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A new paradigm for global sensitivity analysis

Gildas Mazo*

Abstract

Current theory of global sensitivity analysis, based on a nonlinear func-
tional ANOVA decomposition of the random output, is limited in scope
(for instance the analysis is limited to the output’s variance and the in-
puts have to be mutually independent) and leads to sensitivity indices the
interpretation of which is not fully clear, especially interaction effects. Al-
ternatively, sensitivity indices built for arbitrary user-defined importance
measures have been proposed but a theory to define interactions in a sys-
tematic fashion and/or establish a decomposition of the total importance
measure is still missing. It is shown that these important problems are
solved all at once by adopting a new paradigm. By partitioning the inputs
into those causing the change in the output and those which do not, ar-
bitrary user-defined variability measures are identified with the outcomes
of a factorial experiment at two levels, leading to all factorial effects with-
out assuming any functional decomposition. To link various well-known
sensitivity indices of the literature (Sobol indices and Shapley effects),
weighted factorial effects are studied and utilized.

Keywords: interactions; main effects; Sobol indices; factorial experiment;
global sensitivity analysis.

1 Introduction

Global sensitivity analysis is an important step in model checking, understand-
ing, and calibration [30]. To do the global sensitivity analysis of a given model
f, the main task is to calculate sensitivity indices. With each input or com-
bination of inputs one associates a value supposed to represent how sensitive
the output of the model is with respect to that input or combination of inputs.
What “sensitive” means depends on the mathematical definition of the index
used, but the idea is that the output is sensitive to some input if a change in
the input’s value leads to a change in the output’s value; the bigger the change
in the output’s value the more sensitive.

Let f : R® — R be mathematical function representing a numerical or
machine learning model or algorithm, or any system that takes inputs and re-
turns outputs. These are assumed real for simplicity and clarity. In classical
global sensitivity analysis, the uncertainty about the inputs is represented by a
distribution P on the input space. Since they are uncertain, the inputs are rep-
resented by a random vector X = (X7, ..., Xy) with distribution P; the output
f(X) is, therefore, a random variable with distribution P o f=1.
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Current theory of global sensitivity analysis is based on a nonlinear func-
tional ANOVA decomposition of the output [9] 29] 26], namely

f(X)—Ef(X) = fi(X1)+ -+ fa(Xa) + fr2(X1, Xo) + -+,

where, by construction, all the 2¢~! terms in the right-hand side are statistically
independent. This decomposition, known as the Sobol or Sobol-Hoeffding de-
composition, is attributed to Hoeffding [13] (see [36]), although it was Sobol [33]
who, after rediscovering it, applied it to calculate sensitivity indices.

By independence of the terms in the right-hand side, the variance of the sum
is the sum of the variances, yielding

Var f(X) = Var f1(X1) + - - - 4+ Var f4(Xq) + Var f12(X1, Xo2) + -+

The variance of the output has been broken into a sum of smaller variances,
called the Sobol indices. Sobol indices associated with singletons are called
main or first-order effects, and the others interaction or higher-order effects. In
applications, a sensitivity analysis mainly consists of reporting estimated Sobol
indices. The functional decomposition that led to these indices seems to be
there solely to justify the existence of the indices themselves.

That the Sobol indices arise from the functional decomposition has limita-
tions. First, the inputs have to be mutually independent, de facto excluding
interesting applications [6l, 17, 28]. Second, the interpretation of the higher-
order Sobol indices lacks clarity, and, as a matter of fact, these are rarely stud-
ied [21I]. Finally, the sensitivity analysis is necessarily restricted to the analysis
of the variance, which may be insufficient to give a complete account of uncer-
tainty [3 [7, [8, 10, 1T, 32].

It was noticed in [I5 2T] that a decomposition of the variance and more
generally arbitrary user-defined variability measures can be obtained directly
from those measures applied to the input combinations through Mé&bius inver-
sion, thus obviating the functional decomposition and the limitations it imposes.
In the two references above the decomposition of the variability measure was
assumed to be something desirable. But even that can be questioned.

The problem we propose to address, therefore, runs thus: can we construct
sensitivity indices such that

e any arbitrary distribution can be assumed for the inputs;

e sensitivity analysis is not restricted to the analysis of the variance and can
be performed for arbitrary measures of variability;

e main and interaction effects are well-defined, independently of any decom-
position;

e decompositions of the total output variability can still be obtained?

