.3, the proof of Theorem 3.7.38 in Giné and Nickl (2015) remains valid in

our setup up to a modification of the constants, which now depend on k.

B S P - e

n—oo Foo ieﬂnyk

lim E (sup

and then (3.20) holds.

Fourth step: total boundedness We start with Assumption 4-(i). Fix ¢ > 0. The reasoning
previously used to control o, ensures lim, o E (supz_ [Pnf? — Pf?|) = 0. Then we have with

probability approaching one and for every (fi, f2) € F x F

/1 = follba < |If1 = foll, o + €7

As a consequence,

9
Ne - llre) < N (S5 Full-lleaz) + 0s(1)

ellF||g,2

7;‘F)H|| 72 ]l F +0(1)
V2||F|lp, 2 Q {||F|lp,, 2>0} T Op

< 1ypps, ,=0p + SgPN <

= Op(l),
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because ||F||p, 2 converges almost surely to E(F2(Y71))!/2. Then N(e, F,|| - ||p2) < c.

Under Assumption 4-(ii), we use the following relation (see, e.g. van der Vaart and Wellner, 1996, p.84):
for every e > 0, N (¢, F, || - [[p2) < N[y (2¢, F, || - ||p2) - Finiteness of [ \/logNH 2n, F, || - llp2)dn

is then enough to conclude.

3.6 Proposition 2.1
Sufficient condition

Let A, = n(n—1)E {supfef |Ppf — Pfﬂ. Remark that A, = E [sup;g
Then, by the triangle inequality,

Zie]lm f(Y{z}) - E[f(Yﬁ})]H

+E > (f(Y{i})—E[f(Y{i})lU{i}D

iEHmz

> E[f(Yi)|U] —E [F(Yy)]

sup
i€ln.o °

A, <E |su
FS

(3.21)
Next, remark that for all f € F*,
21[: E |f(Y))|Us] —E [ f(Ypy)] =2 ) (B [F(¥uplUg| - E[f(Yay)])
1€ln,2 12<11

which is a sum of n(n — 1)/2 mutually independent and centered terms. Hence, by the usual

symmetrization lemma (see, e.g., Lemma 2.3.1 in van der Vaart and Wellner, 1996),

E sup > E [f(if{i})‘U{i}} —E {f(Y{l})} u
i€l 2
<AB [sup | 37 e[SV |V | —E [/(Yy)] || (3:22)

4
'LE]In,Q
Let us turn to the second term in the right-hand side of (3.21). By Lemma 2.1, the random map
f Y (F(Va) — E[f(Yap|Ugy))
7:6]1”72

is, conditional on (Ug;y)ier, ,, a nondegenerate and centered (generalized) U-process with symmetric
kernels indexed by {i}. Applying Theorem 3.5.3 in de la Pena and Giné (1999) and their remark

3.5.4 (ii) conditional on (Uy;y)ier, , and then re-integrating, we obtain

E |su Z (f(Y{z}) —E {f(Y{Z}HU{’}D‘

7 i€l 2

<E |sup Z iy (f(Y{z}) —E [f(Y{l})‘U{’}D‘

| 77 el

SE [sup| Y e f(V)|| +E [sup| D E [z F(¥ii))|(Ea)ins (Ugipien, o
L Fe ieﬂn,Q i e 7:6]11%2

SE [sup| Y e f(Yiay)|| - (3.23)
| 7 i€l 0 i
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(3.21), (3.22) and (3.23) together yield

A, <E sup > e@mE [f(}/{i})’U{i}} +E

Z Ei f(}/{z})

sup
° i€l

] . (3.24)
.
Ze]ln,Q
Applying this inequality to {f1p<ps : f € F*} instead of F* and following the same reasoning as in
the proof of the uniform LLN in Theorem 2.1 until (3.17), we get for every ¢ > 0 and M > 0

An

nn—1) SEF(Y1)1py,)sm]

with || fllara = 2 021 |72 Lisn F(Ya)Lirev<any | and
Nfllama2 = 71(%_1) Z?em ’E {f(Yi)]l{F(Yi)SM}\U{i}} ‘ . Now, mimicking the proof of (5.2.12) on page
230 in de la Pefia and Giné (1999), we can see that the condition

max <IOgN(€,‘F2‘7H i ‘|1,2),10gN<€7~F7” i ||1,1)
n n

)&o Ve > 0

together with E[F(Y7)] < oo implies that for every € > 0 there exists M (e) > 0 such that

1/2 1/2
<IOgN(57]:7 H ’ HMl(E),l,?)) / + <10gN(€,,F, H : HM1(€),1,1)> / ] —0

limsupE

n— o0 7’L2 n

Inequality (3.25) then implies that for every ¢ > 0, there exists Ma(e) > M;j(e) such that
limsup,,_,., An/n(n — 1) < e. Hence, A, /n(n — 1) — 0. Finally, to move from convergence in

L' to a.s. convergence, we apply the same backward martingale argument as in Theorem 2.1.

Necessary condition

First, supr |Pp f — Pf| < P,F + PF. Moreover, P, F' is uniformly integrable (since PF < oo). Thus,
1
supr |P,f — Pf| is also uniformly integrable, and its almost-sure convergence implies A, L0, We

now show the converse of inequalities (3.21) and (3.24). We start by proving that

> E[f(Ya)|Uy| - E [ £(Yy)]

+ sup
i€l o Fe

A, 2 E |su
fS

> (f(Y{i}) -E [f(Y{i})\U{i}D
'iE]In,Q

(3.26)
To establish (3.26), observe first that almost surely,

> E[f(Yu)lUg| —E (Y]

sup
I i€l o

= sup
].—S

9

E|lY (f(Y{i}) - f(YfE}))) ‘(U{j})j@m?]

_iGHn,Q

> F(¥ay) —E[f(Yy)] “ . (3.27)

ieHn,Q

where (Y;")icr, , is an independent copy of (Y;)scr, ,- Then, by Jensen’s inequality,

'ie]ln,Q

> E[f(Yu)|Upy| —E [ (Y] u <E|su

i€l 2 7

< 2E [sup
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where (3.27) follows by the triangle inequality. We also have, almost surely,

sup
S

)

E [ S (FVy) = FOYE)) 100y, (U{j})jeﬂn,zl

’I:E]In,g

> (F(Vuy) —E[f(Yap Uy | )| = sup
iEHmQ Fs
where (Y;*)icr, , = (7(Vi, Vj, Ugiy) )iel, o, and (Vg)j_; is an independent copy of (Up)j_,. Then, by

similar arguments as above,

<2E sup

ZEHn 2

> (f(Y{i})—E[f<Y{i}>|U{i}D‘ > F(Yy) - [f(Y{I}ﬂH. (3.28)

iEHn,z

E |sup
_FS

(3.26) follows by (3.27) and (3.28). Then, by the desymmetrization lemmas for i.i.d. data and
U-statistics (see respectively Lemma 2.3.6 in van der Vaart and Wellner, 1996, and Theorem 3.5.3
in de la Pena and Giné, 1999), we obtain

E [sup

> f(Yuy) -E [f(Ym)}‘

iEHn,z

ZE Sup > ey (E [f(Y{i})\U{i}} —E {f(Y{l})D

L —
'Leﬂn,Q

+IE |sup (3.29)

Fs

> e (f(Yiy) —E [f(Y{i}>|U{i}D|

’I:E]In,Q

Up to the conditional expectation, this may be seen as a converse of the symmetrization lemma for
k = 2. Now, let us define

By =E|sup| o D B (Y)lU) Uiz | -
Fs n —
L ’iG]InQ
|
C, =E |sup|—— & Yl Uj ’
Ei n(n—1)i%2 ¥ || U2
57 1/2

HfHZ,l - i Z (n Z f 11,02 +f( 12,21)> ’

i1=1 %27'521
1/2
o= | ey X E[f0) + i) U]
2,27 n(n — 1) 1<i1<iz<n e o {11,12} |

By following the proof of (ii) = (iii) in Theorem 5.2.2 in de la Pefia and Giné (1999), there exists a

universal constant K such that for every ¢ > 0,
n(n—1
e21og N (e, F, || - ||2,1) gK(z)BfL log (2+ B, ),
e21og N (&, F, || - [[2.2) <Kn C2log (2+ ;1) .

For every € > 0, N(e, 7, || - l11) < N(&, .|| - [l21) and N(e, F. || - [l1.2) < N(e, .| - [22). Hence,

log N(e, £ [ - ll2) | log N(e, F I - [l1) - K (Bilog(QJanl
— g2 2

) vV C2log(2 + C;1)> .

n(n—1) n
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We now prove that B, and C,, converge to 0 in L', and thus in probability. The result will follow by

the continuous mapping theorem, since lim,_,o 2% log(2 + 1/x) = 0. First, by the triangle inequality,

<11)JE S}l}) Z €14} (E [f(Yv{i}”U{i}] -E [f(Y{l})D

E|B
1€llp 2

+;E S}-‘lp Z e E [f(Y{l})}

n(n—1) il 4
n,2

The first term tends to zero by (3.29). By the Cauchy-Schwarz inequality, the second term is
bounded by
|7

Vnn —1)

ek ey PR

ieﬂn,2

Hence, E(By,) — 0. Turning to C,,, we have

E[C,] <; {E

“n(n-—1) =

].'S

> e (f(Ygy) —E [f(Y{iw!U{i}D‘

ieﬂn,Q

+E |sup +E

]:S

sup
FS

> eE {f(Y{l})} “ } :

ieHn,2

> e (B [fVa)lUg)] - B [f<Y{1}>D‘

ieHn,Z

The first term tends to zero by (3.29). By the same reasoning as above, the third term also tends to

|

Zn: en ) E {f(Y{i})|U{i}} -E [f(Yg})} u :
11=1 2>

0. Let D,, denote the second term. By the triangle inequality,

S e X B[ U] — B [7Viy)]

11=1 19<11

D, <

)IE

su
n(n—1 ;sp

1
—FK
* n(n —1) [S}lsp

Let Dy, and Ds,, denote the two expectations on the right-hand side. The two terms are similar, so
we only consider Dy,,. The variable in the supremum may be written as |>>; e;, Wi, |, where the
(Wi, )iy=1..n are mutually independent and centered. Thus, by the desymmetrization lemma for
independent variables (see, e.g., Lemma in van der Vaart and Wellner, 1996), Jensen’s inequality
and f(Y;, ;) = f(Yi,,) for all f € F?,

Din < n(n2_1)E sup 2. > E [f(Y{i})|U{i}] -E [f(Y{1})} u
L 11=112<1
2 [ n
<t £ 5 -
A
~n(n—-1)

which tends to 0. The result follows.
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3.7 Theorem 2.2

We only have to prove the pointwise convergence and the asymptotic equicontinuity, since the total
boundedness of F is proved in Theorem 2.1. In the bootstrap scheme, we sample n units independently
in {1,...,n} with replacement and equal probability. Then, for any i = 1,...,n, ¢* denotes the i-th
sampled unit and for 4 € I 5, we let i* = (if, ..., if). Then Pif = "t 5o F(Vi)lgeer, ).

First step: pointwise convergence

As in Theorem 2.1, it suffices to prove the result for a single f such that E[f(Y1)?] < oo.

n!

0 = M Yier, , J(Y3) its bootstrap counterpart. For4 € {1,.. ,n}¥ let h(i) = Liier, 1) 2nes, f(Yin)-

Wehavee* (n—k! Sier, , (%), 0 = S S () = %z{} h(3) and E (6*|(Y; )ier,) =
9 Let

Substep 1: asymptotic equivalence Let 6 = E(f(Y3)), 0 = =K Yiet, . f(Yi)Lgizer, ) and

n (n k)!
. (n—F)! v
01 = W Z h(]17]27"'7jk)'
T je{l,...n}k

We have E (07](Y;)ier,) = 0. For (i,7) € L,k % {1,...,n}*, observe that

E (h(i*)h(5. G2 s )| (Vi i, ,

nk?rlk'k)'é\x Z?:l h(]a]?a»]k’) if J1 §é {’Ll,,Zk}
nk Y= (Z insonnig)E{1,..myk—1 R(2) X R(i1, ja, -.-,jk)) otherwise.

Consequently,
. _ (n— k)!? n! n'k'
nE (0°671(Yi)ver, o) _"W("_k)(n—k)! nk(n — P
JEan
( )'2 2
n—=~k 1 & .
Tn n12k12 7 Z ( Z h(z)) :
1=1 \(ig,...,ix)E€{1,...,n} 1
Hence,

2
. n—k n! ~  knfn-— .
e (OI0ren) = S G e n%lz< Z h(l)) |
(127 -5t )

a=1 €{1,...,n}pk1
Focusing on the last sum, Lemma S7 allows us to conclude that
2
n
> ( > h(i))
i1=1 \(iz,...,ig) €{1,..,n}F 1

= Z h(jlv"'7jk)h’(j17jk+17"'7j2k71)
je{l,...,n}2k-1

k—1 2
= Z (k - 1) (n%—l—CIE [h(1,...k)h(1,..;1+c,k+1,..,2k—c—1)] + Oa,s,(n%_l_c)) ‘
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As nk (n k)!

2
converges to 1, the quantity (n. n% T Y ih=1 (Z onsin)E{ Ly 1 h(z)) converges
almost surely to E (h(1)h(1)).

Combining the exchangeability assumption, symmetry of h and a combinatorial argument (see the
proof of Theorem 12.3 in van der Vaart, 2000), we obtain

nE (e*?uwg .
n'2k“2 Z Z E( )|(}/i’)i’€]1n,k)

i€l g JEL, 1

:n(n!k!z)ﬂa (h(l pen )2|(Yi’)i’eﬂn,k)

n—k)?2 (n n—
:n(nlf)'z<k> (’;)(k_l;')E[h(1*,...,k*)hu*,...,z*,(k:+1) (26 = D9)|(Yi)ver, k]

=0

When [ =0

n — .2 n n —
o (k) @ <k—ll€>E[h(l*’"”k*)h(l*""’l*v(k+1)* 2k = 1) (Vi wer, .

2
n(n — k)!>n! 1 . n! ~
=m0 | % h =n—r——0".
n'2k“2(n —2k)! \ nk 2 (@) nn%(n — 2k)!
For every I =1, ..., k,

E [h(l*, o (k= 1 KR, 1 (R + 1), o, (2K — l)*)|(Yi/)i,€Hn,k]

2
1 1 . . .
:nl Z nk—l Z h(ll""vll’]la"'a]k—l)
i€{17"'>n}l jE{l,..‘,n}k_l
1 ) . . . .
:nZk;—l Z h(jla"'7]k)h(,717-"7]l7]k+17“'7]2k7l)
je{1,...,n}2k—1

R ) .
=n2k_lz(:)< ) > (n%l E (1, ... k)h(1, .l + e k+1,...,2k —c—1)] + 0as. (n2F 7 ))
=E[h(1,....;k)h(1, ... Lk +1,...,2k — )] + 0as.(1),

using Lemma S7 once more. As nw(k) MY ("=%) = O(n*=Ftk=1) = o(1) for every I > 2 and

1/ \k—1
n(nn!’? (k) (]f) (Z ]f) k'2 + o(1), we get

! %
B Py B, k)R, Lk 1, e 2k — 1)] + 0as (1),

*2
TLE (9 ’( ) /e{]_7 ,n}) an(n o Qk)' ]{:'2
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We also have

— R
nk (01 | 26]1 k) :n(nnﬂk.lg Z Z E(h(zlvl%'-'v )h(jl J2, - ajk)|(YVi’)i/€Hn’k)

Ze{lvvn}k Je{lvvn}k

2
n—kK”2 1 & .
:”(nwg”n ) (( )Z ’”‘“))

11=1 e{1,..,n}k-1

2
n—Fk"2%nn-—1 .
*”(n!%!; (n2 : ( 2 } h(’))

i€{l,...,n}k

2
n—kN2 2
:”(nmjz" > ( > h(i)) + (n—1)6%
o (i2,.. k)

i1=1 7i 6{17"-7”}1671

It follows that
~ ~\ 2
(0 (0~ 0) — k05 - 9)) [(o)ver, .
=nE (e*?uweun,k) +nk?E (672 (Yir)ver,, ) +n(k — 1)26?

