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A B S T R A C T

An ensemble of eddy-rich North Atlantic simulations is analyzed, providing estimates of eddy kinetic energy
(EKE) wavenumber spectra and spectral budgets below the mixed layer where energy input from surface
convection and wind stress are negligible. A wavelet transform technique is used to estimate a spatially
localized ‘pseudo-Fourier’ spectrum (Uchidaet al., 2023b), permitting comparisons to be made between spectra
at different locations in a highly inhomogeneous and anisotropic environment. The EKE spectra tend to be
stable in time but the spectral budgets are highly time dependent. We find evidence of a Gulf Stream imprint
on the near Gulf Stream eddy field appearing as enhanced levels of EKE in the (nominally) North–South
direction relative to the East–West direction. Surprisingly, this signature of anisotropy holds into the quiescent
interior with a tendency of the orientation aligned with maximum EKE being associated with shallower spectral
slopes and elevated levels of inverse EKE cascade. Conversely, the angle associated with minimum EKE is
aligned with a steeper spectral slope and forward cascade of EKE. Our results also indicate that vertical motion
non-negligibly affects the direction of EKE cascade. A summary conclusion is that the spectral characteristics
of eddies in the wind-driven gyre below the mixed layer where submesoscale dynamics are expected to be
weak tend to diverge from expectations built on inertial-range assumptions, which are stationary in time and
horizontally isotropic in space.
1. Introduction

The ocean is ‘turbulent’, implying the presence of energetic and
widespread spatial and temporal ‘eddies’ (Stammer, 1998; Stammer
and Wunsch, 1999). It is now commonly accepted in ocean modeling
that resolving these features, at least at the mesoscale, leads to ocean
simulations of a much more realistic nature (Chassignet and Marshall,
2008; Chassignet et al., 2020, 2023; Griffies et al., 2015; Uchida et al.,
2020; Constantinou and Hogg, 2021; Xu et al., 2022), which may
have important implications for climate projections (Saba et al., 2016;
Beech et al., 2022; Li et al., 2024). This implies the eddy field is an
integral part of the ocean structure, and a necessary feature to either
implicitly or explicitly include within the ocean component of any
climate model. The computational demands of eddy-resolving resolu-
tion have led to the search for eddy parameterizations that faithfully

∗ Corresponding author at: Center for Ocean-Atmospheric Prediction Studies, Florida State University, Tallahassee, FL, USA.
E-mail address: tuchida@fsu.edu (T. Uchida).

1 Will be moving to the Climate Dynamics Laboratory, MFTI, Russia.

capture the dynamical role of eddies in the absence of their explicit
presence (e.g. Redi, 1982; Gent and McWilliams, 1990; Gent, 2011;
Jansen et al., 2019; Guillaumin and Zanna, 2021; Berloff et al., 2021;
Uchida et al., 2022a; Li et al., 2023; Deremble et al., 2023, and refer-
ences therein). It is essential therefore to understand the behavior of the
eddy field in well-resolved models in order to ascertain the character
eddy parameterizations should portray and to provide benchmarks for
assessing the affects of any particular proposed parameterization. This
paper attempts to serve these purposes by describing and applying a
methodology that allows for spatial inhomogeneity in the mean flow
to influence eddy characteristics. We analyze a recently developed
ensemble of North Atlantic simulations (Jamet et al., 2019a,b) and use
two-dimensional wavelet analysis to diagnose the spectral structure.
vailable online 31 May 2024
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Most available theoretical guidance on oceanic turbulence comes
from quasi-geostrophic (QG) theory, where the combined conservations
of energy and potential vorticity (PV) lead to predictions for specific
shapes for wavenumber spectra. Surface quasi geostrophy (SQG), on
the other hand, employs conservation of surface buoyancy instead of
PV (Held et al., 1995; Lapeyre, 2017; Yassin and Griffies, 2022). It is
generally thought that the eddy field should display a so-called ‘−5∕3’
pectral slope as a result of an up-scale cascade of energy, and a ‘−3’
lope due to a down-scale enstrophy cascade (Charney, 1971). Both
redictions are based on the ideas of inertial ranges and involve a
easonable number of assumptions. Locality in spectral interactions,
tationarity in time and homogeneity in space are amongst the most
rominent assumptions; a thorough discussion appears in Vallis (2006).
umerical, observational and laboratory investigations in relevant set-

ings tend to support the predictions (e.g. Gage and Nastrom, 1986;
arom et al., 2013; Callies and Ferrari, 2013; Campagne et al., 2014).

The inertial-range ideas are usually adopted when venturing into
he more dynamically complex settings of primitive equations and
ealistic ocean simulations (e.g. Xu and Fu, 2011, 2012; Khatri et al.,
018; Vergara et al., 2019), although it is difficult to justify many of the
ssumptions. In particular, as will often be the focus of this paper, the
resence of the Gulf Stream would seem to violate spatial homogeneity
n the field in which the eddies are viewed. In addition, and perhaps
t an even more fundamental level, the mix of a coherent, large-scale
ean with an incoherent, variable component renders the definition of
hat constitutes an ‘eddy’ somewhat vague. One then questions what

eatures should be focused on when constructing a spectrum (cf. Uchida
t al., 2021c). This problem of identifying or defining ocean eddies is
well known one, with an early reference being (Wunsch, 1981).

Another problem facing the quantification of the eddy field in an in-
omogeneous setting is a lack of available techniques for analyzing the
ata. A favorite, and classical, method for studying wavenumber spec-
ra employs Fourier transforming momentum (e.g. Capet et al., 2008a;
allies and Ferrari, 2013; Rocha et al., 2016; Uchida et al., 2017, 2019;
jayi et al., 2020; Khatri et al., 2018, 2021). The connection between

his measure and kinetic energy (KE) comes from Parseval’s theorem,
hich equates the area integrated KE to the wavenumber integrated

pectrum

𝒙
|𝒖(𝒙)|2 d𝒙 = ∫𝒌

�̂� ⋅ �̂�∗ d𝒌 , (1)

here �̂� is the Fourier transform of 𝒖 def
= 𝑢𝒆1+𝑣𝒆2, the horizontal veloc-

ty, 𝒆1 and 𝒆2 are the zonal and meridional unit vector respectively, and
uperscript ∗ is the complex conjugate. This permits the interpretation
f the spectrum in terms of a wavenumber dependent energy density.
owever, this same equivalence then implies the resultant spectra are
verages over the domain involved in the analysis. While this does not
epresent a conceptual problem if the domain is spatially homogeneous,
he relation of the result to the local spectrum in an inhomogeneous
etting is not clear. Such shortcomings have been identified by the
ommunity and have motivated the development of other approaches,
.g. structure functions (Poje et al., 2017; Pearson et al., 2020; Balwada
t al., 2022) and spatial coarse graining (Aluie et al., 2018; Sadek and
luie, 2018; Zhao et al., 2022).

Our primary numerical tool to tackle these questions is a recently
eveloped eddying 48-member ensemble of partially air-sea coupled
orth Atlantic simulations. These simulations have been used before

n studies of North Atlantic energetics (Jamet et al., 2020b; Uchida
t al., 2024), the Atlantic Meridional Overturning Circulation (AMOC;
amet et al., 2019b, 2020c; Dewar et al., 2022), Empirical Orthogonal
unction (EOF) analyses of eddies (Uchida et al., 2021c), and the
hickness-weighted averaged (TWA) feedback of eddies on the residual-
ean flow (Uchida et al., 2022b, 2023a). A full description of the

imulations appears in Jamet et al. (2019b). For our purposes, the
nsemble consists of 48 members exposed to small initial-condition
ncertainties (usually referred to as micro initial conditions; Stainforth
2

t al., 2007) run at an ‘eddy-rich’ 1∕12◦ resolution. A map of the surface
ocal Rossby number appears in Fig. 1, displaying the expected activity
round the Gulf Stream region, with a separation from the coastal
.S. around Cape Hatteras, and extension into the North Atlantic
urrent. Also shown are two marked locations A and B, which will
e referred to later in the text as dynamically distinct locations within
he wind-driven gyre as implied from the magnitude in local Rossby
umbers.

We assert that such an ensemble leads to a clear identification
f oceanic eddies, namely as fluctuations about the ensemble mean.
pecifically, we can average our simulations at any space and time
oint across our ensembles to obtain an estimate of the classical en-
emble mean. Then, we can revisit each individual ensemble member
o compute its deviation from the ensemble mean at that same spatial
nd temporal location. Inasmuch as the ensemble mean represents that
omponent of the solution common to all members, we identify it
s the predictable part of the flow. The residuals, belonging to each
ndividual realization, are the ‘unpredictable’ components of the flow
nd are identified as the eddies. An attempt to rationalize this in
erms of integrated KE budgets has recently been proposed by Jamet
t al. (2022). Note that this eddy definition is independent of any
rbitrarily chosen spatial or temporal scale, a highly desirable feature
ot characteristic of most definitions reliant on some form of spatial or
emporal filtering (Chen and Flierl, 2015; Uchida et al., 2021a,c; Berloff
t al., 2021). These eddies are the ones we propose to quantify.

As to spectral computations, we proceed using a wavelet-based
nalysis. To our knowledge, the wavelet approach to wavenumber
pectra was initially examined by Daubechies (1992) and Perrier et al.
1995) and in an oceanographic context by Uchida et al. (2023b). For
ur purposes, we will interpret the spectra computed using wavelets as
n estimate of a localized ‘pseudo-Fourier’ spectrum, which is backed by
arseval’s equality (Uchida et al., 2023b). The spatial locality of these
stimates permits us to examine and compare the variability of spectra
hroughout the domain.