It is shown that the questions above can be answered positively all at once
by considering a new paradigm for global sensitivity analysis. The key is to
notice that sensitivity indices, because they can be seen as maps defined on the
set of all subsets of the input combinations, can be identified with a factorial
experiment at two levels where each input combination is a point in a factorial
design and the outcome is the variability of the output given that some inputs



are fixed and some are not. Main and interaction effects are then naturally
defined, with no resort to any functional decomposition. Arbitrary measures of
variability are permitted, as long as they satisfy three posited axioms.

The rest of the manuscript is organized as follows. The sensitivity maps
are defined in Section 2] Here two large classes of sensitivity maps are given.
The correspondence between sensitivity maps and factorial experiments is made
in Section In Section [4 factorial effects are extended to weighted factorial
effects, allowing us to recover known sensitivity indices. Some properties of
weighted factorial effects are derived in Section It is shown in this section
how decompositions of the total output variability can be obtained by choosing
appropriate weights. Known sensitivity indices of the literature are recovered
as examples in Section [7] A Discussion section closes the paper. All proofs are
available in the Appendix.

Throughout, we shall assume that the distribution P is a probability distri-
bution on the measurable space (R%, %4%), where %< is the o-field comprising
the d-dimensional Borel sets. The function f is of course assumed to be Borel
measurable, as shall be every function in the present manuscript. All random
variables are defined on the same arbitrary probability space endowed with
probability measure P and are assumed to have a sufficiently large number of
finite moments. Recall that X has distribution P, denoted by X ~ P. (That
is, P =P o X 1) All equality statements between random variables are meant
with probability one, that is, almost surely (a. s.).

2 Sensitivity maps

To define sensitivity maps, three axioms are posited in Section[2.1] Two general
classes of sensitivity maps are given in Section

2.1 General sensitivity maps

Let us introduce some notations. If A is some subset of {1,...,d} =: D then
we let X4 denote the subvector with components indexed by A. For instance if
d=3and A ={3,1} then X4 = (X1, X3). By convention Xj is some arbitrary
constant. We denote the set of all subsets of D by 2. We use “C” in the weak
sense so that A C A. (Remember that the empty set is a subset of every set,
including a subset of itself.) Singletons {i} are sometimes simply written i.

It is a tautology to say that sensitivity of a function f to its arguments is the
extent to which it depends on them. Thus if f is unsensitive to its arguments
indexed by some subset A of D then, whatever the value of the other arguments,
the value of f must be constant with respect to a change in the arguments in
A. In other words, f is a function of its arguments in D \ A only. This leads to
Definition [

Definition 1. A map 7: 2P — R is a sensitivity map for f with respect to P
if, for each A C D,

(i) T(A) >0
(i) 7(0) =0



(iii) T(A) = 0 if and only if there is a map ga : RIP\Al — R such that X ~ P
implies f(X) = g(Xp\a) almost surely.

Remark 1. Without loss of generality we can take ga(Xp\a) = E(f(X)[Xp\a)
in Definition [1]

Definition |1| agrees with common sense: (|il) sensitivity cannot be negative;
if there are no arguments then f must be unsensitive; a function is
unsensitive to some of its arguments A if it does not depend on them The
phrase “for f with respect to P” in Definition [I] is important. Indeed, a map
T can be a sensitivity map for some choice of f and P but not for some other.
For instance, let f(X) = Z?:l c; X;, where X1,..., X are independent random
variables with mean zero and variance one. Define 7(A) = ||call2, where c4
denotes the subvector of ¢ with components indexed by A. If 7(A4) = 0 then
¢i =0 for all i € A and hence f(X) = 3 ;4 ciXi = ga(Xp\a). Conversely, if
f(X) = E(f(X)|Xp\a) then >, , ¢;X; = 0 and hence [[cal|3 = 0. Therefore,
T is a sensitivity map for f but it is clear that 7 fails to be a sensitivity map
in general. Similarly, if f(X) = X? + Xo; P(X; = -1) =P(X; = 1) = 1/2;
X5 ~ N(0,1) independent of X1; 7(A) = E Var(f(X)|X{13up\4)), then 7 is a
sensitivity map for the above mentioned f and P but is not a sensitivity map
with respect to X7 ~ N(0,1).

In what follows we shall not impose anything on f and P and hence fix
them to some arbitrary Borel measurable function and arbitrary probability
distribution.

