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 Abstract  10 

    11 

This study presents a micromechanical evaluation of the regimes delineating the behaviour of 12 

gap-graded granular assemblies, using discrete element simulations. Dense and loose bimodal 13 

assemblies of different fines content were prepared and subjected to drained triaxial 14 

compression until the critical state was reached. The regimes delineating the behaviour of the 15 

assemblies were evaluated, characterised and their significance discussed. While two regimes 16 

demarcated by the threshold fines content were identified based on the analysis of the 17 

macroscale characteristics of the assemblies, up to four regimes were identified based on the 18 

contributions of the particle size fractions and contact types to the total mean stress. Contrary 19 

to previous studies according to which fines control the mechanical behaviour of gap-graded 20 

assemblies from the threshold fines content, 𝑓𝑐
𝑡ℎ, we found that the fines do not play a primary 21 

role in stress transmission until beyond a significantly larger fines content, 𝑓𝑐
𝑒𝑞

 (the equivalent 22 

fines content), which depends on density and stress state. Based on the correlation found 23 

between the critical state strength and the stress-based skeleton void ratio proposed in this 24 

study, we conclude that stress-based skeleton void ratio can be useful in understanding the 25 

mechanical response of gap-graded materials at the critical state. 26 
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1. Introduction  31 

Soil mixtures containing a coarser and a finer fraction (as in silty sands, sandy gravels, etc.) 32 

are abundant in nature. It is well established that the mechanical behaviour of these mixtures 33 

depends on the proportions of the coarser and the finer fraction within the mixtures. However, 34 

there is no consensus in the literature on specific fine contents delineating different behaviour 35 

for gap-graded granular mixtures. For example, as a result of the conceptual analysis presented 36 

in experimental studies, it has been suggested that the fines play a primary role in the shear 37 

behaviour of gap-graded assemblies beyond a threshold fines content (Thevanayagam et al., 38 

2002); and control the behaviour beyond a limiting fines content (Lade & Yamamuro, 1997; 39 

Salgado et al., 2000; Skempton & Brogan, 1994; Vallejo, 2001). The threshold fines content is 40 

usually related to geometric properties, and in particular the measure of the minimum void ratio 41 

(Cubrinovski & Ishihara, 2002; Yang et al., 2005; Zuo & Baudet, 2015). From the threshold 42 

fines content, the fines start to disperse the coarse particles. The limiting fines content 43 

corresponds to the situation where the fines completely disperse the coarse particles (floating 44 

grains in a fine matrix) (Skempton & Brogan, 1994; Thevanayagam et al., 2002). Since 45 

quantifying the stress or the dispersion of individual particles within a matrix is difficult in 46 

experiments, it is almost impossible to ascertain the delineating fines content of the conceptual 47 

models without the use of a micromechanical framework.  48 

In this regard, the discrete element method (DEM) proposed by (Cundall & Strack, 1979) has 49 

been found an effective numerical tool for probing the micromechanics of granular materials. 50 

DEM offers the opportunity to evaluate the assertions from the conceptual models in earlier 51 

experimental studies where the stress transmitted by individual particles cannot be determined. 52 

In the earlier studies where DEM has been used to assess the behaviour of gap-graded 53 

assemblies, the approach adopted involved determining the proportion of the stress transmitted 54 

by each particle size fraction and contact types. However, no consensus has been reached on 55 

the specific fines content delineating different behaviour; in fact, the existence of some of the 56 

specific fines contents suggested by experimental studies is sometimes questioned (as in Sufian 57 

et al., (2021)) or not identified.   58 

In this study, we conducted four analyses organised into four sections to evaluate the regimes4 59 

delineating the behaviour of gap-graded sand-silt mixtures. In Section 3, we determined the 60 

macroscale and micromechanical behaviour of the assemblies of sand-silt mixtures with fines 61 

 
4 The word “regime” in this paper refers to zones of unique behaviour within the range of fines content in gap-

graded assemblies.  
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content, 𝑓𝑐, within 10%≤ 𝑓𝑐≤70%; and assessed the existence of regimes delineating the 62 

characteristics of the assemblies. The macroscale characteristics considered are the void ratio, 63 

strength and dilatancy, while the micromechanical characteristic considered is the coordination 64 

number. We then conducted in Section 4, a particle-scale analysis of the contribution of the 65 

finer and the coarser fractions to the total mean stress transmitted by an assembly. This enabled 66 

a particle stress-based evaluation of the regimes delineating the behaviour of the assemblies. 67 

Following this, in Section 5, we conducted a contact-scale analysis of the contribution of each 68 

contact type to the total mean stress, again to identify existing regimes. Finally, in Section 6, 69 

we present a stress-based skeleton void ratio as an alternative void ratio index to interpret the 70 

strength properties of the granular mixtures studied. We assessed the performance of alternative 71 

void ratio indexes such as the mechanical and the void ratio (global), in interpreting the strength 72 

exhibited by the granular mixtures studied, at both the peak and the critical state. An assessment 73 

of the internal instability of the gap-graded assemblies (i.e. their susceptibility to internal 74 

erosion) is beyond the scope of this study. However, the implications of the findings with 75 

respect to internal erosion are discussed in the conclusion. 76 

 77 

2. Numerical Simulation approach 78 

The DEM simulations in this study were conducted using the open-source code YADE 79 

(Šmilauer et al, 2021). All assemblies were generated to have a bimodal grading of fine 80 

particles with diameter, 𝐷𝑓=0.375 mm and coarse particles with diameter 𝐷𝑐=3.075 mm such 81 

that the size ratio, 𝜆 = 𝐷𝑐/𝐷𝑓 = 8.2. The bimodal grading is considered the simplest type of gap-82 

graded material and was employed in this study to ensure the results obtained are solely from 83 

the interaction between the coarser and the finer fractions without the interference of the 84 

grading effect from within either of the fractions. The size ratio value was selected sufficiently 85 

large to allow for fine migration in the pore space (should water flow be considered) (Lade et 86 

al., 1998; Rahman et al., 2008; Shire et al., 2016; Thevanayagam et al., 2002).  87 

After a parametric study to determine the representative element volume (REV), each assembly 88 

contains 100,000 particles (Fig.1). Increasing the sample size to 200,000 particles for the 𝑓𝑐 = 89 

30% case at both the dense and loose states did not significantly influence the stress-strain 90 

responses (see Appendix A). The slight sensitivity to sample size observed in the volumetric 91 

strains was also reported in the DEM study on REV for granular materials by Adesina et al., 92 

(2022) and can be attributed to the small variation in the initial void ratio of the assemblies. 93 
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Table 2 shows the number of the fines and the coarse particles for each percentage of fines 94 

content, 𝑓𝑐 (%).  95 

The assemblies studied here were prepared by subjecting them to isotropic compression at 100 96 

kPa within six frictionless walls. The standard linear elasto-plastic model was employed to 97 

simulate the interactions between particles. Table 1 shows the simulation parameters employed 98 

in the simulations. Following Jiang et al., (2018), the material density in the simulations was 99 

scaled to 1000 times the original value in order to increase the critical time step, ∆𝑡𝑐𝑟 ∝100 

𝑟√𝜌 𝐸⁄ , where 𝑟 is the particle radius, 𝜌 is the density and 𝐸 is the Young’s modulus. A fraction 101 

(0.9∆𝑡𝑐𝑟) of this critical time step was then applied to ensure numerical stability. While this 102 

density scaling approach was adopted for computational efficiency, it does not compromise the 103 

quasi-static conditions of the simulations as long as the inertial number remains sufficiently 104 

small (Thornton, 2000; Thornton & Anthony, 1998). Based on the standard practice adopted in 105 

prior DEM studies including (Thornton, 2000) for assembly preparation, here, assemblies of 106 

different initial densities were generated by using a friction coefficient µ=0.03 for the dense 107 

assemblies and µ=0.5 for the loose assemblies, during isotropic compression. The void ratio of 108 

the dense assemblies is denoted 𝑒𝑚𝑖𝑛, while the void ratio of the loose assemblies is denoted 109 

as 𝑒𝑚𝑎𝑥. It is important to note that these 𝑒𝑚𝑖𝑛 and 𝑒𝑚𝑎𝑥 values cannot be directly mapped to 110 

the values obtained using standard procedures employed in experiments.  111 

After isotropic compression, the assemblies were subjected to triaxial compression under a 112 

constant confining pressure of  𝜎𝑥𝑥=𝜎𝑦𝑦=100 kPa5 in both the 𝑥-direction and 𝑦-direction and 113 

a strain rate of 0.01 s-1 in the 𝑧-direction. A numerical damping coefficient of 0.05 is used. 114 

These conditions ensured that for our simulations, the inertial number for the coarse particles, 115 

𝐼𝑑𝑚𝑎𝑥 = 1.60 x 10-4, and that for the fines, 𝐼𝑑𝑚𝑖𝑛 = 1.95 x 10-5, therefore the simulations were 116 

deemed quasi-static (da Cruz et al., 2005). Prior to shearing, additional number of cycles at 117 

µ=0.5 was applied to equilibrate the assemblies. Also, the unbalanced force ratio6 was checked 118 

to remain below a limit of 0.01 to guarantee static equilibrium. All assemblies were sheared at 119 

µ=0.5 regardless of the friction coefficient used during the assembly preparation stage. A total 120 

of 22 shearing simulations were conducted in this study (11 fines contents are considered for 2 121 

relative densities) (Table 2). 122 

 123 

 124 

 
5 Throughout this paper, soil mechanics conventions are used with compression being positive and extension 

being negative.  
6 The maximum resultant force on the different grains divided by the mean contact force. 
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Table 1 Simulation parameters  125 

Parameter  Value  

Diameter of coarse particles, 𝐷𝑐, mm  3.075  

Diameter of fine particles, 𝐷𝑓, mm  0.375  

Particle size ratio 𝐷𝑐 / 𝐷𝑓   8.2  

Particle density, 𝜌, 𝑘𝑔 𝑚3⁄  2700 × 103  

Contact law  Elasto-frictional  

Inter-particle friction coefficient during isotropic compression  0.03 (dense), 0.5 (loose)  

Inter-particle friction coefficient during shearing  0.5  

Wall-particle friction coefficient  0  

Particle normal stiffness, 𝑘𝑛, 𝑁 𝑚2⁄  3.56 x 108  

Stiffness ratio   1.0  

 126 

Table 2 Number of particles for each assembly  127 

Specimens Percentage of fine particles by weight 

10% 15% 20% 25% 30% 35% 40% 45% 50% 60% 70% 

Number 

of 

particles  

Coarse 1,612 1,021 723 543 423 337 272 222 182 121 78 

Fine 98,388 98,979 99,277 99,457 99,577 99,663 99,728 99,778 99,818 99,879 99,922 

