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A B S T R A C T

A phase field model based on the Cahn-Hilliard equation was validated experimentally by comparison of the 
numerical data with experimental data of emulsions of oil in water stabilized with Black Soldier Fly Larvae 
Proteins (BSFLP) and protein hydrolysates. Among the model parameters, the surface tension was determined by 
the pendant drop method, and the mobility by two different experiments, one based on the Turbiscan Stability 
Index, and another one based on the history of the average d3,2, both of them throughout a 48 h period. The 
initial condition was built from an experimental droplet size distribution measured prior to phase separation. 
Results show that the model is able to quantitatively reproduce the phase separation kinetics, and provide an 
intuitive graphical representation of the droplet growth. Application of this procedure to other systems will allow 
the generalization of phase field modelling as a predictive tool for food applications.

1. Introduction

Modelling of the phase separation of an emulsion requires a proper 
mathematical description of the droplet growth that occurs during the 
Ostwald ripening stage. This represents a significant challenge with 
respect to classical processes governed by mass and heat transfer (e.g. 
drying, baking, freezing) since, if a mechanistic approach is to be used, 
the problem turns de facto into multiphase fluid flow. In order to either 
circumvent, or reduce this complexity, several approaches have been 
developed (Vetter et al., 2013): i) population balance, which can be 
simplified into a lumped (0-d or position-independent) equation ii) ki
netic equations similar to those used to model chemical reactions (1st, 
sedond order), and iii) mass transfer between the droplets and the 
dispersed phase (Yarranton and Masliyah, 1997). To the best of the 
author’s knowledge, none of these approaches have undergone exten
sive experimental validation, especially for food applications. Another 
possibility are the phase-field models, such as the Cahn-Hilliard equa
tion (Cahn and Hilliard, 1958). This equation is based on the principle 
that the droplet growth is the result of spontaneous movements 

triggered by a chemical potential gradient. One of the main advantages 
of this approach is its mechanistic nature, which means that the pa
rameters required to describe the phase separation (the interface 
mobility, the surface tension and the interphase thickness) have a clear 
physical meaning. Additionally, its standard 2D formulation allows a 
very intuitive graphical representation of the phase separation phe
nomenon. Unfortunately, the Cahn-Hilliard equation includes a fourth 
order spatial derivative, which is not standard in either heat/mass 
transfer of fluid mechanics. Hence, despite the increasing popularity of 
mathematical modelling in the last decades, its implementation can still 
be non-trivial, and its numerical resolution may require a significant 
amount of computing power. To the best of the author’s knowledge, and 
despite the significant amount of theoretical work about this framework, 
and its potential applications (Chella and Viñals, 1996; Fan et al., 1998; 
Kim et al., 2016; Lee et al., 2014), this approach has not undergone 
experimental validation, at least for food related applications. There
fore, with the exception of the surface tension, it is not possible to find 
values of the other model parameters that would allow to use this 
approach e.g. to estimate the phase separation time.
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On the context of emulsions for food applications, proteins are 
known to behave as surfactants, forming a thick layer at the emulsion’s 
interface, which decreases the interfacial tension (Berton et al., 2011; 
Queiroz et al., 2021a). Traditionally, food industry has used conven
tional protein sources, such as milk and eggs, or even synthetic com
pounds as surfactants. The growing interest for lower carbon footprint 
ingredients has originated a trend that is progressively replacing, among 
others, conventional surfactants by environment-friendly protein sour
ces (Gravel and Doyen, 2020; McClements et al., 2017). To this respect, 
Black Soldier Fly Larvae (BSFL) protein concentrate has shown prom
ising properties that make it a good surfactant: water and oil holding 
capacity (Bessa et al., 2020), foaming capacity and stability (Queiroz 
et al., 2021b) and emulsifying properties (Mshayisa et al., 2021). The 
latter may be further improved with emerging technologies as sonicat
ion and ohmic heating (Queiroz et al., 2021a). Whereas whole insects 
have low acceptability, the use of food processing methods such as 
protein hydrolysis, could be an interesting strategy to insert insect 
proteins into food (Gravel and Doyen, 2020; Nongonierma and Fitz
Gerald, 2017).

The goal of this work is to show, at which extent, a simple version of 
the phase field model is able to reproduce experimental phase separation 
data of oil water emulsions, stabilized by BSFLP protein. Successful 
completion of the aforementioned goal allows to show the following.

• Choice and sampling of variables that can be measured both exper
imentally and numerically, and that are representative of the state of 
the phase separation.

• Determination of the model parameters, as well as the initial con
dition by means of independent experiments.

• Comparison between the numerical results and experimental data 
from two different experiments.

• To present ways in which the mathematical formulation can be 
modified to better represent the physical phenomena that.

