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Abstract

To simulate large, history-dependent material displacements, the Mate-
rial Point Method (MPM) solves for the kinematics of Lagrangian
material points being embedded with mechanical variables while mov-
ing freely within a fixed mesh. The MPM procedure makes use of
the latter mesh as a computational grid, where the momentum bal-
ance equation with the acceleration field are first projected onto nodes,
before material points can be moved. During that process, a number
of different choices have been adopted in the literature for what con-
cerns the computational definition of time increments of velocity and
position, from the knowledge of nodal acceleration. An overview of
these different motion integration strategies is herein proposed, with a
particular emphasis on their impact onto the MPM conservative proper-
ties. Original results illustrate the discussion, considering either simple
configurations of solid translation and rotation or a more complex col-
lapse of a frictional mass. These analyses furthermore reveal hidden
properties of some motion integration strategies regarding conserva-
tion, namely a direct influence of the time step value during a time
integration being inspired by the Particle In Cell (PIC) ancestor of
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2 Comparison of MPM motion integration strategies and discretization choices
30 the MPM. The spatial, resp. temporal (in comparison with vorticity),
31 discretizations are also shown to affect the angular momentum conser-
32 vation of the FLIP method, resp. an affine extension of PIC (APIC).
33 Keywords: Material Point Method; PIC; FLIP; APIC; XPIC

1 Introduction

s Anticipating the deformations of large-scale constructions, e.g. water dams
se  possibly rising up to hundreds of meters, under various mechanical loads is cru-
sz clal for safety concerns. These studies are typically carried out with numerical
s methods based on the Finite Element Method (FEM) and corresponding pio-
s neering works [1, 2] for continuous materials. The FEM unfortunately suffers
20 from a number of limitations related with its underlying Lagrangian mesh for
a1 solid mechanics. In particular, many scenarios of interest involve large defor-
«2 mations, e.g. possible structure failure, where extreme mesh distortions would
a3 prevent the FEM procedure to pursue. A solution to overcome this issue can
s be to include a conditional remeshing step in the FEM framework [3, 4, 5]
s but this can turn to be computationally expensive. If present, e.g. for elasto-
s plastic solids, a field of hardening variables has also to be recast into the
a7 new mesh which makes things even more intricate. These issues have been
«s reviewed e.g. in [6], with a particular focus onto the Particle Finite Element
20 Method (PFEM) [7] as an appropriate remeshing FEM technique in presence
so of hardening variables.

51 In contrast, the historical Particle In Cell method (PIC) [8] has avoided
s2 distortion issues by fixing the mesh, turning it into an Eulerian frame within
53 which the integration points of the FEM are free to move. As such, the PIC
ss method came as an hybrid Eulerian-Lagrangian method with a robust nature

ss in the case of large displacements. Then, in [9], the FLuid Implicit Particle
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method (FLIP) has revisited PIC with the idea of limiting the numerical dif-
fusion and energy dissipation the latter suffers from, adapting in particular
the way integration points velocities are defined from the acceleration at grid
points. These methods eventually led to the slightly more recent Material Point
Method (MPM) [10], possibly in a GIMP [11] or CPDI [12] variants, which aims
to extend the hybrid Eulerian-Lagrangian formulation to history-dependent
materials and has become a popular tool to simulate large displacements in
solid mechanics, see e.g. [13, 14, 15] for general MPM reviews.

Following PIC and FLIP, the MPM essentially solves continuum mechan-
ics equations and computes accelerations on fixed mesh grid points in order
to eventually update positions of Lagrangian material points. Subtleties then
arise during the MPM procedure with a frequent transport, i.e. mapping,
of mechanical quantities between these two uncoupled spatial discretizations,
which deteriorates the proper definitions of classical kinematic fields of acceler-
ations, velocities and positions. As it will be further exposed in the manuscript,
it is for instance to note that material point velocities may not always be the
time integral of their accelerations, nor the time derivatives of their positions.
These subtleties lead the MPM to face similar challenges as PIC and FLIP for
what concerns the conservation of energy and momentum. As a matter of fact,
these fundamental objectives are not always fulfilled and prompted a number
of previous studies.

As for momentum conservation, the MPM is formulated such that linear
momentum is automatically conserved but strong issues may concern angular
momentum and rotational motion, as discussed, e.g., in [16, 17, 18] and further
recalled in the remainder of the manuscript. It was actually shown in [16, 17]
that the angular momentum is lost both with PIC and FLIP during the two-

ways transport between material points and grid points with classical lumped

3
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expressions of nodal masses and an Affine-augmented Particle In Cell method
(APIC) was accordingly proposed in [17] aiming to solve the issue. Before
being further improved in [18], APIC was shown in [17] to conserve the energy
better than PIC if not perfectly, while being more stable than FLIP. Since
the remaining energy dissipation sources in APIC [17] basically come from its
share of PIC transport equations, an affine-augmented variation of the FLIP
velocity mapping, AFLIP, was tested in [19] and logically found to conserve
the energy even better than both APIC and FLIP.

Similar to APIC and AFLIP which eventually aim at better capturing affine
velocity fields when mapping one field from another, a spatial gradient-based
Taylor expansion has been proposed in [20] and later denoted as Taylor-PIC
(TPIC) in [21].

Another recent study [22] highlights that the motion integration procedure
actually corresponds to choosing a velocity field among an infinity of solutions
to the velocity transportation equations. With this point of view, the PIC
strategy appears as the solution which minimizes the velocity by filtering out
all the noise, while the FLIP strategy minimizes the acceleration and does not
filter any noise. Using this insight, a new XPIC(m) strategy was proposed in
the same study [22], for adopting the velocity field that minimizes the difference
with respect to its previous values filtered at the order m. The XPIC(m)
strategy can thus be used to adapt the noise filtration for a specific problem,
giving a great adjustable compromise between PIC and FLIP strategies. Based
on the XPIC(m) strategy, a FMPM (Full mass matrix MPM) formulation was
proposed in [23], considering an approximation of the full mass matrix (inverse)
instead of the traditional lumped one. Although this approach complexifies the
imposition of boundary conditions, results were shown to be less dissipative

and more accurate than both FLIP and XPIC(m).
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In connection with the evergrowing popularity of the MPM, the present
manuscript then aims to clarify the underlying reasons for so many choices
regarding motion integration in a MPM implementation and review most of
the currently available alternatives. The discussion is illustrated from original
numerical results evidencing their respective performances in terms of energy
and momentum conservation.

After recalling the general MPM background in Section 2, Section 3
proposes a grouped presentation of the various possible motion integration
strategies. Section 4 then investigates the conservative nature of several of
those in the simple cases of an elastic solid moving in a purely translational
motion or a rigid solid subject to a rotational motion, where analytical ground-
truth results are available for reference. The analysis is finally extended to
the more complex and rather classical case of the granular column collapse in
Section 5, together with a discussion of the (time and spatial) discretization
parameters.

Although the calculations performed in this study are likely to involve large
transformations (large deformations and large rotations), our model is based
on an infinitesimal transformation formulation. Taking large transformations
into account, similar to [12, 23, 24, 25], would lead to more accurate results,
but would not change the conclusions of the present work which is focused on
the comparison of motion integration strategies and discretization choices in
the MPM formulation. All simulations are executed with a modified version
of the open-source code CB-Geo MPM [26], used together with its PyCBG

interface [27].

5
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s 2 Common MPM principles

s 2.1 Governing equation and double spatial discretization

13 Considering a deformable solid being continuously present in the domain €,
137 mass density, velocity and stress fields are respectively denoted p, V and o,
133 omitting time and space variables for simplicity. External forces may apply
130 onto I, the surface of €, as tractions 7 = o - 77, with 77 the outward normal
10 to I'. If present, a constant, uniform, gravitational field is denoted as ? With
.1 W a test function (a kinematically admissible velocity field, typically) the weak

12 form of the virtual work principle classically reads:

t

/pr.ajcm:/prjdmr/ra??dr—/gvﬁ:adQ (1)

143 As proposed in [10], the MPM solves Eq. (1) for a Lagrangian velocity
1a field, which is defined on a first layer of spatial discretization in terms of a
ws finite set {p} of N,,, material points. Those material points will also carry
16 each a constant mass quantity m? and history-dependent, e.g. elasto-plastic
1z hardening, variables and accordingly express material behaviour.

148 Being geometrically uncoupled to the set of material points, the MPM
a0 additionally relies on an Eulerian mesh with a number Ny, of grid points i
150 located at constant positions Z; and connecting into mesh cells i.e. elements,
151 see Figure 1b. While being fixed in space as illustrated in Figure 1d in con-
12 trast to Figure 1lc for the classical FEM in solid mechanics, that Eulerian grid
153 plays a FEM-like computational role in which the weak form (1) is eventually
isa transposed at every grid point. Grid points actually combine with associated

155 shape functions Nl(?) to serve as a nodal basis for expressing quantities, e.g.



156

157

158

159

Springer Nature 2021 IATEX template

Comparison of MPM motion integration strategies and discretization choices

CE I O S S S s e e o

ol Ll L L

o T VY T N Y R T T

(a) Initial FEM configuration (b) Initial MPM configuration
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(c) Final FEM configuration (d) Final MPM configuration

Fig. 1: Mesh (in red) and integration or material points (in blue) evolutions
during similar FEM and MPM simulations

for the test function:
B(7) = S Ny (7) (2)

while obeying partition of unity:
D ONi(@) =1 3)

Eq. (3) can indeed be seen as a necessary condition for (i.e., a consequence of)

Eq. (2).