Total 100,000 

 128 

 129 
Fig. 1. Dense specimens with different percentages of fines content: (a) fc = 10 % (b) fc = 30 130 

% (c) fc = 50 % (d) fc = 70 %  131 

 132 



6 
 

3. Macro-scale and micromechanical characteristics of the binary mixtures for varying 133 

fines content. 134 

The initial void ratios of the gap-graded assemblies with different fines content are plotted in 135 

Fig. 2a. As earlier mentioned, the void ratio of the dense and loose assemblies studied are 136 

denoted as 𝑒𝑚𝑖𝑛 and 𝑒𝑚𝑎𝑥, respectively. In both the dense and the loose assemblies, two regimes 137 

of distinct trends are observed. The first regime is characterised by a reduction in the void ratio 138 

as 𝑓𝑐 increases. This is as a result of the fines progressively filling the voids within the coarse 139 

particles. At a certain fines content referred to as the critical fines content (Skempton & Brogan, 140 

1994), the threshold fines content, 𝑓𝑐
𝑡ℎ (Lade et al., 1998; Thevanayagam et al., 2002), or the 141 

transitional fines content (Yang et al., 2005), the voids within the coarse particles are fully filled 142 

by the fines. The second regime corresponds to 𝑓𝑐>𝑓𝑐
𝑡ℎ and it is characterised by an increase in 143 

the void ratio as the 𝑓𝑐 increases. In this regime, the fines progressively disperse the coarse 144 

particles, thereby causing an increase in the void ratio. These two regimes have been reported 145 

in previous studies involving gap graded materials (Cubrinovski & Ishihara, 2002; Kuerbis, 146 

1989; Lade & Yamamuro, 1997; W. Li et al., 2023; Y. Li et al., 2022; Minh et al., 2014; Sufian 147 

et al., 2021; Vallejo, 2001; Zuo & Baudet, 2015). The two identified regimes are referred to as 148 

the underfilled and the overfilled categories by dam engineers (ICOLD, 2013; Shire et al., 149 

2014), and are demarcated by the threshold fines content (i.e. the filled state).  150 

One particular feature that is less frequently highlighted in the literature is the fact that the 𝑓𝑐
𝑡ℎ 151 

slightly depends on the relative density of the mixture. The 𝑓𝑐
𝑡ℎ here was attained at 𝑓𝑐 = 0.30 152 

for the dense assemblies whereas 𝑓𝑐
𝑡ℎ = 0.35 for the loose assemblies. Indeed, in looser 153 

assemblies, the pores are larger and more fine grains are required to fill the voids before the 154 

coarse grains are dispersed. This is in agreement with the 3D DEM study of binary mixtures 155 

by Minh et al., (2014). In the literature, different limits within which the threshold fines content 156 

is attainable have been reported. For example, Skempton & Brogan (1994) suggested that in 157 

practice, 𝑓𝑐
𝑡ℎ is unlikely to occur beyond 24% and 29% for dense and loose packings of sandy-158 

gravels, respectively. Lade & Yamamuro (1997) suggested a limit of 20%-30% fines content 159 

for sand-silt mixtures of different gradations. Other studies show that the 𝑓𝑐
𝑡ℎ can occur outside 160 

Skempton and Brogan’s and Lade & Yamamuro’s limits, depending on the grain size 161 

distribution and the particle shape considered (Evans & Zhou, 1995; Sarkar et al., 2020; Shire 162 

et al., 2014; Sufian et al., 2021; Wang et al., 2022; Zuo & Baudet, 2015). 163 
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The conceptual distinction between underfilled and overfilled assemblies led Yin et al., (2014) 164 

to propose the following equation for determining the void ratio, 𝑒, for sand-silt mixtures at 165 

different fines content 𝑓𝑐:  166 

𝑒 =  [𝑒ℎ𝑐(1 − 𝑓𝑐) + 𝑎𝑓𝑐]
1−𝑡𝑎𝑛ℎ[𝜉(𝑓𝑐−𝑓𝑡ℎ)]

2
+ 𝑒ℎ𝑓 (𝑓𝑐 +

1−𝑓𝑐

(𝑅𝑑)
𝑚)

1+𝑡𝑎𝑛ℎ[𝜉(𝑓𝑐−𝑓𝑡ℎ)]

2
            (1) 167 

where 𝑒ℎ𝑐 is the void ratio of the pure sand, 𝑒ℎ𝑓 is the void ratio of the pure silt , 𝑎 is a material 168 

constant depending on the fabric structure of the soil mixture, 𝜉 is a material constant 169 

controlling the transition from a coarse grain matrix to a fine grain matrix, 𝑓𝑡ℎ is the threshold 170 

fines content at which the coarse and fine grains contribute equally to the global void ratio, 𝑅𝑑 171 

is the ratio of the mean size of the coarse grains, 𝐷50, to the mean size of the fine grains 𝑑50 172 

and 𝑚 (0 < 𝑚 < 1) is a coefficient that depends on grain characteristics and fine grain packing. 173 

The fitting parameters for the dense assemblies are 𝑒ℎ𝑐= 0.67;𝑎 = -0.64; 𝜉 = 16.6; 𝑓𝑡ℎ = 0.28; 174 

𝑒ℎ𝑓=0.62; m=0.73 while the parameters for the loose assemblies are 𝑒ℎ𝑐= 0.71;𝑎 = 0.03; 𝜉 175 

= 12.6; 𝑓𝑡ℎ = 0.26; 𝑒ℎ𝑓=0.76; m=0.99. It is clear, as shown in Fig. 2a, that this 176 

phenomenological equation fits our data. 177 

 178 
Fig. 2. Effect of fines content, 𝑓𝑐, on (a) the initial void ratio, 𝑒, (b) the range of attainable void 179 

ratios, 𝑒𝑚𝑎𝑥 − 𝑒𝑚𝑖𝑛 for the assemblies of binary mixture studied  180 

 181 

Fig. 2b shows the range of attainable void ratio, 𝑒𝑚𝑎𝑥 − 𝑒𝑚𝑖𝑛, for each fines content.  𝑒𝑚𝑎𝑥 − 182 

𝑒𝑚𝑖𝑛 for the underfilled assemblies (i.e. 𝑓𝑐<𝑓𝑐
𝑡ℎ = 35%) is generally higher in comparison to 183 

the overfilled assemblies. In the underfilled assemblies, we observed an initial increase in 184 

𝑒𝑚𝑎𝑥 − 𝑒𝑚𝑖𝑛 with the fine content which indicates that the fines do not simply fill the voids in 185 

the loose case. Indeed, they enable the formation of larger pore structures. 186 
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Fig. 3 shows the evolution of the stress ratio, 𝑞/𝑝, and the volumetric strain (𝜖𝑣𝑜𝑙), against the 187 

axial strain (𝜖𝑎), for the dense assemblies of binary mixtures with different fines content. The 188 

corresponding data for the loose assemblies are presented in Fig. 4. The assemblies were 189 

sheared until 𝜖𝑎 ≈ 0.5 in order to reach the critical state. Here, the deviatoric stress, 𝑞 = 𝜎𝑧𝑧 −190 

(𝜎𝑦𝑦 + 𝜎𝑥𝑥) 2⁄  and the mean stress, 𝑝 = (𝜎𝑧𝑧 + 𝜎𝑦𝑦 + 𝜎𝑥𝑥)/3 (axisymmetric conditions). In a 191 

typical fashion to sand behaviour, the 𝑞/𝑝 for the initially dense assemblies increased until 192 

reaching a peak and thereafter softened to the critical state where the 𝑞/𝑝 fluctuates around a 193 

mean value, with more pronounced fluctuations observed for 𝑓𝑐  < 45% (Fig. 3a &b). The 194 

stiffness of the packings as influenced by the fines content is shown in the inset of Fig. 3a-c.  195 

These dense assemblies exhibited a dilative volumetric response ( 𝜖𝑣𝑜𝑙 < 0) during shearing 196 

(Fig. 3d-f). At large strains (𝜖𝑎 > 35%), 𝜖𝑣𝑜𝑙 tend to increase from 𝑓𝑐 = 10% to 𝑓𝑐 = 35% 197 

(indicating a less dilative behaviour), and then decreased with further increase in the 𝑓𝑐. In 198 

contrast, at small strains (𝜖𝑎 < 2%) (inset of Fig. 3d-f), a more dilative response was observed 199 

from 𝑓𝑐 = 10% to 𝑓𝑐
𝑡ℎ=30% as 𝜖𝑣𝑜𝑙 decreases. The stress ratio 𝑞/𝑝 for the initially loose 200 

assemblies (Fig. 4a-c) increased monotonically from the beginning of shearing to the critical 201 

state without significant softening observed, as expected. These loose assemblies exhibited a 202 

contractive response (𝜖𝑣𝑜𝑙 > 0) during shearing (Fig. 4d-f). 203 

 204 

Fig. 3. Effect of fines content, 𝑓𝑐, on the stress-strain and the volumetric strain responses for 205 

dense assemblies (a,d) 𝑓𝑐 = 10%-25% (b,e) 𝑓𝑐 = 30%-40% (c,f) 𝑓𝑐 = 45%-70%. Inset graphs 206 
correspond to the start of the loading. 207 
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 208 
Fig. 4. Effect of fines content, 𝑓𝑐, on the stress-strain and the volumetric strain responses for 209 

loose assemblies (a,d) 𝑓𝑐 = 10%-25% (b,e) 𝑓𝑐 = 30%-40% (c,f) 𝑓𝑐 = 45%-70%. Inset graphs 210 

correspond to the start of the loading. 211 
 212 

In Fig. 5a, the stress ratio 𝑞/𝑝 at the peak, (𝑞/𝑝)𝑝𝑒𝑎𝑘, is plotted against 𝑓𝑐 alongside the void 213 

ratio at the peak, 𝑒𝑝𝑒𝑎𝑘, for comparison. Similarly, Fig. 5b shows the plot of the critical state 214 

stress ratio, (𝑞/𝑝)𝑐𝑟𝑖𝑡, against 𝑓𝑐 alongside the critical state void ratio, 𝑒𝑐𝑟𝑖𝑡. Here, the 215 

(𝑞/𝑝)𝑝𝑒𝑎𝑘 is the maximum 𝑞/𝑝 attained between the start of shearing and the critical state; 216 

(𝑞/𝑝)𝑐𝑟𝑖𝑡 and 𝑒𝑐𝑟𝑖𝑡 are mean values determined from the start of the critical state to the end of 217 

shearing. The critical state marks the state at which there is no noticeable change in the void 218 

ratio or the volume of a sample during shearing. This generally occurred at 𝜖𝑎 > 0.35 for the 219 

studied assemblies. As the fines progressively fill the voids within the coarse particles in the 220 

underfilled regime where 𝑓𝑐 < 𝑓𝑐
𝑡ℎ, the assemblies become denser such that (𝑞/𝑝)𝑝𝑒𝑎𝑘 increases 221 

with 𝑓𝑐 until the threshold fines content where the highest (𝑞/𝑝)𝑝𝑒𝑎𝑘 is attained (Fig. 5a). For 222 