In this simple version, the equation that describes the variation of the 
phase-field over time is solved in a bi-dimensional squared domain, 
without being coupled to the Navier-Stokes equations. This means that 
the velocity field that would be generated by the buoyancy forces is 
neglected, and hence the only driving force is the gradient of chemical 
potential in the Cahn-Hilliard equation. In the latter, the free energy has 
been computed by means of a simple double well potential function. By 
showing how the entire parameter set can be determined experimen
tally, this work intends to encourage its application to other systems, so 
that in the future, phase field modelling can be used as a predictive tool 
for food applications.

2. Numerical description of the phase separation phenomenon

The phase separation kinetics of an oil/water mixture can be 
described mathematically by means of the Cahn-Hilliard equation (Cahn 
and Hilliard, 1958): 

∂φ
∂t

= M∇2μ (1) 

where φ is the phase field (− ) that represents the oil/water mixture. 
Accordingly, φ takes the value of 1 in the regions occupied by oil, − 1 for 
the regions occupied by water. The regions where − 1 < φ < 1, corre
spond to the interface between oil and water. The other symbols in 
equation (1) are the laplacian operator ∇2 (m− 2), the mobility M (m5 J− 1 

s− 1) and the chemical potential μ (J m− 3), which is given by the 
expression: 

μ = σ
(

1
εFʹ(φ) − ε∇2φ

)

(2) 

where σ is the surface tension (J m− 2), ε is the interface thickness (m) 

and F′ is the derivative of a double well potential function, that in this 
case is given by the expression F = 0.25

(
φ2 − 1

)2. In this work, the 
mobility, the surface tension and the interface thickness are considered 
independent of the phase field, which allows to write the equation in the 
following form (Bueno et al., 2018): 

∂φ
∂t

= Mσ∇2
(

1
εFʹ(φ) − ε∇2φ

)

(3) 

Equation (3) is solved in a closed domain, hence the following 
boundary conditions apply in the whole boundary: 

M∇μ⋅ n→= 0 (4) 

∇φ⋅ n→= 0 (5) 

Equation (4) enforces mass conservation, and equation (5) imposes a 
90o angle between the boundary and the oil/water interface. In both 
equations, ∇ represents the gradient operator (m− 1) and n→, a unit vector 
perpendicular to the boundary.

For simplification purposes, equation (3) will be solved in its 
dimensionless form, given by: 

∂φ
∂τ = ∇2( Fʹ(φ) − ϵ2∇2φ

)
(6) 

Under this form, the model parameters are grouped into two dimen
sionless numbers, the dimensionless time τ, and the dimensionless 
interphase thickness ϵ, which are respectively given by: 

τ =
Mσt
εL2

(7) 

ϵ =
ε
L (8) 

The interested reader can refer to the supplementary material, where 
the procedure to recast equation (3) into its dimensionless form given by 
equation (6) is described.

2.1. Numerical solution

Equation (6) was solved on a two-dimensional square, by means of a 
semi-implicit time integration algorithm based on convex-splitting 
(Elliott and Stuart, 1993). The spatial discretization is based on a 
second-order finite-difference algorithm. The linear systems of equa
tions are solved using a fast Poisson solver (Strang, 2007). This algo
rithm was implemented in Matlab (2021a). A grid of 200 x 200 points 
was used for all the simulations. Two-time scales were studied: i) a short 
time kinetics, where the phase separation was simulated within the τ 
interval between 0 and 0.01, with a step of 2.5⋅10− 5.

2.2. Initial conditions and simulation domain

The phase separation was simulated in a normalized squared domain 
equivalent to 2.83⋅10− 5 m. The initial size distribution of the oil droplets 
was built from the experimental measurements of the DH12.5 (see ¶3.5). 
This is equivalent to a diameter size of 1.6 ± 0.0001⋅10− 7 m (based on 
the experimental values).

2.3. Graphical representation of the numerical results and numerical data 
extraction

The numerical results of every time step were represented graphi
cally in contour plots, such as the ones shown in Fig. 1a. Then, the nu
merical droplet diameter distributions d[3,2],num, and average droplet 
surface Anum and the average were extracted from the contour plots 
created for each time step (Fig. 1b). This was done by measuring the size 
of every oil droplet present in the image, by means of an image analysis 
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algorithm based on the Matlab® function imfindcircles. Finally, three 
numerical variables were deemed of interest to characterize the degree 
of advancement of the phase separation: the numerical dimensionless 
turbidity index, TSI*

num, diameter distribution d*[3,2],num and surface 
A*num. Their definitions are: 

TSI*
num =

d[3,2],num − d[3,2],num,0

d[3,2],num,∞ − d[3,2],num,0
(9) 

d*
[3,2],num =

d[3,2],num

d[3,2],num,0
(10) 

A*
num =

Anum

Anum,0
(11) 

2.4. Model parameters

The value of the dimensionless interphase thickness was set to 0.006, 
which, according to the size of the simulation domain, corresponds to an 
actual interphase thickness of 1.7⋅10− 7 m or 170 nm.