7
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160 From this double spatial discretization, the classical MPM procedure leads

161 to the following expression for nodal acceleration [10]:

?i = ?znt + ?ixt (5)
mt = ZNi(:E'p)mp (6)

162 where the first two terms on the right-hand side of Eq. (1), describing body
13 forces and external surface loads, have been turned into a nodal force quantity,
164 ?éxt:
i =S N(@ Mg + /F N7 dl (7)
p

165 while the last term of Eq. (1) being representative of internal forces corresponds
166 t0 the following nodal force quantity ?int obtained from the material points

167 Stresses:
? :7Z—O'Z’V—]\/Z 7P) = ZUPUPV—N) zP) (8)

168 It is to note that Eqgs. (4)-(6) correspond to a lumped mass matrix approach
160 With known consequences for the conservative properties of the method [9, 10,
1o 16, 28]. While mass is naturally conserved, in the sense that ), mt = Zp mP,
171 the cases of momenta and energy are more intricate and will be reviewed below.
172 It is also to note that, unlike the initial MPM formulation [10], mass density
173 is not considered constant here but instead computed from the constant m?
i7a and a variable material point volume vP. The latter is initialized from v7(®)

175 the volume of the mesh element, j, including p and Ngw the total number of
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material points in that cell:

bt = 0) i () ()
vt =0) = ——

NP
before being updated at each iteration depending on a volumetric strain

measure at the center of the cell j.

2.2 Material points or material domains in the MPM

discretization

The above discrete equations, Eqs (4)-(8), have been obtained in [10] from
the consideration of a point-wise mass distribution within {p}, with material
point-centered Dirac distributions for the mass density and the stress fields.
As an alternative to this pure “material point” point of view, finite “material
domains” have been proposed in a GIMP variant [11] to carry a piece-wise
constant stress field, through the concept of particle characteristic function
with finite support, unlike the Dirac distribution of classical MPM. Shape
functions are then directly replaced in Eq. (7) (for its first right-hand side
term) and Eq. (8) with weighting functions that convolute shape functions
with particle characteristic functions and show more suitable properties, e.g.
a non-linear nature even with linear shape functions (see below Section 2.3).
As imposed by partition of unity considerations, such material domains
should however stay contiguous and non-overlapping for results to stay consis-
tent, e.g., [29]. Particle domains then need to be updated according to material
point kinematics, way beyond pure translation, and the CPDI [12] extension to
GIMP for instance enables one to update those as deformable parallelograms
while considering piece-wise constant deformation gradients and stresses across

domains.
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One can note that the discrete equations, Eq. (8) in particular, could also
be seen as a quadrature expression for a numeric integration of the weak form
terms, avoiding any assumption on the mechanical (e.g., stress) fields and
considering material points just as integration points or numeric tracers. From
this point of view, quadrature precision issues arise in connection with material
point displacements, as discussed in e.g. [13, 30] but those could possibly be
solved following [31], which is still out of the present scope.

Here, the remainder of the sequel adopts the “material point” point of view
of classical MPM to avoid the complexity of defining particle domains that

maintain a rigorous tessellation of Q2 whatever the kinematics.

2.3 Chosen shape functions

In this “material point” framework, piecewise linear shape functions such as
used in [32, 33, 34| are avoided due to their C° nature that may lead to
ringing, i.e. cell crossing, instabilities [35] through the so-called internal force
?ﬁm in Eq. (8) with the gradient of the shape functions, which would induce
discontinuous changes in 7;” when a material point crosses the boundary

between two cells [13, 30, 36]. Boundary modified cubic splines [15] with (twice)

continuous derivatives are adopted instead.

3 Various MPM motion integration strategies

3.1 Intricacy of mappings between material points and

grid points as motion integration strategies

While the nodal acceleration Eq. (4) is intended to serve as a time update of
nodal velocities, a salient keypoint of the MPM then appears in the yet unspec-
ified choices for initial nodal velocities 7’ and for the exact role of updated

values, being denoted Vi likewise to [8], in the material point kinematics, in
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necessary connection with material point velocities 7” for both cases. The
corresponding operations are generically denoted in this paper as the "motion
integration strategy". Before being reviewed in details below, these could be
introduced, broadly speaking, as a particular choice of back-and-forth map-
pings between grid points and material points. From the grid points to the
particles, a shape-function-inspired mapping for a given quantity s (which can

be any tensor of order n > 0) would be:
sP = ZNi(7p)si (10)

which can be recast in matrix form:

SP=GgTt%C (11)
(G F)pi = Ni(TP) (12)
Here 5% denotes the whole set of material point values and §C its nodal

counterpart. The arrow in Eq. (11) corresponds to the increase in tensor order
from n to n+1 in order to cover the whole sets of material points or grid points,
with each line of §€ (among Ny,), resp. 5" (among N,,,), corresponding to
the quantity for a specific grid point, resp. material point. In the case of s
being a vector quantity, ¥€ and 5T are both second order tensors in Eq. (11)
and will be denoted s® and s” in the rest of this paper.

From the particles to the grid, one could adopt, likewise to the lumped mass

expression in Eq. (6), the following expression which obeys Y7, s = 3 s”:

s'=3 Ny(TP)s” (13)

11
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221 Or in matrix form:

$C=p T (14)
P =G (15)
242 It has to be observed that in the general case Ny, 7# N, making it

2as  impossible for G™F to be square. There is furthermore even no reason for the

2

kS

. latter to be at least semi-orthogonal, i.e. G"TP*¢ T + §F contributing to

s the subtleties of the mappings discussed below, through the introduction of

N
B

26 so-called null space errors [37].

2z 3.2 From known particle velocities to nodal velocities

2es As for the nodal velocities 7Z at the beginning of a time step, those have
220 been usually expressed since the FLIP method from material point velocities
250 by explicitly conserving the linear momentum « through the application of

251 Eq. (14) from @P = mp7p to @' and then dividing by the nodal masses to give:

o5, Ni(ﬁ)mﬁp

m

(16)

252 The result of Eq. (16) can also be seen as a mass-weighted transport proce-
23 dure that directly applies to velocities 7 and which can be written in matrix

254 form as:

ve = p:CvP (17)
mP N (ZP)

(P;,LG)Z'[) = Zp, mp,Ni(7pl) (18)
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where V¢ and VT are respectively (Ngp X Ngir,) and (Ny,p X Ngim) matrices
with Ngi, the number of dimensions, and P:nG a mass-weighted mapping
matrix that directly applies to velocity quantities. Similar to the previous case
of Egs. (11)-(12), each line of VE, resp. VE, corresponds to the velocity of a
specific grid point Vi, resp. material point Ve

Even though linear momentum is conserved by construction through
Eq. (17), it is to note that the present lumped mass approach makes the
nodal kinetic energy, computed from nodal masses in Eq. (6) and nodal veloc-
ities in Eq. (16), to be less than the kinetic energy defined on material points
[9, 10, 16, 38, 39]. In line with the absence of nodal history, this feature nev-
ertheless does not necessarily hinder overall conservation of energy in itself,
see [16] and a simple translation illustration under free fall in the forthcoming
Section 4.1 and Figure 3.

The Eqs. (16)-(18) are however unable to correctly infer nodal velocities
from the ones of material points in a number of situations. Considering for
instance a case where a grid node ¢ would be under the influence (through
Ni(?p) # 0) of just one material point p, one would have 7’ = 71’ no matter
the position offset between 7 and p, which is in particular incorrect if velocities
are to correspond to an affine field, as discussed in [20]. As such, it has been
proposed in [20], and later coined as a Taylor-PIC (TPIC) strategy in [21], to
use a gradient-based extrapolation, i.e. a first order Taylor expression, for a

better description of affine velocity fields from material point values:
ve=pPCvF L Wt (19)
(WO = 32 S (P )ip(VVP)50(00); (20)
P J

b= (21)

K2

13
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where Eq. (19) introduces into Eq. (17) an additional term that combines the
_>

branch vector between i and p, b?, with the velocity gradient VV”. The

latter is stored for every material point after being computed in a previous

iteration as:

vV = > VN,(ZP) @ Vi (22)

7

A rotational ensemble motion on a set of material points is an example of
an affine velocity field, with an antisymmetric V?” , and the limitations of the
initial Eq. (17) for projecting velocity fields naturally appear in this case, with
a loss of angular momentum that is actually due to the lumped mass approach
of Egs. (4)-(6) and (17) [16, 17, 18]. While keeping the convenient lumped
mass transport Eq. (6), it has been proposed in [17] as an APIC formulation
to explicitly consider angular momentum in the transport Eq. (17) through

additional terms at the material point level, namely:

ve=pP:CvF L U" (23)
U )ik = 32D 2 (Paf)in(CT) e (¥)); (24)
C? = B(D")™* (25)

B =Y N,(@)Vie b7 (26)

Dr =Y N BT e B (27)

Here, the affine augmentation of Eqgs. (23)-(27) (with a more complex ver-
sion proposed in [18]) embeds every material point with an angular velocity-like
quantity C? which is computed from an angular momentum-like quantity

mPB? and an inertia-like quantity mPDP (or its inverse). That angular
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velocity-like quantity is then combined in Eq. (24) with 32’ , giving an addi-
tional rotational term, UP, in the velocity field to be mapped into the grid
in Eq. (23). In such an APIC formulation, both matrices B?, D? are stored
for every material point in order to form CP and Eq. (26) actually corre-
sponds to an end-of-step update (from updated nodal velocities ’77 precised in
Section 3.3) for BP, providing its value that will be used in a subsequent step.

