N

N

The Marcinkiewicz—Zygmund law of large numbers for
exchangeable arrays

Laurent Davezies, Xavier D’haultfceuille, Yannick Guyonvarch

» To cite this version:

Laurent Davezies, Xavier D’haultfeeuille, Yannick Guyonvarch. The Marcinkiewicz—Zygmund law
of large numbers for exchangeable arrays. Statistics and Probability Letters, 2022, 188, pp.109536.
10.1016/j.spl.2022.109536 . hal-04430986

HAL Id: hal-04430986
https://hal.inrae.fr /hal-04430986
Submitted on 1 Feb 2024

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.inrae.fr/hal-04430986
https://hal.archives-ouvertes.fr

arXiv:2111.10317v2 [math.PR] 5 Apr 2022

The Marcinkiewicz-Zyegmund law of large numbers for

exchangeable arrays

Laurent Davezies* Xavier D’Haultfoeuillef Yannick Guyonvarch?

Abstract

We show a Marcinkiewicz-Zygmund law of large numbers for jointly, dissociated ex-
changeable arrays, in L (r € (0,2)) and almost surely. Then, we obtain a law of iterated

logarithm for such arrays under a weaker moment condition than the existing one.

Keywords: exchangeable arrays, Marcinkiewicz-Zygmund law of large numbers, law

of iterated logarithm.

1 Introduction

Random variables with multidimensional indexes are useful to model interactions between
several units of a population. An example is international trade, where each observation
corresponds to a pair of countries, one exporting and the other importing. Another example
is network formation, where binary variables between pairs of units (e.g., individuals) measure
whether they share a link or not. Multi-indexed random variables are also useful in case of
multiway clustering. For instance, wages of individuals may be indexed by geographical areas
and sectors of activity, reflecting potential dependence in wages within the same area or

sector.

There are two important properties for such arrays of random variables. The first, dissocia-

tion, was introduced by McGinley and Sibson M) It generalizes mutual independence, by
allowing for dependence when elements of the array share at least one common component
in their respective indexes. The second, joint exchangeability, was introduced by

), and is very similar to exchangeability for sequences. Taken together, these two condi-
tions turn out to be sufficient to establish strong laws of large numbers, central limit theorems

and weak convergence of empirical processes under the exact same moment conditions as in

the ii.d. case. We refer respectively to E&gmmw M), lS.lh&ImaIJ (|l9_7_d) and
Davezies et alJ (2021)) for proofs of these statements.
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The aim of this note is to show that we can also extend the Marcinkiewicz-Zygmund law
of large numbers to dissociated, jointly exchangeable arrays. Recall that this law extends
the usual law of large numbers by relating the convergence rate of partial sums to moment
conditions on the variables. As with ii.d. data, our result holds both in L" (r € (0,2))
and almost surely. The proof in L" for the more difficult case (r > 1) is based on a sym-
metrization lemma established in [Davezies et alJ (IM) Almost-sure convergence follows
using the so-called Aldous-Hoover-Kallenberg (AHK) representation (IAJdmlEJ, |J.9§l|; |HMLV_@J,

|19_7_d; hialleub_&tg, |19§_d) and a similar strategy as that used for U-statistics m,

092). As a consequence of our result, we obtain a law of iterated logarithm for disso-

ciated, jointly exchangeable arrays with a finite second moment. We thus improve upon

), who obtain the same result under the existence of a moment of
order 2 4 ¢ for some ¢ > 0.

We first present in Section [2] the set-up and the main results. Section [ is devoted to the
proof of the main theorem in the difficult case (r > 1). The supplementary material includes

in particular the proofs of the easier part (0 < r < 1) and of the law of iterated logarithm.

2 The set-up and results

We first define formally dissociated and jointly exchangeable arrays. Let Nt = N\{0}, k € N,
card(A) denote the cardinal of a set A and for any A C N¥,

A={(a1,...,a) € A:card({a1,...,ar}) = k}.

Then, we denote by I = N+F the set of k-tuples of N* without repetition. Similarly, for any
n € NT, we let T, = {1,...,n}*. For any A C N*, we use &(A) to denote the set of permu-
tations on A. For any 4 = (i1,...,i;) € N** and 7 € &(N*1), we let 7(3) = (n(iy), ..., 7(ir,))-
Finally, we let k = (1, ..., k).