+ K (n ; D) +(k—1)*+ (2(7<? —1) -2k ; k) nk(nn!_ I 2(k - Uk)

=nb <n2k(n — 2k)!

Kk k2 ,
+\ 2 e~ 25 ) E((L o RR(LY) + B,

with B 2% 0 and 62 2% 2. Moreover W’_%), =1-1(k(2k-1))+0(n?), — (Z' =
1-1 (Wf 1>) + O(n~2). Next
n! 5(n—1) 2 < n—k) n! )
-1 2k—1)—2 —2(k—-1
(an(n—2k)! Tk n T+ 2k - 1) -2k n ) nk(n—k)! (k= 1k

- (n%(nn!_ ot 2 (n; DI (k—1)%+2 (Ijj - 1) nk(:‘_k)' —2(k — 1)k>

1
=14k 4 (k=12 =22k + 2k + — (k= 2k — K2+ 2k + k(k — 1)) + O(n?)
n

We have thus proved that
E (n ((e* —8) — k(0 — 5)) y(yi,)i,eﬂn» 2% 0.

Characterization of the convergence in distribution for the bootstrap using the bounded-Lipschitz

2

metric ensures that it is sufficient to prove the asymptotic normality of v/nk(67 — 8). Indeed if L is
a random variable whose distribution is the limit distribution of \/nk(6* — 6) we have:

sup [E (h(va(0" = 0))|(Yi)wer, ) — E((D))|

heBL: (R)

< sup [E (h(vk(6] — 0))|(Yo)ve, ) ~ E(h(L))

hGBLl R)

+E (|Va((o* = 8) — k(8; — )| |(Vi)wer,, ) -
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Then, by Levy criterion, pointwise convergence follows if we prove that for every t € R

E (exp (itvnk(6] = 0)) |(Vi)ver, . ) — E (exp (4L))] = 005 (1), (3.30)

where i2 = —1. The next two substeps are devoted to proving this result.

Substep 2: lim, E (’E (exp <1tfk:'(6’* — 6)) |(Yir)irer, k) - e_tZVE(h(l)‘U{l})/QD = 0. Let us de-
fine

(n—k)! o
ani = (1) Z h(i,ig, ..., k),
' (i27"'72k)€ n,k—1
X n—k)! .
a’n,z = En _ 13‘ h(Z , 12, 7Zk;)
' (7’27 7Zk)€]ln k—1

Given the sampling procedure in the bootstrap we have E(g(a; ,)|(Yi)ier,,) = 5 i1 9(an,)-

n

Furthermore, (aj, ;)i=1,...» forms an i.i.d. sequence conditional on (Yy)ier, ,. Let Z, = f k(67 — ).

Remark that Z,, = Y"1 z,.:/v/n, with 2z, ; = @, 1 i'—1 . We have for every e > 0 and ¢t € R,

. . 2,2 3 3 42
1thi) 1tzni "z nz . ‘t an‘ 7z nz

e — | =1+ - — —— || <min | —F%—, ——

Xp(\/ﬁ ( Jn o 2n )|° 3

Vn n
|t3z3 222,
< NG ]1{\zm\<ef}+i]1{|zm\>ef}

2
an

< (et + 1y, , |>ef})

Let Vo = B(22 ,|(Yi)wer, ) = 3 Sy a2, — (250, am> and V = VE(h(1)|[Uyy). Lemma S7 and

n

the fact that ( (2))ier, is k jointly exchangeable and dissociated allow us to claim that

Li;'E [h(L i) k)h(1/>] —E [h(l’ o k)]Q

—E [E [h(1, k)h(1’)\U{1}H —E [E [h<1, --~>k)’U{l}H2

—E [E (1, ... k)\U{l}ﬂ ~E[E [h(1, ...,k)yU{l}H2 =V,

Va

where the last equality can be recovered thanks to Assumption 1 and the almost-sure representation

of (h(2));er, - As E(2n,l(Yir)irer, ) = 0, we deduce from the triangle inequality that

itz 2V,
’E (e Vi ) ‘<1/"')"’€H""“) B ( 2n )

and then
itz 2%
E Y. ) — (1 - —
‘ ( <\F)’( Z)ZEH"’k> ( 2n>|

V, t? 12
et *E (220, ey | (Yidver, . ) + o Vo=Vl

\t\3—+ E(an]l{\zm\>ef}|( YiJiet,)
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Because | ;L a; — [Ty bi| < >oiq |ai — b if max;—1 , max(|a;|, |b;]) < 1 and since the (2y,;)i=1..n

are i.i.d. conditional on the data, we obtain

: 2V
‘E (exp (1th) ’(Y:i')i’elln,k) — exXp <—2> ’

Sﬁ\t\3Vn+t2E< Zn 1 Ly ey (Yar)i eﬂnk) + Vo — V] +

2V 2v\"
exp|—— |- |1—-— .
2 2n
2
A convexity argument and the Cauchy-Schwarz inequality ensure 22 ; < 2a (% Yoy am/) <

ay? +2(n k! Yier, , M@ )2. This implies

E (2211 jz1l>ev))

<2 [E (a;?ln{amxw}|<Yif>z~feﬂn,k)} + 2

E (“:31 (Yi’”’eﬂn,k) 1{% et h(i)2>52n/4}]

+2E

2E< {a12>e n/4}|( i )i eﬂnk)}

’LEHn k

+2E

(n—k)! .
il { nl Zieﬂn’k h(1)2>62n/4}]

<2E |:a/’?l71]]‘{(li’1>62n/4}:| +2E

— Zieﬂn,k hz(i)>62n/4}]

k k
+ 2 (1 — > E {h2(273, ek + 1)]1{(1% 1>€2n/4}} + QEE [h2(1)]l{a% 1>52n/4}]

n

2
h (1)11{ (n—FK)!

+2E

h2(1)1 , . 3.31
( ) {(n;!k). Zieﬂn’k hQ(i)>€2n/4}] ( )

Conditional on Uygyy, (h(1, 12, ..., ix)) - is a jointly exchangeable and dissociated

(2 €(NF\ (11T
array of dimension k — 1. Hence a,; = E (h(1)|U{1}> . Furthermore, (";!k)! Diel, h%(i) 2%
E(h2(1,...,k)). As a result, all the indicator functions on the right-hand side of the last inequal-
ity in (3.31) tend to O almost surely. The dominated convergence theorem also ensures that

E( Zp 11y, 1|>€f}) — 0 for every € > 0. Further, E(|V,, — V|) — 0 and ‘exp( ¢ V) ( — t;—X)n’

converges almost surely to 0 and is bounded. As a consequence,
lim sup E ([B(exp(itZ,)] (Vi wer, ) — ¢ "72]) < eltf’.
n
Since € could be chosen arbitrarily small, we finally get

i E (|E(exp(itZ,)| (Vi )wer, ) — eV/2]) =0.

Substep 3: conclusion on the almost-sure weak convergence of the bootstrap mean
We finally prove the almost-sure convergence of E(exp(itZ,)|(Yi)ier, , ), not only its convergence
in L' as above. Recall that V = VE(h(1)|Uyy;) with U stemming from the AHK representation of
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h(z). We have

E(Z2)(Yi)ien,) = -

(Yiien,) = Vo 25 V.

Given (Y;)ier,, Zn is bounded in probability: for every e € (0,1), considering

su 21(Y2)ie
§((Viie,) = 2o Micn)

we have P (Z2 > n((Ys)ier, )|(Yi)ier,) < € by Markov’s inequality. Given (Y;);er, , every subsequence
Zo(n) admits a further subsequence Z,/.4(,,) that converges in distribution to Lyos, by Prohorov’s
Theorem. By Levy’s criterion for weak convergence, this means that there is a set Q' of probability
one, independent of ¢’ and o, such that for every w € ', E (eitZ°’°°<”)|(Yi)ie]1k = (Yi(w))ieﬂk)
converges to E(e'Loor|(V;)ier, = (Yi(w))ier,) for every t € R. Note that Ly, could depend on

(Y3)icn,. We can now write
E [[E[e oo | (Vs)icr,] — exp(~£2V/2)||
<E [|[e"Eo'or |(Yi)ier,] — E[e"2'oo| (Vi)sen,]

| +E [[E[e"ero| (Vi)ien] — exp(=#2V/2)||.

The first term on the right-hand side converges to 0 by dominated convergence. The second term
converges to 0 by the result proved in the second substep. We finally have that almost surely,
E [eitLv’oaKY;)ieﬂk} = exp(—t?V/2) for every t € R, every subsequence o and some subsequence o’
From Urysohn’s subsequence principle (see Tao, 2011, Section 2.1.17, Pages 185-186), this means
that almost surely, Z,, converges in distribution conditionally on (Y;);cr, to N'(0,V). We conclude
that (3.30) holds with L ~ A (0, V).

Second step: Asymptotic equicontinuity

Let Fs = {f = f1— fo: (1, f2) € F x F,E(f*(Y1)) < 6°}. We have to show

-0 n—oo

%im limsup E (S]llp ‘G;(f)’(}/z)ze]lk> .
5

Let N* = (nn!) Diel, ]l{i*e]ln,k}' Note that E [P}, f|(Y:)ier,] = P f = nflkzie]lnyk f(Y;). By
independence of the i* with (Y;)ier,, we have:

B | sup [GLf| <n>ieﬂk]
| fEFs

<E |sup v [P5f — B, f] \(Ymeuk] v (1 ) B S R

LfeFs i€l k

[ AY
<E |sup Vn P, f — P, f| ‘(E)zeﬂk] + (n 'k)' Z F(Y;) x o(1)
_f€]:§ n:

iE]In,k

Because (";7,@' Sier, , F(Yi) == E(F(Y1)), we only have to show that

limsup E lsup Vi P f — P f] ’(Yz)z@k] 2% 0as 6 — 0.
n—oo fEFs
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Using the symmetrization step of Lemma S5, we can write that for some constant Cj that depends

on k only
E [Sup VP f — P f] ‘(Yi)ieﬂk]
feFs

- (n—k)!

<kCrv/nE [sup 1 Z E{il}m Z f(Yi) ]l{i*eﬂn,k} ’(Yi)ieﬂk,N* > 0] P(N*>0).

fej:é n 11=1 ’ (iQ,...,ik)IiEHn,k
‘We have
1 & (n—k)! .
E|sup |= ) epyr— > FYi) L ’(Yi)ieﬂka (2")iel, ,» N* >0
|:f€]:5 n i1=1 ' (n o 1)‘ (ig,...,ik)iie]ln’k {7' n’k}

4\/§ 01,2 "
g\/ﬁ/o iog2N (e, Fs. [ - 17 5)de.
—k)! 2
for [|f11% = 2 58 o1 (550 Spoorinyiicr, F Vi) fiuer, y) and o2, = supz |If
reason conditional on N* > 0. The Cauchy-Schwarz inequality ensures ||f ||"1‘22 < N*||f Hfﬁ%Q
for || |32 2= N*_lw el fZ(Yi*)]l{i*eH o) It follows that (see Point 1 of Lemma S12)

0%y < 03 — sups, N*|[|13, , and

*2
12- We now

N(e, Fs, |l - |[f.2) < N(e, Fo, N*/2)] - |

IT”;‘L,Q) < N(&N*_lﬂ,f(;, H ’ ’

Br2)-

Monotonicity of the integral, Points 3-4 of Lemma S12 and va + b < \/a + Vb entail

E [SUP G/ (Yz‘)ieﬂk]
fEFs

oy
KB |on [\ log N (412 B, gy ) de| (R)ics,, N > 0| BN > 0),

for some constant K depending only on k. Furthermore, when N* > 0 the following holds:
/ ! \/logN (45]\/*—1/2,.7:, 1R Q)de
0 n’

:/ ! \/logN<EHF|
0

oh/(AN1/2|| ]|z,
_anrxl/2 * n Py,
AN P, |

be o/ ANV2|| P[5, o), F, 1 - I3, o) de

2) * *
\/10gN (5]|FHP272,-7:» I - H]P;zz)de
0.*2

<4 /NFIE T | — 0
W 4y NIFIE,

This, Lemma S11, the facts that E (¢72|(Y;)ier,, N* > 0) = E (07|(Yi)ier,,) /P (N* > 0),
E (N*||F| |f§>%,2|(yi)ieﬂka N* > 0) = ,%k diel, & F2(Y;)/P(N* > 0) and Jensen’s inequality thus ensure

E [sup |G £l ‘(Y;)’LEHI@‘|
fEFs

1/2 12
. 1/2 1 E (072(Y;);
<K}, E(gn2‘(yi)ieﬂk) + F Z F2(Y;) Jr (03°1(Ya)ier,) o P(N* > 0)
i€l 4 (nfl,c Sict, s F2(Y;))
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Since Siet, , F2(Yi) == E (F?(Y1)), we only have to show that

limsupE (0;;2|(Yi),~€]1k> 250. (3.32)

n—0o0

‘We have

072 = sup [P}, f2| < sup [P} f2 = P f?| + sup [, f2 = Pf?| + 2
.7:5 -7:6 ]:5

< sup [P f% — Pan‘ + sup ‘IPan - Pf2‘ + 62
Foo Foo

Point 5 of Lemma S12 implies that supg N (n][4F?|

rem 2.1 and Lemma S5 imply

E (sup
Foo

which finally yields (3.32). The result follows.

01, F2, || |lg1) < oo for every n > 0. Theo-

a.s.

— 0,

Mﬂ—mﬁmam@>i%0am sup [P f* — P

3.8 Theorem 2.3

The proof is the same as that of Theorem 13.4 in Kosorok (2006), with one change only: we have to
check that G, the limit of § — /n(¥,(0) — ¥(f)), is continuous. Given the kernel of G, it suffices
to check that for all (7w, 7') € &({1}) x S({1'}),

sup Cov ([%,h = Yoo.n) (Y1), [Vo.n — 1og.0] (wa(r)))’ — 0. (3.33)
€

By Cauchy-Schwarz’s inequality and joint exchangeability, this covariance is smaller than

E {[we,h — Yoo n)” (Yﬂ-(l))} = P(vo,n — oo,n).
Therefore, Condition 4 ensures that (3.33) holds. The result follows.

3.9 Theorem 2.4

The first result follows by Theorem 2.1.2 because the class {u — 1{u <y} : y € RP} is pointwise
measurable and satisfies Assumption 4. The second point follows directly from Point 1 and the
functional delta method, see e.g. Theorem 20.8 in van der Vaart (2000). Finally, Point 3 follows
from Theorem 2.2 and the functional delta method for the bootstrap, see e.g. Theorem 23.9 in
van der Vaart (2000).