Our eddy definition is reviewed briefly in the next section, along
ith a description of our wavelet-based analysis methods. Section 3
resents a comparison between wavelet-based spectral estimates and
he canonical Fourier-based estimates within the North Atlantic gyre.
he paper ends with a Discussion, brief comparisons to the spatial-
iltering approach (Aluie et al., 2018), speculations on the relevant
ynamics and plans for further work.

. Theory and techniques

In this section, we describe our definition of ‘eddies’ (Section 2.1)
nd provide an overview on wavelet spectral analysis (Section 2.2).

.1. Eddy definition

Due to the chaotic nature of the ocean (Poincaré, 1890; Lorenz,
963; Veronis, 1963), trajectories of eddying numerical simulations
re sensitive to initial condition uncertainties (e.g. Kay et al., 2015;
érazin et al., 2017; Maher et al., 2019; Zhao et al., 2021; Uchida et al.,
021b; Leroux et al., 2018, 2022; Jamet et al., 2022; Germe et al., 2022;
omanou et al., 2023). This allows us to develop an ensemble of ocean
imulations, differing only in small ways in their initial conditions;
.e. simulations based on initial states that have small differences well
ithin current measurement uncertainties. It is a matter of experience

hat while gross characteristics of the resulting fully evolved states are
imilar (there will always be a Gulf Stream, for example), the mesoscale
ields become incoherent. While each ensemble solution represents an
qually valid and plausible simulation of the North Atlantic, none of
hem at any specified date will recreate the observed ocean state since
he observed ocean is itself a single realization of the chaotic system.
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Fig. 1. Surface eddy relative vorticity from member 00 amongst the 48 ensemble members at 00:10, January 1, 1967 normalized by the local Coriolis frequency. Land and
coastlines are in gray; the Gulf Stream and its extension into the open Atlantic are visible. Location A within the Gulf Stream near to separation at Cape Hatteras is marked,
as is location B in the North Atlantic. These locations will be referred to later in the text. The dashed lines indicate the 10◦ × 10◦ domains over which the wavelet and Fourier
transforms are applied.
From such an ensemble, one can take an ‘ensemble mean’, which
we will denote by brackets, i.e. for any model variable 𝜓(𝒙, 𝑡),

⟨𝜓(𝒙, 𝑡)⟩ = 1
𝑁

𝑁
∑

𝑖=1
𝜓 𝑖(𝒙, 𝑡) , (2)

where 𝑁(= 48) is the total number of ensemble members and the
superscript 𝑖 denotes the ensemble member. We interpret the ensemble
mean as the ‘forced’ response of the ocean. That is, as the ensemble
mean is common to all members, it reflects the common external
conditions imposed at the boundaries of the system. In our case, these
common conditions consist of the prescribed atmospheric states and the
open ocean boundary conditions at the northern and southern domain
boundaries and the Strait of Gibraltar (Jamet et al., 2019b).

The eddy field is denoted by deviations of 𝜓 about the ensemble
mean

𝜓 𝑖′(𝒙, 𝑡) = 𝜓 𝑖(𝒙, 𝑡) − ⟨𝜓(𝒙, 𝑡)⟩ . (3)

Each member, 𝑖, having its own eddy field thus identifies the eddies
as an unpredictable component of the flow. Note that the ensemble
mean in 2 is inherently a function of space and time, a feature which
permits the examination of the non-stationary and inhomogeneous
character of the statistics. It is a strength of the ensemble dimension,
being orthogonal to the space–time dimensions, that these features of
non-stationarity and inhomogeneity are preserved.

Finally, we note that the ensemble mean structure of the ocean
is not independent of the eddies, rather the non-linear equations of
motion for the ensemble mean involve second-order measures of the
eddies as part of their balance. Fluctuations about the mean in any
realization are, in turn, constrained by the lower-order statistics of the
mean and eddy contributions.

2.2. Wavelet spectral considerations

We depart from the classical Fourier approach to compute
wavenumber spectra for our non-periodic and inhomogeneous set-
tings, noting that the utility of wavenumber spectrum emerges largely
from Parseval’s equality. We base our spectral analysis on wavelet
decompositions. Here, we provide a brief overview.

Given a function of two spatial dimensions, 𝑓 (𝒙), its continuous
wavelet transform is given by

𝑓 (𝑠, 𝜙, 𝜸) = 𝑓 (𝒙) 1 𝜉∗(𝗥−1 ⋅
(𝒙 − 𝜸 )

) d𝒙 , (4)
3

∫𝒙 𝑠 𝑠
where 𝗥−1 is the inverse of the rotation matrix

𝗥−1 =
(

cos (𝜙) sin (𝜙)
− sin (𝜙) cos (𝜙)

)

, (5)

for rotation through an angle 𝜙. The quantity 𝑠 is referred to as the
‘scale’, 𝜸 (∈ R2) is the two-dimensional coordinates of interest, 𝜉(𝒙)
is the so-called ‘mother’ wavelet and 𝜉(𝗥−1 ⋅ (𝒙 − 𝜸) ∕𝑠) in (4) are the
daughter wavelets. The quantities 𝑓 are the wavelet coefficients. Sub-
ject to a few, relatively easy to meet conditions (Uchida et al., 2023b),
the original data can be reconstructed from the wavelet coefficients via
an inverse wavelet transform

𝑓 (𝒙) = 𝒞 ∫𝜸 ∫𝜙 ∫𝑠
1
𝑠4
𝑓 (𝑠, 𝜙, 𝜸)𝜉(𝗥−1 ⋅

(𝒙 − 𝜸
𝑠

)

) d𝑠 d𝜙 d𝜸 , (6)

where 𝒞 is a constant, to be clarified below. Exploiting the properties
of wavelets, it is possible to show they satisfy a generalized Parseval’s
equality

∫𝒙
𝑓 (𝒙)𝑔(𝒙) d𝒙 = 𝒞 ∫𝜸 ∫𝜙 ∫𝑠

𝑓�̃�∗

𝑠3
d𝑠 d𝜙 d𝜸 . (7)

Note, if 𝑓 = 𝑔, 7 corresponds to the Parseval’s equality in 1.
We employ the so-called Morlet wavelet (Morlet et al., 1982; Gabor,

1946), i.e.

𝜉(𝒙) =
(

𝑒−2𝜋𝑖𝒌0⋅𝒙 − 𝑐0
)

𝑒
− 𝒙⋅𝒙

2𝑥20 , (8)

where 𝑐0 is a constant included to insure that the wavelet has zero mean
∫𝒙 𝜉(𝒙) d𝒙 = 0. The central wavenumber 𝒌0 is taken to be 𝒌0 = (𝑘0, 0)
and the quantity 𝑥0 is a reference length scale, here taken to be 50 km,
viz. the length scale of the mother wavelet. The zonal orientation of
wavevector 𝒌0 is arbitrary as we will rotate the orientation with 𝗥. We
will choose 𝑘0 = 1∕𝑥0, in which case the constant 𝑐0 is quite small and
generally ignored (i.e. 𝑐0 = 0), a convention adopted in this paper. Plots
of 8 are found in Fig. 2. Note that the Morlet mother wavelet consists
of a wave of wavelength 𝐿 = 𝑥0 inside a Gaussian envelope of decay
scale

√

2𝑥0. Thus for 𝑠 = 1 and 𝜙 = 0, the wavelet coefficient produced
by this transformation comments on the presence of the wavenumber
𝒌0 = (𝑘0, 0) at location 𝜸 in the original data. Increasing the rotation
angle 𝜙 and filtering returns information about the presence of the same
wavelength at angle 𝜙. Finally allowing 𝑠 to vary modifies the filter so
that the primary wavelength of the filter is 𝑘 = 1∕(𝑠𝑥0). The Morlet
wavelet coefficient can thus be thought of as a spatially ‘local’ Fourier
transform at wavenumber 𝒌𝖳0 ⋅𝗥

−1(𝜙)∕𝑠, where the superscript 𝖳 denotes
a transpose.
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Fig. 2. Structure of the Morlet wavelet with the reference length scale 𝑥0 = 50 km. A contour plot of the real part of the mother Morlet wavelet is shown in the left panel.
Transects of the real and imaginary parts along the dashed line appear in the right panel.
At this point, the scale factor in (4), 𝑠, is non-dimensional. It is
more traditional in oceanography to discuss energy spectra in terms
of wavenumber. As pointed out above, the effective wavenumber as-
sociated with 𝑠 is 𝑘 = 1∕(𝑠𝑥0) = 1∕𝑠0, where the quantity 𝑠0 has units
of length. Upon some algebra, one may transform 7 (with 𝑓 = 𝑔) to
wavenumber, 𝑘 = 1∕𝑠0, space, ending with

∫𝒙
𝑓 2(𝒙) d𝒙 = 1

𝐶𝛯 ∫𝜙 ∫𝑘 ∫𝜸
𝑓 ∗𝑓𝑘𝑥20 d𝜸 d𝑘 d𝜙 , (9)

where 𝐶𝛯 = ∫𝒌 |𝒌|
−2�̂�∗�̂� d𝒌 and �̂� is the Fourier transform of the

mother wavelet (cf. Uchida et al., 2023b). Note, 𝒞 = 𝐶−1
𝛯 in 7.