Definition 1 (Dissociated and exchangeable arrays)
X = (X})ien, is a dissociated array if for any A, B disjoint subsets of N with min(card(A),
card(B)) > k, (X;), 77 is independent of (X;), 77
X is a jointly exchangeable array if for any m € S(NT), X 4 (Xr(i))iel, -

For k = 1, a jointly exchangeable array is an exchangeable sequence of random variables
whereas a dissociated jointly exchangeable array is a sequence of i.i.d. random variables.
Otherwise (k > 1), jointly exchangeable arrays may exhibit more complex forms of depen-
dence: with k = 2, X(;, ;,) and X(;, ;,), but also X(;, ;) and X, ;)

for instance. In the international trade example, exports from China to the USA may be

may be dependent,

correlated with exports from the USA to France, simply because the USA are a large country.

Note that with multiway clustering, the different components of the index (e.g., areas and
sectors in the wage example above) do not belong to the same population. Separate exchange-

ability, where the permutation used may differ for all components of the index, is then better



suited to such data than joint exchangeability. However, joint exchangeability is more general

so the result below also applies to separately exchangeable arrays.

Theorem 1 Let X be a jointly exchangeable array. Then:

1. IfE(| Xg|") < oo for 1 <r <2 and X is dissociated,

1

oy Z (X; —E(Xk)) = 0 in L" and almost surely (a.s.).
n T

ieﬂmk

2. If E(|Xg|") < oo for 0 <r <1, n~k/" Yier, , Xi = 0in L" and a.s.

The case 0 < r < 1 follows by simply noting that existing proofs (see |GJ]IJ, |2Qlfi; |Qm£_a11d_Zmn|,

) in fact only rely on the variables being identically distributed. The case r = 1 is
Theorem 3 in [Ea‘g]ﬁsm_amdﬂ&h@] (IlB_ﬂ) The case » > 1 is not as straightforward how-
ever. The key ingredients for convergence in L" are a symmetrization lemma established in
Davezies et alJ (M), see Lemma, [I] below, and the Khintchine inequality. Almost-sure con-

vergence follows using a similar strategy as for U-statistics. To understand the similarities and

differences with U-statistics, let us consider the case k = 3. By the AHK representation of dis-
sociated and jointly exchangeable arrays, there exists a function 7 and i.i.d. and uniform [0, 1]

variables (U{i})iZL (U{i,iz})(i,ig)eﬂz and (U{i7i27i3})(l’7i27i3)€ﬂ3 such that for all ¢ = (’il, ig, ’i3) S ]13,

Xi =T (U{21}7 U{iz}? U{ig}? U{i:[,ig}? U{i1,i3}7 U{iz,ig}? U{i:[,ig,ig}) .

This result shows that Xj; is close to, but distinct from, a U-statistic, where the last four
variables would not appear. Accordingly, we use a decomposition akin to but different from

the Hoeffding decomposition in the proof. Specifically, let us define

5

(X)i =E(X5),

(X); =E (X \U{Zl}) +E (X yU{Q}) IE (X \U{ZS}) 3E(X;),

2(X)i =Q(1,1,0)(X)i + Q1,0,1)(X)i + Qo,1,1)(X)s,

3(X)i =Xi — B (XalUgi,y, Upiay Utiy i) — B (XalUginy, Upiay Uiy )
—E (Xi]U{Z-Q}, Uty U{mg}) +E (Xi\U{il})

+E (XilUgipy ) + B (XilUpsyy) — E(XG),

=
I

T T

where Q(1,1,0)(X); = E (Xi‘U{il}a Ufisys U{ihig}) —E (Xi\U{z'l}) —E (Xi!U{ig}) + E(X;) and
Q1,0,)(X)i and Qg,1,1)(X); are defined similarly. Then,

X; = Ho(X); + H (X); + Ho(X); + H3(X);, (1)

where the four terms can be shown to be orthogonal in L2. Decomposition (I)) allows us to

extend |Giné and Zin (IM)’S approach to our set-up.



Remark 1 The proof shows that a result similar to Point 1 holds without dissociation. The
only difference, then, is that one should replace E(Xy) by BE(Xg|Uy) in the statement of the

theorem, where Uy is an additional argument in the AHK decomposition.