4 Proofs of the extensions

4.1 Theorem 3.1

For random variables (respectively vectors, matrices) X and L indexed by a set Z, (X;)iez 4 (Li)ieT
means that (X;);czr converges weakly to (L;);ez for any finite subset Z’ of Z. This differs from
(Xi)ier LN (L;)iez, which means that Z, (X;)iez 4, (L;)iez but also that (X;);e7 is asymptotically
tight. Asymptotic tightness is implied by asymptotic equicontinuity and total boundedness of the
process (X;)iez-
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4.1.1 Pointwise convergence

Because Gf = 0, we have E(f(Y12)|U1) = E(f(Y12|U2) = E(f(Y1,2)), and next pmy, = 0 for any
m € Mg = {m € N3 : min(my,m2) = 0,max(mi,ms) > 0,m3 = 0}. So pm # 0 only if
meE M UMsUM;s ={m € N3: min(my,mz) > 0;m3 = 0}U{m € N> : m; = mg,m3 >
0} U{m € N?:my # ma,m3 > 0}. Let M = MgU M1 U Mz U Ms, because V(f(Y12)) < o0, we
also have Y, c v 12, (f) < o0.

We have:

Z wml i1 ¢m2( 12)

’I,E]In ,2

n 1
_”—1<<ﬁ;¢ml(m)> (T om0) =32t

It follows from the law of large numbers, the multivariate central limit theorem and the continuous

mapping theorem that

n(n— 1) Z Y (Ui Jioms (Uzz) S (Zlem? _1{m1:m2})meM (4.1)
1€l 2 meMy 1

By almost-sure convergence of the sample mean of jointly exchangeable arrays (Fagleson and Weber,
1978), ergodicity of dissociated arrays (Kallenberg, 2005), the independence of the U; and the
orthogonality of the v,,, we obtain

1

m Z wm1(Ui1)wm2( ZQ)wml( Zl)wmé(UiQ) %ﬂ{mlzm’l,mgzmg}' (4'2)

’I:E]In,Q

We have:

(n(n Z ¢m1 i1 ¢m2( Z2)wm3(U{z1,zz})

IGH" 2 ) meMaUMs3

n 1
= Z [wml( Z1)¢m2( 12) + wml( i2)¢m2(Ui1)] (0 (U{il,iz}))
(\/n(n —1)y/n(n-1) I<iiety<n MM

Note that the 1, are uniformly bounded, so for any n > 0,

1 =0

{‘(¢m1 (Ull )¢m2 (Ui2)+¢‘m1 (UZQ )¢m2 (Uzl ))¢’m3 (U{i17i2})‘>\/ n(n—l)n}

r /n(n—1)n > 232, Then conditionally on (U;);>1, the Lindeberg-Feller theorem and the

almost-sure convergence (4.2) imply:

1 . . .
( /771(71—1) Z’ieﬂn’Q 1/’7711(Uz1)¢m2(Uzz)¢m3(U{z1,22}))m€M2 g-)( (Zml,mg)me/\/lz )
(

Z{m1 ;ma},ms )mGMa‘

<m Zieﬂn,z ¢m1 (Ui1 )¢m2 (Ui2)¢m3 (U{il’h})

meMs
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Considering Vin = 75ty Yier, , Ymy (Uiy)Vmy (Uiy)¥ms (Ugs, iny) for m € My U My U Mg, the
previous convergence means that for any (t,,,) € R™ and any finite subset M C My and M4 C Ma:

E [exp (i Z thm) ’(Ui)izl 2% exp <—; Z t12n>

meMLUMY meMLUMY

Let M" = M} UM5 UM} a finite subset of M with M} C My, My C My and M4 C Mg, triangle

inequality ensures that
1 2
— exp 5 Z ton
mEMLUM;

exp ( > thm)
| . 1
<E ||exp (1 Z thm> E |exp (1 Z thm) ‘(Ui)i>1 — exp (2 Z tfn) u
meMLUMY

meM)

exp( Z thm)

meM’
meM/ meMLUMY

1
meMLUMY

which tends to 0 by the dominated convergence theorem. Convergence (4.1) implies

exp (1 Z thm) eXp( ( Z tm mi mz n{mlzmz})>)]a
meM) meM)

and again by dominated convergence and the Levy theorem:

<E||E {exp (i Z thm) ‘(Ui)izl

meMLUMY

IimE =
n

(n(nnil) Zie]lng wm1 (Uu)q/}mQ(UZz))meM (Zml Zmz - ]]-{m1:m2})m€M1
(R St Yoms (Ui s (Vi) oy Uginia)) o | Tyt
(ﬁ > icl, o Yma (Uil)wmg(Uiz)wmg(U{h,ig}))meMS (Z{mhmz},ms)meMS

(4.3)
To finish the proof of pointwise convergence, we use an approximation argument. For m € NT U oo,
let M(m) = {m € {0,....,m}>: m # (0,0,0)} and M;(m) = M; N M(m), for j =1,2,3. Let
n

Ry =—— Z Z Mm(f)l/’ml (Uil)¢m2(Uiz)¢m3(U{i1,i2}7

—-1) .
n(n ) zEHn,Q mEUj:1 23 Mj (ﬁ)

so that R = n'/2G,, f. Similarly, let

de(f) = Z Mm(Zml Zm2 - ]l{mlimz}) + Z ,U/mZml,mg + Z :U“mZ{ml,mz},m;gv
meM;(m) meMa(m) meMsz(m)

so that G (f) = G%(f). For any Lipschitz function ¢ from (R, ||-||1) to (R, || -||1) with Lipschitz

coefficient C,, we have:

[ [p(Roo)] — E [0(GL(£)]|
<C,E[|Roo — Real] + [E [p(Rm)] — E [o(GL(1)] | + CoE [|GL () — GL()]]

<Cy\/V(Roo — B) + [E[0(Rm)] — E [@(GL(F)] | + Coy/V(GL(f) — GL(f)  (44)

35




Now, remark that

V(Ggo(f> - Gdﬁ(f)) = Z (/‘m17m2,0(f) + Nmz,mho(f))g ]l{ﬁ<m2} +2 Z M?n,m,o(f)

mi1<mse m>m

+ > Lz,

mer:z,:; Mj \Mj (ﬁ)

<2 S AW (4.5)

meM\M(m)

Moreover, because,

E(wm1(Uzl)wmQ(U12)¢m3(U{11,12})¢m/ (Uz/l)wm/ (Uz/ >¢ (U{zl,lz ))
_]l{mg =mj,} (]1{11 =i ,i2= 12}]1{m1 =m),ma= m2}+]1{11 =ily,io=1 }]l{ml =m},,mo= ml})

we have

n

V(Roo — Rm) = ——V(GL(f) = GL(f) <4 > un(f). (4.6)

n—1 meM\M ()

By (4.3), lim, 00 ‘IE [o(Rm)] — E [@(de(f))” = 0 for any fixed m. Next, by choosing m so that
> me M\M () p2, is arbitrarily small, (4.4)-(4.6) ensure that E [p(Rs)] — E {@(Ggo(f))} Therefore,
n!2Gn(f) < GL ().

4.1.2 Asymptotic equicontinuity

We want to prove limg_,o limsup,, , ., E [supf€f6 ﬁ Dicl, . f(Yi) — E[f(Yl)]H = 0. We first use

Lemma S3:
E | sup 1 1))
[fé]:g n - 1 26%;2
n
<E |sup |— e f(Yi)|| +E | sup e es fY (4.7
[fef,s n(n—1) ieﬂzw o feFs n(n —1 16%;2 {’}
=:A1(n,0) =:A3(n,0)

To control A;(n,d), we remark that in the proof of Theorem 2.1.2 (second step in Section 3.5.2),

the following result is given (setting k and r equal to 2)

’ [ﬁé‘% e Z et < e [ 7 \fros2n (5.7 H'Hpg,g)dﬁl ,
where 03 1= sup ez, ||f|[p2 2 and || - |[p2 5 is defined in Section 3.1. As a result,
n 02
E ng]I% n(n_l)ze%i ey f(Yi)|| < 8V2E l/o \/logQN (7%]:57 H'|]P’$L,2)d77‘| .

It is then shown in the second step in Section 3.5.2 that

—0 n—oo

o2
%Hn limsup E [/ \/log2N (77,}-5, ||| p2 Z)dn] =0
0 "
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under Assumption 4-(i), and thus also if [ supgeglog N (n[|F|g2, F, | - [lg.2) dn < oo. Hence,
lim lim sup A;(n,d) = 0. (4.8)

0—=0 n—oo

To control Ay(n,d), remark first that by Assumption 2,

B \sup | 3 e FO)|| (7)o, | =B |sp | 3 et ()| | (W)
ze]lnz g i€y 2

where G§ is a countable subclass of F§. Let ||f|| := \/ﬁ D ]"(Y;[li})2 and remark that

T:= {( ﬁf(Y{lz})) _,:fe gg} is a countable subset of R™"*~1)/2 with diameter

1€lln 2
2
D= sup 71(f1—f2) - sup 11— Foll
(1,£2)€G5%G; n(n —1) 7 (fi.f2)EF5xF§

where || - |7 is defined in Lemma S10. Then, by this lemma,

E | sup
JeFS nn—l

v D/2
> el V)| |0ien | < [ 0w NG, GE I I)dn

ZGHn 2

Let Q, := m Zieﬂw ) v} By the triangle inequality used twice, we have

D
9 S < SUP HQH
9€G3

1
w1 Ff

7:6]111,2 ZEHn 2

1
msup{ Zf 1112 Zf Z2Z1 }

B 1 f€]:5 ’LG]In 2 ’LGHn 2

<V2 sup || f|qn2-
feFs

In the same fashion, we can prove that for every (g1, g2) € G§ x G§, there exist (f1, f2) € Fs x Fs

such that |lg1 — gol| < V2[I/1 = follg..2, 91(2,9) = (f1(x) + f1(y))/2 and ga(z,y) = (f2(2) + f2(y)) /2.
As a result, for every € > 0, N(g, G5, | - [|) < N(e/v2, Fs, || - ll@,.)- We get

D/2 V2o
A MNW%MWMSA log N (17, F5. 1| - llg,.)d

V20 /|12F||gy, 2
<),

2)dn,

i SgplogN(ﬁH?FHQ,%féa IE

where o := sup;cz, || f]lg,.2. Integrating over (V;!);er, and reasoning as in the end of the second

step in Section 3.5.2, we obtain

2 1.2 1
lim limsup E | sup m 281151'2 (Y{z}) =0.

0—0 n—oco feFs

This in turn implies that lims_, limsup,,_,,, A2(n,d) = 0. This last result, combined with (4.7)

and (4.8) is enough to conclude.
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4.2 Theorem 3.2

Hereafter, we let K denote the covariance kernel of G, p(f1, f2) = VK(fi — f2, /1 — f2) and

v(fi, f2) = VEK(f1 — fa, i = fo) + [E(fi — f2)]?. We also introduce Fs = {g = f1 — fo : (f1, f2) €
F x F,v(f1, f2) < 0} and note that for all (fy, f2) € F x F,

v(fi, f2) = VE[E((f1 — £2) (Vi) + (i = fo) (Vo) [U1)2],

Finally, we define the auxiliary bootstrap process

G:L/(f):\f( Z i +f( )]l{l;,g]} Z fy; )

) 1<ig<n i,j€ln,2

We prove the result in three steps. We first prove pointwise convergence of G,, f and total boundedness
with respect to v. Next, we prove the convergence of the process G}’. Finally, we show the asymptotic

equicontinuity of G, with respect to v.

1. Pointwise convergence and total boundedness with respect to v.

First, by the pointwise convergence established in the proof of Theorem 2.1 and since E( f?(Y; 2)) < oo,
Gy, f converges to Gf for all f € F. Second, because the process G}, converges weakly in £>°(F) to G,
(F, p) is totally bounded. The set {f : [E(f)| < 2E(F)} is also totally bounded for the semimetric
o' (fi, f2) = [E(f1 — f2)|. Now, let (B})iz1,..n: (vesp. (B2%)i—1, n,) denotes a §/2v/2-covering
of (F,p) (resp. of (F,p')). Each non—empty set B} N B2 is included in a v-ball of radius ¢ and
F C U (B} N B%). This ensures that (F,v) is totally bounded.

2. Asymptotic equicontinuity of the process G;/'.

Let (1**,...,n™) be an independent copy of (1*,...,n*) and let

n (Yier o) 4 f (Ve e
G’n (f) = \/ﬁ ( ’I’l _ 1 Z f 2 f( 2 ) {z**?éﬂ } Z f 1,J ]]'{ﬁé]})

1<z]<n 1<z]<n

Conditional on (Y ;)i jer,, G} is a U-process on the class {g : {1,...,n} = R: g(i,5) = (f(Yi;) +
f(Yj4))/2, f € F}, while G}” corresponds to its decoupled version. Then by Theorem 3.1.1 of de la
Pena and Giné (1999),

E [sup €1 (1) (Vi )igens| S E [sup I8 | (¥e)ien .
Moreover, we have :

B [sup 63(1)]| (Vg higerss (07|

1 1 Y, 5) + f(Yei,)
:n7 Z sup \/ﬁ n(n_ 1) Z 2 ]1{1 g FJFE T Z f (2 ]1{275]}
1<i1,eyin<n 1<j',j<n 1<w<n
11 fYi, )+ f(Yiei,)
>sup |V [ ———— > > : =Lt~ Z F(Yig) Lz
d (n(n —1)nr 1<i1,oyin <n 1<57,j<n 2 ’ ( ) 1igen

=sup |G,/ (f)|-
].'
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Integrating over (1%, ...,n*), we then obtain E [sup; |G (f)] '(Yi,j)z’,jeﬂg] <E [supf G ()] ‘(Yi,j)i,jeﬂz] :
The asymptotic equicontinuity of G’ follows from that of G}..

3. Asymptotic equicontinuity of G,, with respect to v.

The idea is to prove asymptotic equicontinuity for symmetrized processes and then exploit the

symmetrization lemma A.1. First, by Lemma S4, we have

(G [ et n f(¥ig) + £ (¥i) ‘
E S S . J ) Y; )i
V2 S}%p n(n —1) m%;w &{i.j} 2 (Yij)ijen
nos~ o Jeg) + (V) ’
<E L AL - : )4
- (Sﬁf Ty X et || e
1 n \/» Y/ /) f(Y/ ./)
“nln—1) Z_ E (Sup > E{w} 5 Lgirsjny ’(Yi,j)i,jeﬂz
(2] =1 Z] 1
" FYir )+ f(Yrar) o
n Z ]—‘ : 2 ’ R Z i}
¢,j'=1 70 1<i,j<n

2
L Z F(Y; (4.9)
\/ﬁn 7]6]1712

Besides, using 11,5 < (a/b)? and convexity of u +— u't9,

1+6
1 s 1
. (n(n -1, Z F(Y”)]l{ﬁ Zi,jeﬂn,Q F(Yi,j)>M}) =MTE (n(n -1). Z F(Y”))

Z?Jeﬂn,Q 7/7]6]171,2
< MZE(F'™(Y2)),

with E(F'*(Y12)) < oo. Tt follows that 3 F(Y;j)/n(n — 1) is uniform integrable, namely

inje]ln,Q

hm supE F(Y;
( Z {n(nl—l) Ei,jeﬂn,Q F(Yi,j)>M})
By (4.9) and monotonicity of y — yl,~ap,

M—00 n ,jeﬂn2
n fig) + f (Y
E(sgp Vo > i) : J)2 i) ‘(Yz',j)z',jeﬂz)
8

n(n —1)
is an uniformly integrable sequence as well. Then, Fatou’s inequality for uniformly integrable random

=0.