If we now produce wavelet coefficients for the zonal and merid-
ional eddy velocities 𝑢′𝑖 and 𝑣′𝑖 from member 𝑖 of our ensemble, and
manipulate them appropriately, we obtain

𝒦 𝑖
𝐾 (𝜸, 𝜙, 𝑘) =

1
𝐶𝛯

𝑢′𝑖𝑢′𝑖∗ + 𝑣′𝑖𝑣′𝑖∗

2
𝑥20𝑘 , (10)

as a measure of energy density in wavelet transform space. Each value
of 𝒦 𝑖

𝐾 is a random number as each ensemble member possesses a
‘random’ eddy field emerging from the non-linearities in the system.
Ensemble averaging those values returns an estimate of the ensemble-
mean energy spectrum as a function of wavenumber 𝑘 in direction 𝜙.
The spatial locality of the mother wavelet permits the interpretation of
𝒦𝐾 (𝑠, 𝜙, 𝜸) = ⟨𝒦 𝑖

𝐾 (𝑠, 𝜙, 𝜸)⟩ as the local energy spectrum at location 𝜸
(Table 1).

In calculating the wavelet coefficients, we spatially interpolate each
10◦ × 10◦ domain centered around each ⊗ in Fig. 1 onto a uni-
form grid (cf. Section 3). The wavelet transform appropriate to the
scale factor 𝑠 was then taken between [𝑘min

𝐹 , 𝑘max
𝐹 ] with 40 monotonic

increments where 𝑘min
𝐹 and 𝑘max

𝐹 are the minimum and maximum
Fourier wavenumbers respectively, and angle 𝜙 with the resolution
of 𝜋∕18 radian (= 10◦) between [0, 𝜋). The scaling was then truncated
at scales below 50 km and appended with scales corresponding to the
Fourier wavenumbers to increase the wavenumber resolution at higher
wavenumbers leaving us with 47 increments. The spatial integration
of the product of the wavelet and the data is the wavelet coefficient
for each location. The computational cost of our wavelet transform
Python package (Uchida and Dewar, 2022) scales as one would take
the continuous Fourier transform, i.e. (𝑛2) unlike (𝑛 ln 𝑛) as in fast
Fourier transform (FFT) algorithms where 𝑛 is the size of data (Uchida
et al., 2021d).

3. Results

We examine the kinetic energy (KE) and spectral flux from the
two locations in Fig. 1 at the surface and below the mixed layer
(𝑧 = −3, −452m respectively). The depth of 452m was chosen to
be within the general wind-driven circulation but well beneath the
4

mixed layer in order to avoid KE input from convective events and
surface wind stress (cf. Uchida et al., 2022b, their Fig. 2b), in our
case parametrized by the K-profile parameterization (KPP; Large et al.,
1994). The 48-member ensemble outputs used in this study are instan-
taneous snapshots every five days starting at 00:10, January 1, 1967; no
temporal averaging has been applied. By this date, four years after the
initial ensemble generation, ensemble statistics have saturated. Similar
spectral analyses at location A, performed on the same date at 10-year
intervals in the available 50 years of five-day averaged outputs (not
shown) produce statistically equivalent results.

Prior to taking the wavelet transforms, the fields were linearly
interpolated onto a uniform grid. In order to account for the finite-
volume discretization of MITgcm, we first weighted the velocity fields
by the grid area. The velocities were then linearly interpolated onto
the uniform grid and divided by the area also interpolated onto the
uniform grid. The uniform grid spacings were taken as the minimum
spacing per 10◦ × 10◦ domain centered around each location in Fig. 1.
The wavelet transforms are taken at the single grid point at the center
of the 10◦ × 10◦ domain while the fast Fourier transforms (FFTs) are
taken over the 10◦ × 10◦ domain.

3.1. The wavelet and Fourier approach

One of the major differences between quasi geostrophy and primi-
tive equations is that advection is two-dimensional (2D) in the former
and three-dimensional (3D) for the latter. It can be argued that for
primitive equations, the eddy velocity defined about the thickness-
weighted averaged residual mean, which reduces to 2D under adiabatic
conditions, corresponds to the QG eddy velocities under order-Rossby
number fluctuations in the layer thickness (Young, 2012; Marshall
et al., 2012; Maddison and Marshall, 2013; Aoki, 2014; Loose et al.,
2022b; Uchida et al., 2023a; Meunier et al., 2023). Nonetheless, the
spectral flux of KE and enstrophy have commonly been examined in
geopotential coordinates (e.g. Capet et al., 2008a; Arbic et al., 2013;
Khatri et al., 2018, 2021; Ajayi et al., 2021; Storer et al., 2022). Due
to the discrepancies between quasi geostrophy and primitive equations
in geopotential coordinates, there is no guarantee that the inertial-
range theory should hold for the latter. In this section, we examine
the agreement between the wavelet and Fourier approach, and to what
extent the spectra and spectral fluxes in geopotential coordinates are
consistent with QG predictions. We also include contributions from
vertical advection unlike studies using satellite observations where only
the horizontal velocities are available (Scott and Wang, 2005).

3.1.1. Spectral estimates
We start by comparing the wavenumber spectra of eddy-KE (EKE;

Table 1) derived from wavelet and traditional Fourier methods at
locations A and B. While wavenumber spectra have commonly been
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Table 1
Notation of the variables and description. The derivation of the spectral budget terms is given in Appendix A. [⋅] indicates the real part.
Mathematical notation Description

𝒖 = 𝑢𝒆1 + 𝑣𝒆2 Horizontal momentum vector
𝒗 = 𝒖 +𝑤𝒆3 Three-dimensional (3D) momentum vector
𝒖 = ⟨𝒖⟩ + 𝒖′ Ensemble-based Reynold’s decomposition
𝐾 = 1

2
|𝒖|2 Total kinetic energy (TKE)

𝐾# = 1
2
|⟨𝒖⟩|2 Mean kinetic energy (MKE)

⟨𝒦 ⟩ = 1
2
⟨|𝒖′|2⟩ Eddy kinetic energy (EKE)

(̂⋅) Fast Fourier transform (FFT)
(̃⋅) Continuous wavelet transform
𝒦𝐾 = 1

2𝐶𝛯

⟨

𝒖′∗ ⋅ 𝒖′
⟩

𝑥20𝑘 EKE spectrum

𝐾 = 1
𝐶𝛯


[

⟨𝒖′∗ ⋅ 𝒖′𝑡⟩
]

𝑥20𝑘 Spectral tendency of EKE

𝐾 = − 1
𝐶𝛯


[

⟨

𝒖′∗ ⋅ ∇̃h𝜙′
⟩

]

𝑥20𝑘 Spectral pressure work to EKE

𝐾 = − 1
𝐶𝛯


[

⟨

𝑢′∗ ̃(𝒗 ⋅ ∇𝑢′)
⟩

+
⟨

𝑣′∗ ̃(𝒗 ⋅ ∇𝑣′)
⟩

]

𝑥20𝑘

= − 1
𝐶𝛯


[

⟨

𝑢′∗ ̃(𝒗 ⋅ ∇𝑢)′
⟩

+
⟨

𝑣′∗ ̃(𝒗 ⋅ ∇𝑣)′
⟩

−
⟨

𝑢′∗ ̃𝒗′ ⋅ ∇⟨𝑢⟩
⟩

−
⟨

𝑣′∗ ̃𝒗′ ⋅ ∇⟨𝑣⟩
⟩

]

𝑥20𝑘
Spectral transfer of EKE

𝐾 = 1
𝐶𝛯


[

⟨

𝒖′∗ ⋅ ̃ ′⟩
]

𝑥20𝑘 Spectral diabatic terms of EKE

MtE𝐾 = − 1
𝐶𝛯


[

⟨

𝑢′∗ ̃𝒗′ ⋅ ∇⟨𝑢⟩
⟩

−
⟨

𝑣′∗ ̃𝒗′ ⋅ ∇⟨𝑣⟩
⟩

]

𝑥20𝑘 Spectral shear production

𝜀𝐾 (𝑘) = ∫𝑘>𝑘† 𝐾 (𝑘†) d𝑘† Spectral flux of EKE
𝜀𝑙(𝑙) = −

⟨

𝗦𝑙(𝒖′) ∶ 𝗧𝑙(𝒖, 𝒖′)
⟩

Horizontal EKE spectral flux based on Aluie et al. (2018) (cf. (15))
computed for total-KE, our interest in EKE stems from geostrophic
turbulence alluding to eddies. Prior to taking the FFT, land cells sur-
rounded by ocean were linearly interpolated over and filled in with
zeros otherwise. A standard Hann window was then applied to make
the data doubly periodic. No windowing was applied to the wavelet
approach. In all cases, bootstrapped confidence intervals are provided
by randomly resampling (with replacement) from the 48-ensemble
member energy densities 9999 times.

As shown in Fig. 3, the two approaches agree well in their spectral
estimates. Such a similarity between Fourier and wavelet estimates
have also been identified in doubly periodic homogeneous QG simu-
lations where Fourier modes are best suited (Uchida et al., 2023b).
As expected, EKE at location A is orders of magnitude larger than
at location B. The wavelet spectra peak around 300–500 km for both
locations, a feature the Fourier approach is unable to capture due to
low wavenumber resolution at small wavenumbers. The overall spectral
slopes are around −3 at the surface but steepen with wavenumber
nd significantly below the mixed layer. A least-squares best fit to
he spectra between roughly 250–80 km at 𝑧 = −452m suggests a
3.93 and −3.75 power law at locations A and B respectively, which is
onsiderably steeper than either the −5∕3 or −3 energy and enstrophy
nertial-range laws emerging from standard scaling analysis of quasi
eostrophy.