Remark 2 For k > 2, the function r — (k—1+1/r)1{r <1} +k/r1{r > 1} is continuous

but not differentiable at r = 1. There is therefore a kink at v = 1 in the rate of convergence.

Remark 3 The result is sharp in the following sense: there exist exchangeable arrays (X;)ier,
such that almost-sure convergence fails to hold, even though E(|Xy|") < oo for all v’ € (0,r).
To see this, consider X; = Vi, where the (V;)i>1 are i.i.d. a-stable variables, with stability
parameter v € (0,2) (and mean 0 when v > 1). Then E[|Xx|"] < oo for all v € (0,7). On

the other hand, considering here the case r > 1 (the case r <1 can be treated similarly),

1 (n—1)!
nk—1+1/r > (X —E(Xy)) = (n— nk 1 nl/r ZV

iEHn’k

Then, because n™ /" ", V; 4 V;, n~(k=141/7) ier, , Xi—E[Xy] does not converge to 0. Still,
weaker moment conditions involving projections were shown to be sufficient for U-statistics
, M} Similar conditions involving expectations conditional on unobserved terms

(Ugiy)iz1 are likely to be sufficient here as well.
Theorem [T}, or rather a slight extension of it, implies the following law of iterated logarithm.

Theorem 2 Let X be a dissociated, jointly exchangeable array such that IE(X,%) < oo and let

1
V= T 12 Z Cov (Xw(k)vX7r(1,k+1,...,2k—1)) .
[(k = 1)
r€&({1,...k})
7' €&({1,k+1,...,2k—1})
Then, V>0 and
- X; —E(X
lim sup :tzzen"’k( ‘ ) =VV a.s.

n—oo  /2n2*~1loglogn

The result improves upon that of |Ssmm_amd_H11ggln§J (Il%d) by only requiring E(X}?) < oo,

exactly as with i.i.d. variables. Its proof can be summarized as follows (here again with

k = 3). First, we use Decomposition (). The term > ;c; , Hi(X); corresponds to a sum
over i.i.d. terms, on which we apply the usual law of iterated logarithm. Next, it turns out
that when k > 2, the proof of Theorem [I extends to r = 2 for the terms > ;c;  H2(X); and
Ez’eﬂn, . H3(X)i. As a result, these (properly normalized) terms are asymptotically negligible.

3 Proof of Theorem [l for r > 1

We recall that the proofs of Theorem[dlfor » < 1 and Theorem [l are deferred to the supplemen-

tary material. We focus hereafter on k > 2 as the case k£ = 1 is the usual result for i.i.d. data.



Let us first introduce additional notation. Let 0 = (0, ...,0) € N¥ and 1 = (1,...,1) € N¥. For
any 4 = (i1, ...,i;) and j = (j1, ..., jx ) in N¥, 4® 4 stands for (i1j1, ..., 9, ji). With a slight abuse
of notation, {i} denotes for any i = (i1, ...,ix) € N¥ the set of distinct elements of (iy,...iz)
and {i}* = {i} "N*. For any o0 € &({1,...,k}) and i € Iy, we let iy = (iy(1), .., lo(r)). We
say that X is symmetric if for all ¢ € [ and 0 € S({1, ..., k}), X;, = X;.

Next, for any j € {0,...,k}, we let

k
5j - {(61, "'?ek) € {07 1}k : Zeé :J} e U;?:Ogj'
(=1

For any (e, e’) € £%, welet e < € (resp. e > €’) when e, < €] (resp. e, > €)) for £ € {1, ..., k}.
For any 2 € I, ; and e € &;, we let ¢ be the k-dimensional vector with 4; at the first non-null
entry of e, io at the second non-null entry of e etc. and 0 elsewhere. For instance, if k = 4,
j=2,e=(0,1,0,1) and 7 = (5,3), we have ¢ = (0,5,0,3). Finally, for any ¢ € N* and
ACNI welet A ={i€A:i; <..<i,}. Wealso use d as a shortcut for k — 1+ 1/r.

In the following, we assume without loss of generality that E(Xg) = 0.