1,5€ln 2
variables (see (see Shiryaev, 2007, Remark 2 in Chapter 1), together with (4.9), imply
vn 3 fYij) + F(Yja) )

‘(Yi,j)z',jeﬂz)]

TPV
vn S e fYig) + (Vi)
~0. (4.10)

limsupE | sup
n Fs

1,j€n 2

<E [lim suplE (sup
n Fs

n(n—1), jo., 2
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Next, let (¢5)jen+ denote independent Rademacher variables that are independent of the data. By

](Yi,j»,j@g)
(Vis)is H>
\(Yi,j)meb)
|| Visdia )

> F(Yiy): (4.11)

the first inequality in Proposition 2.2 of Giné and Zinn (1990),

1_6—1E( VI S (S (/D)

su
7 P

7 |n(n—1) .

f (Vi)
5 Lgizsy

As above, this inequality and monotonicity of y — yl,~n imply that
n Yii)+ f(Yji
. (S;p Vi s I) 1) \(m,mjeh)
5

n(n—1) '
is an uniformly integrable sequence. Then, by Fatou’s inequality again,

! 2
Vn 3 e f(Yi ) + f(Y) )
’(Yi,j)i,jeﬂg>) . (4.12)

imjeﬂn,Q
n(n —1) ‘
+ f(Yi)
> 51
Now, we refine (4.11). Using again the first inequality in Proposition 2.2 of Giné and Zinn (1990),

limsupE | sup
n ]—"5

iijHn,Q

n—l

! 2
<E | limsupE | sup
" ]:6 7.7 eHn 2

the triangle inequality and the symmetrization lemma for independent random variable, we have:

—e ! n irj i
- E(Sﬁp VB 106 0G0 ‘(Yi,j)i’j@b)

n(n —1) '
SE(sup (Zea [nn Z Sy f( ')11{#]} n(n—1) Z f (X jor)

i7je]1n,2

! 2
]'—5 1<1,<n Z‘”,j”eﬂng

1 & 1
+ sup |— Ej—F——=% J(Yin, ”) ’( ) I
Fs \/ﬁ; ]n(n - 1) i ]%]I 2 ( noche
fYi f 1
<2E (sup \/E( Z 2 0 )]]-{7,;&] *} — m Z S ) 1| (Yig)ijet
Fs 1<1 J<n i",5" €ln,2
Fawp| s YA
9.]€Hn2
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Combined with (4.12) and Step 2, this entails

> o 0 05 >)

7] eﬂn 2

5 B}
< fﬁ {QE [limsupIE (sup ]GZ’(f)! ‘(Ym)i,jeﬂg> +E
n Fs ]

1—e!

< V2 {zE [supm(f)r

nfl

limsupE | sup | ——
n Fs

Z fYi

1,7€ln,2 }
} (413

>_0.

Together with (4.10), this implies, by the symmetrization lemma A.1 applied to the array Z; ; =
(Yi;,Yj) and the class {g(zi;) = (f(yi,;) + f(y;.0))/2 - f € Fs}), that

oy 10 105 _ g [£010) 0]

1,§€ly, 2

lim sup sup
n Fs

+E

Z fYi

7_] eHn 2

I lim sup sup
1—e" Fs n

Now, (4.11) implies that

3 gjf(Yz‘,j) ;r f(Y5)

F |n(n—1)

limsupE | sup
" i,j€ln,2

Ll
— 0.

sup

Fs n—l

By a backward submartingale argument, convergence also holds almost surely. Hence, by the triangle

and Cauchy-Schwarz inequalities, we have, almost surely,

Zfz;

1,j€ln,2

lim sup sup
n Fs

< sup

g [£0ha) + S0

n(n

< spp \/E (E(f(Y1,2) + f(Y21)|U1)?)/2
<5/2.

Plugging in this inequality in (4.13), we obtain

Z EJ ,J +f(YJz)

5§—0 n—l

lim limsup E [ sup
n Fs

):0.

7.7 eﬂn 2
Combined with (4.10), this implies, by the symmetrization lemma A.1,

e

lim limsup E sup
6—>0 " fé 7] eHn 2

4.3 Theorem 3.3
First step: pointwise convergence

With a slight abuse of notation, we assimilate f € F° with f € F. Let V = V(E(2f(Y(1))|U1)). We
first establish that for all (f,¢) € F x R,

rymx Lt _
E [¢*S8|(Vi)ier, | 2 eV/2, (4.14)
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Let zniy = 26, (325 Ly F(Yy) = Baf) s Vaiy 1= V(zniy |(Vier,). We have

E [ SMGRf

(Yz‘)z‘eﬂz} — etV ‘

— H E[ T A } L 12V/2

11=1

<le 2300 Viin)/2n _ —2V/2| | H IE[ itaniy [V (v, Zeb} ﬁ o~ (12Vaiy)/2n
i1=1 i1=1
=:Anm
_tZgnl +2-121:1 exp (—tQ‘é;L;) - (1 - tz;f;“) —|—ilzi:1 ]E[ ltzn”/fu )16112} - (1 - %) |

=:Ap2 =:Ap3

To obtain the second inequality, we use |exp(a) — exp(b)| < |a — b| for all a,b < 0 and

— 11 0| <D lai — b4l
i=1 5

which holds for all positive (a;, b;)i=1.., € [0,1]*". Now, by convergence of sample means for jointly

exchangeable arrays of dimensions 2 and 3,

2 2
l Z niy — l Z Z f {11712} - Z f (415)
"y 1=1 "y 1=1 12757,1 ( ze]lnz
1
= _ Puf? + 2 Z F Vi) f (Yiay i) — Z fYi
(n—1) ( i ) &,

IS E [F(Ya) (Yas)| - EQF(Yy)? = V.
Hence, A1 L—1> 0.

—x

Next, let us consider A,3. For all z > §, we have 1 — e™ = cz for some ¢ € [0,1], so that

e —(1—z) <z Forall 0 <z <6, e® =1—x+ (22/2)e® for some 2/ € [0,1]. Thus,
le™* — (1 — z)| < dx/2. Hence, |e™* — (1 — x)| < [6x + 1{x > §}z]. Therefore,

. 21/ . 217 . 21, 21,
exp (—tQle) — (1 _ Vi le) < (57t Vaia +1 {t Vniy > 5} t le.
2n 2n

2n 2n 2n
Hence, taking 0 = ¢/+/n, for any € > 0, we get

E[A] < t2{fE[Vn1 |+ E [Vl (Vi > sf}]} (4.16)
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By definition of V,; and joint exchangeability,

E [Vl {Vn1 > ev/n}]

<E % Zn: P (Y1) + % > FYVu)f (Yy) | 1 {Va > ev/n}
(n—1) %, (n=12,.5 ..
<& i e 42V 1 {Vin > ev/n}| + 4E | f(Y{l})f(Yﬁ{l,g)})‘ 1{Va > eV} (4.17)

By (4.15), V,1 involves two sample means. Both converge almost surely, the first by the strong law
of large numbers for exchangeable sequences (see e.g. Kingman, 1978). Thus, V,,1/v/n =2 0 and by
dominated convergence applied to the right-hand side of (4.17),

E [Voil {Vp1 > ev/n}] — 0. (4.18)

Using this, E[V,,1] — V and (4.16), we get A2 L—1> 0.

Finally let us turn to A,3. Taylor expansions ensure that exp(itz) = 1 + itz — t?z? exp(itz™) for
some zt in [0, z] or [z, 0], and exp(itx) = 1 +itx — t?2? exp(itz) — (it3/6) exp(itz*)z?® for some x* in
[0,z] or [x,0]. Using the first for |z| > ¢ and the second for |z| < ¢ yields

1 1
{lfv2\>5}t2x2<1 — explitat)) L |x|<5}

5 323 exp(itz*)

1
exp(itr) = 1+ itz — §t2a:2 +

for some o, z* in [0, 2] or [x,0]. Thus, using |1 —exp(itz)| < 2 and ]l{|zm,l|§5}z3 < 622, | we obtain

ni; — ne?
’E [etthu/\/ﬂ(Yi)ieﬂz} - (1 - 2221>‘ -

t? :
> [z 55 203 (1 = exp(itz )| (Vaien,

it3 L
et (0420 <520y XD (8255, (Yiien, |

e s
S-E (0412 150200 | (Yiien | + 573 V-

Hence, taking 0 = e/n, we get
2 & t]2e &

Ans S 3 B [y ey i [ (ien ] + 5= 3 Vo

i1=1 11=1

Hence,
E[Ans] SEE [ﬂ{|zn1|>g\/ﬁ}zz1] + [t]°€E [Vou] -

Because E[V,,;] — V, the second term can be made arbitrarily small by choosing e appropriately.
Further, by definition of z,; and V1,

Lz evmt = Lvaiservmy + gy snr/ay-

Thus, by independence between V,; and &1,

E ﬂ{\zn1|>e\/ﬁ}zr211} < E[§)E []1{|vn1|>52\/ﬁ}Vn1} + Bl e, s n/y ETIE [V ]
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Thus,

ﬂ{\zn1|>£\/ﬁ}z7211} < E[§E []1{|Vn1|>52\/ﬁ}vn1] + Bl e, s n/y ETIE [Via]
The first term tends to zero by (4.18). The second term tends to 0 by the dominated convergence
theorem. Hence, the left-hand side converges to 0, showing that A3 L 0. Thus, (4.14) holds.

Now, the same reasoning on A,; as above but replacing convergences in L' by almost-sure conver-

gences show that

E (G2 | (Vien] = val

Then, by the same argument as in the Substep 3 of the proof of pointwise convergence in Theorem

2.2, convergence in (4.14) also holds almost surely:

E [eitGg* f

(Yi)iellg} as, —t?V/2
Hence, conditional on (Y;);er, and almost surely, G f converges in distribution to Z ~ N (0, V).

Second step: Asymptotic equicontinuity

We want to prove that almost surely, lims_,o limsup,,_,, E[sup;c 7, |G}, f| [(Y3)ic1,] = 0. By the

triangle inequality, it suffices to control separately

sup
fEFs

Z 521 (1 Z f(}/h,iz) - Pnf) ‘ |(Y:i)i6112

11 1 T 1<ig#i1<n

ﬁZZZl & (ﬁ Zlgi#ilgn f(Yigi) — nf)‘ | 16]12:| The two terms can be
controled in a similar fashion, so we only prove the result for the first term. Now,

Z@l (il ) fml,@)—mf)|\m>ieb

Z1 1 1<ig#i1<n

and E {supfefé

sup
f€Fs

< sup [P, f| xE &
fe]-'5| | Z :

211

Sup ‘ ( 1)26112

\/~ Z 5@1 1 Z f( 11,22)

1<is#i1<n

=:A; + As.

Because the (&;)i=1..n are i.i.d. and standardized, E H 7 di=1&i

triangle and Jensen inequalities,

} < \/E[¢2] = 1. Then, using the

Ay < sup P, f] < sup P f — Pf]+sup |Pf\<2sup|IP>nf IP’f|+sup\/}P’f2
JeFs feF JeF; feF
We know that sup ez [P f —Pf| = 0as.(1) and supsc 7, /Pf? < 0 by construction. As a result, for

every w in a set of probability one and every d, there exists n,, s such that for every n > n,, s

[

iy 2 f¥i(w)

fE]'—g ( ZEHn 2

Z &ir

111

] < 26 (4.19)
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We now control As. Conditional on (Y;);er,, we are dealing with the supremum of a centered

empirical process over n i.n.i.d terms. We obtain

Ay < 4\/§E [ \/log 2N e JFs ||| )d5| ,@12] ,

2
where ||f[7% := 15201 &2 (4 zlwl@f(m,m)) and of; = supyeg 73 Let N :=
Lyn €. By convexity, |77 < N™IIf1[53, where |I£]153 = R Liel, o €4 f(Yi)% We
deduce that 0172 < 0272 = N™sup;er, ]|f|]272.

Following the proof of Theorem 2.2 and acknowledging that conditional on (&;,);}—; and (Y3)iel,,
Dicln s &} 6gy;3/[n(n — 1)N™] is a probability measure, we obtain

Sup Z 511521 1 Z f( 11,12) |( )16]12
feFs 11 1 1<ig#i1<n
1/2 E[o i) /?
< {IE ool (View] V2 + 4 (P F?) J]_-< 2(21!13 F2)€1/22 , (4.20)
n

Since P, F? =2 PF? > 0, we only have to control E[o3 2‘ i)icl,]- By the triangle inequality and
definition of Fg,

EUQ 2’ Wiel,] < Sup Z le 1 Z f(Yihiz) nf |( Yi)ier,
S Zl 1 1<i27£i1§n
+ sup |P,f% —Pf? + 6% (4.21)
f€EF

It is shown in the proof of Theorem 2.2 that supscr_ |Pnf? —Pf2| = 045.(1). We turn to the first
n
term in (4.21). Conditional on (Y;)iel,, (( 2 -1 2 1<istir<n f(Yil7i2)2>‘ ) is a centered i.n.i.d.
< < =
sequence. Then, by standard truncation, symmetrization arguments and Lemma 2.3.4 in Giné and

Nickl (2015), we obtain, for every possibly random 77 > 0,

sup “ 1 Z f(Y;Ll,iz) nf |( )ZEHQ
fefoo 1<ig#i1<n
21o0g 2N (1, F2, || - |17 )\ M/
<9E M( g (Ulnoo | HM1)> + 1| (Yiier, N™ > 0| B(N™ > 0)
nn=1) > F(Yi)’E|1 52F(Yi)2>M}m]
ZEHnZ
=:2(As + Ay),

where Hf”?@l =F- Zzl 1 nil Z1gi27ﬁz’1§n f(Y;hiz)]l{F(yil@)ng}‘ . Moreover, Hf”nz\h < N™|fII7

where || f|[{* == b 30— @ﬁ&smﬁlgn £ (Yiri,)|- Picking 71 = nN™|| F2||f* for some positive
constant 7, we arrive at

1/2

2log28upQN(UHFQHQ,D}—EO,H'HQ’l)) | + 1Py F?

WF2.
n

A3<M<

45



Lemma S12.5 enables us to write

Z Z f(}/;,'h’ig) nf

7,1 1 1§’L'275’L'1§n
2\ 1/2
2
@2) ) +nPnF2+A4}.

< {M <2log28upQ N(
For every M > 0, A4 converges a.s. to E {f%F(Y1)2]l{£%F(Y1)2>M}]. By combining this with (4.21)

sup
feFx

|( )1,6]12

7}-7“’

n

and the end of the proof of Lemma S5, we conclude that limsup,, . E[035](Y;)icr,] < 0* a.s.

Asymptotic equicontinuity then follows from (4.19) and (4.20).