.1.2. Spectral budgets
In the ocean, it is unlikely that the sources and sinks of energy are

ocalized in wavenumber as assumed by standard, idealized inertial-
ange theories. Estimates of the scale-dependence can be made by ex-
licitly computing wavelet-transforms of the ‘dynamics’, i.e. transforms
f all the terms in the spectral budget of eddy momentum

𝐾 = 𝐾 +𝐾 + MtE𝐾 +𝐾 , (11)

here the notations are summarized in Table 1. A derivation of each
erm is given in Appendix A. Our form of pressure work consists only
f the wavelet transforms related to −⟨𝒖′ ⋅ ∇h𝜙′

⟩ where ∇h is the hor-
zontal gradient operator. Adding and subtracting ⟨𝑤′𝑏′⟩ respectively
nd using the hydrostatic relationship demonstrates that exchanges
etween potential and kinetic energies are contained in this term (e.g.
chida et al., 2024). We do not consider potential energy explicitly
ere, leaving this as a topic for consideration elsewhere.

The relative contributions of terms in the spectral budget computed
5

t location A are shown in Fig. 4 where the residual (gray dashed
line) is seen to be negligible. Namely, we are able to close the EKE
spectral budget with wavelets, exemplifying their utility. Positive val-
ues indicate a source for the EKE reservoir and negative values a
sink at a given wavenumber. At the surface, the balance is largely
between pressure work and dissipation due to KPP (Fig. 4a), an indica-
tion of turbulent Ekman dynamics carrying significance and pressure
work counterbalancing Ekman transport. Although peaking at scales
about 300 km, dissipation is broadband in wavenumber. Below the
mixed layer, contribution from convective events reduce significantly
(𝐾 ∼ 0) and the largest values from the dynamics belong to pressure
work and advection, which sum up to the tendency (Fig. 4b). How-
ever, all the quantities, except for advection with positive values, are
indistinguishable from zero at the 95% confidence level.

As an effort to reduce the uncertainty in the spectral budget, we
exhibit the budget when it is spatial averaged over eight neighboring
grid points of location A (viz. nine grid points in total including location
A; Fig. 4c). The spatial averaging is taken after the wavelet budget is
computed at each grid point for each ensemble member. Indeed, we
are leveraging the spatial locality of wavelet transform (4) at each
grid point. In this context, Fourier spectra can be considered as a
spatial average of spectral estimates over the entire 10◦ × 10◦ domain
centered about location A (equivalent to 120 × 116 grid points; Uchida
et al., 2021c). Comparing Figs. 4b and c, the uncertainty noticeably
reduces by merely averaging the spectral estimates over neighboring
nine grid points while capturing the local properties in space within
the Gulf Stream extension. Namely, the mean estimate in solid curves
remain nearly identical between Figs. 4b and c. We acknowledge that
neighboring points are likely correlated with each other so the degrees
of freedom in estimating the uncertainty is smaller than 9𝑁 (= 9 × 48)
upon averaging over nine grid points. Upon examining the uncertainty
when averaged over four grid points, the uncertainty decreased com-
pared to Fig. 4b but was still larger than Fig. 4c (not shown). The
non-conservative term is expected to be very small as we are below
the mixed layer (𝐾 ∼ 0). The advection 𝐾 is positive across all
wavenumbers, which would imply a forward cascade of energy (blue
curve in Fig. 4c). The pressure work term, while noisy, tends to peak
at around 250 km (red curve in Fig. 4c), so QG theory might argue
for an upscale energy cascade at smaller wavenumbers (Vallis, 2006).
This is not what we find (i.e. 𝐾 > 0), however, arguing for a
deviation from quasi geostrophy in our results. The forward KE cascade
in the vicinity of Gulf Stream separation has also been documented
in previous studies (Aluie et al., 2018; Contreras et al., 2023). While

small in magnitude, the energy input from shear production tends to
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Fig. 3. Isotropic (azimuthally-integrated) EKE spectrum 𝒦𝐾 (𝑘) using the wavelet and FFT approach from 𝑧 = −3m (top) and 𝑧 = −452m (bottom) at locations A (left) and B (right;
ndicated in Fig. 1). The wavelet spectra is shown as black curves and Fourier as red curves on January 1, 1967. The land cells are interpolated over for the FFT approach. The
olored shadings indicate the 95% bootstrap confidence interval. Power law with the slope of −2 is indicated with gray dotted–dashed lines, −3 with gray dashed lines and a best

fit between 250–80 km with gray dotted lines.
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be positive at the smallest wavenumbers (MtE𝐾 ≳ 0; green curve in
Fig. 4c), a mechanism sometimes attributed to barotropic instability.
In conjunction with a forward EKE cascade, it is likely that around
location A, the eddies are forced by the mean flow at largest scales,
which drives a downscale cascade.

While the Fourier approach is also able to close the budget (Fig. 4d),
in contrast to the spectra (red curves in Fig. 3), the uncertainty
in Fourier estimates of the spectral budget is much larger than the
wavelets estimates (Fig. 4c). This is surprising because Fourier trans-
form is based on a two-point correlation function which is a global
operator and results in a spatially averaged estimate over the entire
domain of which the transform is taken (Uchida et al., 2021c). The
large uncertainty is partially due to windowing artifacts at smaller
wavenumbers given that the uncertainty increases with decreasing
wavenumber (cf. Aluie et al., 2018; Uchida et al., 2023b), and poten-
tially attributable to conflating different dynamical regimes within an
inhomogeneous flow, e.g. the relatively narrow separated Gulf Stream
path and flows about it.

Fig. 5 documents the spectral budget at location B. Similar to loca-
tion A, at the surface, the balance is largely between pressure work and
dissipation. At the smallest wavenumbers, the energy input from wind
stress is negative (𝐾 < 0, cyan curve in Fig. 5a; Renault et al., 2016;
Uchida et al., 2024). The uncertainty is large but again notably reduces
when averaged over neighboring nine grid points around location B
while retaining the same structure in the mean spectral estimates (solid
curves in Fig. 5b, c). Interestingly, unlike about location A where there
is a persistent mean flow, the shear production is negligible (MtE𝐾 ∼ 0).
The Fourier estimate is severely hampered by the windowing effect and
low wavenumber resolution at small wavenumbers (Fig. 5d).
6

Hereon, the wavelet spectra are computed at a single grid point
while the spectral budgets and fluxes are averaged over nine neighbor-
ing grid points given the size of uncertainty (Figs. 3, 4c and 5c). We
will also focus on below the mixed layer (𝑧 = −452m) where energy
input from surface convection and wind stress is negligible.

3.1.3. Spectral fluxes
Using the wavelet transforms, we can also diagnose the spectral flux

of EKE

𝜀𝐾 (𝜸, 𝜙, 𝑘) = − 1
𝐶𝛯 ∫𝑘>𝑘†


[

⟨

𝑢′∗ ̃(𝒗 ⋅ ∇𝑢′)
⟩

+
⟨

𝑣′∗ ̃(𝒗 ⋅ ∇𝑣′)
⟩

]

𝑥20𝑘
† d𝑘†

= − 1
𝐶𝛯 ∫𝑘>𝑘†


[

⟨

𝑢′∗ ̃(𝒗 ⋅ ∇𝑢)′
⟩

+
⟨

𝑣′∗ ̃(𝒗 ⋅ ∇𝑣)′
⟩

−
⟨

𝑢′∗ ̃𝒗′ ⋅ ∇⟨𝑢⟩
⟩

−
⟨

𝑣′∗ ̃𝒗′ ⋅ ∇⟨𝑣⟩
⟩

]

𝑥20𝑘
† d𝑘†

= ∫𝑘>𝑘†
𝐾 (𝜸, 𝜙, 𝑘†) d𝑘† , (12)

where 𝒗 = 𝒖 + 𝑤𝒆3 is the three-dimensional velocity, 𝒆3 the vertical
unit vector, [⋅] indicates the real part and (⋅)† is a dummy variable
Table 1). Positive values indicate a forward cascade towards smaller
cales and negative values an inverse cascade towards larger scales.
he EKE spectral flux (12) is re-arranged in a way to achieve machine
recision in the spectral budget (Appendix A) but corresponds to

𝒗 ⋅ ∇
|𝒖′|2

2

⟩

=
⟨

𝑢′
[

(𝒗 ⋅ ∇𝑢)′ − 𝒗′ ⋅ ∇⟨𝑢⟩
]⟩

+
⟨

𝑣′
[

(𝒗 ⋅ ∇𝑣)′ − 𝒗′ ⋅ ∇⟨𝑣⟩
]⟩

.

(13)
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Fig. 4. Isotropic EKE spectral budget (11) at the surface and below the mixed layer
at location A. At the surface, there is an additional term due to wind stress 𝐾 (𝑘) (a).
AB𝐾 (𝑘) stems from the Adam–Bashforth time stepping. Panel (b) exhibits the budget
at location A at 𝑧 = −452m while (c) exhibits it when averaged over neighboring
nine grid points surrounding location A. Panel (d) shows the Fourier budget where
land points are interpolated over and data are windowed prior to taking the FFT. The
colored shadings indicate the 95% bootstrap confidence interval.