2.2 Sensitivity maps based on divergences between out-
puts

Definition [1] is arguably the widest possible but does not lead to any useful
theory. We specialize slightly. Let 7 : R? — R be a function such that

(a) ¥(z,y) =0,
(b) ¥(x,y) =0 if and only if =y,

for every z € R and y € R. Such a function v is called a divergence. Define

T(A) = E¢(f(X), (X)), (1)
where above X and X\ are two random vectors such that X ~ P and

(i) X and X \4 are independent and identically distributed conditionally on
Xp\4;

(i) X};?A = Xp\4 almost surely.

The generation of two random vectors X and X4 obeying the two conditions
above can be done as follows: first, sample X from P; then, independently of
X, sample Z from the conditional law of X given Xp\4 and define X \A by
putting X>‘A = Z and XBL\XA = Xp\a. If P is a product measure, that is, if
the components of X are mutually independent, then we can sample X’ ~ P

independently of X and put XAA =X/



Proposition 1. The map 7 defined in is a sensitivity map.

The quantity is interpreted as the expected variability of the output
caused by a change in the inputs indexed by A while the others are fized to
some random values. For instance if d = 3 and A = {1,3} then 7({1,3}) =
E¢(f(X1, Xo, X3), F(X2 1 X5, X3131)). We see that the first and third in-
puts fluctuate, while the second input is randomly fixed.

Variability is represented by the divergence function. For instance if ¢ (z,y) =
(r — y)?/2 then “variability” literally means “variance”, see Example

Example 1. Put i(x,y) = (x —y)?/2. Then 7(A) = E(f(X) — f(X\1))2/2 =
EE(f(X) - f(X\A))2/2|XD\A). Conditionally on Xp\ 4, the random wvari-
ables f(X) and f(X\4) are independent and identically distributed, and hence
E(f(X) = F(X))?/2|Xp\a) = Var(f(X)|Xpya)-

If ¢ is furthermore a contrast function [10] then there is another method for
constructing sensitivity maps. A contrast function 1 : R? — R with respect to
the conditional probability P(f(X) € :|Xp\ 4) and some set © C R satisfies, by
definition,

min B(y(f(X),0)|Xp\a) = E(W(£(X), 9(Xp\a))| XD\4)
for some almost surely unique g(Xp\4) € ©. Let us assume that © contains
the support of the law of f(X) and define

7(4) == Emin E(y(f(X), 0)|Xp\a) = EY(£(X), 9(Xp\a)). (2)

Then it is immediate to see that 7 is a sensitivity map such that 7(A) < 7(A4).

Some possible choices of contrast functions are given in Table drawn
from [10]. To construct sensitivity maps from this table and formula , replace
Y by f(X) and replace the expectation by the conditional expectation given
Xp\a- Forinstance with the median, we get 7(A) = Eming E(|f(X)—0|[Xp\a)-
If g(t) = t2/2 then formulas (1)) and (2) coincide [10].

Remark 2. The definition given in [10] encompasses contrast functions that are
not divergences. One such an example is given by ¥(y,0) = |1{y>s — 0], which
corresponds to the probability of exceeding t, that is, arg ming E \1{y2t} —0]2 =
P(Y > t). We deliberately avoided these cases because they do mot lead to
sensitivity maps in general.

Y(y,0) argming By (Y, 0)
(y—0)?> mean
ly — 0] median
(y —0)(a — 1gy<py) quantile of level a

Table 1: Some contrast functions given in [10].

3 An implicit factorial experiment

A factorial experiment is a map that associates outcomes with factor levels. For
instance if there are d factors each with two levels then there are 2¢ possible



combinations of factor levels and hence 2% possible outcomes. The set of all
possible combinations is called a factorial design and its cardinal is called the
size of the factorial experiment. The mathematical study of factorial experi-
ments started between the two world wars with the objective of improving crop
yields with various fertilizers and studying their effects by taking into account
possible interactions between them [38]. See [2, [l 22| 23] B7] for more about
factorial experiments.