𝑓𝑐>𝑓𝑐
𝑡ℎ, the fines disperse the coarse particles leaving more voids within the assemblies thereby 223 

causing a monotonic decrease in (𝑞/𝑝)𝑝𝑒𝑎𝑘 as 𝑓𝑐 increased.  224 

In agreement with earlier experimental studies on Ottawa sand and Carmague silty sand with 225 

𝑓𝑐 ≤ 20% under drained shearing (Benahmed et al., 2015; Chang & Yin, 2011; Salgado et al., 226 

2000), a marginal increase in (𝑞/𝑝)𝑐𝑟𝑖𝑡 was observed from 𝑓𝑐 = 10% to 𝑓𝑐 = 20%. This is 227 

followed by a significant decrease in (𝑞/𝑝)𝑐𝑟𝑖𝑡 until 𝑓𝑐 = 40%, and finally a monotonic increase 228 
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until 𝑓𝑐 = 70% (Fig. 5b). The 𝑒𝑐𝑟𝑖𝑡 follows a similar trend as the 𝑒𝑝𝑒𝑎𝑘, although the threshold 229 

fines content shifted from 𝑓𝑐
𝑡ℎ=30% at the initial state (Fig. 5a) to 𝑓𝑐

𝑡ℎ=35%  at the critical state 230 

(Fig. 5b). While 𝑒𝑝𝑒𝑎𝑘 could be used to explain the trend observed for (𝑞/𝑝)𝑝𝑒𝑎𝑘, (𝑞/𝑝)𝑐𝑟𝑖𝑡 231 

does not correlate with 𝑒𝑐𝑟𝑖𝑡. In Section 6, we provide a discussion on the use of an alternative 232 

void index, the stress-based skeleton void ratio, to explain the trend observed at the critical 233 

state. It is worthy of note that having a lot of fine grains filling the void space increases the 234 

peak strength but decreases the critical state strength. This might be interpreted in the capacity 235 

of fine grains to i)  provide lateral support to force chains if the initial state is dense, but at the 236 

same time ii)  act as ball bearings at critical state and ease shearing with limited deviatoric 237 

stress.  238 

 239 
Fig. 5 Effect of fines content on (a) stress ratio at peak, (𝑞 𝑝)⁄

𝑝𝑒𝑎𝑘
, for the dense assemblies, 240 

and peak void ratio, 𝑒𝑝𝑒𝑎𝑘 (b) critical state stress ratio, (𝑞 𝑝)⁄
𝑐𝑟𝑖𝑡

, (unique value for dense and 241 

loose assemblies), and critical state void ratio, 𝑒𝑐𝑟𝑖𝑡.  242 
 243 

Fig. 6a shows the maximum dilatancy rate, (−d𝜀𝑣 d𝜀𝑎)⁄
𝑚𝑎𝑥

 against 𝑓𝑐. In the underfilled 244 

regime, (−d𝜀𝑣 d𝜀𝑎)⁄
𝑚𝑎𝑥 

 for the dense assemblies increased from 𝑓𝑐 = 10% until the threshold 245 

fines content 𝑓𝑐
𝑡ℎ=30%, as the fines progressively fill the void space (Fig. 6a). For 𝑓𝑐>𝑓𝑐

𝑡ℎ, 246 

(−d𝜀𝑣 d𝜀𝑎)⁄
𝑚𝑎𝑥

 decreased monotonically with an increase in 𝑓𝑐. The increase in dilatancy 247 

observed within the underfilled regime was also reported for Ottawa sand having 𝑓𝑐 ≤ 20%, 248 

under drained triaxial shearing (Chang & Yin, 2011; Salgado et al., 2000); and was attributed 249 

to increased particle interlock as the fines occupy the voids within the coarse particles (Kuerbis, 250 

1989; Salgado et al., 2000). Indeed, for the assemblies of binary mixture studied here, there is 251 

a correlation between the maximum dilatancy angle, 𝜓𝑚𝑎𝑥 and the initial void ratio, 𝑒𝑚𝑖𝑛, (Fig. 252 

6b), where 𝜓𝑚𝑎𝑥= sin−1[((−d𝜀𝑣 d𝜀𝑎)⁄
𝑚𝑎𝑥

) (2 + (−d𝜀𝑣 d𝜀𝑎)⁄
𝑚𝑎𝑥

)⁄ ] following (Xiao et al., 253 

2017). A linear relationship was also established between the peak friction angle, 𝜙𝑝 and the 254 
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𝜓𝑚𝑎𝑥 (Fig. 6c), where the friction angle, 𝜙 = sin−1[(𝜎𝑧𝑧 − 𝜎𝑦𝑦) (𝜎𝑧𝑧 + 𝜎𝑦𝑦)⁄ ]. This 255 

relationship has been found in earlier studies for clean sands (Adesina et al., 2024; Bolton, 256 

1986; Vaid & Sasitharan, 1992), and was also reported for sand-silt mixtures having 𝑓𝑐 ≤ 20% 257 

in the experimental study on sand with non-plastic fines (Xiao et al., 2017).  258 

 259 
Fig. 6 (a) Effect of fines content, 𝑓𝑐, on the maximum dilatancy rate, (−d𝜀𝑣 d𝜀𝑎⁄ )𝑚𝑎𝑥. 260 

Relationship between (b) maximum dilatancy angle, 𝜓𝑚𝑎𝑥 and initial void ratio, 𝑒𝑚𝑖𝑛 (c) peak 261 

friction angle, 𝜙𝑝, and maximum dilatancy angle, 𝜓𝑚𝑎𝑥 for dense assemblies of binary mixture.  262 

  263 

The coordination number, i.e. the average number of contacts per particle in a granular system 264 

is the simplest measure of the connectivity of the contact network which is related to the 265 

structural stability of the system (Thornton, 2015). Here, we employ the mechanical 266 

coordination number as a micromechanical parameter to identify and characterise the regimes 267 

delineating the behaviour of gap-graded materials. The mechanical coordination number, 𝑍𝑚, 268 

is defined as the average number of contacts per particle when the particles which do not 269 

contribute to force transmission (i.e., particles with less than two contacts which are referred 270 

to as rattlers) are excluded7. Thornton (2000) defined the 𝑍𝑚 as: 271 

𝑍𝑚 = 
(2𝑁𝑐−𝑁1)

𝑁𝑝−𝑁1−𝑁0
      (2) 272 

where 𝑁𝑐 is the total number of contacts, 𝑁𝑝 is total number of particles and 𝑁0 and 𝑁1 are the 273 

number of particles with zero and one contact in the granular system, respectively. Figs. 7a-c 274 

show 𝑍𝑚 for all particles, 𝑍𝑚𝑐 for the coarse particles only, and 𝑍𝑚𝑓 for the fine particles only, 275 

respectively, alongside the void ratio, 𝑒, at the initial, the peak and the critical states. While 𝑍𝑚 276 

considers all particles, 𝑍𝑚𝑐 and 𝑍𝑚𝑓 considers only the contacts made by the coarse particles 277 

and the fine particles, respectively8. Figs. 7d-e show the number of fines and coarse particles 278 

 
7 Note that the coordination number of particles with more than two contacts accounts for the contacts from 

particles with only one contact in the standard definition of 𝑍𝑚.  
8 The contacts made by the coarse particles include both the coarse-coarse and the coarse-fine contacts while the 

contacts made by the fine particles include both the fine-fine and the coarse-fine contacts.  
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that do not contribute to force transmission (i.e. the fines-rattlers and coarse-rattlers) at the 279 

initial, the peak and the critical states. Generally, two trends demarcated by the 𝑓𝑐
𝑡ℎ can be 280 

observed in Fig. 7a; a decrease in the 𝑍𝑚 for 𝑓𝑐<𝑓𝑐
𝑡ℎ (although the decrease is less significant 281 

for the dense assemblies at the initial state); and a monotonic increase for 𝑓𝑐>𝑓𝑐
𝑡ℎ. The trends 282 

observed here are similar to the data shown in the DEM study by Liu et al., (2022) for the 𝑍𝑚 283 

of sand-silt mixtures having particle size ratio, 𝜆 = 8.4 and 18.1, and at the initial states. 284 

Generally, an initial increase in the 𝑓𝑐 resulted in no change in the 𝑍𝑚𝑐 and the 𝑍𝑚𝑓 until 𝑓𝑐
𝑡ℎ, 285 

after which a monotonic increase followed (Figs. 7b & c). The monotonic decrease in the 286 

number of fines-rattlers from 𝑓𝑐
𝑡ℎ (Fig. 7d) indicates an increase in the number of fines 287 

mobilised in force transmission as 𝑓𝑐 increases. As expected, the number of coarse-rattlers 288 

decreased with an increase in 𝑓𝑐 until 𝑓𝑐
𝑡ℎ, beyond which no rattler exists among the coarse 289 

particles (Fig. 7e).  290 

 291 
Fig. 7 Effect of fines content on the (a) mechanical coordination number, 𝑍𝑚, for all particles 292 

(b) 𝑍𝑚𝑐 for coarse particles (c) 𝑍𝑚𝑓 for fine particles (d) number of fines-rattlers (e) number of 293 

coarse-rattlers within assemblies of binary mixture.  294 
 295 

Fig. 8a shows the contact lost or gained during shearing, ∆𝑍, determined here as  𝑍𝑖𝑛𝑖 − 𝑍𝑐𝑟𝑖𝑡, 296 

where  𝑍𝑖𝑛𝑖  and 𝑍𝑐𝑟𝑖𝑡 are the coordination number at the initial states and at the critical state, 297 

respectively. Fig. 8b shows the excess friction angle, which indicates the strain softening 298 

exhibited by the assemblies. From these figures, we observe the emergence of three groups of 299 
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𝑓𝑐 values with similar ∆𝑍 and 𝜙𝑝-𝜙𝑐 values. This suggests the existence of three regimes, the 300 

first being 𝑓𝑐 < 𝑓𝑐
𝑡ℎ where ∆𝑍 ≈ 0 and strain softening is relatively minimal. In the second 301 

regime delineated by 𝑓𝑐
𝑡ℎ ≤ 𝑓𝑐 < 45%, ∆𝑍 is highest, suggesting that the highest amount of 302 

contacts were lost within this regime during shearing. This is accompanied by significant 303 

softening occurring within the regime, in agreement with the DEM study by Adesina et al., 304 

(2024), where a linear relationship is established between the degree of softening and the 305 

contact loss during shearing by linearly-graded granular assemblies. The significant loss of 306 

contacts exhibited by the assemblies in this regime can be linked to the large fluctuations in 307 

their shearing responses at the critical state (see Figs. 3 & 4). It has been shown in the DEM 308 

study by Adesina et al., (2022) that the magnitude of fluctuations in the shearing responses of 309 

granular assemblies at the critical state increases with a decrease in the total number of contacts 310 

in the assemblies. This observation can also be related to the size of the REV, which depends 311 

on the fine contents. While the condition is largely met for small and large fine contents with 312 