Fig. 6 shows the isotropic (azimuthally-integrated) spectral flux of
EKE for both the Fourier and wavelet approaches. There is a gen-
eral agreement between the two estimates (within 95% confidence
intervals) and both approaches indicate a forward EKE cascade at
all available spatial scales (Fig. 6), although its significance is much
smaller about location B. Neither location indicates the existence of
an inertial range where the energy flux might be considered scale
independent and constant over a range of wavenumbers. The forward
cascade about location A is likely powered by the energy exchange with
the mean flow at the smallest wavenumbers (Fig. 4c). Consistent with
7

w

Fig. 5. Same as Fig. 4 but for location B.

he budgets, the Fourier spectral flux has much larger uncertainties
han the wavelet approach, the former likely affected by the windowing
rocedure (cf. Aluie et al., 2018; Uchida et al., 2023b). Physically,
he divergence in the ensemble-mean estimates between the two ap-
roaches is attributable to the EKE flux locally about locations A and
compared to the flux averaged over the 10◦ × 10◦ domains.

.2. Oriented spectra and spectral flux

At any spatial location, 𝜸, we compute 𝒦𝐾 (𝑘, 𝜙) for 18 orientation
ngles taken between 𝜙 = [0, 𝜋). We define energy maximal/minimal
ngles as those angles resulting in the maximum/minimum integrated
nergy across all scales in the wavelet decomposition. Plots of the

avelet spectra at energy maximal/minimal wavelet orientation angles,
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Fig. 6. Isotropic EKE spectral flux 𝜀𝐾 (𝑘) at location A (a) and B (b) from 𝑧 = −452m on January 1, 1967. The former is equivalent to 𝐾 (𝑘) in Fig. 4c, d integrated in wavenumber
nd latter in Fig. 5c, d. The wavelet approach is averaged over neighboring nine grid points. The FFT approach has the land cells interpolated over and is windowed while neither
re applied for the wavelet approach. The colored shadings indicate the 95% bootstrap confidence interval.
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long with the respective angles, are shown for locations A and B in
ig. 7. The directions of maximum and minimum energy are nearly
rthogonal and closely coincide, respectively, with the meridional and
onal directions at both locations.

We first examine the location close to the Gulf Stream separation
oint, as seen in Fig. 1 (location A; Fig. 7a), which exhibits the highest
nergy levels (close to 103 (m2 s−2)∕cpm) within the North Atlantic
asin. Figs. 3b and 7a differ in the fact that the former is azimuthally
ntegrated while the latter is not. A dashed line indicating a −3 slope
ppears in gray; the spectrum aligned with the angle associated with
aximum energy has a shallower slope than the angle associated
ith minimum energy but still tends to be steeper than −3 at lower
avenumbers, and then transitions to an even steeper decay for higher
avenumbers as already observed in Fig. 3b. A statistically significant

ignal of anisotropy is apparent, characterized by enhanced energy in
he meridional direction relative to the zonal direction. This is likely an
mprint of the Gulf Stream on the eddy field due to the roughly zonal
rientation of the separated Gulf Stream.

Location B (Fig. 7b) comes from ostensibly the interior of the
eneral circulation where one might anticipate QG dynamics would
overn. Mean flows are weak and do not exhibit much structure on
he deformation scale, generating conditions in which isotropy might
e anticipated. In accord with these expectations, the energy level is
uch lower than location A. Beyond this, however, the results are

uite surprising. Most unexpectedly, the spectra exhibit statistically
ignificant anisotropy, in a sense similar to that at location A. Namely,
orth–South (nominally) spectra are more energetic than East-West

pectra. The spectral slope in the North–South direction is close to −3
ut is steeper in the East-West direction. This is difficult to ascribe to
anonical isotropic QG dynamics. In short, our quantitative measures
f the eddy field in the ocean interior do not meet with inertial-range
xpectations.

Aligned with the orientation of maximum and minimum levels of
KE, the EKE spectral flux are shown (Fig. 7c, d). There is a rough
orrespondence between the spectra and flux where the angle with the
east amount of EKE with steepest spectral slope is associated with a
arger forward cascade of EKE. Conversely, the angle with the highest
mount of EKE and shallowest spectral slope indicates an inverse
ascade.

Along with the spectra, we exhibit the eddy anisotropy angles
efined as (Waterman and Lilly, 2015)

= 1
2
arctan

(

2⟨𝑢′𝑣′⟩
⟨𝑢′2 − 𝑣′2⟩

)

. (14)

The angles north of 30◦N show no coherent patterns while there is
ome indication of a slight north-eastward self-organization of angular
atterns south of 30◦N (Fig. 8), which may be resulting from beta-
lane turbulence (Maximenko et al., 2005; Danilov and Gurarie, 2004;
8

alperin et al., 2004, 2006). In particular, Galperin et al. (2014)
nd Lemasquerier et al. (2023) demonstrated that under zonostrophic
onditions, the meridional energy spectra had higher power than zonal
nergy spectra across all spatial scales, which tends to be consistent
ith the anisotropy we observe in our spectra.

.3. Temporal variability

The ensemble dimension allows us to examine the temporal vari-
bility of the wavenumber spectra. The temporal stability of the results
bove can be assessed by conducting the same analysis on data five
nd 10 days later in time. The energy input from the mean flow to
ddies remains positive and relatively stationary over time at location A
MtE𝐾 > 0; green curves in Figs. 4c and 9c, e). It is negligible at location
(MtE𝐾 ∼ 0; Figs. 5c and 9d, f). 𝐾 largely fluctuates with 𝐾 at both

locations A and B (Fig. 9c–f) and is not stable in sign. Namely, the
pressure work is largely passed onto the tendency term, which might
suggest signals propagating through location A from its surroundings.
As the ensemble mean, which captures the oceanic response to atmo-
spheric forcing, is removed from the spectral calculations, the signals
are likely due to oceanic intrinsic variability including mesoscale eddies
and perhaps also planetary waves. In contrast, the spectral flux is
persistently positive and significant at the 95% level for scales above
∼50 km at both locations (Fig. 9g, h). Despite the large fluctuations
in EKE tendency, the spectra seem remarkably stable in time (they
are virtually indistinguishable from each other through January 1–11;
Figs. 9a, b).

Fig. 10 documents the EKE and slopes of isotropic EKE spectra at
the surface and 𝑧 = −452m throughout the year of 1967. The slopes
at the surface tend to be shallower than at depth. Consistent with
previous studies (e.g. Uchida et al., 2017; Ajayi et al., 2020; Khatri
et al., 2021), there seems to be a seasonality of shallower slopes during
winter-to-spring and steeper slopes during summer-to-autumn at the
surface but the seasonal signal tends to be dulled at depth. Interestingly,
the shallower slopes do not directly translate to higher levels of EKE
at the surface (dashed curves in Fig. 10a, b). Focusing on below the
mixed layer, the EKE spectral flux largely tends to be positive about
location A (Fig. 10c) but an inverse EKE cascade emerges about location
B between spring and autumn (March–November) at scales of 250 km
(Fig. 10e). At location A, shear production from the mean flow is overall
positive (MtE𝐾 ≳ 0; Fig. 10d). While MtE𝐾 is predominantly negative
at location B, the magnitude of it is an order smaller than the spectral
flux (Fig. 10f).

We end this section by documenting the annual mean of the
ensemble-averaged wavelet-based isotropic spectral budget and flux
at location A and B. The temporal averaging was applied by taking
the ensemble-based budgets every 15 days to allow for temporal

decorrelation. At location A, the large fluctuations in pressure work
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Fig. 7. Wavelet-based EKE spectra 𝒦𝐾 (𝜙, 𝑘) plotted along the orientation of maximum and minimum energy from 𝑧 = −452m at locations A (a) and B (b) on January 1, 1967.
The angles, associated with the maximum and minimum energy at each location, are color coded. The 95% bootstrap confidence intervals are shown in colored shadings. Power
law with the slope of −3 is indicated with the gray dashed line. The lower panels exhibit the EKE spectral flux 𝜀𝐾 (𝜙, 𝑘) oriented along the maximum and minimum energy about
locations A (c) and B (d).
Fig. 8. The eddy ellipse angle 𝜗 at 𝑧 = −452m on January 1, 1967. The lime-colored markers ⊗ indicate locations A and B.
and EKE tendency tend to die off at scales below 300 km (Fig. 11a).
Shear production from the mean flow seems relatively stable in time,
which implies a stable mean Gulf Stream, and is always in the di-
rection of energizing the eddies at the largest scales (MtE𝐾 > 0;
Figs. 4c, 9a, c and 11a). Interestingly, at location B the signal of
pressure work persists and remains a leading-order term in the EKE
budget (Fig. 11b). Shear production at this location from the mean flow
remains negligible. The EKE spectral flux indicate a forward cascade at
location A across all scales (Fig. 11c) while an inverse cascade emerges
at scales larger than 200 km for location B (Fig. 11d). In conjunction
with Figs. 9f and 10e, this implies that even though the EKE cascade
is upscale as a net over time at location B, consistent with previous
studies examining the time-mean view of EKE cascade, there are times
where the cascade can be downscale. We note that while the 𝐾 term
exhibits a negative value at medium scales (Fig. 11a), it demonstrates
9

positive values for both larger scales (>800 km) and smaller scales
(<500 km). This observation may suggest that energy is transferred from
the medium scales to both the larger and smaller scales, indicating a bi-
directional energy cascade rather than solely a forward energy cascade
at location A.