A proper initialization of V?p, for the Taylor formulation, or BP, for
the APIC formulation, is however critical in case of assigned initial velocities
to material points. For this purpose, the initial value of va is determined
by repeating Eqgs. (19) to (22) until v/r converges. Because it can usually
be observed that the APIC C? is numerically similar to velocity gradient, as
suggested by the formal similarities between Eq. (20) and (24), the former is

incidentally initialized to the same value of the latter.

3.3 From nodal acceleration to particle kinematics

Whether 7Z is affine-augmented or not, an updated nodal velocity field 7’
is subsequently obtained after solving Eq. (1) in its discrete form Eq. (4) for
nodal acceleration and applying a simple, explicit, finite difference scheme in
time: .

Vv +dt At (28)
Eq. (28) naturally leaves aside possible grid points serving as Dirichlet bound-
ary conditions with constant velocity components (a} = 0 and V}' fixed to
a chosen V}|jim for one or several directions k). Time step At is computed
as a fraction of the characteristic time obtained with the material and mesh

parameters:

At = arleeny | = (29)

N

15
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with I, the size of a mesh element, p the mass density of the material,
FE its Young modulus for the subsequent examples considering, at least in
part, Hooke’s law, and a, a proportion coefficient. The latter is determined
empirically in each specific case, in order to ensure a stable simulation.

In line with the absence of nodal history, the updated velocity field %Z is
only temporary, before being overwritten at the beginning of the next iteration
with the one transported from the material points with one or another mapping
among Egs. (17), (19) or (23). It rules however material point kinematics
during current time step, where different MPM strategies can again be found
for this purpose. Consistently with the above use of a mapping matrix P:nG,
this procedure can be considered as equivalent to solving the following equation

for VEmew,

~G
PmGV]P’,new -V

P:SvEP - WC 4 a®At  for TPIC 30)
30

=y P;SVP L U® +a®At  for APIC

P:OVP 1 afAt for other strategies

In the general case with N,,, # Ng, and a non-square P:nG, the set of
solutions to Eq. (30) can be infinite, justifying the existence of several strate-
gies. The most direct solution to Eq. (30) was inspired by the PIC method
and essentially maps the velocity from grid points back to the material points

with Eq. (11), leading to:

~G
v =g tv (31)

apret =ab + VEEY x At (32)
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Although this strategy is straightforward to implement, it is known to improp-
erly filter the velocity which leads to an unrealistic damping [22, 40]. One
can note for instance that Eq. (31) erases the individual memory for material
point velocity one could expect since VF is not directly integrated from
V*. Moreover, it has been demonstrated in [22] that Vb, is the solution to
Eq. (30) that minimizes V",

Aiming to achieve a better energy conservation than PIC, the FLIP method
[9] has been proposed with alternative time velocity increments from the same
nodal acceleration. In a FLIP approach, the latter is actually transported
into P towards an incremental computation of the material points’ velocity,

reinstating a direct, individual, link between 719’"5“’ and 71’:

Vi = vE 4L G Pa® x At (33)

Thinking in terms of solution to Eq. (30), it was established in [22] that
V]f} 17p 18 the solution which minimizes the fluctuations in V¥ ie. acceleration.
However, FLIP still uses the same Eq. (32) as PIC to displace the material

points, which can be recast as:

b = P 4 V%?gw x At
(34)
="+ e (VG + aGAt> At

Since G"F'VC £ VT one could consider from comparing Eq. (34) and (33) the
FLIP scheme implies an unnatural description of the material points motion
in the sense that the time derivative of T%L ;p is different from the FLIP

material point velocity (even though this was intended in [9]):

d7];“LIP

7;?:'LIP 7é dt

17
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As such, 711’310 in Eq. (32) has been replaced in [41] with 7%L1P7 forming
another NFLIP strategy (Naturally modified FLIP), as coined by [19]:

ai e =2t + VEITh x At (36)

As previously mentioned, FLIP and NFLIP conserve better energy than
PIC but they are more prone to instabilities. A common practice is thus to
blend FLIP or NFLIP with PIC in order to make the simulation more stable
[13, 42, 43, 44], based on a blending parameter Pp;c. These blended strategies
are denoted FLIPX and NFLIPX, where X = 1 — Ppj¢ indirectly highlights

the proportion of PIC. Namely, a FLIPX velocity is given by:

P,new P,new P,new
Vierrex = XVigrp + (1= X)Vgie (37)
=(1- PPIC)VD;’Z% + prcVR;’?éw

Such a FLIPX velocity would also be used by the NFLIPX strategy to

compute new positions for the material points, similarly to NFLIP Eq. (36):

P,new P P,new
Typripx =% +ViEppx X At (38)

On the other hand, it has been proposed in [22, 23, 45] , that the blended
velocity update of Eq. (37) should be accompanied with deeper changes in
position updates that would eventually conform neither Eq. (34) nor Eq. (38)
but include a second order term.

Such a second order position update is actually found in the XPIC(m)
strategy [22], which first aims for a definition of the updated velocity field

V5" that shows minimal variations from its previous value, in a smoothed



370

371

372

373

375

376

377

380

381

382

385

386

Springer Nature 2021 IATEX template

Comparison of MPM motion integration strategies and discretization choices

version VsmP:

Vim" = (I - (I -G"P;7y"HVE (39)

with I the (N, X Npppp) identity matrix and m a chosen smoothing parameter.
The resulting solution to Eq. (30) is then [22]:

Ve =V — (I =G TP VF + G"a® x At (40)

Material points are then moved using a second order time integration scheme:

e = wPJrG’P‘N/GAtf% (G’PaGAtQ +(I— G*PP;nG)mVPAt) (41)
Note that with m = 1, a XPIC(1) strategy is equivalent to PIC, see Eq. (40) vs
Eq. (31) for velocity, and that the corresponding position update of Eq. (41)
has latter been further modified in [23] and be proposed as an optimal position
update for a PIC framework.

Most of the motion integration strategies mentioned above have been
declined into their affine-augmented version (APIC, AFLIP and ANFLIP,
AFLIPX and ANFLIPX) just by using Eq. (23) to express the grid points
velocity Ve depending on the material points velocity vE Similarly, a TFLIP
counterpart to TPIC is defined as using Eq. (19) for initializing grid velocities
from material point ones, before using all other FLIP equations.

Since the FLIP logic is to incrementally update the material point velocity
rather than over-writing it through a grid interpolation, one could expect sim-
ilar time update equations for the matrices B?, DP, CP for AFLIP or va

for TFLIP. Since it is instead chosen to use the same equations than APIC or

19



387

388

389

391

392

393

Springer Nature 2021 IATEX template

20 Comparison of MPM motion integration strategies and discretization choices
Motion integration
Moti operations VE measure from current V¥ | VF update from a€, i.e. updated V¢ ' update
viotion
integration strategy
PIC P;evP
8] Eq. (17)
R vE
APIC P2 (VE+UT) B Pécl')
[17) Eq. (23) ¢
TPIC P (VP +W?) Tric
[20, 21] Eq. (19) Eq. (32)
FLIP PEvE
[9, 10] Eq. (17)
AFLIP PrY (VP +UT)
[17, 19] Eq. (23)
el P P VJ;‘LIP
TFLIP PrE (VP +WF) Eq. (33)
[20] Eaq. (19)
NFLIP PovE
[41, 19] Eq. (17) »
TNFLIP
PG (VP 4+ U?) Eq. (36)
ANFLIP Eq. (23)
FLIPX PVt
Eq. (17) o
PIC
P:,f; (VL-' + U‘j) Eq. (32)
AFLIPX Eq. (23)
XVirp+(1-X)Vhic
NFLIPX Prive Fa- (0
Eq. (17) -
TNFLIPX
PG (VF+UP) Eq. (38)
ANFLIPX Eq. (23)
XPIC(m) PivE Vixpicim) T pre(m)
[22] Eq. (17) Eq. (40) Eq. (41)

Table 1: Designations of the different MPM motion integration strategies with
their chosen underlying equations

TPIC to express those matrices, with a direct transport from the grid, a bet-
ter terminology could adopt AFLIP/PIC and TFLIP /PIC notations, which is
nevertheless not done here for the sake of simplicity.

Table 1 summarizes all these motion integration strategies.