100,000 grains, this is less the case for intermediate fine contents in which local microstructure 313 

rearrangements reflect more in the macroscopic response. This is observed in Fig. 16 through 314 

the evolution of the boundary term in the stress decomposition. In Appendix A, we showed that 315 

our sample size of 100,000 particles can be considered as a REV.  316 

In the third regime (i.e. 𝑓𝑐 ≥ 45%), relatively minimal ∆𝑍 is observed; the strain softening 317 

within this regime transitions from moderate to minimal. ∆𝑍 values in the last two regimes are 318 

higher for dense assemblies in comparison to the loose assemblies, for the same 𝑓𝑐 value; ∆𝑍<0 319 

for the loose assemblies in regime 3 indicating an ultimate contact gain.  While Skempton & 320 

Brogan (1994) and Thevanayagam et al., (2002) provided a conceptual delineation of the 321 

regimes based on void ratio, here, we provide a mechanistic delineation of the regimes with 322 

our analysis of contact evolution and strain softening. In Table 3, we present a summary of the 323 

unique trends observed for each of the three regimes identified based on our analysis of the 324 

macromechanical and the micromechanical characteristics of the studied gap-graded 325 

assemblies.  326 
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 327 
Fig. 8 (a) Change in coordination number during shearing, ∆𝑍 (filled circle for dense 328 

assemblies and open circles for loose assemblies). ∆𝑍>0 means contact lost and ∆𝑍<0 means 329 

contact gained during shearing. (b) excess friction angle (strain softening), 𝜙𝑝-𝜙𝑐 for dense 330 

assemblies of binary mixture.  331 
 332 

Table 3: Summary of regime based on macromechanical and micromechanical characteristics  333 

∆ in parameters 

as  the 𝑓𝑐 ↑ 

Regime 1 

(𝑓𝑐 < 𝑓𝑐
𝑡ℎ) 

Regime 2 

(𝑓𝑐
𝑡ℎ< 𝑓𝑐<45%) 

Regime 3 

(𝑓𝑐>45%) 

𝑒𝑖𝑛𝑖; 𝑒𝑐𝑟𝑖𝑡 Decreases Increases 

(𝑞/𝑝)𝑚𝑎𝑥 Increases Decreases  

(−𝑑𝜀𝑣 𝑑𝜀𝑎)⁄
𝑚𝑎𝑥

 Increases Decreases  

𝑍𝑚 Decreases Increases Increases marginally to a plateau 

𝑍𝑚𝑐; 𝑍𝑚𝑓 No change Increases Increases marginally to a plateau 

∆𝑍 No change Increases Decreases marginally to a plateau 

𝜙𝑝-𝜙𝑐 Increases Plateau Decreases 

Note: When the data in Fig. 8 are considered, the boundary between Regime 2 and Regime 3 range between 𝑓𝑐 ∈334 
[35% ; 45%] depending on density. This range will also depend on the particle size distribution considered. 335 
 336 

4. Particle based stress-transmission 337 
 338 

Using the Love-Weber particle stress tensor as described in Nicot et al., (2013), the mean stress 339 

per particle, 𝜎𝑖𝑗
𝑝

, is calculated as: 340 

              𝜎𝑖𝑗
𝑝 =

1

𝑉𝑝
𝑅𝑝∑𝑓𝑗

𝑐

𝑁𝑐
𝑝

𝑐=1

𝒏𝑖                                                                (3) 341 
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where the summation runs over all contacts 𝑐 made by the particle 𝑝. 𝑉𝑝 is the particle volume, 342 

𝑅𝑝 is the radius of the particle, 𝑁𝑐
𝑝
 is the number of contacts involving the particle, 𝑓𝑗

𝑐 is the 343 

contact force vector and 𝒏𝑖 is the unit branch vector between two particles in contact. The stress 344 

tensor at the material point scale (i.e. for a large number of particles), 𝜎𝑖𝑗, is given as a weighted 345 

average of the particle stresses (by particle volume): 346 

𝜎𝑖𝑗 =
1

𝑉
∑𝑉𝑝

𝑁𝑝

𝑝=1

𝜎𝑖𝑗
𝑝                                      (4) 347 

where 𝑉 is the volume of the entire system and 𝑁𝑝 is the number of particles in the system. 348 

𝜎𝑖𝑗  can be decomposed to the contribution of each particle category, i.e. fine and coarse, as: 349 

𝜎𝑖𝑗 = 
1

𝑉
∑𝑉𝑝𝜎𝑖𝑗

𝑝

𝑁𝑝
𝑐

𝑝=1⏟      
𝜎𝑖𝑗
𝑐

+ 
1

𝑉
∑𝑉𝑝𝜎𝑖𝑗

𝑝

𝑁𝑝
𝑓

𝑝=1⏟      

𝜎
𝑖𝑗
𝑓

          (5) 350 

where 𝑁𝑝
𝑐 and 𝑁𝑝

𝑓
 are the number of coarse and fine particles in the system, respectively9. The 351 

mean effective stress, 𝑝, for the entire system is calculated as: 352 

𝑝 =
𝜎𝑥𝑥 + 𝜎𝑦𝑦 + 𝜎𝑧𝑧

3
                              (6) 353 

The proportion of the total mean stress transmitted by the finer fraction, 𝛼𝑓, is calculated as 354 

𝑝𝑓 𝑝⁄ , and similarly, the proportion of the total mean stress transmitted by the coarser fraction, 355 

𝛼𝑐 = 1 − 𝛼𝑓, is calculated as 𝑝𝑐 𝑝⁄ , where 𝑝𝑓 and 𝑝𝑐 are the mean stress transmitted by the 356 

finer and the coarser populations, respectively.  357 

Fig. 9 shows the evolution of the 𝛼𝑓 during shearing for the dense and loose assemblies of 358 

binary mixtures10. The 𝛼𝑓 for the dense assemblies having 𝑓𝑐 ≥ 30% decreased significantly 359 

(with more pronounced decrease observed for 35%≤ 𝑓𝑐≤50% which corresponds with regime 360 

2 in Table 3) from the start of shearing until 𝜖𝑎 ≈ 0.08 beyond which the change in the 𝛼𝑓 361 

became minimal (Fig. 9a). 𝛼𝑓 for the loose assemblies generally exhibited minimal changes 362 

from the start to the end of shearing (Fig. 9b). In agreement with the data presented by Sufian 363 

et al., (2021) for sand-silt mixtures subjected to constant mean stress triaxial compression, the 364 

 
9 Note that 𝜎𝑖𝑗

𝑐  and 𝜎𝑖𝑗
𝑓
 correspond to the contribution of coarse and fine particles to the total stress and not to the 

mean stress in coarse and fine particles. To compute the stress in the coarse particles, we consider both the coarse-

coarse and the coarse-fine contacts. Similarly, to compute the stress in the fine particles, we consider both the 

fine-fine and the coarse-fine contacts. 
10 In Appendix B and Fig. A2, we show that the evolution of the deviatoric stress transmitted by the fines is 

generally similar to the evolution of the mean stress presented in Fig. 8. 
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observation made here indicates the transmission of stresses from the fine particles to the coarse 365 

particles or a concentration of stress on the coarse particles, in the dense assemblies, at the early 366 

stage of shearing. This phenomenon occurred such that for each 𝑓𝑐, a unique 𝛼𝑓 exists for both 367 

the initially dense and loose assemblies at large strains (i.e. at the critical state).  368 

 369 

 370 
Fig. 9 Evolution of the proportion of mean stress transmitted by the fines during 371 
shearing for (a) dense assemblies (b) loose assemblies11  372 

 373 

Fig. 10 shows the contribution of the finer fraction, 𝛼𝑓, and the coarser fraction, 𝛼𝑐, to the total 374 

mean stress for the studied assemblies. At all stages of shearing considered (Fig. 10a-d), the 375 

fine particles did not contribute to stress transmission (i.e. 𝛼𝑓 ≈ 0) until the 𝑓𝑐
𝑡ℎ beyond which 376 

there was a progressive increase in the 𝛼𝑓 and a consequential reduction in 𝛼𝑐. The primary 377 

stress-transmitting skeleton at 𝑓𝑐 < 𝑓𝑐
𝑡ℎ is therefore the coarser fraction. Based on a conceptual 378 

analysis proposed in the experimental studies on granular mixtures (Thevanayagam et al., 379 

2002; Thevanayagam & Mohan, 2000), the mechanical behaviour of  the mixtures should be  380 

primarily controlled by the fines at 𝑓𝑐 ≥ 𝑓𝑐
𝑡ℎ. Vallejo (2001) in his experimental study on binary 381 

granular mixtures suggests that at 𝑓𝑐>60%, the fines generally become the primary stress-382 

transmitting matrix while the coarser fraction plays basically no role in stress transmission. The 383 

evidence from our micromechanical analysis shows that while the fines began to transmit stress 384 

at the 𝑓𝑐
𝑡ℎ, they did not become the primary stress-transmitting fabric until 𝑓𝑐 becomes higher 385 

than an equivalent fines content 𝑓𝑐
𝑒𝑞

. Here, 𝑓𝑐
𝑒𝑞

 is the estimated 𝑓𝑐 at which the total mean 386 

 
11 By comparing the 𝑞/𝑝 data (Figs. 3 & 4) with the 𝛼𝑓 data (Fig. 9), it is observed that the fluctuation in the 𝑞/𝑝 

data for the assemblies having 𝑓𝑐 ∈ [30% ; 40%] is not reflected in the relatively smooth 𝛼𝑓 data. This is because 

the fluctuations evident in the 𝑞/𝑝 data is masked behind the apparently smooth 𝛼𝑓 data as a result of the 

normalisation of the stress transmitted by the fines with the total mean stress (𝑝𝑓 𝑝⁄ ). 
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pressure is equally shared between the finer and the coarser fraction. For the studied binary 387 

mixtures, 𝑓𝑐
𝑒𝑞

 is estimated to range from 48% to 53% for the dense assemblies at the initial 388 

state and the peak; and reaches 55% for the loose assemblies at the initial state and for all 389 

assemblies at the critical state. Contrary to Vallejo (2001), while the fines transmit the largest 390 

fraction of the total mean stress for 𝑓𝑐 > 𝑓𝑐
𝑒𝑞

, the coarse particles continue to make a secondary 391 

and yet significant contribution to the total mean stress for much larger fine contents (at least 392 

up to 𝑓𝑐=70% studied here).  393 

Since particles stresses result from contact forces, we estimate in Fig. 11, the proportion of the 394 

total number contacts shared by the fines12, 𝐶𝑛
𝑓
, and the coarse particles, 𝐶𝑛

𝑐. Comparing these 395 

geometric statistics to the stress contributions enables a better understanding of the trends 396 

observed in Fig. 10. Again, the trends in Fig. 11 can be classified into two regimes delineated 397 

by the threshold fines content, 𝑓𝑐
𝑡ℎ. For 𝑓𝑐 < 𝑓𝑐

𝑡ℎ, 𝐶𝑛
𝑓
 generally increased with 𝑓𝑐 but remained 398 

lower than 𝐶𝑛
𝑐, indicating that in this regime, the coarse particles are involved in a larger 399 

proportion of the total number of contacts than the fines. For 𝑓𝑐 ≥ 𝑓𝑐
𝑡ℎ, 𝐶𝑛

𝑓
 increased 400 

monotonically with 𝑓𝑐 and was higher than 𝐶𝑛
𝑐; in this case, the fines became dominant in terms 401 

of their proportion of the total number of contacts. By comparing Fig. 10 and 11, we observe 402 

that although the fines became dominant in terms of their proportion of the total number of 403 

contacts from 𝑓𝑐 = 𝑓𝑐
𝑡ℎ, they did not primarily contribute to the total mean stress until 𝑓𝑐 > 𝑓𝑐