The formula in the right-hand side of induces a partition of the inputs.
Indeed, the two arguments f(X) and f(X\4) of the divergence v differ because
the input vectors X and X\4 differ, and, because of , this difference cannot
be attributed to the inputs indexed by D \ A. Thus D is partitioned into A
and D \ A, that is, the inputs are partitioned into those that are allowed to
change and those that are not. The former category is called the category of
fluctuating inputs. This is because, conditionally on X p\ 4, the input vectors X
and X\4 can be written, up to a permutation of their components, (X 4, Xp\a)
and (X, Xp\a), where X4 and X, are independent and identically distributed
(still conditionally on X py\ 4); in other words, the inputs indexed by A fluctuate
while those indexed by D\ A are kept fixed. By a similar reasoning, formula
also induces a partition of the inputs.

We can identify the sensitivity map 7 in with a factorial experiment
at two levels of size 2¢. The values of the sensitivity map are the outcomes,
the subsets of D are the treatment combinations or runs, and the presence or
absence of the inputs in the set of fluctuating variables are the factors. An
example with d = 3 is given in Table

Does the input fluctuate?
Xo
0

outcome
(D)
T({3})
T({2})
7({2,3})
T({1})
7({1,3})
T({1,2})
7({1,2,3})

Table 2: The factorial experiment induced by the sensitivity map 7.

HHHHOOOOB
»-lo»—\©>—~o>—l©£<i
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Identifying a sensitivity map with a factorial experiment allows us to define
main and interaction effects, collectively refered to as factorial effects, in a
natural way. In experimental design, main effects are defined as averages of
differences of outcomes, second order interaction effects as averages of differences
of differences of outcomes, and so on. More precisely, the main effect of input
i is given by .
5d=1 > (r(Au{i}) - 7(4)) 3)

ACD\i

For instance, the main effect of the second input in Table [2]is given by the mean
of the terms

{2},  7({23h)-7({3}), T({L2Hh-7({1}),  ~({1,2,3})-7({1,3}).



All these terms measure the effect of the second input and hence it is natural
to average them.

The same goes for interactions. The interaction effect between i and j is
defined as

I({Z}.?'}):le,2 Yo i uA) — ({7 UA) — (r({ifUA) —7(A)). (4)

ACD\{i.j}

Above input j is added to the set of fluctuating inputs to see if it affects the
effect of input 7. Note that the interaction effect is symmetric and hence the
notation I({i,5}) is unambiguous.

Interactions of higher-order can be defined in a similar fashion, recursively.
Let T denote the set of all real maps on 2°. If B € 2P then define the operator
AB T — T by (AB7)(A) = 7(AUB) —7(A). In particular, AB7(A) = 7(B|A)
if AN B = (). With the above notation, it holds that the main effect of j is
SAcD\ AJ7(A) and the interaction between i and j is o ACD\{ij} AAIT(A).
Since ABr € T for every B C D, we can compose the operators as many
times as we please. For instance, if By C D and By C D then AP2ABir(A) =
AB2(ABi7)(A) = T(AU Bo U By) — 7(AU Bs) — 7(AU By) + 7(A). Note the
symmetry in B; and Bs. In general, we have the following formula.

Lemma 1. If {i1,...,i,} =t B C D\ A then

Al AT = YT (—)IPIEIOIr(0) = ApT(A). (5)
ACCCAUB
The above formula is similar to [16]. Note that the operator A ... A% is

symmetric and hence the notation Ap is unambiguous.
The factorial effects can now be defined as

1
I(B) = oy > Apr(A). (6)
ACD\B
Setting B = {i} and B = {i,j} above yield and (4), respectively. If we set
B = {i, j, k} then we get the difference between, on the one hand, the interaction
between 7 and j in the presence of k, and, on the other hand, the interaction
between i and j in the absence of k. That is, we get the average of the quantities

(r({i, kY, kU A) = 7({i, kHAU{E})) — (w({i} {5} U A) — 7({i}[A))
over all A C D\{4, j, k}, where above 7(B|A) := 7(AUB)—7(A). It is important
to note that the factorial effects can be expressed with the alternative formula

1(B)= Y (~)IP\Ar(a)

ACD

This formula is implicit in, e.g. [37]. It is a particular case of a result given in
the next section.