3.1 Preliminary results

The convergence in L" for r > 1 relies on the following result, proved inDavezies et. alJ (IZLBJJ)

Lemma 1 (Symmetrization lemma) Let r > 1 and X be an exchangeable and dissoci-
ated array such that E (| Xg|") < oo and E(Xg) = 0. Let (c4)acn a family of independent
Rademacher variables independent of X. There exists D, a constant depending only on r
and k and k jointly exchangeable arrays (Xg)ieﬂk (for j € {1,...,k}) such that xi 4 Xy and

E[ gDr,kiZE( )

j=1 eE(‘fj
Almost-sure convergence relies on the AHK representation for the dissociated and jointly

T

> cliveyr X]

iEHnyk

> X

iEHnyk

exchangeable array (X;)ier,. It states that there exists a function 7 and i.i.d. uniform [0, 1]

variables (UA)ACU’:ZlJIk (and Up =1 a.s.) such that X; =7 ((U{e@i}+)e€g). In the definition
of 7, the arguments are implicitly ordered by choosing a specific ordering on £. We can now
derive decompositions similar to the Hoeffding decomposition of U-statistics. Specifically,
consider Z; = f;(X;) for any measurable maps (f;)icr,. As soon as E|Z;| < oo for all 2 € I,
we define, for all e € &, Po(Z); = B (Zi|(Ujjoer+)er<e ). We then let Hy(Z); = Qo(Z)i =

Po(Z); = E(Z;); for any ¢ € I, . For £ =1,..., k, let
k ko,
Qe(2)i = 3 (~1)2m 92 S Py (2
e’'<e

and Hy(Z); = Y ecg, Qe(Z)i- The following lemma gives three key properties on Pe(Z);, Qe(2);
and Hy(Z);. In particular, Equality (2) may be seen as a Hoeffding decomposition of Z;, as



the components can be shown to be orthogonal in L?. The proof of this lemma is given in

the supplementary material.

Lemma 2 (Three properties of P.(Z);,Qc(Z); and Hy(Z);) We have

k
Zi =Y Hy(Z);, (2)
(=0
- -j(k—=17
Hy = Z(_l) ! (—j Z Pe. (3)
7=0 ect;

Moreover, for any symmetric array X, e € & (with ¢ € {0,...,k}), 0 € &{k} such that
e, =e and i € [y, we have Qe(X);, = Qe(X);.

3.2 Convergence in L"

Using Lemma [I] and the Khintchine inequality conditional on the (Xf )ier,, we obtain
T

k .
=D X D B2 e D X

s

> X

iEHnyk

j=1e€é; i€l k

k
205 351 (P DR

T

j=1eeg; i€l ; i'e({L,....,n\{i})F—7
i 27/2
<DB Y Y E[|Y > X in-e :
j=le€&; i€l \ i e({L,onp\{a))F

where we recall that € is defined at the beginning of the section and B, is a constant depending
only on r. For each j = 1,...,k and e € &, use (a+b)? < 2a%+2b% and |a+b|"/? < |a|"/2+|b|"/?

to deduce:

2,7/2
E Z Z X,L"]e_;’_z'/lfe
ZEH”,J‘ i/em
27/2
ooy [ 8 i<
i€l \&e({1,...n\ {57
27/2
+olE || Y 3 Xl in- M| X e o] > M}
i€lng \ire({1,n\{ihF—7

By Jensen’s inequality E(|V|"/2) < E(|V])™/2, the first term can be bounded by 27/2n(k=3/2)7 pp7,
Using |a+b["/2 < |a|"/24|b"/2, Jensen’s inequality (3 ,e 4 [Val)" < card(A) ™! S c 4 card(A)"|[V,|"



and E (\ Jerin—el T{IX], ze+1’1 el > M}) = E (| Xg|"1{|Xk| > M}), the second term can be
bounded by 27/2ninF=I"E(| X, ["1{| Xx| > M}). As a result,

et ]

< D, ;B2 ﬁz( )( rA=I/A= T 4 nU-DODE (X714 Xk | > M)
7j=1

> X,

ZGHn k

< DB 27228 = 1) (0277 + E(1Xe T Xe| > M))).

Considering M sufficiently large to ensure that E (| X |"1{|Xg| > M}) is arbitrarily small, we
T
deduce that limsup,, E Hn_d dier, , Xi } =0.