𝑒𝑞
. 404 

This indicates that most of the contacts involving fine grains do not carry large forces for 405 

𝑓𝑐
𝑡ℎ < 𝑓𝑐 < 𝑓𝑐

𝑒𝑞
.  406 

 
12 The contacts made by the coarse particles include both the coarse-coarse and the coarse-fine contacts while the 

contacts made by the fine particles include both the fine-fine and the coarse-fine contacts. The proportion of the 

total number of contacts shared by the fines, 𝐶𝑛
𝑓
, is calculated as: 𝐶𝑛

𝑓
 =

2𝑁𝑓−𝑓+𝑁𝑐−𝑓

2𝑁𝑓−𝑓+2𝑁𝑐−𝑓+2𝑁𝑐−𝑐
. 



18 
 

 407 
Fig. 10 Proportion of mean stress transmitted by the fines and coarse particles at (a) the initial 408 
state for dense assemblies (b) the initial state for the loose assemblies (c) the peak  (d) the 409 
critical state (unique trends for both dense and loose assemblies) 410 
 411 

 412 
Fig. 11 Proportion of the total contacts belonging to the finer and coarser fraction at (a) the 413 
initial state for dense assemblies (b) the initial state for the loose assemblies (c) the peak (d) 414 
the critical state (unique trends for both dense and loose assemblies) 415 
 416 



19 
 

Figs. 12 and 13 show the cumulative distributions of the individual stresses sustained by the 417 

particles normalised by the average particle stresses in the whole assembly (𝑃𝑝 𝑃𝑝̅̅̅̅⁄ ), for the 418 

coarser and finer fraction respectively, at the initial states, the peak and the critical state. This 419 

is aimed at understanding the range and state of particle stresses existing within the particle 420 

size fractions in each assembly at different shearing stages. A wider range of stresses exist 421 

within the finer fraction (Fig. 13) than the coarser fraction (Fig. 12). For the coarser fraction, 422 

the proportion of the particles with stress values below the average stress (i.e. 𝑃𝑝 𝑃𝑝̅̅̅̅⁄ ≤ 1) was 423 

similar for all 𝑓𝑐 values considered. Below the average stress, the cumulative distribution shifts 424 

to the right as 𝑓𝑐 increased; the reverse was observed above the average stress. The width of 425 

the distributions for the coarser fraction tend to become smaller as 𝑓𝑐 increased (Fig. 12a-d). 426 

This indicates a more even stress distribution within the coarser particles as 𝑓𝑐 increased. The 427 

proportion of the fines with stress values below the average (i.e. 𝑃𝑝 𝑃𝑝̅̅̅̅⁄ ≤ 1) decreased as 𝑓𝑐 428 

increased (Fig. 13).  429 

The proportion of the fines bearing no stress (i.e. 𝑃𝑝 𝑃𝑝̅̅̅̅⁄ = 0), referred to as the non-active 430 

fines, 𝑅𝑓, are illustrated by the vertical line at 𝑃𝑝 𝑃𝑝̅̅̅̅⁄ = 0 in Fig. 13 and are plotted in Fig. 14a. 431 

Fig. 14b shows the change in the percentage of the non-active fines present within the 432 

assemblies during shearing, ∆𝑅𝑓 (i.e. the difference in the 𝑅𝑓 at the initial states and the critical 433 

state). Within the assemblies having 𝑓𝑐<𝑓𝑐
𝑡ℎ, virtually all the fines (98.3% to 99.9%) are non-434 

active. This confirms that at 𝑓𝑐<𝑓𝑐
𝑡ℎ, the finer fraction does not contribute to stress transfer. For 435 

𝑓𝑐
𝑡ℎ < 𝑓𝑐< 45%, 𝑅𝑓 decreases more significantly than for 𝑓𝑐 > 45% (Fig. 14a). The drop in the 436 

proportion of non-active fine (within 𝑓𝑐
𝑡ℎ < 𝑓𝑐< 45%) depends significantly on the relative 437 

density of the assemblies (dense or loose) and the stage of shearing (initial, peak or critical 438 

state). Three regimes are identified following the analysis here. For 𝑓𝑐<𝑓𝑐
𝑡ℎ, the fines are largely 439 

dormant whatever the sample state13. Also, ∆𝑅𝑓 ≈ 0 (Fig. 14b), indicating shearing had no effect 440 

on the activity of the fines. For 𝑓𝑐
𝑡ℎ ≤ 𝑓𝑐 < 45%, the proportion of active fines is very sensitive 441 

to the packing density and the stage of shearing (Fig. 14a). Also, ∆𝑅𝑓 is highest (Fig. 14b), 442 

suggesting that more of the active fines initially present within the assemblies became non-443 

active by the end of shearing (38%-85% and 11-12% for dense and loose assemblies, 444 

respectively). For 𝑓𝑐 ≥ 45%, the proportion of non-active fines is rather low and exhibit a 445 

limited sensitivity to the packing density and the stage of shearing. 446 

 
13 Note that, depending on the sample preparation procedure, we could imagine having fewer non-active fines at 

initial state. This is for instance the case when samples are prepared in the lab using the moist tamping method 

that gather fines around contacts between coarse grains because of capillary effects.  
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 447 
Fig. 12 Cumulative distribution of normalised particle mean stress for coarser fraction (a) 448 
dense; initial state (b) loose; initial state (c) dense; peak state (d) critical state for both dense 449 
(solid line) and loose (dashed line) assemblies 450 

 451 

 452 
Fig. 13 Cumulative distribution of normalised particle mean stress for finer fraction (a) dense; 453 

initial state (b) loose; initial state (c) dense; peak state (d) critical state for both dense (solid 454 
line) and loose (dashed line) assemblies 455 
 456 
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 457 
Fig. 14 (a) Percentage of non-active fines, 𝑅𝑓, at different 𝑓𝑐 (b) Change in the percentage of 458 

non-active fines during shearing (filled circle for dense assemblies and open circles for loose 459 

assemblies). ∆𝑅𝑓>0 and ∆𝑅𝑓<0  mean higher and lower percentages of inactive fines at the end 460 

of shearing in comparison to the initial state, respectively. 461 
 462 
 463 
 464 

5. Contact based stress-transmission 465 
 466 

Using the Love-Weber contact based stress tensor including Bagi boundary term (Bagi, 1999), 467 

the contributions of all contact types to the total mean stress transmitted by an entire granular 468 

system is given as: 469 

              𝜎𝑖𝑗
𝑐 =

1

𝑉
∑𝑓𝑗

𝑐

𝑁𝑐

𝑐=1

𝑙𝑖                                                                                        (11) 470 

where 𝑁𝑐 is the total number of contacts in the granular system, 𝑉 is the volume of the system, 471 

𝒍 is the branch vector (‖𝒍‖ = 𝑅1 + 𝑅2 for a sphere 1 to sphere 2 contact; ‖𝑙‖ = 𝑅𝑝 for a sphere 472 

𝑝 to wall contact), and 𝒇𝒄 is the contact force vector. This stress tensor can be decomposed 473 

based on the contact type as: 474 

              𝜎𝑖𝑗
𝑘 =

1

𝑉
∑𝑓𝑗

𝑐

𝑁𝑐
𝑘

𝑐=1

𝑙𝑖                                                                                        (12) 475 

where k ∈ {c-c, c-f, f-f, s-wl}. c-c, c-f, f-f, and s-wl denote coarse to coarse, coarse to fine, fine 476 

to fine and sphere to wall contacts, respectively. The proportion of the total mean stress from 477 

each contact type is given by 𝛼𝑘 = 𝑝
𝑘 𝑝⁄ . Note that the boundary term is expected to vanish as 478 

soon as the sample domain is sufficiently large (which should be the case when the REV 479 

condition is met).  480 
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Fig. 15 shows the evolution of the proportion of the stress transmitted by each contact type 481 

during shearing, for the dense and loose assemblies. At large strains (i.e., 𝜖𝑎 >0.3), the 482 

contribution of the coarse to coarse contacts to the total mean stress, 𝛼𝑐−𝑐, decreases with 𝑓𝑐 483 

such that 𝛼𝑐−𝑐 ≈0 for 𝑓𝑐 > 40% (Fig. 15a&d). The contribution of the fine-fine contacts to the 484 

total mean stress, 𝛼𝑓−𝑓, increases with 𝑓𝑐 for 𝑓𝑐>𝑓𝑐
𝑡ℎ while 𝛼𝑓−𝑓 ≈0 for 𝑓𝑐<𝑓𝑐

𝑡ℎ (Fig. 15c&f). 485 

The contribution of the coarse to fine contacts, 𝛼𝑐−𝑓, initially increases with 𝑓𝑐 until 𝑓𝑐=40% 486 

and thereafter decreases with further increase in 𝑓𝑐 (Fig. 15b&e). During the early stage of 487 

shearing (i.e., 𝜖𝑎 < 0.1), we observed a decrease in 𝛼𝑐−𝑐 and 𝛼𝑓−𝑓 which is accompanied by a 488 

commensurate increase in the 𝛼𝑐−𝑓. This indicates a redistribution of stress from the c-c and  489 

f-f contacts to the c-f contacts. Although the coarse particles lost stress as indicated in the 490 

decrease in 𝛼𝑐−𝑐, they are also gained stress from the fines as indicated in both the increase in 491 

𝛼𝑐−𝑓 and the decrease in 𝛼𝑓−𝑓. Ultimately, there was a redistribution of stress from the fines to 492 

the coarse particles as indicated in Fig. 9a. 493 

  494 

 495 

Fig. 15 Evolution of the proportion of mean stress transmitted by contact types during shearing 496 
for (a) c-c contacts; dense  (b) c-f contacts; dense  (c) f-f contacts; dense (d) c-c contacts; loose 497 