4 Weighted factorial effects

Here we extend factorial effects by taking weighted averages. General formulas
are given in Section Examples of weights are given in Section



4.1 General formulas

For each B C D let pg : 2P°\B — R be a weight function such that pg(A4) > 0
for all AC D\ B and

S ps(4)=1. (7)
ACD\B

Each weight function pp can be seen as a function on 2P\ or as a function on
2D by imposing pg(A) = 0 if A ¢ D\ B. We shall define the weighted factorial
effect of B as
1B)= Y ps(A)Apr(4), (8)
ACD\B
where ApT(A) was given in . Comparing with @, we see that weighted
factorial effects are obtained by multiplying Ap7(A) with pp(A). For instance,
if
[ 1/)2IP\Blj = 1/24-1Bl if Ac D\ B
pp(4) = { 0 otherwise, 9)

then (8) coincides with standard factorial effects (@ Note that I(0) = > 4 p Pe(A)T(A)
is not zero in general.

Similarly to factorial effects, weighted factorial effects can be expressed as a
linear combination of the values of the sensitivity map.

Proposition 2. For every B C D, it holds

I(B) =Y (=1)/P\Ipp(4)\ B)r(A). (10)

ACD

Standard factorial effects correspond to pp(A\ B) = 1/2¢ 1Bl for all A ¢ D
and B C D.

4.2 Examples of weights

Three examples of families of weights are given below.

Mobius transform

Let
[ 1 fACB 1 ifA=0
pe(A\ B) = { 0 otherwise, pe(4) = { 0 otherwise. (11)
This family of weights satisfies . It yields
I(B) =Y (-1)IP\r(4) (for every B C D). (12)

ACB

The map I that with each B C D associates I(B) above is known as the Mdbius
transform of the map 7 : 2P — R, see, e.g. [12]. An important property of the
Mobius transform is that is equivalent to

7(B) = Z I(A) (for every B C D).
ACB

See, e.g. [1,127,B85]. Two maps 7 and I as above are sometimes called the Mobius
inverses of one another [5].



Shapley value

Let
— 1l ifACD\B
pp(4) = (P\BHD(TP ' (13)
0 otherwise,
1
pp(A\ B) = TBINE (for every A C D and B C D).
(ID\ B+ 1) (35)

The weights (13| satisfy the condition and yield

1
1B)= 2 VB )

ACD\B |A|

ABT(A).

In the particular case B = {j}, we have

=17 Y e (AU () ~(4).

d—1
ACD\{j} (IAI)

The map I : D — R which with each j € D associates I({j}) as above is known
as the Shapley value corresponding to the map 7. The Shapley value appears in
cooperative game theory for redistributing an overall payoff earned by a finite
set of cooperative players [20, BI]. In cooperative game theory the set D is
called the grand coalition, the map 7 the characteristic function of the game;
each A C D is called a coalition. The value I({j}) is interpreted as the “fair”
share attributed to player j and 7(A) the payoff of the coalition A. The map
7:2P — R is assumed to satisfy 0 = 7(()). One property is that

d

> I({i}) = (D),

i=1

that is, the sum of the individual payoffs is equal to the overall payoff.

5 Decomposing the total output variability

The total output variability 7(D) can be decomposed using appropriate choices
of weight families. Two decompositions are recovered: a Sobol-like decom-
position (or Mdébius-like, recall Section decomposition and a Shapley-like
decomposition.

5.1 Sobol-like decomposition

A feature of classical global sensitivity analysis, inherited from the Sobol-Hoeffding
functional decomposition, is the ability to decompose the total output variance
into a sum of main and interaction effects. We seek conditions on the weights
to get a similar decomposition of the total output variability. That is, we seek
weights such that

> I(B)=r(4) (for every A C D). (14)



By the Mobius inversion formulas given in Section [£.2] we see that this problem
is equivalent to finding the Mobius transform of 7. In other words, decomposing
the total output variability amounts to finding its M6bius transform.

Proposition 3. If I(B) is the weighted factorial effect (@ then there is a unique
set of weights such that holds for all maps T : 2P — R with 7(0)) = 0. These
weights are those given in .

5.2 Shapley-like decomposition

We are now interested in characterising the weight families such that, for every
sensitivity map 7,

d
Z I1({i}) = (D) (for every sensitivity map 7). (15)
i=1

A necessary and sufficient condition is given below.

Proposition 4. If I(B) is the weighted factorial effect (@ then a necessary and
sufficient condition for @ to hold is that

SLip®) = 1
Zg:l(—l)l_mm{i}'pi(A \ {i}) 0 for every Ac 2P\ {puD}  (16)
S pi(D\ i) L.