4.4 Theorem 3.4

Recall that nq,...,n; are all indexed by an index m, though we most often leave this dependence
implicit hereafter. They also satisfy, as m — oo, n = min(n,...,n;) = co and n/ny — A;.

4.4.1 Uniform law of large numbers

The triangle inequality and the symmetrization Lemma S2 for the class G = { Thp<uy: fEF }
and ®=Id ensure that for every M > 0

— Y civef (Vi) Lippi)<an

n 1<i<n

<2E {F(Yl)ﬂ{F(Y1)>M}}+2 Z E

k
ecU; 1

sup
fer

E [sup [Prf — Pf
feFr

For every e € U;“:lé’j, let

1

fllears == 3

N e<c<nee

Z f (Y )]l{F Yo, o) SM}|-

1—-e<c’<n®(1l-—e)

Using the same steps as in Part 1 of the proof of Theorem 2.1, we get for every e € U;‘?:lé’j, every

M > 0 and every possibly random 7; > 0,

]<E

Observe that [|flle.art < |1fllgnt = 1 Sacicn (¥, Letting m = nl|Fllg, 1, we can follow the
proof of Point 1 in Theorem S1 to conclude that E [sup £ |P, f — Pf]|] tends to 0 as m — oo.

1
E |sup |=—
feF

1
V21082N (71, F. || - [l ) M —— +m

> cive (Vi) Lipviy<my ¥ -
jiej=1"

n 1<i<n

We now turn to proving almost-sure convergence. Let ¥, be the o-algebra generated by H,, the
set of functions g from DN {0 R that are invariant by the action of any (w1, ..., 7), with 7, any

permutation on N* such that 7.(j) =jif j > n, forr=1,....k :

0 (Dicsion) =0 ( (Ym0 s )

For every n’ >n, n’ 7£ n, let Jn,n/ = Hn’ ny—ny X. X]In/ RO O Then7 for every q = (q17 ) Qk) € o]]n,n’7
let 1
P;Il wl = I, f(Y:i)]l{il¢{‘11}7---7ik§é{%}}'

1<i<n
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We observe that for every n,n’, g,

E (sup ‘]P’fl’n,f - Pf‘ |Zn/> =E <sup |Pnf — Pf] |Zn/> )
fer fer

Moreover,

Y Vg {aeiniia}}

<i<n’/ qunyn/

> f(Ya).

1<i<n/

n;! 1
and next, P,/ f = (HJ 1 ) quﬂn,n/ IP’an,f = T qu«”n,n/ sz,n/f- Furthermore,

mmWwf—Rﬂ=E<prwf—PﬂEm>-
feF feF

This last equality, combined with those just above and the triangle inequality give

Jscup|IP’n/f Pf]<’J 1 Z E(sup’]? f—Pf“En/>

=E<wMRJ—Pﬂ@m>
fer

Then considering n = (n1(m), ...,ng(m)) and n’ = (n1(m + 1), ...,nx(m + 1)), we deduce from the
almost-sure convergence of backwards submartingales that sup ¢ |Pp f — Pf| converges almost

surely to 0 when m tends to infinity.

4.4.2 Uniform central limit theorem

First step: pointwise weak convergence To prove the pointwise weak convergence, the line
of reasoning is the same as what we resorted to in the first step of the proof of Theorem 2.1.2:
for every f € F, we need to find a suitable Lo-approximation of G, f, denoted Hif, i.e. as
m — oo Hif must satisfy E [\an—Hlf\z] = o(l) and H;f LN N(O,K(f,f)). We pick
Hif = Yece, Y1<i<n E [Gnf||Uice], where (Uice)i<i<n.ece, are i.i.d terms that appear in the
AHK representation of (Yj)1<i<n. Let ¢ be a vector with all its entries equal to one except the r-th
one, which is equal to i,.. The AHK representation ensures

= Z Z E [GnﬂUi@e]

ec&q 1<i<n
—Eﬂﬁz F (%) |Us] — E (V1))
— N =1
LN, K, £).

The convergence in distribution comes from the standard central limit theorem applied for each

e € & separately, the mutual independence of terms across e € £; in the previous expression and

the fact that \/n/n, — V.
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To conclude that G, f N N(0,K(f,f)) as m — oo, we rely on the weak convergence of Hf

and Section C.2.1 in Davezies et al. (2018). The main step there amounts to showing that
limy, o0 V(H1 f)/V(Gp f) = 1.

Second step: asymptotic equicontinuity Following the same reasoning as in the proof of Part

2 of Theorem 2.1, with the symmetrization lemma S2 instead of Lemma A.1, we have

SE( [ log2N .75 [l 2)de)
0

where jipn, = H%L Y 1<i<n Ov;- [|fI1%, o and o are defined in the same way as in the proof of Part 2 of

E lsup |an]] =FE [sup |G f]
fEFs feFs

Theorem 2.1 (with p, instead of uy). Still following this proof, we obtain

<u (o) s ron) o (2,

E [Sup ’an’ <F2(Y1))1/2

fE€Fs

Recalling that E (02) < E [supfe}-Oo P, f2 — I[Df2|] + 62, we can follow the end of the asymptotic

equicontinuity proof of Part 2 of Theorem 2.1 with obvious minor changes to conclude.
Third step: total boundedness We refer to the proof of Theorem 2.1.

4.4.3 Convergence of the bootstrap process

As previously, we only have to prove the pointwise convergence and the asymptotic equicontinuity.

First step: pointwise convergence Let i* = (i}, ...,4}) denote the cell obtained by sampling i

with replacement in 1,...,n; for every j = 1,..., k.

We have the almost-sure representation

it = (F&I[U(Zl,o,...,o)]? --an_kl [Ufko,.‘.,o,z‘k)]%

with (U}) s @ family of ii.d. uniform random variables and F; 1 the quantile function of
the discrete uniform distribution on {1,...,n;}. Conditional on the data (Y;);cn+r, we can thus
follow an approach similar to the one we used in the jointly exchangeable case. Let Hif =
Yecs, 21<i<n E [G;"Lf|(Yi)ieN+k, UZTk@e] and h(i) = f(Y;). Hf f can also be written

1

k
@Zl (H 3 h(z'l,...,z'r1,z';,ir+1,...,ik)—Pnf>.

n 1<i<n

We first show that E [(G;“lf — Hif)? ’(Yi)iel\ﬁk] = 0a5.(1). Expanding the square in the previous
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formula gives

E[(Ghf — Hi ) |(Yi)iense]
{ KZ > hZl,..,ir_l,ii,ir+1,...,ik)>2|(Yi)ieN+k}

= n 1<i<n

—2E [(Z Z h Zl, ...,Z'T_l,i:,’ir_;,_l, ceey ) f‘ Z€N+k]

= ”1<z<n
B (@1 )ZEW]—(k—l)“‘(Pnf)z}.

Let A, =Yk, HQ Y1<i i<n h(2)h(i). We can show

ir=1.

2
(Z Z h Zl:" 7i7’17i:7i7"+17"'>ik)) |(Y;:)i€N+k

=1 n 1<i<n

2<k (n, —1) )
_(Pnf) ZT"’_k(k_l) +An7

|:<Z Z h’ Zl?" 72‘7"—172‘;71.7"-‘!-17"'7 ) IP*f! ZGN'HC]

= Hn 1<i<n

r=1 Ty
and E [(B5f)° [(V)iaros| = 2= (B,.£)? + B,,, where

~1)

B, — Hln i Z Hlﬁjﬁk:ejzo(nj Z h(z)h(z')

2
r=lecs [[1cjcpe,=1 1 <H1<j<k :e;=0 n]) 1<id’<n
ij:i;Vj:ej:I

For every e € U,’fzgé}, we can write the following decomposition

> h@nE) =Y > h(i)h(E),
1<iji'<n e'eur_ g, (L)€L, o
i;=1Vj:e;=1 ef=1if ej=1
with Z,, ¢ = {(4,7') : 1 <1%,¢ <m, i, =1, if e/, =1 and i, # i, otherwise}. Applying Lemma S8,

we conclude that for every e € UF_,&,,

> h(i)h(i') = Oas. (Hn I - 1)) :

1<j<k:e;=0

k
e [li<jchjmr(ng —1) 1 N _
=Y 2 @)+ Ous(0?).
r=1 n n 1<z K3 <n
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By combining all those elements, we obtain

k Ny <j< r . .
E (G f — Hi ) |(Ya)ienss] =n{22< g krff( 1>_1> > h(i)h()

n r=1

+ (Pnf)? (Hlﬁﬁ’“ﬁ”(m Yy i 1) + O, (@*2) }

TLeiop (=1 G
Noting that — ng]gﬁ:”"(n] - o(1), ng]gkﬁf(n] —1+Yr, 2 =0(n?) and

H2 S 1<i<n h(D)R(') = Oas.(n71), again by Lemma S8, we conclude that
1<i’<n
ir=1.

E [(Ghf — Hi ) [(Yo)iawss| = 0as.(1).

To prove the asymptotic normality of H; f conditional on (Y;);cn++, we remark that

Hlf:rzfz s,

ir=1
— 1 ; —
where 2, ;. mZij=l,...,nj,Vj¢r (R(i1y oy b1y 0y Gpg 1y oy i) — P f). , For every r =
SISRIFT
1.k, (zm rir)i 1m is an i.i.d. sequence of centered random variables conditional on (Y;);cn+x
- ™

with a distribution that depends on m. Since

* 1 . . 2
V (#ral Odiert) = ) h(i)h(i') = (P f)?,
M ll1<j<kijzr 5 1<iii<n
ir=i,
we can conclude thanks to Point 1 of this theorem and Lemma S8 that V ( zp 1| (Y 16N+k> 25

E [h(1)h(2,)] — E[h(1)]* = Cov (h(1), h(2,)) = V,. Tt is not difficult to see that arguments similar
to those of substeps 2 and 3 of Section 3.7 apply. Then, for every r =1, ...,k and every t € R,

mrzr a.s. tQVI”
exp 1tzz_:1 Yi)ien+r | —> exp | — 5 |

The continuous mapping theorem, the fact that ~ — Ar and the mutual independence between the

k sequences (z;‘n . zr) (r=1,...,k) cond1t1onal on the data imply that

r=1..n,

E [eXp (1tH1f) Z€N+k H E |:exp ( \/7 Z mrw) 'L€N+k]
T ir=1

2% exp (—t T:21 ATVT) .

The result follows.
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Second step: asymptotic equicontinuity First, we have

(1) 1<i<n = (Fq;ll (UG 0,..0)5 -+ F! [Uo,....0,i)

This representation ensures that the symmetrization Lemma S2 for the class F5 and ®=Id is valid.

Dlgign‘

We notice that the representation is simplified as only terms associated with e € & appear. This
implies that the telescoping argument in the proof of Lemma S2 only has to be undertaken over &;.

The following symmetrization inequality thus holds:

<22E[sup

eeéy fers

fSllp Gy 1] (Y '>1 | (Vi) 21

\/7 Z Ez@ef

1<i<n

For every e € &1, let re be the position of the unique non-null element of e. This allows us to define

1 e 1 ’
e Y | > (vi)
Te pg=1 [ Y LIFTe "I (i1, irg—1,ire+1senif:1<i<n)

and o}, . = supscz, || f|s 2. Then, by Theorem 2.3.6 in Giné and Nickl (2015), we obtain
[SUP GLfI| (Ye) />1]
feFs

[V10g2ane+/ \/IogN 6]:57H He2)d€’ />1]‘

<8v2 >

ec&r Tre

By a convexity argument, we have, for every e € & || f[[z 2 < [[f][5; 2, with HfH;“@Q%Q = Hin S1cicn f(Yir)?.
We also have a;'fe < 072, with 02 = SUp fe 7, H%L > 1<i<n (f(Y3+))®. Then, using Points 1-4 of

Lemma S12 and reasoning as in Theorem 2.2, we get

<sfk{¢@¢ 72 )i

fSUP |G*f| | />1

o (P
n1<z<n 4\/ Zl<z<n (Yz)

We have = 31<icp F2(Yi) == E (F?(Y1)) > 0 and

0’2 = sup |PLf?| < sup
JeFs feF

P* f2 — nf2]+ sup ‘]P’an—PfQ‘erQ.
fe€F

Moreover, we have shown in the proof of Point 2 that sup;c 7 |Pn 2= Pf? 2% 0. Thus, it suffices

to show
E( sup [Phf2—Puf?||(Yi)iz1 | =20,
f€Fs
The symmetrization argument we used to control E {sup rers IGnfl|( ] ,>1} still applies and gives
1
El nf2| zz>11§4Z(F( ))]l M
feFoo ’ Un y Sen {reay>ar)
1
+QZE sup | = Z cive (f(Yi))? 1 F(Yp))2<M ’( i)i>1
ec&r feFs Hn 1<ien {( ( }

o1



Using the seminorm

. 1
HgHe,M,l = I'Tn ;

e<

Z g()/ic+c’)*)

1—e<c'<nG(l—e)

®e

and reasoning as in Theorem 2.2, we obtain

HL Z ei@e(f(Y;*))Qll{(Fm*))ng} ‘(Yi)i>1

n 1<i<n

> E

ecér

<4k \/2 log 2sup N2 (
Q

sup
feF

1
Fll loa)M =+ sk 3 F(Y,
\f Iy, 1<i<n

This is enough to conclude that E (sup rera [Paf? —Puf?|| (Y z>1) 2% 0. The result follows.

4.5 Theorem S1
4.5.1 Uniform law of large numbers

We remark that supcr |IF’n f- P fl= Sup;_ Py, f - P f |. Following the same reasoning as in the
proof of Theorem 2.1, for every positive M and n; (with n; possibly random) and some constants

Kk, there exists a jointly exchangeable and dissociated array (Y~ Jier, = (N7, (Y)e>1)ier,, such
that Y;-r 4 (N, (}/i’g)gzﬂ for all ¢ € L i and

k
(n—k)! =~ — -
+ 231 ; KrkE |:Sllp oy e%: €{i®e}+f(Y;: )]]'{I;(T’;T)SM} ]\71 >0 P (Nl > 0)
r=1ec&, i€l g
- ~ (n—r)lr! — -
+5° % K4 /210 2N (1, F |- e, JMATE o N > 0| B (3 >0).
r=1ecé&, .

[— _ ' ~ — .
where Nj = U0l sn0 (NT)P. Moreover, || flle,ar1 < N7 || fllgy1 with

r dyr
Qn Zze]ln k Z Z

"' 26anf 1

Letting m = 7N]||F||qr 1 for an arbitrary n > 0, we have N (i, F,|| - |lear1) < N(ni, F, Ny|| -
llor,1) = N(Wﬁlm,}', || [lgr,1) whenever N7 > 0. Combining this insight with the fact that
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E ||| Fllgya|N] > 0] = E[F(V1)] /P (N] > 0), we get

E lsgp ‘Pnf— Pﬂ]
F

k

~ = (n—r)lr!

<E | F) (55, ) + D 3 Ko [rlog2oup NGl Fllo, 1 lloa) M7=
r=1ecé&, :

+ ﬁzk: > K iE [ﬁ(f/l)} :
r=1ecé&,

Considering M sufficiently large and n sufficiently small and next n tending to co we deduce that
E [supf P, f — Pﬂ} tends to 0 as n — oo.