(b) c-f contacts; loose  (c) f-f contacts; loose 498 
 499 
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Fig. 16 shows the proportion of the mean stress transmitted by each contact types at the initial 500 

states, the peak and the critical state. The trends observed between the contact types14  can be 501 

classified into four regimes based on the 𝑓𝑐. In the first regime (𝑓𝑐<𝑓𝑐
𝑡ℎ), the contribution of the 502 

fine to fine contacts to the total mean stress, 𝛼𝑓−𝑓≈0, indicating that the f-f contacts do not 503 

contribute to mean stress below the 𝑓𝑐
𝑡ℎ. In this regime, the condition 𝛼𝑐−𝑐 > 𝛼𝑐−𝑓 > 𝛼𝑓−𝑓 504 

generally holds, hence, the regime is referred to as coarse-dominated, following Vallejo (2001) 505 

and Sufian et al. (2021). Within the second regime referred to as transitional coarse-dominated 506 

(𝑓𝑐
𝑡ℎ<𝑓𝑐<𝑓𝑐

𝑡𝑟, where 𝑓𝑐
𝑡𝑟 is referred here as transitional fines content where 𝛼𝑐−𝑐=𝛼𝑓−𝑓), the 507 

condition 𝛼𝑐−𝑓 > 𝛼𝑐−𝑐 > 𝛼𝑓−𝑓 generally holds. In the third regime where 𝑓𝑐
𝑡𝑟<𝑓𝑐<𝑓𝑐

𝑒𝑞
 (𝑓𝑐

𝑒𝑞
 508 

was defined in Section 4 as the 𝑓𝑐 at which the total mean stress is equally shared between the 509 

coarser and the finer fractions) and referred to as transitional fines-dominated, the condition 510 

𝛼𝑐−𝑓 > 𝛼𝑓−𝑓 > 𝛼𝑐−𝑐 holds. The transitional fines content, 𝑓𝑐
𝑡𝑟, delineating the transitional 511 

regimes (i.e. the transitional-coarse dominated and the transitional-fines dominated regimes) 512 

was found around 𝑓𝑐 = 40% for the assemblies and the shearing stages considered here (Fig. 513 

16a-d). The transitional regime based on the micromechanical analysis ranged from 𝑓𝑐
𝑡ℎ to 𝑓𝑐

𝑒𝑞
 514 

and is therefore within 𝑓𝑐=30%-48% and 𝑓𝑐=35%-55% for the dense and loose assemblies, 515 

respectively. For 𝑓𝑐>𝑓𝑐
𝑒𝑞

 (i.e., in the fourth regime), the condition 𝛼𝑓−𝑓 > 𝛼𝑐−𝑓 > 𝛼𝑐−𝑐 holds, 516 

hence, the regime is fines-dominated. While the classification in the experimental study by 517 

Vallejo (2001) was based on void ratio, we present here a similar classification based on the 518 

micromechanical analysis conducted, with distinct delineations in agreement with the 3-D 519 

DEM study on binary mixtures having size ratio, λ=4, reported by Minh et al., (2014).  520 

 
14 Excluding the contributions to the mean stress from the contacts between the spherical particles and the walls, 

𝛼𝑠−𝑤𝑙 , which were generally less than 0.15. We observed that 𝛼𝑠−𝑤𝑙  values for the underfilled assemblies (𝑓𝑐<𝑓𝑐
𝑡ℎ) 

were generally higher than the overfilled assemblies. This suggests that a greater number of particles is required 

to ensure a representative element volume (REV) in underfilled assemblies in comparison to the overfilled 

assemblies. 
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 521 
Fig. 16 Proportion of mean stress transmitted by contact type at (a) the initial state for dense 522 

assemblies b) the initial state for the loose assemblies (c) at the peak (d) the critical state (unique 523 

trends for both dense and loose assemblies). Void ratio data represented with dashed grey lines 524 
are plotted on the right side of each subplot to help identify the different regimes.  525 

 526 

In a similar fashion to Fig. 11, Fig. 17 shows the proportion of all contacts belonging to each 527 

contact types at the different stages of shearing. The trends between the contact types here 528 

could be generally grouped into two categories delineated by the threshold fines content15.  529 

- For 𝑓𝑐<𝑓𝑐
𝑡ℎ, the proportions of the total contacts belonging to the f-f contacts, 𝐶𝑓−𝑓

𝑡 , 530 

were lower than those belonging to the c-c contacts, 𝐶𝑐−𝑐
𝑡 . The condition, 𝐶𝑐−𝑐

𝑡 >531 

𝐶𝑐−𝑓
𝑡 > 𝐶𝑓−𝑓

𝑡  generally holds, except for 𝑓𝑐=30% in the loose samples (Fig. 17b) and at 532 

the critical state (Fig. 17d) where the condition 𝐶𝑐−𝑓
𝑡 > 𝐶𝑐−𝑐

𝑡 > 𝐶𝑓−𝑓
𝑡  holds.  533 

- For 𝑓𝑐≥𝑓𝑐
𝑡ℎ, the f-f contacts dominate the assemblies, therefore the condition 𝐶𝑓−𝑓

𝑡 >534 

𝐶𝑐−𝑓
𝑡 > 𝐶𝑐−𝑐

𝑡  holds.  535 

 
15 The proportions of all contact types belonging to the wall, 𝐶𝑤𝑙

𝑡  were less than 0.17 and 0.08 for 𝑓𝑐<𝑓𝑐
𝑡ℎ and for 

𝑓𝑐>𝑓𝑐
𝑡ℎ, respectively. 
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From the threshold fines content, the 𝐶𝑐−𝑐
𝑡  values were significantly low (ranging from 2.1e-2 536 

– 9e-5) at all states, and was zero for 𝑓𝑐=70% at the critical state (Fig. 17d). This show that the 537 

fines disperse the coarse particles (i.e. 𝐶𝑐−𝑐
𝑡  becomes minimal) from the threshold fines content, 538 

𝑓𝑐
𝑡ℎ, which is in agreement with the 3D DEM study on binary mixtures by Minh et al., (2014), 539 

and not beyond 𝑓𝑐
𝑡ℎ as suggested in the experimental study on sandy-gravels by Skempton & 540 

Brogan (1994). The suggestion by Salgado et al., (2000) in their experimental study, that the 541 

fines controls the mechanical behaviour of sand-silt mixtures when the sand particles are 542 

completely floating (𝐶𝑐−𝑐
𝑡 ≈ 0) in the silts is not supported by the data shown here. While the 543 

fines disperse the coarse particles from 𝑓𝑐
𝑡ℎ, they did not become the primary stress-transmitting 544 

matrix until 𝑓𝑐
𝑒𝑞

 is reached as explained in Section 4. In the transitional regime, there is the 545 

possibility that some fines get trapped between the coarse particles while being loosely 546 

connected to the rest of the fines in the assemblies.  547 

Also, while for 𝑓𝑐<𝑓𝑐
𝑡ℎ, the 𝐶𝑐−𝑓

𝑡  ≈0 in the dense assemblies (Fig. 17a), in the loose assemblies 548 

(Fig. 17b), 𝐶𝑐−𝑓
𝑡 >0. This suggests that, in agreement with Thevanayagam et al., (2002) and 549 

Shire, (2014), the fines in the dense assemblies are confined within the voids between the 550 

coarse particles with little interaction with the coarse matrix; in the loose assemblies, the fines 551 

interact more with the coarse particles. The fact that the fines are interacting more with the 552 

coarse particles in the loose case may indicate the fines are trapped within the coarse particles 553 

thereby creating larger voids which may require more fines to fill in comparison to the dense 554 

assemblies. This observation is consistent with Salgado et al., (2000) and Lade & Yamamuro 555 

(1997) who found more fines on the surfaces of the coarse particles in their loose assemblies, 556 

in comparison to the dense assemblies, and suggested that this is responsible for the larger drop 557 

in the 𝑒𝑚𝑖𝑛 than in the 𝑒𝑚𝑎𝑥 for a given increase in the fines content. The drop in the 𝑒𝑚𝑎𝑥 is 558 

mitigated than in the 𝑒𝑚𝑖𝑛 because the fines interacting with the coarse particles helps to create 559 

larger voids hence the lower drop in the void ratio in the loose case.    560 

 561 
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 562 
Fig. 17 Proportion of the total contacts belonging to each category of contact type at (a) the 563 
initial state for dense assemblies (b) the initial state for the loose assemblies (c) the peak (d) 564 
the critical state (unique trends for both dense and loose assemblies). Void ratio data 565 

represented with dashed grey lines are plotted on the right side of each subplot to help identify 566 
the different regimes.  567 

 568 
 569 

 570 
6. Stress-based skeleton void ratio 571 

The idea of sand skeleton void ratio was introduced in the experimental study by Kuerbis 572 

(1989) in order to understand the behaviour of silty sands with various fines content under 573 

undrained triaxial shearing. This proposition, which was based on a conceptual analysis of the 574 

fabric of soil mixtures, have been applied in other experimental and numerical studies 575 

(Benahmed et al., 2015; Chang & Yin, 2011; Lade & Yamamuro, 1997; Ni et al., 2004; Pitman 576 

et al., 1994; Rahman et al., 2008; Thevanayagam, 1998; Thevanayagam et al., 2002; Vaid, 577 

1994). In order to understand the critical state behaviour of the gap-graded assemblies 578 

subjected to drained shearing in this study, we propose a skeleton void ratio based on the stress 579 

sustained by individual particles. The skeleton void ratio, 𝑒𝑠𝑘𝑒𝑙, is here defined as the void ratio 580 

of a granular system when the fines with particle stress, 𝑃𝑝, lower than a threshold stress value 581 

are regarded as part of the void space and are therefore excluded. Note that we propose to 582 

exclude only the fines (and not the coarse particles) for our skeleton void ratio calculation. This 583 

is based on the fact that loosely stressed fine particles may be eroded through the constrictions 584 
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of the soil matrix whereas coarse particles cannot as they are usually larger than the constriction 585 

size (Garner & Fannin, 2010; ICOLD, 2017; A. W. Skempton & Brogan, 1994; Thevanayagam 586 

& Mohan, 2000). In Figure 17 we show the variation of the proportion of the total mean stress 587 

transmitted by the “skeleton” finer fraction, 𝛼𝑓
𝑠𝑘𝑒𝑙, for different stress thresholds, where the 588 

threshold stress is defined as: 589 

Threshold stress = 𝑥⏟
threshold 
coefficient

× 𝑃𝑝̅̅̅̅⏟
Average 

particle stress

   (10) 590 

In Fig. 18, the threshold coefficient, 𝑥, ranges from 0 to 2.  591 

- Unsurprisingly, the contribution of the fine remains negligible whatever the threshold 592 

value for 𝑓𝑐<𝑓𝑐
𝑡ℎ (the contribution for all the fines, 𝛼𝑓,  is already negligible).  593 

