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Hypothesis: Water drop infiltration into a thin amphiphilic porous medium is influenced by wettability. Due to 
the reorganization of amphiphilic matter in contact with water, polar interaction changes the wettability in the 
bulk porous medium and at the liquid/porous substrate interface. To model out of equilibrium water transfer, 
we propose a thermodynamics approach derived from Onsager’s principle.
Modeling: A 2D macroscopic gradient-dynamics model coupling the drop infiltration and the water dynamic into 
an amphiphilic porous medium is developed and applied to rhizospheric soil in presence of exopolysaccharides 
(EPS) as an example. The free energy of the entire drop and porous medium system is defined by taking into 
account the free surface energy of the water and the effective interaction between the porous matrix and the 
amphiphilic matter.
Findings: The temporal evolution of the 2D drop volume and contact angle are studied during infiltration using 
the new formulation. Depending on amphiphilic concentrations and initial water saturation, numerical simulation 
captures similar scenarios to those described in the literature for powder media, as well as a latency phenomenon 
occurring in dry soil. The latter has been until now poorly modeled.

1. Introduction

The wettability of a porous medium is a key point for understanding 
water transfer in soil or in an industrial framework. This phenomenon 
is encountered in many applications, such as water infiltration in soil 
[43,66] (groundwater recharge or infiltration of rainfall water in dry 
soil), root irrigation of vegetation [9], ink-jet printing [21,44], textile 
fabrics [35], pharmacology [62] and water transport [2].

In natural environments, a number of organic molecules exhibit an 
amphiphilic behavior, where both hydrophilic (polar head) and hy-
drophobic (apolar chain) properties strongly affect wettability. Am-
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phiphilic matter is commonly found in forest litter [60], in the soil zone 
around the roots, i.e. the rhizosphere which is rich in exopolysaccharides 
(EPS) [12,55,52] and more generally in organic matter in soils [17,34]. 
In dry porous media, amphiphilic matter is known to be responsible for 
producing a hydrophobic coating provided that the polar ends of the 
amphiphilic molecules are bonded to a surface such as the matrix of soil 
or of the porous medium [32]. In the presence of water, amphiphilic 
molecules spontaneously reorganize and reduce effective hydrophobic-
ity of the medium. This amphiphilic switch has a major impact on flows, 
resulting in the appearance of fingering at the interface of a hydropho-
bic layer, water retention phenomena and intermittence [32,66]. In 
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this study, we focus on EPS as amphiphilic matter for which the wa-
ter transfer model was calibrated [15]. Although the description of an 
amphiphilic molecule consisting of a polar head and an apolar chain 
does not apply to EPS, the macroscopic behavior of soil with EPS is sim-
ilar to that of amphiphilic matter, notably with hydrophobic behavior 
at low saturation [3,50].

Modeling the behavior and impacts of amphiphilic matter and more 
generally of wettability has been the subject of numerous studies, partic-
ularly over the last decade. An approach consists in modeling at the pore 
scale the water dynamics by computing the Navier-Stokes equations for 
a given geometry [45,47,10,67]. Wettability is characterized by an equi-
librium contact angle on the surface of the porous matrix at the pore 
scale. However, the challenge is to upscale wettability to the macroscale 
taking into account the complexity of the porous medium geometry 
and amphiphilic matter distribution. Other approaches are based on the 
Richards equation [64] governing the time evolution of water saturation 
in an effective continuous medium. In this approach, for simulating the 
specific effects of amphiphilic matter such as increase of water storage 
and delay of rehumectation, the hydraulic conductivity and capillary 
pressure functions are modified or an ad hoc time-dependent term is 
added to simulate the relaxation dynamics of the conformation change 
of amphiphilic molecules during imbibition. Recently, we developed a 
porous medium wettability model simulating various phenomena, such 
as water trapping, intermittent flow and fingering instability, that occur 
in the presence of hydrophobic matter [6]. This approach can be applied 
to amphiphilic media and specifically to sand with EPS to reproduce its 
buffer effect on water dynamics experimentally observed [15,14]. The 
governing flow equation is a gradient dynamics as in the Richards model 
but in which a wettability term replaces the suction (or matric potential) 
term, which accounts for the effective hydrophobic action of the am-
phiphilic matter. The wettability term is similar to a disjoining pressure 
for partial wetting as described in [36,29] which represents attractive 
and repulsive interactions between the porous matrix and the water free 
surface. The wettability depends on the water content which is a specific 
property of amphiphilic properties. The key point of this model is the 
construction of a free energy functional for the whole system studied.