3.3 Almost-sure convergence

Up to considering Z; = 3 ;ce (k) [Xi, — E(Xg)]/k! instead of X;, we can assume without loss
of generality that E(Xg) = 0 and that X is symmetric. Then:

> Xi=k Z X; _k:'z Z Hy(X

lEH” k ZGHn k =1 ’LEHTL k

where we recall the notation A = {t € A:i; < .. < ig}. Following the U-statistic’s
terminology, we say that X is degenerate of order £ — 1 if Hy(X); is not constant whereas for
all ¢ € {1,...,0 — 1}, Hy(X); is constant (and then equal to 0 as we assumed E(X; 1) = 0).

Degenerate arrays of order k — 1. We first assume that X is degenerate of order k — 1,
that is X; = Hy(X);. By Kronecker’s lemma, it is sufficient to show that

Zid Z Xij;—0 as.

—
i€l 1 p 1

Let T =3 dzzeﬂjl—> ijand Fj =0 (Ua; A C{1,...,j},card(A) < k). Since X is degen-
erate of order k — 1, we have E (Xk\ (UA)AC{I,...,k—l}) = 0. Then, E (7}|F;-1) = 0, meaning
that (7}, F;) is a martingale difference. Hence, (Z;‘:ZTj,fn) is a martingale. We then just
have to prove that sup,, E (E?:k T]‘ < oo (see for instance Chapter 10, Theorem 12.2 in @,

). To this end, we use E ‘Z;‘_k TJ‘ < A, + B,, with 4,, = E'Z] s Zze]l X»j

1{|X; 5| <jd}‘ and B, = E‘Z | dzleﬂ X,]]l{\X”\ > j9}|. We show that the




suprema of both terms are finite. First,

— 1)1
(j— k)

X5 7 1{ | X > jd})

J=k

E (1Xk] 141 X5] > j}) (4)

1=1/r], |

k
| X |14
<E <|Xk| 1{|X| > (k — 1)%} /k_l t‘”?”dt)

J1-1/r | XM/
<E [ |Xp| 1{|X5| > (k — 1)%} l ]

IN

B ()
’," [e—

E(1Xkl") (5)

“r—1
where the last inequality follows using 1+ (1 — 1/r)/d < r. Hence, sup,, B,, < oo.

Now let us turn to A,. First, applying Decomposition @) to X; ;1{|X; ;| < j} for a fixed j
and using the fact that H,(X) =0 for £ =0,....k — 1, we get, for any ¢ € I;_ 1,
k—1
X 1| Xi 5] < 5% = He(XU{|X| < j9Y)ij + Ho(XI{X < )i + D> Ho(X{|X| < j})i
=1
k—1
= Hy(XU{|X] < j"})ij + Ho(XT{X > j7})i; + > Ho(XT{|X| > j%})i;.
l=1
Let A, = A1, + Asp, + Az, be the decomposition of A,, corresponding to the first, second and
third terms in the previous display. We have

(j —k)!
E (| Xkl"), (6)

=1 )
Ao < Y5 (13 141X > 1)
=k

r
<
r—1

where (6) uses the inequalities from ) to (Bl). Thus, sup,, A2, < co. Let us turn to As,.

First, for any e € £, we have

EY 5 Y AXI(X > ),

< zn:j_d > E (E (!Xi,j!]l{X > jd})i,j\U{(i,j)Qe}+))

i L
7=k €l 1 k1

<3 (X X > )

LB (X0, (7)



Then, in view of (B), we have sup,, As, < co. Finally, let us consider Ay,,. We can write

~ 2
n
A2 =B H(XT{|X]| < %),
i=k el
L Jj—1,k—1
- 2

IN
=

S Y H(XL{X] < 5y
=k

L —
€l 1 k1

I
.M:I

i E(HG(x{|x| < h3)

e
k €l 1 p 1

J

IN
[M]=

TR (XRL{IX] < )

=k
<E ng <]l {k: S |Xk|1/d}/ =2/ gy 4 {k < |Xk|1/d}/ . t—k+1—2/rdt>1
k—1 | Xg] /41
1 2d 2 1/d —k+2-2/r 1/d
< e (PR xR (1 ) 1 {1 > k)], (s)

where the second equality follows since the variables (Hy(X1{|X| < j9}); ;) are uncorrelated.
Now, note that for all x > 0,

22 (a:l/d B 1) —k+2—2/7“]l {xl/d > k} <(1- 1/k)k—2d K/ <(1- 1/k)k—2d "
Therefore,

E {X,% (|Xk|1/d B 1)—k+2—2/7’ﬂ {|Xk|1/d > k}} < (1-1/k)F 2 E[X]] < co.
Hence, sup,, A1, < 00, which completes the proof when X is degenerate of order k — 1.