4. Conclusions and discussion

Using a relatively novel wavelet approach applied to an ensemble of
eddy-rich North Atlantic simulations, we claim we can compare local
oceanic eddy-kinetic energy (EKE) spectra from several spots within the
general circulation characterized by vastly different dynamics (Grooms
et al., 2011). While some studies have expanded their analyses to
characterize the spectral structure on a global scale (Storer et al., 2022,
2023), here, we have taken interest in the other tail end of the spatial
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Fig. 9. Isotropic wavelet-based spectra 𝒦𝐾 (𝑘) between January 1–11, 1967 from 𝑧 = −452m at locations A and B (a, b). Isotropic wavelet-based spectral budget on January 6 and
11, 1967 from 𝑧 = −452m (c–f). Isotropic wavelet-based spectral flux 𝜀𝐾 (𝑘) between January 1–11, 1967 from 𝑧 = −452m (g, h). The spectra and spectral flux on January 1 are
identical to those in Figs. 3 and 6 but are added here for comparison. The budgets and fluxes are averaged over nine neighboring points.
range. Specifically, we compare spectra locally within the Gulf Stream
extension to those found in the gyre interior. The motivation for these
comparisons arise from: (i) a parameter-free definition of an ‘eddy’, and
(ii) interest in clarifying the description of eddies in this heterogeneous
field dominated by an ensemble-mean Gulf Stream and relatively qui-
escent interior. We anticipated that the Gulf Stream would imprint the
eddy field with an anisotropic structure (Uchida et al., 2021c), but that
the gyre interior would be much simpler and isotropic (Pedlosky et al.,
1987). Although earlier studies had warned that the separated Gulf
Stream might not be quasi-geostrophic (QG; Aluie et al., 2018; Jamet
et al., 2020b; Contreras et al., 2023), we nonetheless expected to see
10
evidences of up-scale energy cascades at scales beyond the deformation
radius, and down-scale cascades at shorter length scales.

Several relatively robust characteristics emerge from our calcula-
tions, almost none of which aligned with our hypotheses. As expected,
the near separation Gulf Stream was found to be anisotropic at the 95%
confidence level. However, beyond this, our analysis yielded surprising
results. An examination of spectral flux in the near Gulf Stream argued
for down scale energy cascades across the spectrum and yielded es-
sentially no evidence for an up-scale flux (Figs. 6 and 10), although
the inverse cascade emerges later into the year about location B. The
forward EKE cascade in the Gulf Stream extension is likely powered by
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f

Fig. 10. Time series of EKE at locations A and B (a) and of isotropic EKE spectral slopes at locations A and B (b). Dashed curves show the slopes at the surface while solid curves
or 𝑧 = −452m. Location A is in blue and B in orange curves. The slopes were estimated by fitting a line to 𝒦𝐾 (𝑘) at scales between 250–80 km. EKE spectral transfer 𝐾 (𝑘) and

shear production MtE𝐾 (𝑘) integrated over scales below 80 km, 250 km and 500 km are shown for location A (c, d) and B (e, f) at 𝑧 = −452m.
energy input from the mean flow via shear production at the largest
scales (Figs. 4c, 9a, c and 10c). Conversely, the input from mean flow
to the eddies being negligible at location B likely allows for the inverse
EKE cascade to emerge. We also find that the direction of energy
cascade is time and angle dependent, a deviation from inertial-range
arguments where stationarity and isotropy are assumed.
11
In summary, we argue the North Atlantic eddy field is found in
an unavoidably inhomogeneous environment (Uchida et al., 2021c),
and exhibits characteristics that we currently have little theoretical
guidance to interpret. The steep spectral slopes could be ascribed to
numerical viscosity (Arbic et al., 2013; Uchida et al., 2017), inter-
mittency in the turbulence cascade (Vallis, 2006), or deviation from
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Fig. 11. Annual mean of terms with significance in the ensemble-averaged wavelet-based spectral EKE budgets at location A (a) and B (b) at 𝑧 = −452m. The annual mean is
taken after ensemble averaging the budgets every 15 days. Annual mean of EKE spectral flux 𝜀𝐾 (𝑘) at location A (c) and B (d).
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quasi geostrophy in the Gulf Stream region. In the highly stratified Gulf
Stream region, the presence of leading-order vortex-tube stretching
may be emphasized, a deviation from quasi geostrophy where isopycnal
fluctuations are constrained to be on the order of small Rossby number.
The steepness is also partially attributable to the lack of submesoscale
dynamics in our ensemble, which has been demonstrated to shoal the
EKE spectra (Capet et al., 2008a; Chassignet and Xu, 2017; Ajayi et al.,
2020; Schubert et al., 2020; Khatri et al., 2021), and us analyzing below
the surface mixed layer where mixed-layer instability occurs (Boccaletti
et al., 2007; Özgökmen et al., 2011; Uchida et al., 2017, 2019, 2022c).
Preliminary findings show, however, that even at 1/50◦ resolution,
the spectral slope remains significantly steeper than −3 below the
mixed layer (𝑧 = −412m) in the separated Gulf Stream region (Sup-
plementary Material; Figs. S2 and S3). Further examination on the
level of deviation from quasi geostrophy below the mixed layer is left
for future work but there is some indication from in-situ observations
that our steep spectral slopes in the interior may not merely be a
model artifact (Steinberg and Eriksen, 2022, their Fig. 10, panel sg045).
While our ensemble was never developed with the observations of the
Deep Western Boundary Current in mind, it is able to capture the KE
variability about frequencies corresponding to 30–50 days observed in
the Line W mooring data (Supplementary Material, Fig. S1; Andres
et al., 2016). Finally, and perhaps most unexpectedly, anisotropy in
the computed spectra is apparent at a location within the gyre interior,
a location where we a priori expected it to be horizontally isotropic;
the anisotropy could be an artifact of beta-plane turbulence (Fig. 7).
We hope our results shed light on the necessity to advance theories
on geostrophic turbulence to incorporate non-stationarity, anisotropy,
heterogeneity and contributions from vertical motion.

The goals of this paper were to apply the wavelet-based technique
for estimating the EKE wavenumber spectra and its spectral flux in
realistic simulations where the usual assumptions of homogeneity and
isotropy are clearly suspect. We have demonstrated that the wavelet
method is not inconsistent with the canonical Fourier approach but
with the additional strengths of: (i) negating the necessity for the data
to be periodic, (ii) flexibility in defining the wavenumber resolution
via the scaling 𝑠, and (iii) being able to extract the local anisotropy in
12

T

the flow through the rotational matrix 𝗥 (cf. Uchida et al., 2023b). As
was noted in Uchida et al. (2023b), our approach is complementary
to the growing body of literature on spectral methods attempting to
overcome the shortcomings of the Fourier approach: Aluie et al. (2018),
Sadek and Aluie (2018), Schubert et al. (2020), Zhao et al. (2022),
Buzzicotti et al. (2023) and Tedesco et al. (2024) where they use
a spatial filter to examine the KE spectra and cross-scale transfer,
Lindborg (2015), Balwada et al. (2016, 2022), LaCasce (2016), Poje
et al. (2017), Pearson et al. (2020) and Pearson et al. (2021) where they
implement structure functions, Jamet et al. (2020a) where they employ
a Green’s function, and Uchida et al. (2021c) where they use Empirical
Orthogonal Functions. Barkan et al. (2021) and Srinivasan et al. (2022)
apply the filtering method in both the spatiotemporal dimensions. It is
true that the eddy field is not expected to be stationary, although this
is a topic that has not received serious attention in this paper. Based on
characteristic time scale arguments 𝜏 = 𝒦𝐾∕𝐾 , one might expect the
spectra at scales above 100 km to vary on the timescales of 𝜏 ∼ 104–
105 s ≃ 0.1–1 days looking at Figs. 3c, d, 4c, 5c and 9. Interestingly, EKE
nd its spectra below the mixed layer seem remarkably stable over time
Figs. 3, 9a, b and 10a, b) whereas its tendency 𝐾 fluctuates rapidly
ith time (Figs. 4, 5 and 9c–f). While the ensemble technique permits

he examination of the time dependence of eddy spectra and spectral
lux, we have only touched upon it here (Fig. 10). A more complete
xamination of the cross-scale eddy energy transfers is also desirable
nd possible within the ensemble framework. And with it, one can
xamine in more detail the eddy dynamics to address the question of
nisotropic up- and down-scale energy transfers. These are amongst the
ext set of items we intend to address. It is also possible that inertial
aves have affected our snapshot energy-cascade estimates but, the

nteraction between inertial waves and geostrophic turbulence is a topic
f active research (e.g. Rocha et al., 2018; Asselin and Young, 2020;

homas and Arun, 2020) and is beyond the scope of this study.
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Fig. 12. Isotropic horizontal EKE spectral flux based on the spatial-filtering approach on Jan. 1, 1967 and its annual mean of 1967 at 𝑧 = −452m (a–d). The flux corresponding
to length scales of 120 and 400 km are demonstrated. The annual mean was taken after 𝜀𝑙 and 𝜀h were computed every 15 days. Locations A and B are denoted in lime colored
⊗. The spatial-filtering and wavelet-based isotropic horizontal spectral flux plotted against wavenumber at locations A and B on Jan. 1, 1967 and its annual mean of 1967 (e–h).
The spatial filtering was taken for length scales between 30–500 km. For Jan. 1, 1967, we show 𝜀𝑙 at each single grid point (magenta) and averaged about nine neighboring points
(red). 𝜀𝐾 in gray dashed curves is the same as in Figs. 6 and 11 but is plotted here as well for comparison.
For the sake of comparison, we briefly discuss the spatial-filtering
method applied to the eddy equations (A.13) and (A.14).2 Upon taking
the dot product of (A.13) and (A.14) with 𝒖′

𝑙
, one identifies the source

of spectral flux attributable to horizontal non-linear interactions (Aluie
et al., 2018), i.e.