3.4 Stress update scheme

Following [10, 46] and for the sake of simplicity, a small deformations (notwith-

standing possible large displacements) strain tensor € is defined from its rate
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é= % (VV +@V)7) (42)

and the corresponding increment de is related with do through a material-
specific constitutive relation for non-viscous solids, taking into account history-
dependent variables when necessary. If necessary, large strain-compliant more
general formulations based on deformation gradient and, possibly, objective
stress rate (e.g., of Jaumann type) can be found for instance in [12, 23, 24, 25].
The MPM algorithm naturally applies the incremental stress update at each

material point, after computing a finite Ae?P from nodal velocities 7’

AeP = &P AL (43)
& = % 3 (A”’ + A“’T) (44)

AP = VN,(Z7) 0 V! (45)

with A" defined for each pair of grid point 7 and material point p. Due to the
intricate relations between nodal velocity or even material point velocity and
time increments of material positions, it is again to note that such a strain
tensor may not be directly interpreted from the relative displacements among
material points.

The location of that stress update in the sequence of the MPM algorithm
is a matter of choice, with no prior justification for an execution before or
after the internal force computation of Eq. (8). The two immediate choices of
updating stresses before, resp. after, solving the equation of motion have been
denoted USF (“Update Stress First”), resp. USL (“Update Stress Last”) and

analysed in [38] for their consequences on energy conservation. It was shown

21
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therein the USF scheme is more likely to conserve energy in average through
a mutual cancellation of two sources of errors that affect both material points
kinetic and strain energies at each MPM iteration. It has also been observed
herein during preliminary simulations that USF is better suited to use with
linear shape functions, unlike USL which exacerbates cell crossing instability
issues in this case.

The stress update scheme was further studied in [47], where a variation of
the USL scheme initially proposed in [48] was coined MUSL (“Modified Update
Stress Last”) and found to be very similar to the USF scheme in its results. In
its definition, the MUSL scheme executes the stress update likewise to USL,
after relating internal forces to nodal acceleration in Eq. (8), but uses for this
purpose a strain increment computed from updated nodal velocities, with ?Z
replacing Vi in Eq. (45). In line with these observations, [47] proposed the
USAVG (“Update Stress Averaged”) scheme which conserves almost perfectly
the energy, at the cost of computing the material behaviour twice in the same
MPM iteration.

In the present manuscript, a USF formulation is adopted unless otherwise
specified, including an updated stress value in Eq. (8). While a USL choice
may be more usual in the literature, the USF scheme is herein chosen since
it was shown in [38] that it can be completely conservative energy-wise, while

the USL scheme is systematically strictly dissipative.

4 Energy conservation on heuristic stiff examples

for different motion integration strategies

This section determines the influence of the different strategies detailed in

the previous section on the MPM capacity to conserve energy, for two simple
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cases with basic configurations that enable a ground-truth comparison. Pro-
posed results are necessarily affected by the explicit first order time integration
scheme (except for the XPIC case) chosen in the above equations for velocity
or positions update, e.g., Eq. (28). Other integration schemes, e.g., proposed

in [18], especially if symplectic, would improve energy conservation.

4.1 Energy conservation in translation

The first case extends a similar analysis in [16, 18] (that is also directly
considered in Appendix B.1) by simulating a bouncing cube conforming a
translational motion under gravity, with a gravitational acceleration g = 9.81
m/s?, and illustrated in Figure 2 for its initial configuration. The mesh con-
tains 5 x 5 x 13 cubic cells along the different axes, each with a side of I..;; = 20
cm. Each cell located between 3 = 1 m and x3 = 2 m contains initially 23 = 8
material points located at the Gauss-Legendre integration points, for a total
of 8 x 125 = 1000 material points. The normal velocity is imposed to zero on

all grid points on the left, right, front, back and bottom boundaries.

LA

v

Im

PVYyY

v

v

Fig. 2: Simulation setup of the bouncing cube example (plane view)

23
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Hyperelastic Hooke’s law is assigned to the solid material (e.g., to describe
the deformations of the cube upon impact on the floor), with Young’s modulus
being set to £ = 12.84 M Pa and Poisson’s ratio to v = 0.16. The density of

the material is set to p = 1748 kg x m™>

, meaning that each material point
will have a mass of m,, ~ 1.75 kg. Using Eq. (29) along with a, ~ 5 x 1072 or
a, ~ 5x1073, the time step is chosen as At = 1.17x107% s or At = 1.17x107°
s.

In line with the conservative nature of the problem, energy should theoreti-
cally conserve and just converts during time between elastic strain energy FE.;,
kinetic energy Ej and gravitational energy F, (with x3 = 0 serving as refer-

ence for £, = 0). Measuring those quantities over all material points and using

Einstein’s convention for summing over repeated indices, we namely have:

Ea= Y %p(m‘jéij) (46)

pe{p}
1 2
Ee= 3 Sm’| V7] (47)
pe{p}
E, = Z mP gt (48)
p€{p}

The following Figures 3 and 4 illustrate the obtained energy balance in
MPM for different motion integration strategies, namely PIC, FLIP, APIC,
AFLIP, TPIC, and TFLIP; when using the USF stress update scheme (USL
results being also presented for the same simulations in Appendix A). The
NFLIP formulation was also considered during preliminary simulations with a
coarser mesh and linear shape functions and was observed to yield unrealistic
results (e.g., segregation of material points within the cube cells for various

time steps ranging from a, ~ 5x 1075 to 5 x 1072), as already reported in [23].
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1.0 “J\‘M
0.9
08 —— PIC
R FLIP
Ly
0.7 —— APIC
—— AFLIP
06 —— TPIC
—— TFLIP
0.5

00 05 10 15 2.0 25 3.0 35
t(s)

(a) ar =5 x 1072

1.0 _MMW

0.9

08 — PIC
55 FLIP
AR EN]

0.7 —— APIC

—— AFLIP
o | —
I
0.5

0.0 05 10 15 2.0 25 3.0 3.5
t (s)

(b) ar =5x 1073
Fig. 3: Total energy for the bouncing cube example simulated with different
motion integration strategies for different time steps (Ecf ~ 25.7 kJ)

Figure 3 first shows the total energy FE;,y = E. + E + E, relative to
its initial value of E,.y ~ 25.7 kJ, for the two different time steps. At first,
during the initial free fall phase with neither strains nor stress, all results
are strictly equivalent and theoretically correct, whatever the motion integra-
tion strategy. After the first contact with the floor, all PIC-based cases (PIC,

APIC and TPIC) dissipate so much energy that the cube does not bounce, no

25
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0.1 it

0.0f —

00 05 1.0 15 20 25 3.0 35
t(s)

(a) Elastic energy E¢;

— PIC

—— FLIP

—— APIC

—— AFLIP
—— TPIC

—— TFLIP
—— Free fall Ex

00 05 1.0 15 20
t(s)

(b) Gravitational energy Fq

0.5

0.4

0.3

Ex
Eref

0.2

0.1

0.0

0.0 05 10 15 20 25 3.0 35
t(s)

(c) Kinetic energy Ej, (the grey curve materializes the theo-
retical free fall case)

Fig. 4: Energy balance for the bouncing cube example simulated with different
MPM motion integration strategies (Eyef ~ 25.7 kJ, a; =5 x 107%)
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PIC APIC TPIC

FLIP AFLIP TFLIP

Fig. 5: Material points positions at ¢t ~ 3.5 s (E,.; =~ 25.7 kJ, see a
corresponding video as a supplementary material)

matter the time step used. On the other hand, FLIP-based strategies appear
to be much more conservative, allowing for several bounces. In more details,
FLIP conserves energy almost perfectly, slightly increasing it, while AFLIP
and TFLIP let E;,; decrease by approximately 3% between each bounce (these
strategies are shown to be equivalent to FLIP when using the USL scheme in
Appendix A), although these defects are limited when using a lower time step.

Figure 4 then discriminates between the various energy terms in F;,; when
using a, = 5 x 1072, PIC-induced artificial damping therein appears both
in terms of elastic energy E.; (Figure 4 (a)) with no energy oscillations after
impacting the floor, and in terms of gravitational energy E, (Figure 4 (b)) with
the height of the cube reaching its final value after the first contact with the
floor. With FLIP-based strategies, the cube continues to deform even during

its ascending phase, especially for FLIP, and the material points almost bounce

27
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back to their initial heights. In fact, after the last bounce, the FLIP set of mate-
rial points bounces higher than its previous peak position, in correspondence
to Eiot observations. As for Fj, (Figure 4 (c)), all motion integration strate-
gies reproduce the theoretical velocity obtained during the free fall part of the
simulation. Then, all FLIP-based strategies give a similar variation rate of Ey,
even though it is shifted in time because of the different bouncing altitudes
the cube reaches. One can lastly note that, due to the MPM discretization
and the extended support of present cubic B-spline shape functions (two cells
wide for the boundary case), impacts and bounces occur as soon as the lowest
material points reach x3 = 0.4 m.

On this very simple case involving translation only, FLIP thus appears a
possible best candidate for conserving energy (both with present USF choice

or with USL, see Appendix A).

4.2 Conservation of rotational kinetic energy and

angular momentum

4.2.1 Simulation description

A second simplified case study includes a combination of rotational and linear
motion, without gravity, which extends a somewhat similar previous analysis
in [18] (also directly considered in Appendix B.2). Basically, a cube with a
side loype = 3 m is thrown in space, i.e. is given an initial velocity with both a

linear and rotational motion, with

RE (49
Ve=1.71cm/s
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the linear velocity of the cube, computed so that the cube stays within the

mesh during the whole simulation, and

2
ﬁ =w 5(05?1 + 05?2 + ?3)
(50)

w = 0.108 rad/s

its angular velocity, computed so that the cube performs several revolutions
during the simulation.