An example of weight family that satisfies (16]) is of course given by ,
since Shapley effects satisfy , see Section But there are more than one
family that satisfiy . See Example

Example 2. Let d = 3. Let the weights

py(0\ {1}) pry(0\ {2}) py(0\ {3})
pay({3H\ {1}) pr2y({31\ {2}) pey ({3 \ {3})
pay({23\ {1}) pey({23\ {2}) py({23\ {3})

py({2:33\{1})  p3({2,31\ {2})  p({2.33\{3})
pay {1\ {1}) ey ({13 \{2}) Py {11\ {3})
pay({L,33\{1})  pey({L,33\{2})  py({L,31\{3})
pay({L,23\{1})  py({L,23\{2})  py({1,2)\ {3})
p{l}({lv 273} \ {1}> p{2}({17 2, 3} \ {2}) p{3}({1a 273} \ {3})
0 0 1
0 1 1
0 0 O
R
10 0 O
0 0 O
0 0 O
1 0 0

These weights satisfy @ and (@ but differ from those given in .

10



6 The dual sensitivity map

Remember from Section [3| that the set of inputs is partitioned into a set of
fluctuating variables A and a set of fixed variables D\ A. Suppose we add a set
of inputs B to the set of fluctuating inputs A. The set of fluctuating inputs is
now AU B, and we can measure the effect of adding more inputs by

T(BJA) :=17(BUA) — 7(A).

Above it is assumed that A and B are disjoint. We call this effect the conditional
effect of B given A, or the effect of B in the presence of A.

Remark 3. Conditional effects can be defined for arbitrary subsets A and B
(not necessarily disjoint) through 7(A|B) = 7((AN B®)U B) — 7(B).

Remark 4. Since there is a one-to-one correspondence between conditional
and unconditional effects, we could have well defined conditional effects before
unconditional effects.

Observe that 7(A), since it is equal to 7(AUD)—7(0), is in fact the conditional
effect of A given no inputs, that is 7(A|0), the effect of letting the inputs in A
fluctuate while all where fized. Let

7(A) :=7(D) —1(D\ A).

The map 7* is called the dual of 7 and 7(A) is interpreted as the effect of firing
the inputs in A while all were fluctuating (compare to preceding interpretation).
The following properties hold:

(i) 7*(A) < 7%(D) for all A C D, with equality if and only if f depends
on its arguments indexed by A only—that is, if and only if f(X) =
E(f(X)|X 4)—, in which case 7*(B) = 7*(D) for every B such that A C B;

(ii) 7*(A4) < 0 if and only if 7(D \ A) > 7(D);
(iii) 7**(A) = 7(A), that is, the dual of the dual of 7 is 7 itself.

Weighted factorial effects can be defined from 7* as they were defined from
7. Denote by I'*(B) the weighted factorial effect of B corresponding to 7*, that
is, by substituting 7* for 7 in . It is then natural to ask whether I and I
are self-dual, that is, I*(B) = I(B).

Proposition 5. If|B| is odd, then a necessary and sufficient condition for I(B)
to be self-dual for every sensitivity map 7 is that

pB(A\ B) =pp(D\ (AUB))
for every AC D, A#0.

Corollary 1. Weighted factorial effects I(B) with |B| odd and weights given
by (@ or are self-dual.

7 Examples

Two well-known sensitivity indices of the literature are recovered.

11



7.1 Sobol indices

As seen in the Introduction, the Sobol indices are given by Var fp(Xp) =:
Sob(B), B C D, where the random variables fp(Xp) are the components of
the functional Sobol-Hoeffding decomposition. To express Sobol indices with
sensitivity maps, the reasoning runs in three points. First, remember that it
holds 3 5~ Sob(B) = Var f(X). Second, it is well-known that, if B = {j} is
a singleton then f;(X;) = E(f(X)|X;). Finally, we know from Example 1] that
if ¢(z,y) = (¢ —y)*/2 then 7(A) = EVar(f(X)|Xp\4). Hence, remembering
that 7%(A) = 7(D) — 7(D \ A), we get

Z Sob(B) = 7(D) = 7*(D), Sob{j} = 7*{j}.

BCD

This suggests that Sob, the map that with each B associates the Sobol index
of B, might be the Mobius transform of the dual of 7. This is indeed the
case [I8, 2I]. In summary, the Sobol indices are obtained from or from
by taking ¢ (z,y) = (x —y)?/2 and pp(A) = 1{a—p}. As a final comment, let us
note that, in this case, the quantities 7*(A) and 7(A) are known as the closed
Sobol index and the total Sobol index of A, respectively [14] 26].