𝜀𝑙(𝜸, 𝑙) = −
⟨

𝗦𝑙(𝒖′) ∶ 𝗧𝑙(𝒖, 𝒖′)
⟩

2 Our approach differs from previous studies in that we apply the spatial
filtering to the eddy momentum equations and not the total (eddy+ mean)
momentum equations.
13
= −
⟨

(

𝑢𝑢′
𝑙
− 𝑢𝑙𝑢′

𝑙)
𝑢′
𝑙
𝑥 +

(

𝑢𝑣′
𝑙
− 𝑢𝑙𝑣′

𝑙
+ 𝑣𝑢′

𝑙
− 𝑣𝑙𝑢′

𝑙) 𝑢′
𝑙
𝑦 + 𝑣′

𝑙
𝑥

2

+
(

𝑣𝑣′
𝑙
− 𝑣𝑙𝑣′

𝑙)
𝑣′
𝑙
𝑦

⟩

, (15)

where (⋅)
𝑙

is the filtering operator with the spatial scale 𝑙, 𝗧𝑙(𝒖, 𝒖) =
𝒖⊗ 𝒖𝑙 − 𝒖𝑙 ⊗ 𝒖𝑙 is the sub-scale stress tensor, and 𝗦𝑙(𝒖) =

[

∇h ⊗
𝒖𝑙 + (∇h ⊗ 𝒖𝑙)𝖳

]

∕2 the horizontal strain tensor. Superscript 𝖳 is the
transpose operator and ∶ is the tensor inner-product operator. As is
evident from (15), the contributions from vertical advection, which
are an integral part of the eddy momentum budget (viz. 𝗧 (𝑤𝒆 , 𝒖′) in
𝑙 3
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(A.13) and (A.14) where 𝒆3 is the vertical unit vector), are missing.
e find the omission of vertical advection problematic and difficult

o justify in estimating the KE spectral flux but, it is a convention
ommonly adopted by oceanographic papers that stem from Aluie et al.
2018) and we shall adhere to it here.3

Fig. 12 shows the horizontal EKE spectral flux 𝜀𝑙 and its equivalent
ased on wavelets

h(𝜸, 𝜙, 𝑘) = − 1
𝐶𝛯 ∫𝑘>𝑘†


[

⟨

𝑢′∗ ̃∇h ⋅ (𝒖𝑢′)
⟩

+
⟨

𝑣′∗ ̃∇h ⋅ (𝒖𝑣′)
⟩

]

𝑥20𝑘
† d𝑘† .

(17)

We find that the two approaches largely agree within the range of
uncertainty. The higher likelihood of a forward EKE cascade at scales
below 200 km compared to previous studies with comparable model
resolution ( Fig. 12a, b; Aluie et al., 2018; Storer et al., 2023) likely
has to do with us analyzing the eddy equations and using instantaneous
snapshot outputs. Namely, frontal features are more pronounced in
instantaneous eddies than in a time-averaged total (eddy+ mean) flow.
The significance of vertical advection of EKE on the spectral flux
corroborates the plausibility of forward cascade being catalyzed by
frontal dynamics (Schubert et al., 2020; Srinivasan et al., 2022), albeit
frontogenesis in our model is only partially resolved. We examined the
flux based on five-day averaged outputs of total horizontal momentum
⟨𝗦𝑙(𝒖) ∶ 𝗧(𝒖, 𝒖)⟩ and found a higher tendency for total KE to cascade
upscale across wavenumbers (Fig. S4). The difference between 𝜀𝑙 and 𝜀h
from 𝜀𝐾 in Figs. 6 and 11 implies that vertical advection of horizontal
momentum contributes considerably to the forward cascade of EKE
(Fig. 12e–h). This is a statement easily believable in the separated
Gulf Stream region where its meandering can cause leading-order up-
and-down heaving of isopycnals (Uchida et al., 2022b) but we find
that vertical motion contributes non-negligibly in the gyre interior as
well. Taking the annual mean results in the forward cascade found
in instantaneous snapshots to be largely cancelled out particularly at
scales larger than 200 km, leaving the net signature of horizontal EKE
cascade to be generally upscale (𝜀𝑙 < 0, 𝜀h < 0; Fig. 12d, f, h). Similar
to the California Current region where vertical isopycnal fluctuations
are relatively small (Capet et al., 2008b), contributions from verti-
cal motion at location B become small upon a temporal averaging
(gray-dashed and black-solid curves in Fig. 12h).

A highly related and separate issue involves the examination of
potential energy fluxes. We have here looked solely at the KE spectra.
QG theory in its predictions for up and down scale cascades involves
the combined kinetic and potential energies of the flow (Vallis, 2006).
However, in contrast to QG theory, where the resulting total energy is
quadratic and positive definite, primitive equation settings in geopo-
tential coordinates bring no such guarantees as dynamic enthalpy is
virtually a linear term (ℎ = ∫ 𝑔−1𝑏(𝛩,𝑆,𝛷) d𝛷; Young, 2010; Uchida
et al., 2024) and buoyancy 𝑏 is not sign definite where 𝛩 is conservative
temperature, 𝑆 is absolute salinity, and 𝛷 is the dynamically non-
active part of hydrostatic pressure; the TWA framework, on the other
hand, suggests a (quadratic) positive-definite total eddy energy when

3 In order to incorporate vertical advection under this tensor formalism, the
ub-scale stress tensor needs to be a rank-three tensor (e.g. 𝗧𝑙(𝒗, 𝒗′)) because

the 3D eddy strain tensor 𝗦𝑙(𝒗′)
(

=
[

∇ ⊗ 𝒗′
𝑙
+ (∇ ⊗ 𝒗′

𝑙
)𝖳
]

∕2
)

is a rank-three
ensor. This is not possible for hydrostatic Boussinesq fluids, however, as
ertical velocity is not a prognostic variable and thus Reynold’s stresses cannot
e formulated in its filtered equation (Marshall et al., 1997), viz.

𝑤𝑙 = −∫

0

𝑧
(∇h ⋅ 𝒖𝑙) d𝑧† . (16)

Namely, unlike for horizontal momentum, the Lagrangian tendency 𝐷𝑤
𝐷𝑡

(=
𝑡+𝒗 ⋅∇𝑤) is not prognostically computed in hydrostatic simulations and thus,
𝑙(𝒗, 𝑤𝒆3) cannot be identified in a dynamically consistent manner (cf. (A.13)
nd (A.14)).
14
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the equation of state for density is linear or when the amplitude of
perturbations are on the order of small Rossby number (cf. Maddison
and Marshall, 2013; Aoki, 2014; Loose et al., 2022b; Uchida et al.,
2022b, their Appendix A). How to address the role of potential energy
in non-linear cascades and its impact on KE anisotropy is left for future
work.
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Appendix A. Spectral budget

One of the desirable properties of taking the averaging over the
ensemble dimension is that the wavelet transform and averaging op-
erator commute with each other, i.e. ⟨⋅̃⟩ = ⟨̃⋅⟩, owing to the ensemble
imension being orthogonal to the spatiotemporal dimensions.
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A.1. Total kinetic energy

The MITgcm diagnostics outputs were saved for each term in
the total momentum budget

𝒖𝑡 + 𝒗 ⋅ ∇𝒖 + 𝒇 × 𝒖 = −∇h𝜙 +  , (A.1)

where  = ( ,) is the non-conservative diabatic term consisting of
dissipation and contribution from KPP. The spectral budget of total
kinetic energy (TKE; 𝐾 = |𝒖|2∕2) is constructed by taking the dot
product of total horizontal momentum vector with (A.1)

𝐾𝑡 + 𝒗 ⋅ ∇𝐾 = −𝒖 ⋅ ∇h𝜙 + 𝒖 ⋅  . (A.2)

Thus, the mean TKE spectral budget becomes
1
𝐶𝛯

⟨�̃�∗ ⋅ 𝒖𝑡⟩ 𝑥20𝑘 = − 1
𝐶𝛯

⟨

�̃�∗ ⋅ ∇̃h𝜙
⟩

𝑥20𝑘 −
1
𝐶𝛯

[⟨

�̃�∗ ̃(𝒗 ⋅ ∇𝑢)
⟩

+
⟨

�̃�∗ ̃(𝒗 ⋅ ∇𝑣)
⟩]

𝑥20𝑘 +
1
𝐶𝛯

⟨

�̃�∗ ⋅ ̃
⟩

𝑥20𝑘 . (A.3)

𝐶𝛯 is computed using the xrft Python package (Uchida et al.,
021d). The horizontal KE spectral flux often examined by other studies
s encapsulated in the advective terms of (A.3).

.2. Mean kinetic energy

The ensemble mean kinetic energy (MKE; 𝐾# = |⟨𝒖⟩|2∕2) equation is
given by taking the dot product of mean momentum vector with each
terms in the mean momentum equation

⟨𝒖𝑡⟩ + ⟨𝒗⟩ ⋅ ∇⟨𝒖⟩ + ⟨𝒗′ ⋅ ∇𝒖′⟩ + 𝒇 × ⟨𝒖⟩ = −⟨∇h𝜙⟩ + ⟨⟩ , (A.4)

viz.