The whole space domain is covered by a mesh of cubic elements with a side
length of l.eyp = leuve/3 = 1 m , the solid cube thus spans over lfube =33 =
27 mesh cells. Initially, the cube is located in a corner of the domain while
including 23 material points per cell which are regularly spaced in the cells,
and have initial velocities assigned in accordance with the desired linear and
angular velocities mentioned in the above. The time step At is computed with
Eq. (29) from the simulation parameters and a variable a, (equal to 5 x 1072
unless otherwise specified, providing a time step of 5.83 x 107% s).

While the same elastic material properties are used here as in previous
Section 4.1, inertial (centrifuge) effects are small enough to consider the cube

as rigid. As a matter of fact, inertial effects can be quantified from the following

dimensionless number C, which is considerably small:

B pw? R?
B

C, ~1.07-107° (51)

3
with R = %lcube the radius of the circumscribed sphere. While being analog
to the Cauchy number in fluid mechanics, C, is built from pw?R? that rules

stress quantities in a rotating elastic solid [49] and material stiffness E.

29
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Strains being theoretically negligible, use can be made of rigid bodies
equations, e.g., Eq. (52) below, with the consideration of angular momentum
Is (where I is the inertia matrix), in order to theoretically predict the move-
ment. Since angular momentum is here constant in a body-attached local frame
due to the absence of external loads, while I for a cube is a spherical tensor
with a constant expression in any frame, angular velocity can also directly be
considered as constant with its expression in global frame such as given in
Eq. (50). The position of any material point p can thus be predicted over time
instants being separated by a given At and corresponding to the MPM time

discretization as follows:

VP =V.+ T x (27— 7°) (52)
Frnew — v 4 Prag (53)

with x denoting the cross product when being applied like in Eq. (52) to
two vectors, 7P and ZPmew corresponding to the positions at two successive

integration times, and

c ZP ?P
e = N (54)

the position of the center of mass of the cube.
These will be compared with actual MPM results, together with the consid-
eration of the traveled distance d, = || Z¢(t) — @ °(to)||, with a corresponding

relative error as:
de

Depr = | =
" ’VCt

- 1‘ (55)
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The total angular momentum L% is also computed on the material points

as per the following Eq. (56):
L = |3 mP (TP~ T x V7| (56)
p

in order to check to which extent MPM results do conform conservation of
angular momentum. The Eq. (56), also used in, e.g., [15] is chosen to be consis-
tent with the present “material point” point of view on the method discussed
in previous Section 2.2, by considering that material points carry only linear
velocity, and also consistent with the kinetic energy Eq. (47). On the other
hand, with a “material domain” point of view, it could be considered that
material points are centers of mass of some finite domain with a space-variable
velocity field that could define a material point angular velocity and addi-
tional terms would enter Eq. (56). Those additional terms would account from
angular momentum contributions corresponding to this material domain-scale
velocity field, which is a choice done in, e.g., [17, 18], in connection with the
consideration of an affine velocity field for the APIC transfers, and should in
principle be accompanied with corresponding modifications to kinetic energy
expression, necessitating additional terms in Eq. (47).

Without claiming for exhaustivity, the PIC, FLIP, FLIP0.99, APIC,

AFLIP, TPIC and TFLIP motion integration strategies are herein tested.

4.2.2 Results

For what concerns first the (unconstrained) linear motion, and similarly to
the free fall part of the previous case, all motion integration strategies provide
accurate predictions as shown in Figure 6 where the traveled distance exhibits

a negligible error with respect to its expected value.

31
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S ) B
10 T

PIC . PIC
FLIP FLIP
TFLIP e TFLIP
FLIP0.99 v  FLIP0.99
APIC A APIC

TPIC < TPIC

~ AFLIP 3 AFLIP

0 100 200 300 400 0 - 100 200 300 400

t(s) t(s)
(a) ar =5x 1072 (b) ar =2.5x 1072

Fig. 6: Relative error D.,,. on the distance traveled by the center of the
rotating cube

572 However, inspecting the individual movements of material points (Figure 7)
s73 or the time evolution of angular momentum (Figure 8) recalls how rotational
s2a - motion gets lost for all strategies others than the affine-augmented or Taylor-
s7s  based ones.

576 In particular, PIC-based non-affine-augmented strategies (PIC and
sz FLIP0.99) cancel L™ at the very beginning of the simulation (virtually imme-
szs  diately for PIC), in line with PIC Eq. (31) which induces a drastic averaging
s7o  of velocity field that is unable to conserve the theoretical spatially-variable
sso velocity field inherent to rotational motion.

581 The FLIP strategy allows the cube to somewhat preserve a slight rotation
ss2  but it is clearly not the one imposed initially (Figure 7) and the angular
sss  momentum eventually reaches a small value after evolving quite erratically
ssa  (Figure 8(a)). While those observations also apply even with a smaller time
sss step (a; = 2.5 x 1072 vs 5 x 1072), the Figure 26 in Appendix B.2 shows how
sse FLIP conserves much better angular momentum if the mesh is fine enough.
587 On the other hand, affine augmented strategies show themselves to be much

sss more conservative regarding this rotational motion, though with influences of
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PIC FLIP TFLIP AFLIP
FLIP0.99 APIC TPIC Theoretical
= = = =

—20000 —15000 —10000 —5000 0 5000 10000 15000 20000
p (Pa)

(a) At t = 31 s

FLIP TFLIP AFLIP

FLIP0.99 APIC TPIC Theoretical

-20000 —15000 -10000 -5000 O 5000 10000 15000 20000
p (Pa)

(b) At t =292 s

33

Fig. 7: Material point positions in the case of the rotating cube (see corre-

sponding video as a supplementary material)

590

both the time step (Figure 8(b) and (c)) and the magnitude of the angular
velocity & (Figure 9). More precisely, for the default case of ||&|| = 0.108rad/s,
APIC loses a minuscule amount of angular momentum at a rate of approxi-
mately 4.6 x 107° %/s for a, = 2.5x 1072 (Figure 8 (b)), and roughly twice as

much with a twice higher time step, i.e. a, = 5x1072 (Figure 8 (c)). AFLIP has
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(c) Affine- and Taylor-based cases and a, = 5 x 1072

Fig. 8: (Non-)Conservation of angular momentum for the rotating cube, with
various motion integration strategies and time steps (L% ~ 7,413 kg.m?/s).
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1.00] ssgrrsszsssssscssessessmmmmnin s
0.99
8%
=
2 0.98
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o ||@||=0.108 rad/s
0.97 ||| = 0.539 rad/s
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t(s)

Fig. 9: Impact of ||&J]| onto the (non-)conservation of the angular momentum
for the rotating cube up to t ~ 400 s for APIC, with a, = 5 x 1072 (7,413
kg.m?/s < Lot < 74,128 kg.m?/s).

a similar behaviour, with a steeper and more noisy decrease in L°!, as well as
a higher sensitivity to At. Also, one can see that TFLIP gives almost the same
results as AFLIP, while TPIC differs from APIC by both its non-monotonous
evolution and the amount of L% it dissipates, which is approximately 0.3%
more than APIC at ¢ ~ 400 s. Various simulations conducted in [21] also
showed that the TPIC conservation of some angular momentum was less than
the APIC one.

For what concerns the influence of the angular velocity magnitude on the
APIC results, Figure 9 shows that the faster the cube rotates, the faster its
angular momentum is lost. As a matter of fact, multiplying the velocity by 5
makes the angular momentum dissipates approximately 24 times faster, and
multiplying it by 10 makes it dissipate approximately 95 times faster, suggest-
ing that the dissipation ratio evolves as the square of the angular velocity ratio.
Keeping in mind the results given in Figure 8, one could accommodate this

loss on L*°* by dividing the time step by the squared angular velocity ratio.

35
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Although all affine augmented or Taylor-based motion integration strate-
gies are able to accurately conserve the angular momentum, APIC stands out
as the most predictable and performant in that regard. However, its incapac-
ity to preserve the energy through an impact, as shown in Section 4.1, makes
AFLIP or TFLIP emerges as the possibly optimal choice for integrating motion
equations. The following section pursues the analysis on a more realistic MPM

simulation setting.

5 Granular column collapse case study

The influence of the MPM motion integration strategy is now examined on
a more realistic case in the form of a granular column collapse, which is a
classical case study for granular materials being seen as solids prone to large
displacements and often simulated with MPM [19, 32, 44, 50|, among other

numerical approaches [51, 52, 53, 54].

5.1 Simulation setup

5.1.1 General description

For simplicity, the problem is considered to be invariant in the out-of-plane
direction, enabling a plane-strain numerical analysis with a 2D mesh geometry,
likewise to [32, 44, 50, 51, 55, 56]. While a third principal stress is naturally
still computed along the out-of-plane direction, the material point volume is
computed in Eq. (9) as a surface and all energies will be given in J/m, i.e.,
normalized with respect to the out-of-plane length.