The surface tension σ was determined experimentally from the in
dependent experiment described in ¶3.3. The mobility M was deter
mined by minimization of the norm of the squared residuals (equation 
(12)) between the experimental and numerical i) dimensionless 
turbidity index TI* and ii) d* [3,2].: 

SSQR =
∑nExp

i=1

(
d*
[3,2],exp − d*

[3,2],num

)2

SSQR =
∑nExp

i=1

(
TSI*

[3,2],exp − TSI*
[3,2],num

)2
or (12) 

The goodness of fit was assessed by equations 1-5 calculating the 
Root Mean Squared Error (RMSE), between, according to: 

RMSE=

̅̅̅̅̅̅̅̅̅̅̅̅
SSQR
nExp

√

(13) 

Notice that, since the SSQR is calculated from the dimensionless 
variables, the resulting RMSE is also dimensionless and within the in
terval 0–1. Hence, a better fit would be represented by an RMSE value 
close to 0.

3. Experimental materials and methods

3.1. Preparation of BSFL protein and hydrolysates

Black Soldier Fly larvae partially defatted flour was provided by 
nextProtein, (Paris, France). BSFL larvae were fed on biowaste before 
being separated from their feeding substrate by sieving when harvesting 
stage was reached. Then, a partially defatted BSFL flour was recovered 
after larvae processing: blanch, drying and pressing (Queiroz et al., 
2021a). Alcalase® was provided by Novozymes (Krogshoejvej 36, 
Bagsvaerd, Denmark). For all dispersions, distilled water was used. BSFL 
defatted flour was obtained by mixing twice the BSFL flour for 2 h at 40 
◦C with ethanol (ratio 1:20, w/v), recovered with a filter paper and 
evaporated under fume hood overnight. Then, BSFL protein (BSFLP) was 
extracted according to (Queiroz et al., 2021a) method with slight 
modifications. Briefly, BSFL defatted flour was stirred in 0.25 M NaOH 
(ratio 1/20, w/v) during 1 h at 40 ◦C, 300 rpm. The resulting mixture 
was centrifuged at 2500×g, 4 ◦C for 20 min. This alkaline extraction was 
repeated on the recovered pellet. The supernatant from both alkali ex
tractions were combined and proteins were isoelectric precipitated by 
adding 2 M HCl. The precipitate was centrifuged at 1300×g, 4 ◦C for 15 
min, washed twice with distilled water and freeze-dried. A 1 g mL− 1 

BSFLP (50 mL) dispersion was homogenized by stirring at 40 ◦C for 1 h 
at 450 rpm and overnight at room temperature. Temperature, and pH 
were adjusted by heating at 50 ◦C during 1 h and adding 0.5 M NaOH 

Fig. 1. (a) contour plot showing the oil droplets (white) and the water (black) phases after resolution of equation (6) for τ = 0.058. (b) Measurement of the droplet 
characteristic dimension with matlab function imcircles. (c) resulting distribution of the characteristic dimension.
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until pH8 respectively. The dispersion was hydrolysed at 50 ◦C and pH8 
with Alcalase (E/S ratio 3:100) at two DH: 4% and 12.5% by adding 
0.337 mL and 1.165 mL of 0.5 M NaOH respectively, according to pH 
stat method. The DH was defined in equation (14): 

DH = B x Nb x
1
α x

1
MP

x
1

htot
x 100% (14) 

Where B (mL) was the amount of base added during hydrolysis, Nb (N) 
the normality of the base, MP (g) was the mass of protein, htot (mEq/g) 
the total peptide bonds equals to 10.53 mEq/g for BSFLP according to 
amino acid composition found by (Queiroz et al., 2021a). 1/ α was the 
average degree of dissociation of the α-amino groups, equals to 1.13 at 
pH8 and 50 ◦C (the extrinsic conditions used in this study) for protein 
according to (J, 1986) and used in other studies adapted to their own 
conditions (Spellman et al., 2003). Hydrolysis was stopped by heating 
the samples at 85 ◦C for 20 min. The hydrolysates were cooled in ice 
prior to be centrifuged at 10,000 g, 10 ◦C during 15 min. Finally, su
pernatants were freeze-dried, DH4 and DH12.5 refer to the resulted 
powders at respective degree of hydrolysis and BSFLP hydrolysates 
(BSFLPH) to both hydrolysates. Prior to all experiment, pH of solutions 
made for BSFLP was adjusted to pH8 using 0.5M NaOH and the solution 
was vacuum filtrated using qualitative filter paper (Advantec). All 
BSFLP and BSFLP hydrolysed (BSFLPH) dispersions were homogenized 
by stirring (450 rpm) at 40 ◦C for 1 h and then overnight at room 
temperature.