Other cases. In view of (), it suffices to prove that for all £ € {0, ..., k}, we have

% > Hy(X); = 0as. (9)

iEHn’k

First, note that .+ He(X); = & Sier, , Hi(X)i = Soce,  Sier, , Qe(X)s. By Lemmal
Qe(X)i, = Qe(X); for all o such that e, = e. Moreover, for each e € &, Q(X); only depends
(n—20)!

on i ® e rather than all components of 7. It follows that > ;1 = Qe(X); = C=o >ier, , IS

where (Rf)ie]lny , is a symmetric /-dimensional jointly exchangeable array degenerate of order

f — 1 such that E (‘R‘fw’z‘r) < 00. It follows from the previous paragraph that

1 1
nl—1+1/r z}Rf Y WS YT > Ri—0as.

iEHn,e iEHn’g

Because (n — £)!/(n — k)! ~ n*~¢, we finally obtain ().
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Supplementary material

A Proof of Lemma

First,
S HAZ)i =3 Y (- )2 TR S P (2);
ecfe'<e
=Y Y ()Em S p,(2),
e'efe'<e
k—Z], e;,
. k ) €41
= Z (_1)]< Z] ! ) Pe’(Z)z
e'cE =0 J
=1 - )2 Pa(2);
e'eE
- Pl Z)z = 4y
Next,

- ZZ:(_UH <k’ _3> S P

E_‘] ecé;

To prove the last claim, note that if X is symmetric, we have for all ¢ € I,

Qe(X)s, = S (—1) X0t B (X, (U, oo )er<er)

e'<e

e Z (— Z Zm 1 ””E(X |( 10®e ) ”Se/)
e'<e

= Z Z Zm lem]E(XZ’ z@e” e//<e)

e’'<e

= ( Z Zm 16”” E (Xz| z@e” e”<e’)
e'<e

= Z( Z Z'm 1emE(XZ’ Z®8” . e// <8’)
e'<e

= ( )Z Zm ! mE(X |( z@e”)e”<e)
e'<e

= Qe(X)z



B Proof of Theorem [I] for » < 1

B.1 Convergence in L"

An inspection of the proof of Theorem 10.3 in (@, , p. 311) shows that it does not
rely on the independence of the variables but only on their identical distribution. Hence, it

directly applies here.

B.2 Almost-sure convergence

An inspection of the proof of Theorem 1 in|Giné and Zinn (ILM) shows that it only exploits
the fact that the individual variables are identically distributed. Hence, it also applies here.

C Proof of Theorem

Again, we focus on k > 2 as the case k = 1 is the usual result for i.i.d. data. We also assume
without loss of generality that E (Xj) = 0. Let us first prove the result when X is symmetric.
The inequalities (@), [@) and (@) actually hold for r = 2. Also, Inequality (8]) is valid for
r = 2. It follows that n—(—1/2) Zieﬂnyk Hy(X); converges almost surely to 0 for £ > 2. Then,
by Decomposition (2I),

1 1
nk—1/2 Z Xy = W Z Hl(X)i+0a.s.(1)

i€l k i€l &
1 -1 &
(n-1)!,

= T (= h) ;E (X(i,n+1,...,n+k_1)\U{i})

k n
- <n1/2 > E (X(i,”+17~~.,n+k—1)|U{i})) (14 0(1)).
i=1
The usual law of iterated logarithm ensures that

Yo X
lim sup + i€l ~ 2

— ky/V(E (Xe|Urpy ). (10)
n \/2n2k—1 log log(n) ( ! })

From the AHK decomposition, we have Cov (Xk, X(17k+17___72k_1)\U{1}) = 0. Next, symmetry

of X and the law of total covariance yield:

V = k?>Cov (Xk,X(1,k+1,...,2k—1))
= k*Cov (IE (Xk|U{1}) E (X(l,k+1,...,2k—1)|U{1}))
= K2V (E (Xk|U{1})) (>0). (11)

When X is not symmetric, we just replace X; by > ceqiy) Xri)/k! in (I0) and (II)).
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