The simulation includes two steps: first, the material is let to settle verti-
cally under gravity in a lateral displacement-constrained column; second, the
material is triggered to collapse under its own weight after releasing the pre-

vious lateral constraint. While the first step basically consists in computing
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a lithostatic stress state in the column which could also be directly assigned,
its simulation will enable further discussion of the MPM results. Gravitational

acceleration is taken to be of magnitude g = 9.81 m/s?.

5.1.2 Geometry, mesh and material points

The width of the column is considered to span over the z-axis while its height
spans over the y-axis. The aspect ratio AR is defined as the column initial
height Li"* divided by its initial width LI = 1 m, the latter being the same

for all simulations (Figure 10).
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Fig. 10: Initial conditions for the granular column collapse simulation, illus-
trated for the specific case of AR = 1, Nyppe = 4 and leey = 10 em (see
text)

The mesh consists of square elements with a side of l.o;; € {10 em, 7.69 cm,
5.88 c¢cm, 5 cm},i.e. L")/l € {10, 13, 17, 20}. For the initial settling phase,

the mesh cells just cover material extents:

Wsettling _ L;nlt (57)

mesh

Hypesn = LMt = AR x Wietm (58)

mesh
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with H,,esn the mesh height which will be constant for the whole simulation
while W;fetstif”g is the mesh width only during this settling phase. The second
simulation phase will actually adopt a wider mesh for enabling a collapse
on the right side. Taking advantage of the absence of mesh-history in MPM,
the mechanical state of material points obtained after the settling phase is
imported on the left-side of another mesh defined as a substantial enlargement
of the settling one:

collapse settlin
weotlapse — g x pyserting (59)

mesh m

All cells contain initially Np,ppe (a squared integer) material points. For
the purpose of verifying quadrature rules, at least in the initial setup, those
are located at the roots of Legendre’s polynomials (in local coordinates), given
in e.g. [57]. As an example, the roots of the second Legendre’s polynomial
correspond to the classical local positions of the points in each direction for

Nipppe = 22 = 4:

5 i%, Vs € {z,y} (60)

In terms of boundary conditions, a nil orthogonal velocity is imposed at

the left, right and bottom boundary nodes. For convenience, the left and right

boundaries are referred to as walls, while the bottom boundary is referred to

as a floor. A Coulomb friction condition is imposed on the floor, driven by a
= 0.3 coefficient.

Figure 10 illustrates the initial configuration of the simulation for AR = 1,

Npppe = 4 and ey = 10 cm.
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Mass density Young’s modulus Poisson’s ratio | Friction angle | Dilatancy angle | Cohesion | Tension cut-off
p E v 3 ) [ Teut
C
1,748 kg.m™3 | 1.284 x 107 Pa 0.16 33.75 ° 0° 1 Pa tang
an

665

666

669

670

671

674

675

676

678

679

680

683

684

685

Table 2: Parameters used with the Mohr-Coulomb model

5.1.3 Material parameters and numerical damping

In order to have a simple access to all energy quantities including material dissi-
pation (see below), the collapse is simulated adopting the simplest constitutive
model for frictional materials, i.e. the elastic-plastic Mohr-Coulomb model that
combines Hooke’s law for the elastic regime and Mohr-Coulomb perfect plas-
ticity with a non-associated flow rule. Corresponding material parameters are
calibrated (in the best possible way for this simple model) from the triaxial
behavior of a real sandy soil, Camargue’s sand studied in [58], and are given
in Table 2.

As for the initial settling phase which can be seen as purely numerical,
an elastic behaviour is chosen in order to prevent plastic deformations that
would otherwise occur during the P-wave-like oscillations of the model from
zero initial stresses (1 Pa, actually, for all material points in order to avoid
edge-cases in the Mohr-Coulomb model) towards lithostatic equilibrium. When
explictly mentioned for some of those settling simulations whose dynamics is
not of interest, a fictitious Cundall’s damping force [59] is also introduced in
Eq. (5) in order to dissipate energy in a user-controlled way and converge to
the intended lithostatic equilibrium. Such damping force is implemented as
follows, being computed from the total nodal force supplemented by a damping
parameter D > 0 (used with D = 0.1 when mentioned to be present) and

oriented to be component-wise dissipative:

7 damp = —D| 7 [[ew8(V7)
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where cwsy (W) = |u—k| for any vector? = (uy), ke [1,3] (62)
U

5.1.4 Energy balance and other post-processing quantities

In the present usage of the Mohr-Coulomb constitutive model, the elastic
energy E.; and the energy dissipated during plastic deformation, i.e. the plas-

tic work W, are computed incrementally as follows (with ¢;; the Kronecker’s

symbol):
el 1
dgij = E ((1 + V)dO'ij - I/ddkk(sij) (63)
B =3 oyjdeflor (64)
p
del = — Z Oij (deij — dejlv)”Up (65)
P

with E¢;(0) = Wp(0) = 0 J/m in line with chosen initial conditions and
dWp; < 0 during plastic deformation by convention. For the numerical evalua-
tion of Eq. (64), 0;; is replaced by the average of its two values obtained before
and after the constitutive update (i.e., at the very beginning and at the very
end of a MPM iteration), which enables one to avoid finite size (of def}) effects
and keep an exact numerical integration by virtue of the linear relationship
between o;; and €.

The energy dissipated by frictional forces W,.;¢; during the collapse is also

computed incrementally from:
Wi = 3 Frpir VAL (66)
i

with ?j}m—ct the frictional force at grid point ¢ and dW¢,;cx < 0 during sliding

by construction.
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In the general absence of Cundall’s damping, the energy balance of the

system is then:

dEy +dEg +dEy = dWy + dWirier + dWarp (67)

where dWy;py (and its integral Wiy pas) will quantify the numerical MPM
energy error (dissipation, if negative) related with the chosen motion integra-

tion strategy, after being computed as:

dWMPM = dEk + dEg + dEel - (del + der’L'ct) (68)

Ag for the kinetic and gravitational energies, they are computed from
Eq. (47) and Eq. (48) respectively. The difference in potential energy between
two stable states (before and after the collapse) |AES™ €| will often be used

as a reference value to normalize energy balance and is computed as follows:

|AES! ™| = |AE, + AE| (69)

In addition to the above energy consideration, the time evolution of the

front of the column is measured as a major insight on how the collapse unfolds,

Wcollapse

mesh - Because

with an upper bound equal to the mesh right boundary = =
the left edge does not move during the collapse, the latter front position is
simply equal to the width of the column, L,, and is tracked from the furthest
material point along the z—axis and the mesh geometry (naturally considering

the material to be present in a whole cell as long as at least one material point

is inside):

41
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'y
L, = floor (Hmpf{”}(x) + 1) loo (70)

cell

719 Because of this "voxelized" point of view, L, logically increases by steps
720 Of lceyp as the column spreads to the right. Note that L, is directly related to

721 the so-called runout distance d,:
d, = L, — L™ (71)
722 Additionally, the normalized spreading length L and collapse time ¢ are

723 other common dimensionless quantities used to describe the dynamics of the

74 collapse, both being computed as in [60]:

-~ d,
L= Linit (72)
~ t
AR x Linit
g
725 Finally, in order to quantify how much the column is sheared, the second

726 invariant ep of material point strain tensor €? is also systematically monitored,

727 using its classical expression:

P — P _
€dev = € 3

ep = ||€h., || = \/ (€dev)ij (€dev )i (75)
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Motion integration

leell Nmppe At ar sirateey AR
2.92x107% s | 225 x 1073
146 x 1076 s | 1.25 x 1073 Each of the following

10 em 4 3.65x1077 s | 3.125 x 104 FLIP, PIC, APIC, 1

146 x 10-7 s | 1.25 x 10-4 | FLIP0.9, AFLIP, TFLIP
729x107% s | 6.25 x 10°°

Table 3: Parameters used to investigate the time step influence for different
motion integration strategies (series S1, 30 simulations)

5.2 Time step influence for PIC damping

As a first interesting result, the chosen value for the time step appears to pos-
sibly have a strong influence on the settling dynamics, looking at the so-called
S1 series of simulations that combine different motion integration strategies
with a variable time step (Table 3).

Observing kinetic energy during this settling phase (Figure 11), one can see
that for all FLIP-based strategies (Figure 11 (a), (c) and (e)) At has virtually
no impact on the simulated dynamics: all tested values lead the column to
oscillate indefinitely with the same period, in line with the conservative nature
of FLIP and the elastic nature of the settling process.

However, a drastic influence of At appears with the PIC-based strategies
(for the same At values being below the critical one, Figure 11 (b), (d) and (f))
where the dissipation rate of E}, is lower for smaller At. From this point of view,
one can interpret the PIC damping as being even more artificial and numeric
in nature than Cundall’s damping of Eq. (61) since it is purely cumulative
according to MPM iterations instead of being time-proportional to a given
dissipative power as is the case for Cundall’s damping which is introduced in
the form of an ad-hoc additional force.