3.2. Emulsion preparation

BSFLP and BSFLPH, 0.2 g mL− 1 dispersions, were emulsified with 
0.05 m3 m− 3 of sunflower oil. First emulsification was applied using 
Ultra-Turrax (IKA) dispersing device at 16,000 rpm for 3 min during 
which oil was slowly poured within the first minute resulting in a pre- 
emulsion then a high-pressure (12 kpsi) Microfluidizer® homogenizer 
(Microfluidics) was applied where samples were passed 3 times ac
cording to (Queiroz et al., 2021b).

3.3. Surface tension and dilatational properties

Surface tension (σ) required in equation (3) was measured by the 
pendant drop method using an optical contact angle and contour anal
ysis OCA 20 (Data physics instruments GmbH, Filderstadt, Germany) 
instrument. 0.1 g mL− 1) BSFLP and BSFLPH dispersions were dispensed 
at the lower end of a dosing syringe (diameter 1.83 mm) in a cubic glass 
cell filled with sunflower oil (density: 0.918 g/cm3). σ was calculated 
according to Young-Laplace equation and plotted as a function of time: 

ΔP = σ
(

1
R1

+
1
R2

)

(15) 

Where ΔP is the Laplace pressure (Pa), σ is the surface tension (J m− 2) 
and R1 and R2 are the principal curvature radii of the pendant drop (m).

3.4. Multiple lights scattering measurements

Emulsion physical stability was measured using Turbiscan Lab 
Expert (Formulaction) and determined with Turbiscan Stability Index 
(TSI) according to (Queiroz et al., 2021b). A volume of 20 mL of BSFLP 
and BSFLPH emulsions were poured in tubes, closed with a lid, and 
gently poured in the device. TSI was measured for 2 days, and the 
physical stability of the emulsion was checked by the scanning program 
as follows: 3 scan every 2 min and 30 s, 61 scans every 2 min, 25 scans 
every 30 min, 25 scans every 1 h and 10 scans every 1 h. The dimen
sionless experimental turbidity index over the 48-h period was then 
calculated as below: 

TSI*
exp =

TSIexp − TSIexp,0

TSIexp,48h − TSIexp,0
(16) 

3.5. Droplet size

Droplet size was determined at day 0, day 1 and 2 after emulsifica
tion using Mastersizer 2000 (Malvern Panalytical) laser particle size 
analyzer. Several droplets of the emulsion were poured in a dispersion 
unit filled with distilled water and stirred at 2000 rpm. The experimental 
surface area moment mean diameter d[3,2],exp (Eq. (17)) was calculated 
based on droplet diameter d (nm): 

d[3,2],exp =

∑
d3

∑
d2 (17) 

3.6. Statistical analysis

For all statistical analyses ANOVA was applied, followed by pair 
comparisons using Tukey’s test with a significance level p < 0.05 were 
applied using Statistical Package for the Social Sciences software (SPSS 
22.0, SPSS Inc).

4. Results and discussions

4.1. Parameter determination and model validation

Simulation of the phase separation phenomenon by resolution of the 
system of equations (1)–(8) requires the parameter set formed by σ, M 
and ε and an initial condition. One of the goals of this work is to show 
that determination of these quantities experimentally allow to obtain 
adequate numerical reproductions of the phase separation. The whole 
procedure has been represented by means of a diagram in Fig. 2: the 
surface tension σ has been determined from an independent experiment 
(¶3.3 and ¶4.1.2). The interface thickness ε has been selected following 
the practical and physical criteria given in ¶2.4 and discussed in ¶4.1.5. 
Finally, the initial condition is a numerical representation of the droplet 
size distribution at time 0, and has also been determined experimentally 
(¶2.2). The mobility M has been determined by comparison of the 
experimental and numerical emulsion stability with two different 
techniques TSI* (¶4.1.3) and d[3,2]* (¶4.1.4).

4.1.1. Initial droplet size distribution
The initial droplet size distribution has a significant influence on the 

phase separation speed. More specifically, the presence of droplets 
larger than the average, even in a relatively small proportion, can make 
the separation process much faster. Because of this, for a reliable model 
validation, it is necessary to construct a numerical droplet size distri
bution that can be fed to the model as initial condition that is repre
sentative of the emulsion system. As it has been described in ¶2.2, the 
initial condition used for the simulations was built from the experi
mental droplet size distribution of the emulsion stabilized with DH12.5. 
Since the standard deviation is small, the distribution was homogeneous 
around the average. This average value, together with all the experi
mental d[3,2] determined from the experiments described in ¶3.5 are 
displayed in Fig. 3.

4.1.2. Experimental determination of surface tension
As shown by equation (3), the mathematical description of phase 

separation considers the surface tension as constant, which decreases 
significantly the numerical complexity of the problem. To this respect, 
the surface tension histories for the sunflower oil-water interface sta
bilized with BSFLP and BSFLPH, as determined from the experiments 
described in ¶3.3 are shown in Fig. 4.