7.2 Shapley effects

It has been proposed that the problem of assessing the importance of inputs in
both global sensitivity analysis and machine learning was akin to the problem
of distributing an overall payoff to players in cooperative game theory [19, 25].
If this comparison is endorsed then it is natural to use the Shapley value (see
Section as a measure of input importance. To specify a Shapley value we
need to specify the characteristic function from which it arises. In uncertainty
quantification, it has been proposed

7(A) = EVar(f(X)|Xp\4) and 77(A4) = VarE(f(X)|Xa),

leading to the so-called Shapley effects |25, [34]. By self-duality, both choices
above lead to the same Shapley effect. (See [24] [34]; see also Proposition )
We have already seen that 7 and 7% above can be obtained with the divergence
¥(z,y) = (xr — y)?/2 and that Shapley values can be obtained with the weight
family . Thus the Shapley effect is an example of weighted factorial effects.

8 Discussion

A new paradigm for global sensitivity analysis has been proposed. In this
paradigm, we do not rely on the Sobol-Hoeffding decomposition to define main
and interaction effects anymore, but instead use ideas and concepts of factorial
experiments, in which the study of main and interaction effects has been a topic
of interest for a long time [38].

In the paradigm proposed, global sensitivity analysis consists of the following
key points:

1. we choose a divergence function 1 and build a sensitivity map 7;

12



2. we define the main effect of some given input, say {j}, by taking into
account the presence/absence of the other inputs. That is, by averaging
T(jUA)—7(A) over all A C D\ j;

3. we multiply each 7(j U A) — 7(A) by a weight p;(A);
4. we define interactions similarly.

The above approach has several direct benefits: (i) for inputs, arbitrary
probability distributions can be considered; (ii) for outputs, arbitrary diver-
gences; (iii) factorial effects are well-defined and interpretable; (iv) Sobol-like or
Shapley-like decompositions can be recovered by choosing appropriate weights,
if desired.

Beyond these direct benefits, the above paradigm brings a new perspective
which can lead to new ideas and foster new research. For example, look at Ta-
ble[3] The main effect I({2}) is represented with three different weight families:
the second column is the family of equal weights; the third and fourth columns
are those corresponding to Sobol indices and Shapley effects, respectively. Ob-
serve that in the Sobol case, some conditional effects are simply ignored. This
seems to be rather harsh. In the Shapley case, we may wonder why some ef-
fects have more weight than some others. What is reasonable in game theory
may not necessarily be reasonable in uncertainty quantification. More natural
seems to be the family of equal weights. From our new perspective it now seems
paradoxical that the most natural weight family is in fact the one which did not
lead to any sensitivity index known in the literature.

conditional effect weight families
7({2}) 1/4 1 1/3
T({2,3})—-7({3})) 1/4 0 1/6
T({1,2}) — 7({1}) 1/4 0 1/6
7({1,2,3}) - 7({1,3}) 1/4 0 1/3

Table 3: Main effect of input 2 (I({2})) in the three-dimensional factorial ex-
periment with three possible weight families. The effect 1({2}) is obtained by
multiplying, term by term, the first column by one of the last three columns—
according to the chosen weight family—and adding up the numbers.

As a second example, note that one important advantage of connecting global
sensitivity analysis with factorial experiments is that the methods and results
of the latter becomes available to the former. This should help to address high-
dimensional input spaces. Of course one can always perform some screening
experiment to reduce the number of inputs, but now in addition we can consider
fractional factorial designs to reduce the number of model runs while retaining
the most effects possible. See for instance [2] 23] [37] for more about fractional
factorial designs.

As a last example, note that in the present manuscript we focused on those
indices that satisfy property of Definition |2, that is, an index associated
with inputs A is null if and only if the function f does not depend on the inputs
in A. They are (many) indices in the literature that do not satisfy this property,
as for example indices based on divergences between probability distributions
(rather than between scalar outputs) [3] [7, [8, 10, 11l [32]. Instead, these indices
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satisfy the property: “an index associated with inputs A is null if and only if
X4 and f(X) are independent”. It is important to note that the paradigm
proposed in the present manuscript applies to the latter case as well. In general
it suffices to replace property of Definition [2] by any property of interest.
What is important really is the correspondance between the indices and the
implicit factorial experiment. Once we realize this, we also realize that factorial
effects are already defined through the factorial experiment, and hence there
may be no need to look for any functional Sobol-Hoeffding decomposition.
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Proofs