A more striking evidence of this very artificial nature of the PIC damping
is presented in Figure 12 (b), where all values of Wy pys are nicely grouped

together when plotted with respect to tAt, demonstrating a direct dependence
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(d) APIC
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t(s)

(f) FLIP0.9

15

Fig. 11: Kinetic energy during the settling phase for different At and motion
integration strategy (simulation series S1)

on At. As a contrast, the Wy, pps observed for FLIP on Figure 12 (a) has no

noticeable correlation to At.
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Fig. 12: Energy difference caused by the MPM procedure Wy pps during the
settling (simulation series S1, |[AES"b!| ~ 2.45 J/m)

Because FLIP-based strategies induce permanent oscillations of the col-
umn, the settling step was performed again for these simulations using
Cundall’s damping, see appendix C. Figure 13 (a) and (b) show that the
final vertical stress field obtained with both FLIP-based (with D = 0.1) and
PIC-based (with D = 0) strategies is the expected lithostatic one.

These first observations on the settling phase suggest that FLIP-based
strategies are to be preferred from both a theoretical and practical point of
view. Indeed, since PIC significantly decreases the kinetic energy, the column
takes approximately 50 times longer (with the finest time discretization) to
settle, requiring much more computational resources.

Looking then at the collapse phase where displacements are much more
significant, the time evolution of the column width L, is plotted on Figure 14
for the same simulation series S1 (Table 3). Here again, one can see that At
does not have a significant influence on the results with FLIP-based strategies.
Indeed, both the collapse dynamics and the final L, obtained are in these
cases virtually identical for different At¢. However, the final column obtained

with AFLIP and TFLIP is approximately 9% lower than the one obtained
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Fig. 13: Vertical stress at the end of the settling phase with At = 1.46 x 106
s (simulation series S1)

zee  with FLIP. Regarding the kinetic energy Ej observed on Figure 15 (a), (c),
760 and (e), it is also independent from At for all FLIP-based collapses, but one
770 can notice that at the end a slight amount of kinetic energy (less than 0.001%
772 of the initial potential energy) remains, although the material points do not
772 appear to be moving. The use of Cundall’s damping could solve this issue, by
773 decreasing globally the energy level.

774 As for PIC-based strategies, Figures 14 (b), (d) and (f) clearly show that
775 they induce the column to collapse at an unrealistically low rate, as it can also
776 be observed on Figure 16 (d), where the collapse is still in an early stage 3
7z minutes after releasing the right constraint on the column. As a comparison,
778 it takes approximately a second and a half with FLIP-based strategies for the
770 1 m-high column to completely collapse, which is much more realistic.

780 Similarly to the settling phase, the PIC damping observed during the col-

71 lapse is dependent on the value of At used, with higher time steps leading to
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Fig. 14: Width of the column during the collapse for different A¢ and motion
integration strategies (simulation series S1)

faster collapses. The developed kinetic energy FEj in the PIC simulation is at

least 4 million times lower than with FLIP, see Figure 15 (a) and (b), and the

gap increases with low values of At, which require more MPM iterations to

cover the same model time. Yet again, using APIC and the PIC-FLIP blend
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15: Kinetic energy during the collapse for different At and motion

s FLIP0.9 (with a non-negligible 0.1 portion of PIC) enables one to mitigate the

7zsz  PIC damping and describe slightly faster column collapses, but it is certainly

7es N0t enough for the results to be realistic.

Figure 17 (a) shows that for At < 1.46 x 1077 s, FLIP dissipates the

790 same small amount of energy (approximately 0.1% of the expected energy
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Fig. 16: Positions of material points after the collapse (except for PIC), with

deviatoric strains ep in colorbar (see corresponding video in the supplementary
material)
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difference) at the end of the collapse. For higher values of At, the column gains
energy as At increases. In Figure 17 (b), an overlap of the data similar to one
obtained during the settling is found when plotting the energy lost by MPM as
a function of At, although the result for At = 7.29 x 1078 somewhat deviates
from the other results. Note that in this figure, the Wy, ps obtained with PIC
is normalized by the AE;t“ble obtained with FLIP because PIC columns did

not have the time to reach a stable state.

Wupm/|AE ;S)table [
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le—1
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Fig. 17: Energy difference caused by the MPM procedure Wy, pps during the
collapse (series S1, [AES!e] ~ 4 x 103 J/m)

5.3 Spatial discretization influence

While the previous results were obtained using Ny,,pc = 4 material points
per mesh element, likewise to [32], the possibility for the MPM results to con-
verge with respect to the spatial discretization is often an open question, be
it in terms of Ny,ppe Or the size of a mesh element /... Considering various
simulations and /or various quantities for similar granular column collapse sim-
ulations such as shown here, convergence was for instance usually obtained

for what regards l..; in [50] but that was less the case in [29, 32]. Here, two
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Motion integration
leent Nmppc At ar & AR
strategy
10 em 1.46 x 1076 s
—6

7.69 cm 4 1.12 x 10 s 1.95 x 10—3 FLIP 1
5.88 cm 8.58 x 1077 s

5 cm 729 x 1077 s

Table 4: Parameters used to investigate the influence of the cell size, l..y
(series S2, 4 simulations)

Lo Noppe At “ Motion integration AR
strategy
10 cm 16 1.46 x 1076 s | 1.25 x 103 FLIP 1
25
36
49

Table 5: Parameters used to investigate the influence of the number of
particles per cell, N,ppe (series S3, 7 simulations)

other simulation series, S2 and S3, investigate this aspect in terms of both I..j;
(series S2, Table 4) and Np,ppe (S3 series, Table 5).

Regarding first the simulation of the settlement process, Figure 18 shows
that neither l.c;; nor Ny, has a noticeable influence for the most part of the
stabilization, for ¢ < 0.3 s. After that, lower values of l..; lead to lower Ey,
but the value of N,y has still almost no impact on Ej. In fact, a difference
can be observed between Np,ppe =1 and Ny,ppe > 4. Indeed, when using only
1 material point per mesh element, E}, is higher than for all other values of
Nyppe, but since its value is already less than 0.1% of the maximum FEj, this
variation can be considered negligible. Moreover, Figure 19 (a) confirms that
even with Np,ppe = 1, the vertical stress obtained after stabilization is the one
expected.

As for the collapse phase, Figure 20 shows L, and FEj, for all tested values

of leeyy and Npyppe, and Figure 16 (b) (or the corresponding video) shows the

51
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Fig. 18: Ej during the settling phase for different spatial discretization
parameters (simulation series S2 and S3 with FLIP)
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Fig. 19: Vertical stress at the end of the settling phase in various configurations
and with At = 1.46 x 1075 s (simulation series S3)

positions of all material points throughout the collapse for Ny,pp. = 49. Lower

values of [,y increase L, by approximately 7% (see Figure 20 (a)), with only
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Fig. 20: Influence of the spatial discretization parameters during the collapse
phase (series S2 and S3)

(b) Kinetic energy Ej

a slight impact for l..;; < 10 e¢m, the mesh element size has thus no significant
impact on the collapsing column. A stronger influence is here observed for
what concerns Ny,ppe since the final L, is 25% higher for Ny,ppe = 49 than
for Nyyppe = 1. Although the influence of Ny, is less important for 25 <
Npppe < 49, no clear convergence is observed for L.

This dependency to Ny,ppc is probably caused by the "voxelized" point of
view inherent to the MPM, along with the extensive shear experienced by the
material points on the right side of the column (see Figure 16 (a) and (b)).
Indeed, if one was to attribute an initial domain to each material point, likewise
to the use of GIMP in [50], at some point the ones on the right side of the
column should span over several mesh elements, but this can not be taken into
account in the present MPM formulation. Increasing Ny, pp. decreases the size
of these domains, improving their chances to restrict in only 1 mesh element.
This observation suggests that a splitting procedure similar to the one used in
FEMLIP [31] could reduce the dependency on Ny,pp.. Basically, the size of the
domains previously mentioned would be tracked, and a material point be split

into two if its domain became too large. Nevertheless, this procedure is left
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Motion integration
lcell Nmppc At ar & AR
strategy
FLIP and AFLIP 0.6
10 em 4 1.46 x 1076 s | 1.25 x 1073 FLIP 214
FLIP and AFLIP 3

Table 6: Parameters used for comparison with results from the literature
(series S4, 4 simulations)

for future work as it would require particular attention on the velocities and
state parameters to attribute to each new material point in order to conserve

important quantities (e.g. the momentum) in the process.

5.4 (Non-)necessity of an affine-augmented motion
integration strategy for different aspect ratio and

comparison with the literature

A last simulation series (S4, see Table 6) combines a variable aspect ratio AR
and two different motion integration strategies among the most conservative
choices FLIP and AFLIP.

Looking at the collapse dynamics in terms of spreading length, i.e. L,(t)
(Figure 21), one can see that both FLIP and AFLIP provide similar results for
AR = 0.6 and AR = 3. More precisely, FLIP gives a wider collapsed column
by approximately 9% for AR = 0.6, and 5% for AR = 3. Considering the
conclusions from Section 4, these results suggest that the collapse of a granular
column up to AR = 3 doesn’t involve much rotational motion and can thus be
modelled using the simple FLIP strategy.

For further validation of the results, the spreading lengths obtained with
the FLIP scheme in this same S4 series are finally compared to results from

the literature in Figure 22. The latters include:

® experimental results conducted on glass beads in [61];
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Fig. 21: Evolving width of the column during the collapse for different aspect
ratios and motion integration strategies (simulation series S4)

e numerical results performed in [51] with a FEM-based hybrid Eulerian-
Lagrangian method, in conjunction with the Mohr-Coulomb model with
@ € [25°; 40°].