Let ¥, be the o-algebra generated by H, the set of functions g from D' to R that are invariant by

the action of any permutation 7 on N* such that 7(j) = j for j > n:

g ((Yi)ieﬂk) =g ((Yﬂ(i))ieﬂk) :

Following the same reasoning as in the proof of Theorem 2.1, we conclude that <sup = |y, f — Pﬂ, En) o
n>

is a backwards submartingale ensuring the almost-sure convergence of sup = P, f — Pf|

4.5.2 Uniform central limit theorem

The pointwise weak convergence is ensured by the first step of the proof of Theorem 2.1.2 applied to
- 2
the class F because for every f € F we have E {(Zévzll f(YLg)) } < 00. We just have to show the

asymptotic equicontinuity and total boundedness of F.

Reasoning as in the proof of Theorem 2.1, we get

- . k T ~
E [Sup an” =E | sup |Gy /| 521@(/ \/logZN (s,f5,|y.||m)ds>,
feFs fgj—'vé r=1 0
. —k)! ~ 7 T
with p;, = ("n! ) D el 5{(va(yife)1v{2£21)} and (o7)% = sup = ||f”i212' If N =0, we remark that

fg; \/log 2N (E,fg, IE H%,g)de = 0. As a result, we can write

E [sup @nf‘

fEFs

<> E (/0% \/log2N (&fa, IE IIug,z)d8

r=1

Ng>O>IP(N5>O).

. . = NT
Reasoning conditional on N > 0, we let Q) = WZie[{nyk N>l 5{1/&,}- For every

ieHn,k %

f € Fs and f the corresponding element in ]?5, we have by the Cauchy-Schwarz inequality
1172 < N3Gy 20 (4.22)

and next N (e, Fs, || - lpz2) < N(&,fg,Nigl/QH “|lqr 2). Moreover, Points 1, 3 and 4 of Lemma S12
ensure that N (e, Fs,|| - |[ur2) < N2(5/4V51/2,.7'—, | llgz.2). The inequality va+b < v/a + Vb,
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Lemma S11, the fact that E [54N] > 0| = E[5}] /P (NJ > 0), B [N] £, F2(Y{ )| N > 0] =
E [Nl Zé\]:ll FQ(YLZ)} /P (Wg > 0) and Jensen’s inequality imply

= - ~r\2]1/2 & 2 v E [(57)%])"?
E|sup |Guf|| S D E[@)?] T +E [N Y F2(Vi)|  Jr o
JEFs = Pt 4E (N1 200 F2(Yay))

To prove asymptotic equicontinuity, we now follow the end of the second step of the proof of

Theorem 2.1.2; starting at (3.20). We can thus claim that it is sufficient to show for every r = 1,..., k

=0.

To prove this, we replace Theorem 2.1.1 with Theorem S1.1 and adapt the “change of measure” step

in the proof of the latter in the spirit of (4.22). For every positive M and 7, we arrive at

E <E

sup |y, f% — sz‘

(ﬁ(?&)) ]1{(25(}71))2>M}

oo

log 2suppy N2(n||F||g.2, F.|| - -
+\/ g Pg (anHQ2 | |Q’2)M_|_17E NIZFQ(YLg)
/=1

Then, by choosing M large enough, n small enough and letting n tend to infinity, we deduce that
E [sup]f; | [ — Pf2|} — 0 for every r = 1,..., k.

To conclude the proof of weak convergence, we have to verify total boundedness. By the Markov
inequality, we have just shown sup = |l f2 — Pf?| = op(1) for r = 1,...,k. Fixing r, this entails
that for every € > 0 there exists R. = 0p(1) such that for every pair (fi, f2) € F x F

~ o~ ~ o~ 2 — —
2| (A() - £1)’| <IIfi - Rl .+ Re
For every ¢ > 1, by definition of covering numbers
Nes, F 1 llp2) < N (& F 11 llug.2) + 0p(1).

1t NE|[F|I3, 5 > 0, let U = /(2N /?|| Fligy 2). We have NE||F|[3, , “ E (N1 S F2(Y1()) > 0.

Starting from the last inequality, we obtain, for every ¢ > 0,
~ E ~
NEF N m2) < N (520 e ) +0,(0)
€ . =51/2
<N (575 layz) + o)

=N Ul Fllag.2 71l llon.2) Lagyege, >0 + Liwgimiz, =0y T o0 (1)

< SllePN (UllFlQ.2: Fs [l - lg.2) Lengmz, >0y T op(1)
< 00,

where the second inequality is a consequence of the Cauchy-Schwarz inequality and the equality on

the third line is a consequence of Point 1 of Lemma S12. Hence, total boundedness holds.
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4.5.3 Convergence of the bootstrap process

The triangle inequality ensures that for every f € F, we have E { f (}71)2} <E [15 (371)2} < 00. The
pointwise weak convergence thus follows from Theorem 2.2 applied to a finite class. The total
boundedness of (F,|| - ||p2) has already been proved (see the proof of Theorem S1.2). As a result,
there only remains to show asymptotic equicontinuity.

The proof follows closely that of Theorem 2.2. Under the moment condition on the envelope given

in the statement of Theorem S1.2, it is sufficient to prove

lim lim sup v/nE lsup
fEF,

0—=0 n—oo

]P)*f P/ f‘ ’ i 26]1;;| = O,

- N,
where P;Lf = nik Zie]ln’k Zezl f(Yz,é)
Let N = w Sier, , Nidyi-cr, .} Following the start of the asmptotic equicontinuity proof of

Theorem 2.2, we have

VnE [ sup

fE€Fs

g f“ f Zeﬂk] <E [/ \/10g2N (e, F5, 1l - 117 2)del 7z

( z)zeﬂk] ’

Tl k)! v 2 * 1
for ||f||1722 =1 ) ((Z 1§| (i2seemyin) F€Ly f(Yi*)]l{z'*eH }> and 0122 = supz ||f|\1?2. The Cauchy-
Schwarz inequality ensures that for every f € Fg, ||f]|*{ < Nj

- 9 with

111G .2 = S N2 r > Nie Zf (Yir o) Lgimer, 13-
zenk

l lGHn k

It follows from Point 1 of Lemma S12 that

N(e, Fs, || - h2) < N(e, o, Nz 72| |

——1/2
5 o) < NENG 2 Fs - Ml 2)-

The Cauchy-Schwarz inequality also implies

n—k)! . ~
sup P S (F7)) 1ty = sup PP

fEeFs n: i€l fEFs

Following again the proof of Theorem 2.2, we can write

lsup ‘an" ety §E< 221V z)zeuk)m

feFs

1/2 2 1/2
( > N3, ) s (I“”@) | va.

. 1/
1€l & 4 % Zieﬂn’k N; Zévél FQ(YM))

where An =P (N3 > 0|(¥; leﬂk)

Since k Yiet, ,, Ni Ze LV F2(Yie) = (Nl Ze LA (Y, g)) > 0 and A,, <1, we only have to show
that
lim limsup E ( |(§~/Z),eﬂk> 25 0.

0—=0 n—oo

95



We have:

n

52 = sup [P

feFs
n! ~ n!
< sup P f? — Wmﬁ +k(7_k) sup ‘Pan Pf2‘+62
fef(s nv\n : nv\n f ]_.
. n! . . .
< sup PZfQ—MPnf2‘+§up ‘Pan—Pf2‘+52
feFu e R FeFu

In the proof of Theorem S1.2, we have shown that sup+ FeF | ,u:l]ﬁ — PF] converges in L' to 0 for

every r = 1, ..., k. A similar proof can be used to claim that Sup 7 |]Pn f2 Pf2| converges in L?
to 0. A backward submartingale argument used in the proof of Theorem 2.1.1 ensures that this

convergence is almost sure. Because (7 tends to 1, it is sufficient to show that

k)!
E | sup
feF

To do so, one simply has to mimic the proof of Lemma S5 with just one change: we need to upper

n!

w p2 Tee
Fnf nk(n —k)!

Pan‘ |(§7z)z6]1k) % 0.

bound covering numbers over the class ]?go for some random L; pseudometric using Assumption 4-(i)
(which is an assumption on F). This can be achieved thanks to Points 1, 2 and 4 of Lemma S12.

The rest of the proof of Lemma S5 is left unchanged, up to notational change.

4.6 Proof of Proposition S1

First part.

4
Let Snu Zzg =i1+1 213 12+1 11 ,i2 11 ,i3) nz1 Zzg =i1+1 Zlg =i2+1 21,1227,1 i3

N, = <n(n — 1(;(72 -2 >1/2 (anj ml) (n(n — 1(;(71 - 2)>1/2 (nz_f Sﬁ“) ’

11=1

N, = (N}, ..,N% and N, = (N}, ..., N%). Then T, = >¢_, max (0, N)2.

First, we show that
N, - N(0,1dg). (4.23)

By the Cramer-Wold device, it suffices to show that for any t € R%, /N, AN (0,t't). We have

t'Nn = <n(n— 1(;(”—2 >1/2 (nz:?tsnu) 7

11=1

with Spi, = (S, ..., S, ). Moreover, using V(Z;, ;,) = Idg and independence of the (Z;, iz ) (i1 yin) ETa,i1 <o

niyo e niy

o6



under the the null hypothesis, we get

V(' Sniy) = (th Z Z uzz 1113)

/=1 i9=t1+113=12+1

Z Z Ztﬁ th'cov( iv,i2 Zi 237Zf1/ Z2Z'L€1, 25)

t9=t1+11i3=ia+1¢=1 =1
:(n—il)(n—il—l)

t't.
2
Hence,
6 n—2
V(t'Spi, ) — t't. 4.24

Moreover, under the null hypothesis, the (Sy;, )i;=1..n are independent. Then, by Lyapunov’s CLT,
#'N,, —L5 N(0,#t) provided that

(z;z 2 V(S ml>)2

— 0. (4.25)

We have

5 s

n—2 n—1 4
—ZE(sz:E:zw“Q

i1=1 (=1 19=i1+1iz3=1i0+1

4
n—1
§d32|t[’4ZE ( Z Z 11,12 21,13)

11=1 1o=11+1i3=1i2+1

<d’ sup WZ 2 2. 2 2

= 111<Z(1)<z(1)<n11<z() (2)<nz1<z(3><zé3><ni1<ig4)<i§4)§n

4
¢ e
E\[lZ 2 i(j>]
j:1 sly 1,3

where the last equality holds because for any £ =1, ...,d, E [H Zg <])Z (J)] =0 if {12 ,13 } ¢

{Z :j' # j} for at least one j € {1,...,4}. Combined with (4.24), this implies (4.25). Hence,
(4.23) holds.

Next, we prove that
NE—NE=o0,(1) VYee{l,..,d}. (4.26)

Let 6¢ . = Z¢ We have

11,82 11,82 11 ig°

R 6 1/2n2n1
M—ngmqwh2)[z > 2:%m@m+4@+%mm{<mw

i1=112=t1+1 iz=iz2+1
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Moreover, with 5;; (resp. s;;) denoting the (4, j)-th term of =12 (resp. V(Y12)71/2),
Zs E(Y{y) = Y7) + (5¢j — s¢) (Y7 5, + Y, — 2E(Y{,)
11 19 % 1 2 ] Ly 11,12 19,11 1,2

d
o A
= i
=

In the first term of (4.27), we then have a double sum over (4,5’) € {1,...,d}?. We prove that each

of these terms is an 0,(1). We have

l
Z 0; ,81,82 J 11,13

11 <i9<1i3
n(n—1)(n—2) :
= 6 Rlanln]’ + Rln]’RZn] Z (szjl i + Y;]Q i1 QE(YYQ))
11 <i9<i3
+ Rlanan Z (YZ i3 + YZ@, i1 2E(Y1j72))
11 <12<i3
+ RQnJRan Z (YZ i + szjg i1 2E(Yij,2)> (szjl i3 + Y;.; i1 QE(}/lj,Q))
11 <t2<1i3
nn—1)(n—-2) , ;
= 6 Rlanln]’ + Rln]’RQn] Z n — iz ( 11,02 + Y;,JQ i1 2E(Y1J72))
11 <12
+ Rln]R2nj Z (i3 — i1 = 1) (Ytle i3 + Y;{; i1 QE(}/IJ,Q))
1<i1<n—2
11+1<i3<n
+ RQnJRan Z (Y;]l 2 + }/1]2 i1 2E(§/1],2)) (3/1]1 i3 + }/zi i1 2E(Y1J,2)) ) (428)
11 <t2<13

with le =3 (E(Yfg) ) and RQnJ = 5¢j — s¢j. Under the null hypothesis, the (YZ]1 i T
Y;]”l)(“,m)e[%“<12 are i.i.d. Then, by the usual LLN and CLT, Rln] Op(n~1) and the first term
on the right-hand side is an Op,(n). Also, RZW = 0p(1). The second moments of the first and second
sum in (4.28) are O(n*). Then the second and third terms of (4.28) are o,(n). Moreover, the fourth
term Ty, of (4.28) satisfies

T4n - R2an2nj Z Z Z ( 11,12 + Yzjg i1 2E(Y1],2)) (}/2]1 i3 + Yzjg i1 2E(Y1],2)) )
i1=1 |ig=i14+1i3=ia+1

where the n — 2 terms indexed by i; are independent with variance of order n? uniformly in

i1 € {1,...,n —2}. Thus, Ty, = RanRgnj,O (n%/2) = 0,(n*?) and finally,

(n(n - lf)i(n — 2))1/2 Z 311722 j iz = 0p(1).

11 <12<13

Using a similar reasoning, we get

11 <i2<i3 11 <i9<i3

Then, in view of (4.27), (4.26) follows.
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Now, by (4.23), (4.26) and the continuous mapping theorem,
d
T, = Zmax 0,Vp)?, (4.29)
(=1

where (V1,...,V4) ~ N(0,1dg). Let Dy = 1y,~¢ and E, = V2. Then max(0,V;)? = DyE, and
(D1Ex, ..., DgE4) are mutually independent with Dy ~Bernoulli(1/2) and E, ~ x?(1). Moreover,

d d
> max(0, Ve)*[Di, ..., Dy ~ X (Z Dz) :
=1 =1

Because Y%, D; ~Binomial(n,1/2), the cumulative distribution function of 3>, max (0, V;)?
equal to F', as defined in the proposition. Finally, observe that o < 1/2, F(0) < 1/2 and F is
continuous and strictly increasing on (0, c0). Thus, F' is continuous at ¢(1—a) and F(¢(1—a)) = 1—a.

The result follows by definition of W, and (4.29).

Second part.

let ¢ be such that E(Zf , Zf . ) > 0. We have T,, > 10[18@{(0,]\77‘;)2 so it suffices to prove that

i1,i2 1,13
N,f L . First, we show that for some C > 0,

P(n ¥2NL > C) > 1. (4.30)

For that purpose, we introduce the 3—dimensional array (A;)icr, by Aijiziz = =2z Zb ifi <

11,12 “/41,i3

ip < i3, and Ay = A; for all m € &({}). Then (A;)ier, satisfies Assumption 1. Therefore, by the

LLN for jointly exchangeable and dissociated arrays,

= E A, — E(Z; . Z: .
nn—1)(n—2) Z “’Z? “’13 —1)(n—-2) ’ (Zis2 %) > 0

n{n .
11<12<13 ( i€l 3

Hence, (4.30) holds. Now, we consider the remainder term ]\Afﬁ — N!. We follow the same strategy
as above. We first use (4.27) and then (4.28). By the LLN and CLT for jointly exchangeable,
dissociated arrays, anj = 0,(n~"/2) and R2nj = 0p(1). By the same CLT, the first two sums are
0,(n®?), whereas by the LLN again, the third sum is an O,(n?). So at the end,

Z ] i1,io ] d1ds — Op(nQ) + 201)(”71/2)01)(1)010(”5/2) + 0p<1)0p(n3) = Op(n3)~

11 <12<i3

. c . Y Y
We obtain a similar result for >, _; ;. 5]711712 s and 3op i i “7125] i1 s+ S0 at the end, we get

Nt NE = op(n3/2).