- For 𝑓𝑐
𝑡ℎ ≤ 𝑓𝑐 ≤ 45%, generally no change is observed in 𝛼𝑓

𝑠𝑘𝑒𝑙 until 𝑥 = 0.1, which 594 

means that the fine grains transmitting a pressure 𝑃𝑝 lower than 10% of the mean 595 

pressure 𝑃𝑝̅̅̅̅ , contribute only marginally to the stress transmitted by the finer fraction.   596 

- For 𝑓𝑐>45%, no change was observed in 𝛼𝑓
𝑠𝑘𝑒𝑙 until 𝑥 > 0.25. 597 

From the above analysis, we can retain x=0.1 as a reasonable threshold to define the skeleton 598 

fines for all fines content. 599 

Fig. 19 shows the proportion of the fines left in an assembly after each exclusion. These 600 

“skeleton” fines are included in the solid volume while computing the stress-based skeleton 601 

void ratio, 𝑒𝑠𝑘𝑒𝑙 plotted in Fig. 20. For 𝑓𝑐≥𝑓𝑐
𝑡ℎ, the proportion of the fines included as part of 602 

the assembly skeleton decreases monotonically as the threshold stress increases (Fig. 19a-d).  603 

The mechanical void ratio, 𝑒𝑚𝑒𝑐ℎ has been computed in the literature as an alternative void 604 

ratio index to the void ratio, 𝑒, of granular materials (Liu et al., 2022; Otsubo, 2016). 605 

𝑒𝑚𝑒𝑐ℎ excludes the particles with 𝑐 ≤ 1. In Fig. 20, we compare the evolutions of 𝑒, 𝑒𝑚𝑒𝑐ℎ and 606 

𝑒𝑠𝑘𝑒𝑙 (for 𝑥 = 0.1), 𝑒𝑠𝑘𝑒𝑙; 𝑥 = 0.1, for the different fines contents. These evolutions are put in 607 

parallel with the peak and the critical state stress ratios.  608 

As shown in Figure 19, 𝑒𝑠𝑘𝑒𝑙; 𝑥 = 0.1, shows a negative correlation with the critical state 609 

strength, (𝑞/𝑝)𝑐𝑟𝑖𝑡 (Fig. 20b & d), and no correlation with the peak strength, (𝑞/𝑝)𝑚𝑎𝑥 (Fig. 610 

20a). Instead, at the peak, (𝑞/𝑝)𝑚𝑎𝑥 correlates negatively with 𝑒, (Fig. 20a & c), in agreement 611 

with established relationship between the initial void ratio and the peak strength in the literature 612 

(Adesina et al., 2023; Holubec & D’Appolonia, 1973; Ng, 2004). In order to determine the best 613 

performing void ratio index among the indexes considered here, we estimated the goodness of 614 

the fit, 𝑅2, for the relationship between the void ratio values determined using the indexes and 615 

the strength exhibited by the assemblies (Table A.1 in the Appendix C). It is obvious that 616 
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𝑒𝑠𝑘𝑒𝑙; 𝑥 = 0.1 provides the best fit (𝑅2=0.84) thereby yielding the best prediction of (𝑞/𝑝)𝑐𝑟𝑖𝑡, 617 

while the best performing void ratio index for (𝑞/𝑝)𝑚𝑎𝑥 is 𝑒 (𝑅2=0.90 for underfilled and 618 

𝑅2=0.97 for the overfilled assemblies). This finding is consistent with the fact that the 619 

microstructure of granular assemblies (including the force chain network) evolve rapidly under 620 

shearing at the critical state (Deng et al., 2022; Wautier et al., 2018). Consequently, the non-621 

active and the marginally active fines do not have the chance to interact with the force chains 622 

and should therefore not be considered as part of the void when assessing the mechanical 623 

behaviour. On the contrary, at the peak, although the non-active and the marginally active fines 624 

do not contribute significantly to the total mean stress, they serve as a support for the force 625 

chain network and as a result constitute an important part of the microstructure of the 626 

assemblies (Tordesillas et al., 2010; Wautier et al., 2018; Zhu et al., 2016a; Zhu et al., 2016b). 627 

Therefore, they have to be taken into account in the void ratio calculation.  628 

 629 

 630 
Fig. 18 Estimation of the proportion of the mean stress transmitted by the finer fraction when 631 

particles with particle stress lower than a threshold are excluded (a) dense; initial state (b) loose; 632 
initial state (c) dense; peak state (d) critical state (unique trends for both dense and loose 633 
assemblies) 634 
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 635 
Fig. 19 Proportion of skeleton fines as a function of the threshold coefficient (a) dense; initial 636 
state (b) loose; initial state (c) dense; peak state (d) critical state (unique trends for both dense 637 
and loose assemblies) 638 

  639 
 640 

 641 
Fig. 20 (a) void ratio indexes at the peak and (𝑞/𝑝)𝑚𝑎𝑥 (b) void ratio indexes at the critical 642 

state and (𝑞/𝑝)𝑐𝑟𝑖𝑡, for different 𝑓𝑐 values. Relationship between (c) 𝑒 and (𝑞/𝑝)𝑚𝑎𝑥  (d) 643 

𝑒𝑠𝑘𝑒𝑙;𝑥=0.1 and (𝑞/𝑝)𝑐𝑟𝑖𝑡.  644 

 645 
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7. Summary and Conclusions  646 

This study presents a micromechanical evaluation of the regimes delineating the behaviour of 647 

gap-graded granular assemblies of different fines content, using discrete element simulations. 648 

The existence of the regimes delineated by milestone fines content was assessed using the 649 

macromechanical and micromechanical characteristics of the assemblies, and the contributions 650 

of the particle size fractions and contact types to the total mean stress. The key findings and 651 

conclusions are presented below.  652 

(i) Two regimes were identified based on the macroscopic characteristics of the 653 

assemblies, three regimes based on particle scale analysis and four regimes based 654 

on contact scale analysis. We provide distinct delineations of the regimes by fines 655 

content, in an original manner. Fig. 21 presents a summary of all the regimes 656 

identified in this study. Table 3 highlights the unique trends characterising the three 657 

regimes identified based on the macromechanical and the micromechanical 658 

analyses conducted. We showed that the boundaries delineating the identified 659 

regimes depend on density and stress state. We acknowledge that the boundaries 660 

can also vary with a change in particle size ratio (and more generally a change in 661 

coarse and fine particle size distributions)  which is beyond the scope of our study. 662 

(ii) The micromechanical analyses adopted overcome the limitation of experimental 663 

studies where it is difficult to ascertain the claims emanating from the conceptual 664 

analysis presented in the studies, since individual particles stresses or particle 665 

dispersion cannot be easily determined in experiments. The claims that the fines 666 

become the primary stress-transmitting matrix at the threshold fines content or at a 667 

limiting fines content; or that stress is equally sheared by the coarse and the fine 668 

particles in the transitional zone (Vallejo, 2001) or at 𝑓𝑐>35% (Shire et al., 2014) 669 

are not supported by the evidence provided here. Instead, we found that the coarse 670 

particles are dispersed by the fines (i.e. where coarse to coarse contacts are minimal 671 

or non-existent) from the threshold fines content. In addition, the fines do not 672 

contribute to the total mean stress below the threshold fines content, they play a 673 

secondary role in the transitional zone (𝑓𝑐 ∈ [30% ; 55%] depending on density and 674 

stress state), and only become the primary stress-transmitting matrix beyond the 675 

transitional zone (i.e. when 𝑓𝑐 > 𝑓𝑐
𝑒𝑞

; 𝑓𝑐
𝑒𝑞 ∈ [48% ; 55%] depending on density and 676 

stress state).   677 
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(iii) We found that the threshold stress which determines whether a fine particle 678 

transmits a marginal or a significant stress with respect to the contribution of the 679 

fines to the total mean stress is a fraction of the average particle stress, 𝑃𝑝̅̅̅̅ , within 680 

an assembly; where the threshold stress values are 0.1 × 𝑃𝑝̅̅̅̅  for 𝑓𝑐
𝑡ℎ ≤ 𝑓𝑐 ≤ 45%, and 681 

0.25 × 𝑃𝑝̅̅̅̅  for 𝑓𝑐>45%. The threshold stress concept proposed in this study can be 682 

useful in determining the particles that constitute important mesostructures (i.e. 683 

important force-chain networks) in gap-graded granular assemblies. The skeleton 684 

void ratio determined based on the threshold stress correlates with the critical state 685 

strength of the assemblies, while no correlation was found between the critical state 686 

strength and alternative void ratio indexes such as the void ratio and the mechanical 687 

void ratio at the critical state. The marginal stress transmitting fines (marginally 688 

active fines) determined based on the threshold stress may constitute a part of the 689 

particles susceptible to internal erosion, in addition to the non-inactive fines in a 690 

gap-graded assembly (particles with zero or only one contact).  691 

In addition to the standard underfilled and overfilled regimes, future DEM studies could focus 692 

on the two transitional regimes identified here, and seek to understand the role played by 693 

marginally active fines i) in the susceptibility of gap-graded assemblies to internal erosion and 694 

ii) in the triggering of mechanical instabilities. As an additional perspective, the distinct 695 

characteristics of the regimes shown in this study will prove useful in the development of 696 

micromechanical models for gap-graded materials in which the typical mesoscale grain 697 

arrangements can be tailored for each regime.  698 

 699 

 700 

 701 

 702 
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 704 

 705 

 706 

 707 

 708 

 709 

Fig. 21 Regime identification by macroscale, particle scale and contact scale characteristics 710 
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Notations 712 

𝐶  Total number of contacts in a granular system 713 

𝐶𝑐−𝑐
𝑡    The proportion of all contact types belonging to the c-c contacts  714 

𝐶𝑐−𝑓
𝑡    The proportion of all contact types belonging to the c-f contacts 715 

𝐶𝑓−𝑓
𝑡    The proportion of all contact types belonging to the f-f contacts 716 

𝐶𝑤𝑙
𝑡    The proportion of all contact types belonging to the wall 717 

𝐶𝑛
𝑓
  Proportion of the total number contacts belonging to the finer fraction 718 

𝐶𝑛
𝑐  Proportion of the total number contacts belonging to the coarser fraction 719 

𝑑50   Mean size of the fine grains 720 

𝐷50   Mean size of the coarse grains 721 
emax     Maximum void ratio 722 
emin     Minimum void ratio 723 