As previously noticed by (Wang et al., 2021), BSFLP drops below 
0.011 J m− 2 within the first 10 min and eventually reaches a 
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quasi-equilibrium state around 0.087 J m− 2. This is probably caused by 
its surface hydrophobicity and less charged protein, which allows a 
denser surface coverage (Gould and Wolf, 2018). Use of BSFLH resulted 
in a σ drop within the first 10 min, similar to BSFLP, but the 

Fig. 2. diagram showing the model validation procedure with numerical (black) and experimental (purple) inputs and outputs.

Fig. 3. BSFLP and BSFLPH emulsion droplet sizes at day 0,1 and 2 measured 
with a mastersizer laser particle analyser as described in ¶3.5. Different letter 
indicates a significant difference (p < 0.05) between samples for the same day.

Fig. 4. Interfacial tension of BSFLP and BSFLPH at sunflower O/W interface as 
a function of time measured by the pendant drop method described in ¶3.3.
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quasi-equilibrium state took longer, and its value was higher than with 
BSFLPH. Between DH4 and DH12.5, the former shows a sharper drop 
during the first 10 min, but they both stabilize around comparable 
values after 90 min This fact could be due to the higher surface hydro
phobicity and possibility favourable amino acid disposition to better 
interact with both phases. For the sake of comparison, σ between water 
and sunflower oil, in the absence of emulsifiers was ~0.024 J m− 2.

In all the three tested cases, the variation of the surface tension was 
observed over a period of ca 100 min, with respect to a separation time 
of at least 48 h, which means that the assumption of a constant surface 
tension is reasonable. Table 1 shows the constant values that were 
selected, which correspond to the observed quasi-equilibrium states for 
each of the proteins reached after 48 h shown in Fig. 4

4.1.3. Determination of interface mobility from TSI
The Turbiscan Stability Index is displayed as function of time in 

Fig. 5 in two forms: the experimental data directly measured from the 
turbiscan (Fig. 5a), as well as the normalized TSI*, as calculated from 
equation (16) (Fig. 5b,c and d). As it can be seen (Fig. 5a), the BSFPLH 
emulsions are more stable than the BSFLP, since their TSI curves remain, 
during the whole 48 h period of observation, below the TSI BSFLP curve. 
More specifically, DH4 shows the greatest stabilizing capability, with a 
final TSI value of 5.1, followed by DH12.5 and BSFLP with 6.2 and 7.3 
respectively. Moreover, emulsions stabilized by BSFLPH keep a TSI 
value under 3 for a longer time. More specifically, DH4 and DH12.5 only 
reach a value of 3 after ~19 h and ~23 h respectively, whereas BSFLP 
reaches it after ~10 h. The shape of the curves is in agreement with the 
observed droplet size increase. Estimation of the mobility M from the 
normalized TSI* curves (equations (12) and (16)) confirms these ob
servations partially, as the emulsions stabilized by BSFPLH show lower 
mobility values than by BSFLP, yet not very significantly. As it is shown 
in Table 1, all the values are on the vicinity of 5⋅10− 22 m5 J− 1 s− 1. The 
three curves are comparable with respect to their ability to reproduce 
the experimental data, with RMSE of 0.058, 0.057 and 0.062 for the 
emulsions stabilized with BSFLP, DH4 and DH12.5 respectively. A less 
quantitative analysis reveals that, among the three, the model re
produces the shape of the DH4 curve best, followed by the BSFLP and 
DH12.5. The latter shows an inflection point around 16 h that is not 
really reproduced by the model. This could be explained by either nu
merical or experimental reasons. Numerical reasons include i) a lack of 
precision on the numerical droplet sampling (¶2.3) and ii) absence of 
velocity fields, which cannot be established because the momentum and 
the continuity equations have not been included in the model formu
lation. With respect to reasons related to experimentation, the data used 
to represent stability is an average of the whole sample. The use of 
averaged or local measurements, may result in different parameter 
values, or even to deviation of the model predictions from experimental 
data (Anagnostara et al., 2022; Martinez-Lopez and Mauricio-Iglesias, 
2022).

In order to obtain more realistic mobility values that reflect the 
different stabilization indexes discussed at the beginning of this section, 
the TSI should have had to be normalized with respect to a value that can 

Table 1 
Dimensionless interphase thickness used for the simulations, interphase thick
ness, surface tension determined experimentally, mobility determined by com
parison between the numerical results and the experimental TSI* (a) and *d[3,2] 
(b), as well as RMSE between the numerical and the experimental data.

Sample ϵ (− ) ε (m) σ (J 
m− 2)

M (m5 J− 1 s− 1) RMSE 
(− )

BSFLP
0.006 1.7⋅10− 7

0.0087 a7.0⋅10− 22 b5.5⋅10− 23 a0.058
DH4 0.0095 a7.0⋅10− 22 b7.6⋅10− 23 a0.057
DH12.5 0.0096 a4.5⋅10− 22 b3.5⋅10− 22 a0.062

Fig. 5. Turbiscan stability index (TSI) as a function of time (a) for BSFLP (blue), 
DH04 (yellow) and DH12.5 (orange). Experimental (●) and predicted 
(continuous black line) normalized Turbiscan Stability Index (TSI*) as a func
tion of time for BSFLP (b), DH4 (c) and DH12.5 (d) emulsions. Experimental 
determination by light scattering measurements described in ¶3.4.