¢ numerical results obtained in [52] using a 3D DEM model, with a viscous
elasto-plastic contact law;

¢ numerical results from [53], obtained with the SPH method and the

micromechanical 3D-H model (denoted in this paper SPHx3D-H).

While no attempt was made in the present study to define material param-
eters similar to those of these literature results, one should note that the latter
form a consistent data set which seems to be independent of material proper-
ties and should therefore be appropriate to serve as a comparison basis for our
results.

A first observation is that our MPM columns take slightly longer to reach
their final length, for all values of AR. Considering that PIC-based motion

integration strategies lead to even longer spreading times, as previously shown
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in Figure 14, the energy dissipation observed with FLIP in Section 4.2 might
be to blame.

Figure 22 also shows that the final spreading length is higher in MPM, with
respect to collapses performed with other numerical models for the same AR.
For instance, with AR = 1, the MPM simulation gives a final length approx-
imately 38% higher than the results presented in [51], while the results from
[53] are only approximately 19% lower. A similar gap is observed between our
results and the DEM ones from [52]. Because both SPHx3D-H and DEM are
supposed to be more accurate for granular materials than the Mohr-Coulomb
model, the proximity of our results with the SPHx3D-H and DEM results is
quite comforting.

According to the experimental results from [61], the real collapsing columns
are clearly less wide than the MPM ones, more precisely by 34% for AR = 3.
However, for AR = 0.6, this difference is restricted to approximately 5%,
and the experimental L is higher than the MPM one for the most part of
the collapse. This difference could come from the way the measurement of
L is performed: experimentally, some grains that are isolated from the rest
of the column might be excluded from the measurement, but with numerical
results, all of the material present initially in the column is included in the

measurement.

6 Conclusion

This paper reviewed the implications of using different motion integration
strategies in MPM, whose possibility stems from the necessity to express and
integrate in time kinematic fields on a double layer of spatial discretization
with uncoupled grid nodes and material points. Numerical investigations, in

a USF scheme by default, focused on the impact of these motion integration
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Fig. 22: Obtained collapse dynamics in terms of normalized spreading length
L (series S4), in comparison with results from the literature

strategies for conserving energy in a number of cases of increasing complexity,
up to the simulation of a granular column collapse.

Even though theoretically correct for describing the simplest rigid linear
motions, PIC was recalled to dissipate the energy during an elastic deformation
event in a MPM simulation and considerably dampen, i.e., slow down, the
description of a granular column collapse. Moreover, this unnatural damping
was shown herein to increase with lower time steps, unveiling an impossible
convergence of the PIC strategy with respect to the temporal discretization.

On the other hand, it was shown that if only a translational motion and
elastic deformations are involved in the simulation, the FLIP strategy was the
most performant at preserving the total energy in the system and unaffected
by the chosen time step, when below the divergence Courant-Friedrichs-Lewy
limit.

In cases involving rotational motions, it has been recalled how both PIC
and FLIP are unable to describe rigid body rotations, even though spatial
discretization affects FLIP performances in this aspect, and that an affine aug-

mentation procedure such as the APIC strategy is necessary to conserve the
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angular momentum. As a matter of fact, APIC was found to conserve accu-
rately the angular momentum in the simple case of a rigid rotating object,
with the condition that the time step is low enough compared to the object’s
angular velocity. In that very simple case, APIC is not only more predictable
than AFLIP, TPIC and TFLIP, but also more performant. However, in the
general case involving deformations, APIC suffers from the unnatural damp-
ing inherited from PIC, along with its impossibility to converge with respect
to the temporal discretization. The AFLIP and TFLIP strategies are thus bet-
ter than APIC when rotational motions and large deformations are involved,
both giving almost identical results. Ultimately, because the implementation
of TFLIP is more straightforward than AFLIP, TFLIP is certainly the most

suitable motion integration strategy to recommend.

A Bouncing cube with the USL scheme

This appendix gives insights on the effect of the stress update scheme on
the bouncing cube simulation presented in Section 4.1. The evolution of total
energy Fy, during the simulation is plotted for the USL scheme in Figure
23, similarly to previous Figure 3 (a) for the USF case. One can see that all
motion integration strategies are strictly dissipative when using USL, even
FLIP-based ones, unlike the previous USF case. This observation is consistent
with the conclusions of [38], where the USL scheme was demonstrated to be
strictly dissipative by formulation. One can also note that with the present
USL choice, a given motion integration strategy can not be distinguished from
its affine-augmented version (e.g., PIC vs APIC or FLIP vs AFLIP) in this

translation regime, in some contrast with the USF case.
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Fig. 23: Total energy for the bouncing cube example simulated with different
motion integration strategies and the USL stress update scheme (E,.; ~ 25.7
kJ, a; =5 x 1072)

B Reproduction of results from the literature

For validation purposes of the used MPM implementation, this section aims
to reproduce two different simulations taken from the literature: a bouncing
disk case conducted in [16], Section 4.1 therein, and a rotating disk simulation
of [18], Section 6.1 therein.

Although a Neo-Hookean material model was used in [16] and [18], the
results in this Appendix are obtained using the same hyperelastic Hooke’s law
as used in previous Section 4.1, assigning the Neo-Hookean linearized elastic
parameters of [16] and [18] to their constant Hooke’s counterparts. Also, the
simulations are performed using the USL scheme as well as boundary modified

cubic B-spline shape functions.
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B.1 Bouncing elastic disk in comparison with [16]

The bouncing disk simulation from [16], §4.1 therein, is very similar to the
one presented in previous Section 4.1, the main differences being the number
of dimensions (2D in this Appendix, 3D in Section 4.1), the shape of the
bouncing object (a disk in this section, a cube in Section 4.1), and the absence
of gravity in the present Appendix (the movement is caused by an initial
velocity instead).

The simulation is performed with the same spatial and time discretiza-
tions as [16] and three different motion integration strategies (PIC, FLIP, and
APIC), although [16] only used FLIP.

3.5 —— PIC
FLIP
3.0 —— APIC
—— [16] (FLIP)
2.5

Etor (J/m)
N
o

1.5
1.0
0.5
0 20 40 60 80 100
t(s)

Fig. 24: Bouncing elastic disk simulation using various motion integration
strategies

These results show that our MPM implementation is in accordance with
the one from [16] in terms of energy conservation. Indeed, it is herein obtained,
with the FLIP strategy, virtually the same Fy,; than [16]. The minor differ-
ences observed starting from ¢ =~ 50 s can be attributed to the more complex

constitutive model used in [16]. The results obtained for PIC and APIC are
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noticeably different one from another for this 2D gravitation-less simulation,
while they were almost identical for the 3D cube bouncing under gravity from

Section 4.1.

B.2 Rotating disk in comparison with [18]

The rotating disk simulation from [18], §6.1 therein, is similar to the one in
Section 4.2 of the present study, the main differences being the number of
dimensions (2D in this Appendix, 3D in Section 4.2) and the shape of the
rotating object (a disk in this Appendix, a cube in Section 4.2).

For reproducing that case of a rotating disk, several values of the time step
are herein tested, with a, ranging from 1072 to 0.2 (1.4 x 1075 s < At <
2.8 x 107* s), as well as three different motion integration strategies (PIC,
FLIP, and APIC) and two different mesh cell sizes, between 0.03125 m and
0.0625 m for a 0.6 m disk diameter.

Figure 25 shows that both PIC and FLIP results are in agreement with
the results from [18], although we obtain a slightly lower angular momentum.
However, our implementation used in conjunction with PIC dissipated almost
all the angular momentum as soon as the first iteration, while the PIC sim-
ulation from [18] loose its angular momentum slowly over approximately 4 s.
This might be due to the use of a more advanced time integration scheme in
[18], which can implicit depending on the value of a parameter A.

Figure 26 shows that, even though the variations are small, higher time
steps actually promote the conservation of angular momentum, thanks to
a reduced number of MPM iterations that accumulate errors. More impor-
tantly, the size of the mesh cells is shown to have an significant impact on the

conservation of the angular momentum in the case of using FLIP.
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Fig. 25: Rotating disk simulation of [18] using various motion integration
strategies (for a, = 0.2)

C Granular column settling with Cundall’s

damping for FLIP-based strategies

Although not using Cundall’s damping is necessary to investigate the energy
dissipation coming from the MPM procedure, during the settling phase this
consideration lead the column modelled using FLIP-based strategies to per-
petually oscillate. As a consequence, the settled states used to initialize the
material points positions and stresses before the collapse presented in Figure
14 were obtained after using D = 0.1 for FLIP-based settling simulations. This
appendix shows the evolution of Fj during this settling phase in Figures 27,
corresponding to Figures 11.

One can notice that Cundall’s damping has no influence on the non-

dependance of the results on the motion integration strategy and At during
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Fig. 26: Effect of At and [..; on the angular momentum during the rotating
disk (of 0.6 m diameter) simulation of [18] using FLIP

10a the settling phase. Indeed, FLIP, AFLIP and NFLIP all lead the column to
1005 stabilize in as much time with a same period for the pseudo-oscillations, no

1006 matter At.
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Fig. 27: Kinetic energy during the settling phase for different At and motion
integration strategy (series S1 with Cundall’s damping, FLIP-based)
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