Combined with (4.30), this proves that N’ £, 50. The result follows.

5 Technical lemmas

5.1 Results related to the symmetrization lemma

Below, ® denotes a non-decreasing convex function from R to R.
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Lemma S1 (A useful inequality). Let m € Nt and (Xy,..., X;,) be any random variables with

values in X and H be a pointwise measurable class of functions from X to R. Then

m

E® {Sup Z h(X;)

her |

] < *ZEQ) lmzup |h(X )\]

m]l

Lemma S2 (Symmetrization, separately exchangeable, unbalanced and dissociated arrays).
Let k € Nt, n = (nq,...,n;) € Nt* and (V; i)1<i<n @ family of random variables with values in a

Polish space, such that
(Yi)lgign = (T ((U’L@e)eGUT Er ))

for (Ua) aenr @ family of i.i.d. real random variables and some measurable function 7. Let G a

1<i<n
pointwise measurable class of integrable functions of Y1. We have

E [cb (3‘;5 HL > Q(Yi)_E[g(Yl)])
Z 61@69

n 1<i<n
1
<o . Z E|® (22 —lsup
25— n1<2<n

ecUk_ &, 9€9

)

Lemma S3 (Symmetrization in degenerate cases, jointly exchangeable, balanced and dissociated

where (e4) ek are i.i.d. Rademacher variables, independent of (Y;); e+ -

arrays).
Suppose that k = 2, Assumptions 1-2 and 4-(i) hold and Gf =0 for all f € F. Then there exists

(Yien,, a jointly exchangeable and dissociated array with Yi 4 Y1, satisfying

E |sup ( Zf 1))

fer|n

’Le]an
1
SE [sup | ————= e f(Ys)|| +E [sup e ,
e 0| B el 3 e

with (£4) genz, (Ej)i>17je{1 9y mutually independent arrays of i.i.d. Rademacher variables, also

independent of (Y;);cr, and (Vi)

Lemma S4 (Partial extension of Prop. 2.2 in Giné and Zinn, 1990).
Letn > 2, (s{i7j})1§¢<j§n be Rademacher independent variables and 1*,...,n* be i.i.d. variables,
uniformly distributed on {1,...,n} and independent of (e(; j3)1<i<j<n- Let (Ty; y)1<i<j<n be a non-

random array of size n X n with components in a Banach space of norm || - ||p and such that

(1—e (1 —-e1/?)
e )
B B

1‘{1,2} = 1'{2} =0. Then

|

Y ST

1<ij<n

Y ST

1<ij<n
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5.1.1 Proof of Lemma S1

By the triangle inequality and properties of the supremum,

m

> h(X;)

Jj=1

sup
heH

The result follows by monotonicity and convexity of ®.

5.1.2 Proof of Lemma S2

The proof is much simpler than that of Lemma A.1 because there is much more invariance in
separately exchangeable arrays than in jointly exchangeable ones. Consequently the decoupling and

recoupling steps used in the proof of Lemma A.l are not necessary.

(1)

To get the result, we introduce (U ) which is an independent copy of (Ua) 4cpe- We assume

)AeNk‘
without loss of generality that the last argument of 7 is U;p1 = U;. On the set Ule&, < is the
strict total order used (implicitly) to enumerate the arguments of 7 in the statement of the Lemma.
We extend this order to Ufzo& considering that 0 < e < 1 for every e € Uleéj. For every (e,€’) €
2
k ; : _ (e) _ (1)
(Uz:ogl) , we write e X €' if e < €’ or e =€'. Wealso let ¥,/ =7 ((Ui®8)0<e’je , (Ui@el)e—<e’jl>

for every e € UF_,& (hence Y; = Y;(O)). Convexity of ® then implies

|

1
<E |® 31615 o lgigng (YA(O)) —g (Y.(l))

E |® [ sup

g lgigng (Vi) —Efg(Y1)]

:2k£1 > E[@((Qk—l)supnl

EEUlegl

with epre. the element that precedes e for the strict total order <. For every e € Uf“zlé'l, note that

Z g (Yi(emec)> —g (Yi(e))

1<i<n

Sy Y o) e (),

e<c<n®e 1l1l-e<c'<n@®(l—e)

Furthermore,

( > () - (Yc‘ilf))

1—e<c'<nG(l—e) e<c<n®e
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is an array of independent and symmetric random variables conditional on <<U %L) 0<el <o’ (Uice)e —<e’jl> .

Standard symmetrization arguments (see for instance van der Vaart and Wellner, 1996, Lemma 2.3.1

in the i.i.d. case) entail

E|® | (2¥ —1)sup
geg

= ¥ > o () e (vEL)

" e<c<nOe 1-—e<c'<nG(l—e)

‘ =

<E |® | 2(2¥ — 1) sup
geg n e<

Z €e Z 9(Yere)
c<n®e

1-e<c'<nG(l—e)

|

Recall that under Assumption 1, (Y;)ier, = (7(Usy, Uiy, Ugyy))ier, for some 7 and ii.d random

=

=E |® | 2(2 — 1) sup

1
. Eiced (Yz)
9€G | M 1<i<n

5.1.3 Proof of Lemma S3

variables (Ua) acn+ 1<jaj<2- Let (Vi)i>1, (Ug)izue{l’g} and (V');>1 je(1,2y be independent copies of
(Ui)iz1, also independent from (Ug;y)icr,. Let also Y;' = 7(Vj,, Viy, Ugsy). By the triangle inequality
used twice, Jensen’s inequality and a standard symmetrization argument for sums of independent

variables,

E [sup | ——
feF n(n - 1) i€lyo

| 1
<E ;161?: m igl:mz (f(T(V;U Vias ‘/{z})) - f(T(ViU Viy U{l}))> u
1
+E ]Sclelg)_ ICE) ieﬂzm (f(T(Uil, Uiy, Ugsy)) = f(7(Viy, Vi, U{i}))) l]
. e — . — 1
= L%z;i w2, 00| B | g ey B (1) — 1) u - 6D

We now bound the second term on the right-hand side. We apply Theorem 3.5.3 and Remark 3.5.4
in de la Pefia and Giné (1999), with r = 1 and conditionally on (Ug;y)ier,. After re-integrating, this
yields

E | sup b Z (f(Y{z}) _f(Y{ll}))“

feFs n(n - 1) i€l o

SE | sup n(nl—l) Z 5%1 (f(Y{Qz}) - f(Y{i}))“

| feF? i€l o

<E [ sup |——— 3" &} (fm%p—E[ﬂYln)u, (5.2)

feFs TL(TL - 1) i€l
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217 T 12)

the last line. Next, let Y = (U}, V;2 Viiy)- Since Gf = 0 for all f € F, we have, for all f € F°,

117 T 12?

[ <Y{} ) | } [ ( (Uzlezsz{i})) |U111] =E[f(Y1)].

As a result, by Jensen’s inequality

2 3 1 . . .
where (Y7, Y7);op, = ( (UL UL, Uy), m(Vit, V2 U{i}))z’eﬂz' The triangle inequality was used on

E|sup | ——

i€y 2
[ 1
B\ o 2 Bl (4 (PO = OO l(ei )i (UL )i, (UR)ia, (Ugiyicn, | ]
i 1
<E fS;l]I:) ”(”_l)iezﬂ,;g 5111 (f(Y{Qi}) - f(Yé}))“
1
=2E fséljg ”(”_Dieﬂz—;g% (f(Y{%}) *f(Y{%})) : (5.3)

n
Conditional on (Uzll, “) - the variables >, 1< <n &1, (f(Y{%}) — f(Y{‘i})) /(n(n — 1)) indexed
by 49 are mutually independent and centered, for every f € F°. Then, by the symmetrization lemma

for independent variables and the triangle inequality, we have

1
E|sup | —— 5% Yzi — Y% <E |sup |———~
i J O O] <8 | o 2
n,2 n,2

(5.4)

The result follows by combining (5.1)-(5.4).

5.1.4 Proof of Lemma S4

Let (d{l heea j/})lgi,z",j,j'gn be independent Rademacher variables, independent of the variables
defined in the lemma. Conditionally on (1*,...,n*), and next unconditionally, we have:

da ([
(E{i’j}x{i*’j*}>i,j:l,...,n N (e{i’j}’{i*:j*}x{’*ﬂ*})i,j:1,...,n

Let (e j3)1<ij<n € {—1, 1}7(+1/2 - Conditionally on 1%, ...,n* and next unconditionally,

(e{i,j} > d{z’,j},{z’aj'}]l{{z’*,j*}={i',j'}})

L0 3 ¢ TRTT
- {407y S k=103
=g 1<i,j<n 1<#,j'<n 1<i,j<n
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Let (Egij})lgz‘,jgn denote independent Rademacher variables, independent of all other variables.

Using the previous equalities in distribution and Jensen’s inequality, we obtain:

)
)

=E > Elig) gt 5 T 57
=E Z Z 5:{z‘,j},{z",j'}x{i’,j'}1{{i*,j*}={i’,j'}}

1<i,j<n
1<i,j<n 1<4! j/<n

E Y el )

1<ij<n

)

=E (|| D wagy Do g L=t L

1<i’,j'<n 1<ij<n

)

=E (|| > ot Do gy M= Lz

1<i,j'<n 1<ij<n

) i Lt y=tr gy Ly

1<ij<n
8”)

B)
B)
=E||| Y clomrwanB (| X i =i L

= Y. omyrenEl] D i L=
1<#/,j'<n 1<i,j<n ) B)
) B)

1<i/,j'<n 1<i,j<n
Z gl{ivj}r{172}]l{{i*1j*}:{172}} ) : (55)

1<i,j<n

=E Z el{li’,j/}m{i’,j’}

1<i,j'<n

)

E Y T

1<i,j<n

=E (|| > elopnrwnEl| X fuinpa b=y

1<i,j'<n 1<i,j<n

Je

Next, the Khintchine and Markov inequalities yield:

r 1/2
1
E > =k Ligin joy={1.2}}
( ) ﬂ (1S§Sn ’

1
V2 Z {{#xg*}={1,2}} = )

1<i<j<n

=E Z el{li’,j/}m{i’,j’}

1<i,j'<n

> iy 2y L =(1,21)

1<i,j<n

v

P U {{i*7j*}={172}})

1<i<j<n

Hg\H
[\

ZEP(Hign:i*zl)P(EIj§n:j*=2|§|i§n:i*:1)
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Hence,

Z 5{{1'?‘]'}7{1’2}]1{{2'*7‘7‘*}:{172}}

1<i,j<n

|

Then, because 1 —x < e % and n > 2,

d

The result follows from this and (5.5).

J= 00 (007

> g2 L im =121

1<i,j<n

)2 ) 0.

5.2 Results related to laws of large numbers

Lemma S5. Under Assumptions 1-3, E (supr |Pk f — Py f] | Viel,,) 250 0.

Lemma S6. Suppose that Assumptions 2, 3 and 6 hold and n = ( 1(m),...,nk(m)) satisfies
<n

n;(m) — 0o as m — oo for j =1,....,k. Then E (supz P} f — Pnf||(Yi)1<i )—>Oa3m—>oo

Lemma S7 (Control of sums of quadratic terms).
Let h(i) = Ler, ,} 2oree, Yia- If Assumption 1 holds and E [Y{] < oo, then, for every j =0, ..., k,

> Blins e ik)hin, o ity kg1, e ok )

ie{l,...,n}2k—J

k—j N 2
k — ) |
- ( J) (anfjch [h(1, ..., k)h(1,....j+ e, k+1,...,2k—c—j)] +0a_s'(n2kﬂfc>) _

Cc

Lemma S8 (Control of sums of quadratic terms under separate exchangeability).
Suppose Assumption 6 holds, E [YZ] < 0o and n = (nq(m), ...,ng(m)) € N satisfies n;(m) — oo
when m — oo for every j = 1,....,k. Then for every e € UF_&,

1

> Yy B EMY,],

k _
=1 nr( Ny — 1) er (ii')ETn e

where be is a k-dimensional vector such that its j-th entry is equal to 1 if e; = 1 and 2 otherwise
and Ip, e = {(i,i’) 11 <44 <n,i; =10 ifej =1, i; #14) otherwzse}

5.2.1 Proof of Lemma S5

Let i* the ith index sampled with replacement in {1, ...,n}. The i*s are distributed as i* "~ U{l n}-

For every i = (i1,...,1;) € L%, * stands for (i},...,4;). Conditional on the data and for every

feEF Pif= %Zieﬂn,kf(Yi*)]l{i*eHn,k}‘ We remark E(f (Y5 )]1{1, vel, k}‘ f 1€Hk) =P f=
E [P}, f[(Y:)ien,]-

Conditional on (Y;);er, (n=k)!

o 2iet,, f (Yie )]l{z el ;) is a U-statistics since f(Y; )]l{l veli)} ad-
mits a representation f(7(U, ..., Uik))]l{(U, €L« } for ii.d. U; = ¢*. We also have that
11900y Zk n,

n—k)! n—=k o . .
%Zieﬂn,k fy; )]1{Z el g} = 7( . ) Zieﬂn,k h(i*) with h: 7 — %Zweek f(}/’iﬂ)]l{iﬂeﬂn,k}' As a
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result, the inequality proved on page 1508 in Arcones and Giné (1993) is valid with their f replaced
with A (in particular, the sixth inequality on the latter page is true as h is symmetric in its arguments

and h(-) does not depend on #). Then, for some Cy > 0 depending on k& only,

— k)
(n m ) Z €{i1}f(n*)1{i*e]ln,k}

iEHnJC

< kCLE | sup

‘ (}/’-L)Zeﬂk
feFs

E [sup ‘P;f — ]P’/nf’ ‘(Yi)zeﬂk
f€Fs

Let N* = (n=h)! diel, . ]l{i* €Lk} If N* = 0, we sample fewer than k different units in the bootstrap.

n!
In that case, the supremum of the Rademacher process is always equal to 0. As a result,

(Yi)ieﬂk

(n—k)!
rer| ;k ety (Vi) Lpoy <L ieer,, )

B (n—k)! « «
=B |sup 1 ie%ke{il}f(Yi*)]l{F(n*)gM}]l{i*eun,k} '(Yi)ieﬂka >0 P(N">0).

We now adapt the steps of the proof of Theorem 2.1. Conditional on ((Yi)ieﬂk, (z*),@nk> and
N* > 0, we can consider for every 71 > 0 and every e € £ a minimal 7;-covering of F for the

seminorm

. n—k)! &
ol = & - DS 9 Vi) Lgpvin<anfiver, 1)

i1:1 (iQ,...,ik)ZiEHn’k

with balls centered in F. This implies

(n—k)!
—— 2 o (Vi) Lpviaan L e, )

’L'E]In’k

E |sup
F

‘(Yi)ieﬂk, (i*)i@ln,k 7N* > O]

1
g\/QlogQN (771,.7:, |- ”}k\/j,l)Mﬁ T
(n—k)!