L.S. Queiroz et al.                                                                                                                                                                                                                               Journal of Food Engineering 387 (2025) 112331 

6 



be deemed representative of a complete separation. This is rather 
inconvenient, and one of the major points of improvement for future 
work, since one of the possible applications of this model is the pre
diction of phase separation time.

4.1.4. Determination of interface mobility from droplet size history
This stabilization capability suggested by the TSI values after 48 h is 

reflected on the values of d[3,2] reported in Fig. 3. Initially, smaller 
droplets were formed with BSFLPH, with a similar average size around 
0.16 nm compared to BSFLP (0.27 nm). The d[3,2] values reported in 
Fig. 3 were used to calculate the experimental values of d[3,2]* 
(equation (10)). These values are shown in Fig. 6 and give a more 
quantitative idea of the droplet size increase. The droplet sizes of 
emulsions stabilized with BSFLP and DH4 do not increase significantly 
(d[3,2]* values of 1.3 and 1.4 respectively after 48 h), whereas DH12.5 
almost triplicates its size (d[3,2]* = 2.89 after 48 h). Differently from 
the mobility values determined from the TSI*, the values determined 
from the comparison between experimental and numerical d[3,2]* 
(Table 1) do reflect the faster kinetics of DH12.5, with a mobility value 
of 3.5⋅10− 23 m5 J− 1 s− 1, almost 10 times greater than BSFLP and DH4, 
which show mobility values of 5.5⋅10− 23 and 7.6⋅10− 23 m5 J− 1 s− 1 

respectively. An evaluation of the predictions solely based on the RMSE 
indicates that the predictions are much better for the BSFLP and the 
DH04 than for DH12.5, since their RMSE values are much lower. 
Nevertheless, and taking into consideration that the variation of d*[3,2] 
determined experimentally for the DH12.5 within the 0–48 h interval is 
much more significant than for BSFLP and DH04 (Fig. 3), in the author’s 
opinion, the mobility coefficient determined for DH12.5 is more reliable 
despite the larger RMSE.

4.1.5. Interface thickness
As previously discussed, the value of ϵ was selected on the basis of 

physical and practical reasons. As this is the only parameter required to 
simulate the system in its dimensionless form, a lower value of ϵ results 
in a slower phase separation. It can be argued that i) an interphase 
thickness equivalent to roughly 1/3 of the average droplet diameter is 
too high, and ii) that ideally, the system should be simulated with ϵ 
calculated from a value of the interphase thickness ε obtained from 
experimental measurements. With respect to i), simulation of the phase 
separation with slightly larger values of ϵ, more specifically within the 
interval 0.008–0.012 (not shown), results in the model depicting a stable 
mix between both phases after just a few hours, which is not physically 
realistic for oil and water. This behaviour at larger ϵ is partly due to the 
simplified double-well potential function F = 0.25

(
φ2 − 1

)2 whose de
rivative is required in equation (6). Because of this, and also considering 

that the interphase thickness should be smaller than the radius, a value 
of ϵ = 0.006 was selected. Should this result in a higher ϵ and hence a 
faster system, a more realistic double-well potential function would be 
necessary. With respect to ii) as of today, to the best of the author’s 
knowledge, there are no literature values, either of experimental or 
numerical nature to compare with.

4.2. Numerical reproduction of the phase separation kinetics

Once the parameter set has been determined, the numerical results 
can be represented as it is shown in Fig. 7. This is the classical repre
sentation of the solution of the equation system 1–8 in a bi-dimensional 
squared domain and is usually used in the literature dealing with the 
Cahn-Hilliard equation. The dimensionless time τ has been converted 
into time units by means of the parameter sets given in Table 1. This 
way, the times expressed in hours in Fig. 7 would be equivalent to the τ 
values of 0.0014 (a), 0.0027 (b), 0.0041 (c) and 0.0055 (d). The nu
merical results in Fig. 7a–d depict the increases on the d[3,2] shown in 
Fig. 6.

Although it has been shown that the model can reproduce the 
experimental data in an acceptable manner (Figs. 5 and 6), results are 
restricted to the 0–48 h time period. Still, with the parameter set 
determined in this work, it is indeed possible to simulate the process 
until complete separation. Having said this, it is the authors opinion that 
such simulations would largely overestimate the time required for 
compete separation Mostly, this is due to the assumptions used in the 
model formulation and are part of this work’s limitations. They are 
discussed in the following section.