𝑒𝑐𝑟𝑖𝑡  Void ratio at the critical state 724 

𝑒ℎ𝑐   Void ratio of the host sand 725 

𝑒ℎ𝑓   Void ratio of the silt 726 

εa     Axial strain (in y-direction) 727 

𝜀𝑞   Deviatoric strain 728 

εvol     Volumetric strain 729 

𝑓𝑐   Fines content 730 

𝑓𝑡ℎ   Threshold fines content 731 

𝑓𝑐
𝑡ℎ   Threshold fines content 732 

𝑓𝑐
𝐿  Limiting fines content 733 

𝑓𝑗
𝑐  Contact force vector 734 

𝑙  Unit branch vector  735 

𝑁𝑝     Number of particles in the granular system 736 

𝑁𝑐  Number of contacts in a granular system 737 

𝑁𝑝
𝑐                   Number of coarse particles in the system 738 

𝑁𝑝
𝑓
  Number of fine particles in the system 739 

𝑁𝑐
𝑝
  Number of contacts involving a particle 740 

𝑁0  Number of particles with no contact 741 

𝑁1  Number of particles with one contact 742 

𝑁𝑐≥1   Number of coarse particles with one or more contacts 743 

𝑁𝑓≥1  Number of fine particles with one or more contacts 744 

𝑁𝐶𝑓  Normalised total contacts for the coarser fraction  745 

𝑁𝐶𝑓  Normalised total contacts for the finer fraction  746 

𝑛𝑖  Unit branch vector 747 

p     Mean effective stress 748 

𝑝𝑐  Mean stress transmitted by the coarser fraction 749 

𝑝𝑓    Mean stress transmitted by the finer fraction 750 

𝑝𝑘  Mean stress transmitted by a contact type 751 

𝑃𝑝  Particle mean stress 752 

𝑃𝑝̅̅̅̅   Average particle mean stress 753 

𝛼𝑐     Proportion of the total mean stress transmitted by the coarser fraction  754 

𝛼𝑓     Proportion of the total mean stress transmitted by the finer fraction 755 

𝛼𝑘  Proportion of the total mean stress transmitted a contact type 756 

(𝑞/𝑝)𝑚𝑎𝑥  Stress ratio at the peak 757 

(𝑞/𝑝)𝑐𝑟𝑖𝑡   Stress ratio at the critical state 758 
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q     Deviatoric stress 759 

𝑞𝑓  Deviatoric stress transmitted by the finer fraction 760 

𝑞𝑐  Deviatoric stress transmitted by the coarser fraction 761 

𝑞𝑓  Proportion of the deviatoric stress transmitted by the finer fraction 762 

R-squared    Goodness of fit 763 

𝑅𝑑   Ratio of the mean size of the coarse grains to the mean size of the fine grains 764 

𝑅𝑝  Radius of particle 765 

𝑅1  Radius of first particle in contact 766 

𝑅2  Radius of second particle in contact 767 

𝑅𝑓  Proportion of non-active fines 768 

𝑒𝑠𝑘𝑒𝑙  Skeleton void ratio 769 

𝑒𝑠𝑘𝑒𝑙;𝑥  Skeleton void ratio determined using a threshold coefficient 770 

𝑆𝑘𝑙𝑓  Proportion of fines included in skeleton 771 

𝑥  Threshold coefficient 772 

𝜇𝑝𝑟𝑒𝑝  Inter-particle friction coefficient during assembly preparation (isotropic 773 

compression) 774 
µ     Inter-particle friction coefficient 775 

𝜆  Size fraction 776 

𝑉  Volume of system 777 

𝑉𝑝  Volume of particle 778 

𝜎𝑧𝑧        Normal stress in z-direction 779 

𝜎𝑦𝑦        Normal stress in y-direction 780 

𝜎𝑥𝑥     Normal stress in x-direction 781 

𝜎𝑖𝑗     Second order stress tensor 782 

𝜎𝑖𝑗
𝑐   Second order stress tensor for all contacts 783 

𝜎𝑖𝑗
𝑝

  Second order stress tensor for a particle 784 

𝜎𝑝
𝑐   Average mean stress transmitted by the coarser fraction 785 

𝜎𝑝
𝑓
  Average mean stress transmitted by the finer fraction 786 

𝜙  Friction angle 787 

𝜙𝑝   Peak friction angle 788 

𝜙𝑐   Critical state friction angle 789 

𝜓𝑚𝑎𝑥   Maximum dilatancy angle 790 

𝑍     Mean coordination number 791 

𝑍𝑖𝑛𝑖    Mean coordination number at the initial state (after isotropic compression) 792 

𝑍𝑐𝑟𝑖𝑡  Mean coordination number at the critical state 793 

𝑍𝑔  Geometrical coordination number 794 

𝑍𝑔𝑐  Geometrical coordination number for coarse particles 795 

𝑍𝑔𝑓  Geometrical coordination number for fine particles 796 

𝑍𝑚  Mechanical coordination number 797 

𝑍𝑚𝑐  Mechanical coordination number for coarse particles 798 

𝑍𝑚𝑓  Mechanical coordination number for fine particles 799 

 800 

 801 
 802 
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Appendix A. REV scale analysis 806 

In order to confirm that the sample size of 100,000 particles used for all 𝑓𝑐 in this study is a 807 

representative element volume (REV), in Fig. A.1, we show that increasing the assembly size 808 

to 200,000 particles for both the dense and loose assemblies having 𝑓𝑐 = 30% did not 809 

significantly influence the stress-strain responses. The slight sensitivity to assembly size 810 

observed in the volumetric strains was also reported in the DEM study on REV for granular 811 

materials by Adesina et al., (2022) and can be attributed to the small variation in the initial void 812 

ratio of the assemblies. The REV test is shown here for 𝑓𝑐 = 30% because it represents the 813 

threshold fines content and is the fines content with the highest coarse-fine particle interaction 814 

(Fig. 17) which indicates the largest REV size.  815 

 816 

 817 
Fig. A.1 Effect of assembly size on (i) the stress-strain responses for dense assemblies 818 

(𝜇𝑝𝑟𝑒𝑝=0.03) and (ii) loose assemblies (𝜇𝑝𝑟𝑒𝑝=0.5) (iii) volumetric strain responses for the 819 

dense assemblies and (iv) the loose assemblies having 𝑓𝑐 = 30% 820 

 821 

 822 

 823 

 824 

 825 

 826 

 827 



35 
 

Appendix B. Fine contribution to deviatoric stress 828 

Fig. A.2 shows the  evolution of the proportion of the deviatoric stress, 𝑞, transmitted by the 829 

fines during shearing, for dense and loose assemblies of different fines content, 𝑓𝑐. Provided 830 

that all stress tensors are diagonal in the frame (x, y, z), the deviatoric stress for the entire 831 

system is calculated as: 832 

𝑞 = 𝜎𝑧𝑧 − (𝜎𝑥𝑥 + 𝜎𝑦𝑦) 2⁄                         (𝐴1) 833 

Similar to the mean stress (see Section 4), the proportion of the total deviatoric stress 834 

transmitted by the finer fraction, 𝑞𝑓, is calculated as 𝑞𝑓 𝑞⁄ , while the proportion of the total 835 

deviatoric stress transmitted by the coarser fraction, 𝑞𝑓, is calculated as 𝑞𝑐 𝑞⁄ , where 𝑞𝑓 and 836 

𝑞𝑐 are the deviatoric stress transmitted by the finer and the coarser populations, respectively. 837 

As expected, the 𝑞𝑓 data is generally similar to the 𝛼𝑓 data presented in Fig. 9. It is worthy of 838 

note that the 𝑞𝑓 data presented in Fig. A2 starts after the initial state, at 𝜖𝑎 = 0.02, since 𝑞 = 0 839 

at the initial state. We observed that for 𝑓𝑐 ≥ 30%, the magnitude of 𝑞𝑓 is lower than the 840 

magnitude of 𝛼𝑓 during shearing. This indicates that the stress is more isotropic in the finer 841 

fraction than in the coarser fraction.  842 

 843 

Fig. A.2 Evolution of the proportion of deviatoric stress transmitted by the fines during 844 
shearing for (a) dense assemblies (b) loose assemblies  845 

 846 

 847 

 848 

 849 
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 850 

Appendix C. Sensitivity analysis to the threshold coefficient used in the definition of the 851 

skeleton void ratio. 852 

In Table A.1 and Fig. A.3, we show that at the critical state, 𝑒𝑠𝑘𝑒𝑙; 𝑥 = 0.1 exhibited a negative 853 

correlation with (𝑞/𝑝)𝑐𝑟𝑖𝑡 and yielded the highest R-squared value (𝑅2=0.84), while both the 854 

𝑒 and 𝑒𝑚𝑒𝑐ℎ do not correlate with (𝑞/𝑝)𝑐𝑟𝑖𝑡. 𝑒𝑠𝑘𝑒𝑙; 𝑥 = 0.05 and 𝑒𝑠𝑘𝑒𝑙; 𝑥 = 0.25 also yielded a 855 

negative correlation with (𝑞/𝑝)𝑐𝑟𝑖𝑡, with 𝑅2=0.73 and 𝑅2=0.76, respectively. 𝑒𝑠𝑘𝑒𝑙; 𝑥 = 1 856 

yielded a poor corelation (𝑅2=0.08) with (𝑞/𝑝)𝑐𝑟𝑖𝑡, indicating that using a threshold 857 

coefficient, 𝑥 = 1, for the skeleton void ratio calculation for the gap-graded assemblies, 858 

resulted in the exclusion of important stress-transmitting fines, especially from the overfilled 859 

assemblies. 𝑥 = 1 is the standard for defining force-chains for narrowly-graded assemblies 860 

(Peters et al., 2005). In agreement with earlier studies (Adesina et al., 2023; Holubec & 861 

D’Appolonia, 1973; Ng, 2004), at the peak, 𝑒, correlates negatively with (𝑞/𝑝)𝑚𝑎𝑥, and 862 

yielded the highest R-squared value (𝑅2=0.97), followed by 𝑒𝑚𝑒𝑐ℎ (𝑅2=0.66). 𝑒𝑠𝑘𝑒𝑙 correlated 863 

poorly with (𝑞/𝑝)𝑚𝑎𝑥.  864 

 865 

Table A.1 Assessment of void ratio indexes with the strength value, (𝑞/𝑝) 866 

Void ratio 

index 
𝑒 𝑒𝑚𝑒𝑐ℎ 𝑒𝑠𝑘𝑒𝑙; 

𝑥=0.05 

𝑒𝑠𝑘𝑒𝑙; 
𝑥=0.10 

𝑒𝑠𝑘𝑒𝑙; 
𝑥=0.25 

𝑒𝑠𝑘𝑒𝑙; 
𝑥=1.0 

𝑅𝑝𝑒𝑎𝑘
2  0.965 0.656 0.119 0.074 - 9.55e-5 

𝑅𝑐𝑟𝑖𝑡
2  - 0.208 0.725 0.844 0.764 0.08 

Note: The 𝑅2 values here are determined from inverse relationship between strength and void ratio. ‘-’ means 867 
strength increased with void ratio as against established relationship between strength and void ratio. 868 
 869 

 870 
 Fig. A.3 Relationship between (a) void ratio indexes and peak 𝑞/𝑝, (𝑞/𝑝)𝑚𝑎𝑥 (b) void ratio 871 

indexes and critical state 𝑞/𝑝, (𝑞/𝑝)𝑐𝑟𝑖𝑡 872 

 873 
 874 
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