Remark that [|gl[5,, < Nllgllg, . where llgllg, 1 = N*" 52 530y 1g(¥io) T gy, 3 for

n!

Q, = NF—1(=k)! Yiel, . 5{3/1,*}]1{1.*61[ J)a (random) probability measure with finite support on )

n!

that is well-defined when N* > 0. Then, for every > 0, letting 11 = nN*||F|[|g;, ; and using Point
2 of Lemma S12 and Point 1 of Lemma S12,

(n—k)!
> i f Ve Lpio<an e, )

iGHn’k

E |sup

’(Yz’)ieuka (")ier, , » N" >0

1
<, [2log2sup N (n[|Fllg.1, F, || - [lo1) M —= + nN™|[Fllg, 1-
\/ v Q QM Q1

Integration with respect to (4*)ier,, , |(Ys)ier,, N* > 0 combined with the fact that
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E | N*[|F|[, 1| (Yi)iete, N* > 0] = E [N*[|F|[5, |(Yi)ier, | /P (N* > 0) leads to

n — k)!
E |sup ( o ) > e V) gy, <M}]1{Z €L} l( Yi)ier,
F R = S
1
< [2log2sup N (n|[FllQ1, F, [l - llg1)M—= )Ly, i)iel
\/ u \F ) [ M fseer, ) (Vi ek}

=, [2log2sup N (n[|Fllq.1, F, [ - [lo1) M +77 (Y,

’LGHn k

By almost-sure convergence of the sample mean of jointly exchangeable, dissociated arrays, we can

choose n such that for n large enough, the right-hand side is arbitrary small. Hence,

E bug B f — P f] ‘(Y;)ieﬂk] 2500. (5.6)
S

Finally, the triangle inequality enables us to write

bup |P*f Pnﬂ | % 1€Hk1

iel, ok

+E

<E |:Sup ’ i ze]lk

feF

Sup UP)*f P/ f’ ‘ 7 ze]lk‘|

S(1_7”L"C(nn!—k)> Z F(¥y) +E

iel, k

Sup’P*f P,f" zzEHk]-

a.s.

Using (5.6) and — 1, we conclude that E [supfef Prf — P f] (Y le]lk:| — 0.

n"( k)!
5.2.2 Proof of Lemma S6

For every j = 1 .k, let @7 the i;-th index sampled with replacement in [1;n;]. The ijs are
J J J

distributed as 7 RS L{[l :n,;] and the k sequences (i})}'! , (i7.)7%2, are also mutually independent.

PP
For every 1 < ¢ < mn, ¢* denotes (i}, ...,7}). Condltl(l)nal on the data and for every f € F, Py f =
Hin Di<i<n b (3) with h (3*) = f (Yi). We have: E [P} f|(Yi)ien++] = Pnf. Note that conditional
on (Y5)jen+k, (1")ier, , is a family of random vectors that admit a representation i* = 7((Usee)ecs, )
with (U;)o<i<n i.i.d. random variables (consider 7 : (u1,...,ux) € [0, ¥ = ([n1 x u1], ..., [ng X ug])
where [-] denotes the ceiling function and U; ~ Ujg ). As a result, conditionally on the data, Lemma
S2 applies to Y; = i*, G = {h: h(i*) = f (Y;), f € F} and ® = Id. Moreover, because only terms
involving e € £ appear in the representation of ¢*, a simplification of the proof of Lemma S2 leads

to the following inequality:

E [sup L — Po] \(Yi»ew
feF

2 n
<q > FY)Lrusmn
n =1

+2) E 1

ecér

sup

Eide 1
sup > civef (Yie) Lipvi)<ny

n 1<i<n

\(Yi»ew] .
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1
The rest of the proof is similar to that of supr |[Ppf — Pf| L% 0: in fact, with ||h||e,ar,1 redefined as
, we have for every e € &, M >0

Zlfegc’SnQ(lfe) f (}/;*) ]I{F(Yl*)SM}
and 7; > 0, possibly random,

HhH&M,l = 1'[i Zeﬁcﬁn@e

n

(2

1
?lelg 0, | né? oef (Yo ) Lip(vy<an ‘( )ieN+k

IN
IN

=

<E |sup
fer

=

givel (Yir) Lip(v<my ‘(Yi)ieNM
" 1<i

IN

n

1
+m
n

v

<E \/2 log 2N (n1, F, || - He,M,1)M (n)ieN+k1 :

5.2.3 Proof of Lemma S7

By definition of A(-), we have

Z h(ila"'7ik)h(i17"'aijvik’—l-lw"’i?k‘—j)

i€{l,...n)2h—i

= > > h(s,i")h(i,5")

ie{l,..n} i'e({1,..n\{E))F—7 i e({1,...n}\{5})*F—7

k=i /1 2 )
-y <k ) j) 3 3 3 h(i,i)h(i,3).
c=0

(L nprede({L. np\{iH)r e i e ({1, n\({i}u{i'})) kI e

Since h is invariant by permutation of its entries, the last equality holds by distinguishing between
cases depending on the number of common values in the vectors (ij41,...,4) and (ig41, ..., i2k—;)-

As (h(?))ier, , is a k-dimensional jointly exchangeable array,

(s, #)h(i,3")

€L, reie({1 n\{iHF I~ " e({1,..n\({}U{i'}) =i —¢
is a (2k — j — c)-dimensional jointly exchangeable array. Moreover E(Y{) < oo ensures that
E(|h(1,....; k)h(1,....j +c,k+1,....,2k — j — ¢)|) < 0o so that Theorem 2.1 can be applied to a class

F reduced to the identity function. The equivalence W_’j_c)), ~ n?=i=¢ concludes the proof.

5.2.4 Proof of Lemma S8

Let ¥,, ¢ the o-algebra generated by the set of functions g from DN % DN ¢6 R such that:

9((Yi, Yar)iinetne) = 9V (i1, (in) s Yoo ()i (1)) 618 €T )

for every set of permutations 7y, ...., T, such that for every r = 1,.... k, m.(i) = ¢ if i > n,. Let
1
Wy, = E Y;Y.
k e -1
[Irmi ne(ne = D) A0

By construction, we have for every n € N*, W,,, = E [W,,,|Zp, ] = E [Y1Y5,|Zm,e]. Furthermore,
Yme 2 Xm+1,e so that

E [Wm}zm—i—l,e] =E [E [Ylne|2m,e] ‘Em—i-l,e] =E [Ylybe|2m+l,e} = Wm+1-
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As a result, we can conclude that (W,,, X ) is a backward martingale. From this follows

m>1
that W, =3 E [Y1Ys, |Ecc,e] Where Zoge = Nm>1Eme. By the dissociation assumption, this

sigma-algebra is trivial (see Lemma 7.35 in Kallenberg, 2005), hence W,,, =% E[Y1Y3,].

5.3 Contraction and maximal inequalities in degenerate cases

Lemma S9 (A Kinchine-Kahane inequality).
For every 1 < p < q < 0o and every bounded subset T of R*"=1/2

qq1/q pq1/p

q—1 1 1 9
E |su £l < —FE |sup|——= €; €iti
tqunn—l Z “ 12 b—= te$ N(N—l),a e
ZGHnQ ’LEHn’Q
Lemma S10 (A maximal inequality).

Let T be a countable subset of Rn(”_l)/2 that contains the null vector and for every t € T, ||t||% =

1
E Unl 2611712 11 Z2
of T for || - ||r. There exists a constant K such that

= 1 —L Zzeﬂ — 12, Let also D := SUD(¢, 1.)erxT |[t1 —t2l|T be the diameter

E |sup

D/2
1 2
§jest gK/ log N(n, T, || - ||7)d
SUD | A g N, T,[| - [lr)dn

ZGHn 2

5.3.1 Proof of Lemma S9

The reasoning is the same as that at the end of the proof of Theorem 3.2.1 in de la Pefia and Giné
(1999) and is therefore omitted.

5.3.2 Proof of Lemma S10

Let Ap(t) := — 1 Zzeﬂ b € ) th We first prove that for every m > 1 and every set of elements of T’

of cardinality m
e max, E[A,(t;)?] logm + NG

2maxi<j<m \/E[An(t))?] : maxi <j<m \/E[An(t;)?]
ﬁ elogm + ﬁ

E [ max An(tj)} maxi<j<m \/El4n(t;)’]

1<j<m

+

(5.7)

Using Lemma S9 with T' = {¢;} for every j € {1,...,m}, the series expansion of the exponential func-
tion and E[A,,(t;)] = 0 for every j € {1,...,m}, we can write for every A € (0,1/e maxi<j<m /E[A?])

E [e)‘A"(tﬂ')} = /XE[A ] <14 Z An(tj)ﬂe/?
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¢
Using v/2x/ (£> <fl'and 14+ a < e® for a > 0, we have

£ [ ]<1+z;5»1 5
)\ZZ
1+Z ()22

Qfe
)\K 4 6/2
< oxp ZQfe

=0

- (2fel—)\e\/ )

<exp <(2fe (1 — Ae max E[An(tj)2]>>_l> :

1<j<m

The last inequality and standard convexity and monotonicity arguments (see, e.g., the bottom of
page 39 in Giné and Nickl, 2015) yield

E { max An(t )} <10g (m x maxi<j<m E[exp (A, (t5))])
1<j<m = b\
<log (m exp [(2ﬁe (1 Aemaxicjer E[An(tj)2]))_1D
- A
_logm <2\F@ (1 ~ e max. E[An(tj)2]>)1

Pick A = v/[emaxi<j<m \/E[An(t;)?]] and v € (0,1). Then, minimizing over -, we arrive at (5.7).

To bound from above E [maxi<j<m, |4, (t;)|] , remark that it is equal to E {maxlgjggm An(t])} , where
(/Tn(tj));-”:l = (An(t5))jL, and (A, (t]))j T 1 = (—An(t))72,. The previous result thus applies with
log 2m instead of log m. Recalling the definition of || - ||z, we obtain

maxi<j<m ||t;]|7

NZs

2max1<j<m HthT maxi<;j<m HthT
<j< log 2m + === . 5.8
4 NG elog2m NG (5.8)

Next, we bound from above the right-hand side of (5.8) by K [y “log N(n,T,|| - ||r)dn. To do so,
we simply observe that the proof of the first statement of Theorem 2.3.6 in Giné and Nickl (2015)

< .
2| max |4,(t)]| <e max |1t log2m +

D/2

can be replicated using (5.8) instead of the maximal inequality stemming from their Lemma 2.3.4.
In our case, the stochastic process of interest is A, (t),t € T and we choose ty equal to the null

vector. Then there exists some numerical constant K > 0 such that for every m > 1,

D/2
E[max At } SK/ log N(n, T, || - |l)dn
1<5< 0

This inequality extends to the whole set T' by monotone convergence, ending the proof of the lemma.
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5.4 Covering and entropic integrals

Lemma S11 (Properties of entropic integrals).
Let F a class of functions with envelope F such that [;° ((e)de < oo, with

((e) = sup VIog(N(el|Fllga. . Il - [lg.2)).

1. u— Jr(u) = [y C(e)de is positive, non-decreasing, concave, larger than u¢(u) for every u >0

and sup,>o Jr(u) = Jr(2).

2. For every K >0, (z,y) € [0,00) x (0,00) — \/yJF (K

SIS

y) s concave.

Lemma S12 (Covering numbers inequalities).

For every e > 0:
1. for every class H, every norm || - || and every A > 0: N(e, H,\||-||) = N(e/X\,H, || - 1])-
2. for every class H, every pair of norms || - || < ||-||': N(g,H,]||-||) < N(e,H,||-|")-
3. for every H C H' and every norm || - ||: N(e,H,||-|]) < N(g/2,H',|| - |])-

4. for every norm || - ||, every class F and for Foo ={f: f = f1 — f2,(f1, f2) € F X F}:
N(EﬂfOWH H) SN2(5/27‘F7H H)

5. for every class F and for F2, ={f: f=(f1 — f2)%, (f1, f2) € F x F}:
supg N (8e]|F?]q,1, Fao, Il - llg,1) < supg N2(el|Fllg.2, F, Il - llo.2)

where the supremum is taken over the set of all finite probability measures on the domain of

the functions in F.

5.4.1 Proof of Lemma S11

1. (¢ is nonnegative and nonincreasing. It follows that u — Jr(u) is positive, non-decreasing
and concave. Furthermore, Jr(u) > [i'((u)de = u((u) for every u > 0. For ¢ > 2, we have
N(e||F||gz2,F,|| - 1lg,2) =1 for every probability measure Q. As a result, ((¢) = 0.

2. J is concave on [0, c0) which implies for A € (0;1), (x,z') € [0,00)2, (y,%') € (0, 00)?

Ay + (1= N)y') J7 <KM" - )‘)‘rl)

Ay + (1= Ny
Ay Kz (1-Ny K:U’)
M+A=-Ny y  dy+1-=ANy v

T , x’
>\yJr (Ky> +1 =Ny Jr <Ky’) .

=My + (1 =Ny Jr (

We can therefore claim that f(z,y) = yJr(K7) is concave on [0,00) x (0,00). Moreover f(x,y) is

Kz
non-decreasing in x as Jr is non-decreasing. We also have f(z,y) =y [, ¥ ((e)de = fol ¢ (K%E) de.
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Since ¢ in nonincreasing, f is non-decreasing in y. Finally, because u — +/u is concave, we have

Ay + (1= Ay Jx (K i”;iﬁ:i;j) —f <\/)\x+(1 ', Ay + (1 - A y’)
Zf(/\\/iﬂl— )\F A+ (1= A \ﬁ)
2N (V) + (L= NF (Vo VY

_ ViYL Vi
(1) (5)

1. A ball of radius ¢ for the norm A|| - || is a ball of radius /A for the norm | - ||.

5.4.2 Proof of Lemma S12

2. A minimal e-covering for || - ||" is also an e-covering for || - ||.

3. Consider a minimal /2-covering of H'. This is not an €/2-covering of H in general because the
centers of the covering balls need not be in H. However, in each ball that intersects H, we can select
an element of H as a center of a new ball of radius €. We thus obtain a new family of balls which

forms an e-covering of H.

4. Let f1, ..., fn(e/2,7,) the centers of balls of a minimal e/2-covering of F. Consider balls of center
fi — f; and of radius € for 1 <4,j < N(g/2,F,|| - ||). The latter constitute an e-covering of F
because for (g1,¢92) € F x F we have

|(fi = f5) = (91 — g2l < N fi = aull + [If5 — g2ll,

which is smaller than e for at least one pair (4, j).

5. Let fi, .., [N(e||F||g..7,1|) the centers of balls of a minimal ¢|[F||g,2-covering of F for || - [[g2.
Consider balls of center f; — f; and radius 8¢||[F?||g.1 for the norm || - ||g1. For every pair
(91,92) € F x F, the Cauchy-Schwarz inequality implies

N(fi = F)? = (91— 92)%lox < I1fi = fi+ 91 — g2llo2 X |[(fi = ) = (91 — 92)llQ.2
< A[F|lg2 x (fi — g1 = 92llQ.2)

which is smaller than 85]|FH2Q72 = 8¢||F?||g.1 for at least one pair (4, 7).
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