4.3. Applicability and limitations of this work

The following subsections explain ways in which the model could be 
made more realistic and generalizable. More specifically 4.3.1 discusses 
what would be required for the application of the present method/model 
to other systems. 4.3.2 deals with the lack of forces other than the po
tential of chemical gradient in the model formulation; 4.3.3 discusses 
the influence of a more realistic geometry, notably the extension to 3D, 
and 4.3.4 the use of an interface mobility that is a function of the local 
concentration of stabilizer. Finally 4.3.5 elaborates on how the free 
energy model used in the chemical potential could be made more 
thermodynamically consistent.

4.3.1. Application to other systems
Basically all the parameters required by classical heat- or mass 

transfer model formulations, (e.g thermal conductivity, mass 

Fig. 6. History of d*[3,2] (a) and A* (b). Experimental data (scatter), predictions, and RMSE bounds from Table 1 (–). BSFLP ■ and blue, DH04 ◆ and yellow, 
DH12.5 ● and orange.
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diffusivity), are system or composition specific. This means that, appli
cation of these models to specific systems should only be done when 
reliable parameter values, or models that can estimate them as a func
tion of e.g. their composition can be found in literature. The model 
parameter set made up by the surface tension σ, the interface mobility M 
and the interface thickness ε is specific to the sunflower oil – water 
system stabilized by the surfactants used in this work since their 
chemical structure is numerically represented in i) the parameters 
values, and ii) the initial droplet size distribution. Since these parame
ters, specially the interface mobility cannot be found in literature for 
other systems to compare with, simulation with other systems with this 
parameter set will lead to unverifiable results. On the other hand, the 
methodology used in this work to determine the parameter set from 
experiments, is indeed, translatable to other systems, by following the 
procedure summarized in Fig. 2. In a nutshell, to increase the likelihood 
of a successful parameter estimation, the initial droplet size distribution 
must be known, and the mobility must be determined from emulsion 
stability data.

4.3.2. Forces driving the phase separation
In this work, the phase separation has been modelled by means of the 

Cahn-Hilliard equation on a squared domain. As it can be seen in 
equations (1)–(3), a direct consequence of this is that the only force 
driving the phase separation is the gradient of chemical potential μ, 
which means that the advective transport of the phase field variable φ 
has been neglected. In a classical heat- or mass-transfer formulation, this 
would be akin to a physical phenomenon being exclusively governed by 
thermal conduction or mass diffusion respectively. The reason behind 
this, is that the Navier-Stokes equations are not part of the model 
formulation. Inclusion of the Navier-Stokes equations would have 
allowed to calculate the velocity field generated by the spontaneous 
movement of the fluids due to buoyancy. The buoyancy term ρ g→, acts as 
a force in the conservation of linear momentum equation, and accounts 
for the velocity field being generated due to the density difference be
tween oil and water. The resulting velocity field would most likely lead 

to laminar or creeping flow regimes, but it would still accelerate the 
phase separation by pushing the fluid with the largest density (in this 
case, the water), to the bottom of the domain. Combination of the Cahn- 
Hilliard with the continuity and the Navier-Stokes equations is currently 
doable with the current state of the art of the applications of the phase 
field model e.g. (Bueno et al., 2018; Sandoval Murillo et al., 2019).

4.3.3. Domain geometry
The domain used in the numerical simulations is a vast simplification 

of the setup were the experiments have taken place in several ways: i) it 
is squared, which is not the case of e.g. the turbiscan sample holder, ii) it 
only represents part of a larger physical system and iii) it is a bi- 
dimensional representation of three-dimensional objects.

It can be argued that, although it would make the simulation more 
realistic, precise reproduction of the geometry (i) is not that important, 
since the experimental sampling itself (e.g. to measure the particle size 
distribution), disturbs the system in a way that cannot be reproduced by 
the model, regardless of its complexity. Accordingly, (ii) it is enough to 
represent the domain partially. In this work we have used zero-flux 
boundary conditions (equations (4) and (5)), although periodic bound
ary conditions would have been equally acceptable, since both are 
standard techniques to make computations on domains smaller than the 
physical system, and both enforce mass conservation. As it can be seen in 
Fig. 7, coalescence in the edges of the domain behaves according to 
equations (4) and (5). The boundary node receives contributions 
exclusively from the nodes that lay inside the domain (equation (4)), and 
the oil/water interface and the boundary are forced to form a 90o angle 
(equation (5)). With respect to (iii), a significant difference can be ex
pected between a bi-dimensional and a three-dimensional domain. Had 
the simulation domain been three-dimensional, the droplets would have 
been represented as spheroids rather than cylindroids. This would in
crease the laplace pressure, likely leading to a faster phase separation, 
and hence a larger value of M. As the Cahn-Hilliard equation includes a 
fourth derivative in the space, simulation of the system in 3D, even in its 
simplest form (extension of the squared domain into a cube), would 