𝐾#
𝑡 + ⟨𝒗⟩ ⋅ ∇𝐾# = −⟨𝒖⟩ ⋅ ∇h⟨𝜙⟩ − ⟨𝑢⟩∇ ⋅ ⟨𝒗′𝑢′⟩ − ⟨𝑣⟩∇ ⋅ ⟨𝒗′𝑣′⟩ + ⟨𝒖⟩ ⋅ ⟨⟩

= −⟨𝒖⟩ ⋅ ∇h⟨𝜙⟩ −
[

∇ ⋅
⟨

𝒗′(⟨𝒖⟩ ⋅ 𝒖′)
⟩

− ⟨𝒖′𝒗′⟩ ⋅ ∇⟨𝒖⟩
]

+ ⟨𝒖⟩ ⋅ ⟨⟩ . (A.5)

On the other hand, in obtaining the MKE budget terms to machine
precision, we rerun MITgcm every five days from the ensemble-mean
state. Equivalently, we solve for the momentum equation as a initial-
value problem where the initial condition is given as the ensemble
mean state every five days

⟨𝒖𝑡⟩ + ⟨𝒗⟩ ⋅ ∇⟨𝒖⟩ + 𝒇 × ⟨𝒖⟩ = −⟨∇h𝜙⟩ + ⟨⟩ , (A.6)

and MITgcm diagnostics outputs were saved for each term in (A.6)
upon running it for a few time steps. This allows us to diagnose the
divergence of the Reynolds stress, ∇ ⋅ ⟨𝒗′𝒖′⟩, to machine precision by
taking the difference between the ensemble mean of total momentum
equations (A.4) and (A.6). Taking the dot product of the mean momen-
tum vector with (A.6) yields the prognostic MKE (pMKE) budget as an
initial-value problem

𝐾#
𝑡 + ⟨𝒗⟩ ⋅ ∇𝐾# = −⟨𝒖⟩ ⋅ ∇h⟨𝜙⟩ + ⟨𝒖⟩ ⋅ ⟨⟩ . (A.7)

Notice that (A.7) differs from (A.5) by ∇ ⋅
⟨

𝒗′(⟨𝒖⟩ ⋅𝒖′)
⟩

−⟨𝒖′𝒗′⟩ ⋅∇⟨𝒖⟩.

A.3. Eddy kinetic energy

TKE can be expanded as

𝐾 = 1
2
|⟨𝒖⟩ + 𝒖′|2

= 𝐾# +𝒦 + ⟨𝒖⟩ ⋅ 𝒖′ , (A.8)

where 𝒦 = |𝒖′|2∕2 so

𝒗 ⋅ ∇𝐾⟩ =
⟨

(⟨𝒗⟩ + 𝒗′) ⋅ ∇(𝐾# +𝒦 + ⟨𝒖⟩ ⋅ 𝒖′)
⟩

= ⟨𝒗⟩ ⋅ ∇𝐾# +
⟨(

⟨𝒗⟩ + 𝒗′
)

⋅ ∇𝒦
⟩

+
⟨

𝒗′ ⋅ ∇(⟨𝒖⟩ ⋅ 𝒖′)
⟩

. (A.9)
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Hence, subtracting (A.5) from the ensemble mean of (A.2) yields

⟨𝒦 ⟩𝑡 + ⟨𝒗 ⋅ ∇𝒦 ⟩ = −⟨𝒖′ ⋅ ∇h𝜙
′
⟩ − ⟨𝒖′𝒗′⟩ ⋅ ∇⟨𝒖⟩ + ⟨𝒖′ ⋅  ′

⟩ , (A.10)

here we see the mean flow and eddies exchanging energy via the term
𝒖′𝒗′⟩⋅∇⟨𝒖⟩ sometimes referred to as shear production in the turbulence
iterature.

In order to achieve machine precision in closing the eddy kinetic
nergy (EKE) budget using the MITgcm diagnostics package out-
uts for momentum tendency (e.g. _Advec, _Diss, etc.; https://mit
cm.readthedocs.io/en/latest/outp_pkgs/outp_pkgs.html#mitgcm-kern
l-available-diagnostics-list), we rearrange (A.10) as

𝒦 ⟩𝑡 = −⟨𝒖′ ⋅ ∇h𝜙
′
⟩ −

(

⟨𝒗 ⋅ ∇𝒦 ⟩ + ⟨𝒖′𝒗′⟩ ⋅ ∇⟨𝒖⟩
)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
=⟨𝒖′⋅(𝒗⋅∇𝒖)′⟩

+⟨𝒖′ ⋅  ′
⟩

= −⟨𝒖′ ⋅ ∇h𝜙
′
⟩ −

[

⟨𝒖′ ⋅ (𝒗 ⋅ ∇𝒖)′⟩ − ⟨𝒖′𝒗′⟩ ⋅ ∇⟨𝒖⟩
]

− ⟨𝒖′𝒗′⟩ ⋅ ∇⟨𝒖⟩

+ ⟨𝒖′ ⋅  ′
⟩ . (A.11)

The spectral budget of EKE, therefore, becomes
1
𝐶𝛯

⟨

𝒖′∗ ⋅ 𝒖′𝑡
⟩

𝑥20𝑘
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝐾

= − 1
𝐶𝛯

⟨

𝒖′∗ ⋅ ∇̃h𝜙′
⟩

𝑥20𝑘
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝐾

− 1
𝐶𝛯

[⟨

𝑢′∗ ̃(𝒗 ⋅ ∇𝑢)′
⟩

+
⟨

𝑣′∗ ̃(𝒗 ⋅ ∇𝑣)′
⟩

−
⟨

𝑢′∗ ̃𝒗′ ⋅ ∇⟨𝑢⟩
⟩

−
⟨

𝑣′∗ ̃𝒗′ ⋅ ∇⟨𝑣⟩
⟩]

𝑥20𝑘
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝐾

− 1
𝐶𝛯

[⟨

𝑢′∗ ̃𝒗′ ⋅ ∇⟨𝑢⟩
⟩

−
⟨

𝑣′∗ ̃𝒗′ ⋅ ∇⟨𝑣⟩
⟩]

𝑥20𝑘
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

MtE𝐾

+ 1
𝐶𝛯

⟨

𝒖′∗ ⋅ ̃ ′
⟩

𝑥20𝑘
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝐾

, (A.12)

(cf. (11)) where 𝐾 is equivalent to − 1
𝐶𝛯

[⟨

𝑢′∗ ̃(𝒗 ⋅ ∇𝑢′)
⟩

+
⟨

𝑣′∗ ̃(𝒗 ⋅ ∇𝑣′)
⟩]

𝑥20𝑘, and MtE𝐾 is the KE exchange between the mean
nd eddy flow.

As for spatial-filtering considerations, the eddy momentum equa-
ions for length scale 𝑙 become

𝑢′
𝑙
𝑡 + 𝒗𝑙 ⋅ ∇𝑢′

𝑙
+ 𝒗′

𝑙
⋅ ∇⟨𝑢⟩

𝑙
− 𝑓𝑣′

𝑙
= −𝜙′

𝑙
𝑥− ∇ ⋅ 𝗧𝑙(𝒗, 𝑢′𝒆1)

⏟⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏟
cross-scale transfer

−∇ ⋅ 𝗧𝑙(𝒗′, ⟨𝑢⟩𝒆1)

+
⟨

𝒗′
𝑙
⋅ ∇𝑢′

𝑙
+ ∇ ⋅ 𝗧𝑙(𝒗′, 𝑢′𝒆1)

⟩

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
=⟨𝒗′ ⋅∇𝑢′⟩

𝑙

+ ′
𝑙
,

(A.13)

𝑣′
𝑙
𝑡 + 𝒗𝑙 ⋅ ∇𝑣′

𝑙
+ 𝒗′

𝑙
⋅ ∇⟨𝑣⟩

𝑙
+ 𝑓𝑢′

𝑙
= −𝜙′

𝑙
𝑦− ∇ ⋅ 𝗧𝑙(𝒗, 𝑣′𝒆2)

⏟⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏟
cross-scale transfer

−∇ ⋅ 𝗧𝑙(𝒗′, ⟨𝑣⟩𝒆2)

+
⟨

𝒗′
𝑙
⋅ ∇𝑣′

𝑙
+ ∇ ⋅ 𝗧𝑙(𝒗′, 𝑣′𝒆2)

⟩

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
=⟨𝒗′ ⋅∇𝑣′⟩

𝑙

+ ′
𝑙
,

(A.14)

where the ensemble averaging commutes also with the spatial-filtering
operator. The term with the under curly brackets ∇ ⋅ 𝗧𝑙(𝒗, 𝒖′) is re-
ponsible for cross-scale transfers of EKE. The spatial filtering was
aken using the gcm-filters Python package with an isotropic
aussian kernel, which commutes with the space–time derivatives
n curvi-linear grids (Grooms et al., 2021; Loose et al., 2022b); the
ommutability is a requirement for the spatial-filtering approach (Aluie
t al., 2018). We further note that in order to achieve machine pre-
ision in computing the EKE spectral flux (15) under this formalism
sing time-averaged outputs, the advective flux terms of momentum
e.g. ADVx_ and ADVy_ terms in the MITgcm diagnostics pack-
ge) need to be diagnosed online; these were not saved as outputs
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and were diagnosed offline using the MITgcmutils Python pack-
ge (https://github.com/quentinjamet/MITgcm/blob/master/utils/pyt
on/MITgcmutils/MITgcmutils/diagnostics.py).

ppendix B. Supplementary data

Supplementary material related to this article can be found online
t https://doi.org/10.1016/j.ocemod.2024.102392.
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