Proof of Proposition

Suppose that 7(A) = 0. Then it holds (almost surely, as implicitly understood
throughout) f(X) = f(X\4). Taking expectations conditionally on X in both
sides, we get
f(X) = E(f(X[X)
= E(E(f(X\)]X, Xp\a)|X)
= EE(f(X\)|Xp\a)|X)
= E(f(X)|Xp\a)

and the first part of the equivalence is proved. Suppose that f(X) = E(f(X)|Xp\a)-

Then
f(X) = E(f(X)|[Xp\a)
E(f(X\)[Xp\a)
E(F(X\)| X0 ,)
(X\4).

The second part is proved. The proof is complete.

|
~
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Proof of Lemma [1]

Choose A C D. The proof is by mathematical induction. Fix n = 1. It is
clear that A"7(A) = A, y7(A) for every iy € D\ A. Now let us assume that
Aln o A7 (A) = Ay, 4,37 (A) holds for some fixed n and for all {4y, ..., i, }N
A = 1. Choose {i1,...,int1} € D\ A and put B, = {i1,...,i,} and By =
B, Uiy,y1. We have

A+ AUr(A)

= A1 Ap 7(A)

= ABTLT(A U in+1) — ABHT(A)

— Z (71)n7|C\(AUin+1)\7_(C) _ Z (*1)”7|C\A‘T(O)

(AUip41)CCCAUBy 41 ACCCAUB,,
_ Z T(C) ((_1)7L—\C\(Auin+1)|1{in+lec} _ (_1)n_|C\A‘1{in+1€C})
ACCCAUBn+1

= Y O (1 coy + Lpagey) -
ACCCAUBvH»l

The proof is complete.

Proof of Proposition
The equality is correct for B = (). Suppose B # (). Plugging into , we

have
I(B)= > > ()R (C)pp(A). (17)

ACD\B ACCCAUB

Clearly, for each A’ C D, the term 7(A’) appears exactly one time in the sum.
Furthermore, if we denote B = {i1,...,i,} then D can be partitioned into
subsets {A: ANB=0},{A: ANB=41},..., {A: An B = B}. It then clear

that equals
o> (=0 Fps(A\ B)r(A).

k=0 A:|ANB|=k

The proof is complete.

Proof of Proposition

If we plug into then we get and hence by Mobius inversion.
Now we shall show that is the only choice that guarantees the correctness
of for every map 7. Since it is equivalent to , it is clear that implies
I(0) = 0. But then ), pp(A)7(A) = 0 by Proposition [2, which means that
pp(A) is null unless A = . Now, Combining and ,

S (=)IR(A) = > (-1 Ipg(A\ B)r(A)( for all B #0).

ACB ACD

Since this equality must be true for every map 7 : 2P — [0, 00) with 7(0) = 0,
we have that
liacny = pe(A\ B)
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for every A C D, A # (). This implies that pp(A) = Liaupcp}y = l{a=g) for all
A C D\ B. The proof is complete.

Proof of Proposition
Put [(A) = X%, (~1)/\Ip,(A\ 7). Taking B = {i} in (10), we have

d

DI = Y r(A)A.

i=1 ACD

Since it is required that the equality be true for every 7, we have that [(A)
must be zero for every subset A which is not the empty set or D. If A = D
then /(D) must be one. Hence, since }_ 4 1(A) = 0, we have that (()) must
be minus one. The proof is complete.

Proof of Proposition

Put l(AvB) = (_1)‘B\AIPB(A \ B) so that I*(B) = ZAch(A,B)’T*(A). Since
ZAcD I(A, B) =0, it holds

I"(B) = =Y _U(AB)T(D\A)

—> U(D\ A, B)7(A)
A

= Y (-1)APFp(D\ (AU B)r(4).
A

The equality I(B) = I*(B) is then equivalent to

> r(A) ((-1)/F\MIpp(A\ B) — (~)A" B 1p(D\ (AU B))) = 0.
A

If | B is odd, it holds that |B\ A| is even if and only if |A N B| + 1 is even, and
hence (—1)IB\Ipg(A\ B) and (—1)4"EI+1p5(D\ (AU B)) are always of the
same sign. The claim follows because the equality must hold true for every map
7 with 7(0) = 0.
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