Fig. 7. Numerical results of equation (3) with the parameter set corresponding to DH12.5 shown in Table 1a. 12 h (a), 24 (b), 36 h (c), 48 h (d) of separation. The x 
and z axis have been normalized with respect to the size of the simulation domain. Animated results available via this DOI link.
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result in a significant increase in the computing power required to run 
the simulation. As an example, in this work, a mesh conformed by 200 x 
200 elements, and a τ step of 2.5⋅10− 5 m, has been deemed necessary in 
order to simulate the domain with the current interface thickness value 
of 1.7⋅10− 7 m, and obtain meaningful results. For the τ period between 
0 and 0.01, this amounts to over 1.5⋅107 equations. Extension to 3D 
assuming that the same amount of elements in the additional axis would 
be sufficient would result in over 3.1⋅109 equations to solve. Finally, the 
numerical sampling procedure shown in Fig. 1 would have to be adapted 
to spheres rather than circles, which is non-trivial.

4.3.4. Constant interface mobility
As explained in ¶4.1.2, experimentation shows that the stabilizers 

used in this work lower the surface tension of the water-sunflower oil 
interface. It might be expected that the protein concentration difference 
between the water and the sunflower oil would trigger the diffusive 
transport of proteins through the aqueous phase, leading them to colo
nize the interface and to lower the local phase separation speed. This 
would be numerically equivalent to a non-constant mobility coefficient 
M in equations (1)–(4), dependent on the local concentration of sur
factant/protein. In the current model, the phase field variable φ is the 
mathematical equivalent to the volumetric fraction of oil and water. 
Therefore, a protein dependent mobility would require i) definition of a 
new passive scalar variable that represents the local protein concen
tration, ii) an equation that describes its transport by diffusion, and iii) a 
function that links the mobility parameter with the local protein con
centration. Literature contains phase field or VOF that couple the phase 
field together a scalar that is either confined to one phase, or allowed to 
cross the interface (Bothe and Fleckenstein, 2013; Jain and Mani, 2023). 
Some works use a mobility coefficient that is dependent on the phase 
field itself (Júnior et al., 2020) but, to the best of the author’s knowl
edge, it has never been attempted to express it in function of the con
centration of one solute within one phase. Numerical challenges aside 
(Jain and Mani, 2023), reliability of the numerical results with respect to 
experimentation would depend on a robust determination of the 
mobility-concentration function. As this cannot still be found in litera
ture, the latter should be found via experimentation (e.g. determination 
of M for emulsions with different protein concentrations), or by nu
merical trial and error.

4.3.5. Free energy model
As it can be seen in equation (2), the phase separation kinetics 

depend on F′, which is defined as the derivative of F, with respect to the 
phase field variable φ, F is a mathematical expression whose purpose is 
to model the fluids mutual immiscibility (Jacqmin, 1999) and as such, 
its only requirement is that it contains two minima, which correspond to 
the fluids two stable phases. In this work, the function F = 0.25

(
φ2 − 1

)2 

has been used, as it has two minima, at φ = − 1 (pure water) and at φ = 1 
(pure oil). Nevertheless, this function is also a representative of Helm
holtz’s free energy (Lee et al., 2014) which is a function of the internal 
energy and the entropy of the system. Since those thermodynamic 
functions are themselves a function of the composition of each phase, 
which is relatively well known, their derivatives can be calculated using 
thermodynamic models such as the Flory-Huggins (Júnior et al., 2020) 
or a relationship between the excess properties and the activity co
efficients (Tosun, 2021). Thanks to the current state of the art of solution 
thermodynamics, the latter might be calculated via the UNIFAC model, 
which in principle spares their experimental determination. The use of a 
more complex free energy model could improve the results and the 
reliability of the predicted mobility value.

5. Conclusions

This study has provided evidence that the phase field model can be 
validated experimentally from emulsion stability data. The mobility M, 
which is the main responsible for the phase separation speed, has been 

determined by means of two different experiments, and shown to have 
comparable values. Unfortunately, at the time of publication of this 
manuscript, no other values can be found in literature to compare with. 
Hence, until parameter sets for other systems are made available, the 
model will not be generalizable to other mixtures. The procedure 
described in this work to determine the model parameter set is most 
likely applicable to many other systems with practical interest.

The mathematical model used in this work is relatively simple: i) the 
domain is bi-dimensional ii) the only force driving phase separation is 
the chemical potential gradient and iii) the free energy is computed by 
means of a simple double well potential function rather than an actual 
free energy model. Since this is the first time the Cahn-Hilliard model 
undergoes comparison against emulsion stability data, these shortcom
ings are acceptable. The improvements that deal with the force driving 
the phase separation and with a more realistic domain/geometry are 
doable under the current state of the art of and, in the author’s opinion, 
should be included in a future iteration of this work. Having said this, 
these improvements will come at the expense of a drastic increase on the 
required simulation time and computing power. Finally, but equally 
important, in order to advance in the understanding of these systems, 
any improved model should undergo comparison against stability data 
for emulsion mixtures other than the one presented in this work.
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