The aim of this study was to develop a model of drop infiltration into 
an amphiphilic porous media able to reproduce both the drop dynam-
ics on the porous medium and water transfer in this medium. Indeed, 
the wettability of porous media is often quantified by the infiltration 
duration of a drop into the porous medium. The Water Drop Penetra-
tion Time (WDPT) method is one of the most widely used [31,27,56,20]. 
Depending on the drop infiltration time into a substrate, the medium is 
ranked from hydrophilic to hydrophobic with different levels.

Models of drop infiltration into a porous medium are usually based 
on the Washburn law, where the porous medium is represented by a 
bundle of parallel cylindrical tubes in which flow takes place [39,35]. 
The wettability of the porous layer is taken into account by a contact an-
gle and such models of hydrophobic porous media have been developed 
to determine the spontaneous infiltration of a drop into a hydrophobic 
porous medium [68,20]. The drop spreading may influence infiltration 
dynamics particularly with surfactant solution [68]. The drop dynam-
ics is often simulated by the lubrication model [61] combined with a 
contact angle at the triple line. Different regimes of infiltration are iden-
tified in the literature depending on the characteristic of spreading and 
infiltration times [21,54,18]. An influence of the initial moisture of the 
porous medium is also shown [21,69].

However, in presence of amphiphilic matter, the interface is a key 
point in infiltration phenomena [26]. The amphiphilic matter alters the 
physico-chemistry of the medium [19,27], which affects the wettability 
within the porous medium and at the liquid/porous medium interface 
[32,56,26]. The water content in a porous medium influences the wet-
tability at the interface between the drop and the substrate and impacts 
the timing and infiltration stages of the liquid [28,44]. This change in 
wettability at the interface and within the porous layer, while essential, 
is overlooked.

In the present study, we aim to apply the common approach devel-
oped both for the dynamics of thin liquid films [70] and for the diffusion 
of water in a porous medium [6,14,15]. We restrict the study to thin 
porous medium in order to have a one-dimensional modeling and to 
highlight interface phenomena. Evolution equations are written as a gra-
dient dynamics governed by the free energy functional in each medium, 
the drop and the porous medium [74,6,15] containing adsorbed am-
phiphilic matter. The coupling between the droplet and porous media 
is addressed in a similar way to recent studies examining drops behav-
ior on a polymer brush [71,40,38,48]. Exchanges and coupling terms 
between the two media are constrained by Onsager’s variational princi-
ple [33]. The advantage of developing our model within this theoretical 
framework is that the out-of-equilibrium processes that occur remain 
consistent with thermodynamics.

The paper is organized as follows. In Section 2, first, we describe 
the model of the infiltration of a drop on a porous medium contain-
ing adsorbed amphiphilic matter. In Section 3, we simulate the various 
stationary states and imbibition dynamics of a drop deposited on a mix-
ture of sand and EPS concentration. These results are compared with 
the literature results. Finally, we provide some concluding remarks in 
Section 4.

2. Modeling

2.1. Outline of the problem

We consider a 2D drop placed on a porous medium, of length 2𝐿
and thickness 𝐷, in the plan (𝑂𝑥,𝑂𝑧). The porous medium contains an 
adsorbed concentration 𝑐 of amphiphilic matter. The concentration 𝑐 is 
defined as the mass of dry amphiphilic matter per 100 g of dry substrate. 
This dimensionless variable is expressed without the percentage symbol. 
The liquid is incompressible with a density 𝜌 and dynamic viscosity 𝜇. 
The free surface of the drop is defined by a water height 𝜁(𝑥, 𝑡). We note 
𝛾 the liquid-air surface tension. Throughout the paper, submillimetric 
droplet is modeled by a continuous water thin film where a drop coexists 
with an ultra-thin liquid film [70,5].

As an example, in the article we will consider a porous medium 
which is an unsaturated homogeneous sand with a porosity 𝜙 = 0.43
[52], water as the liquid and EPS as the amphiphilic matter. The con-
centration 𝑐 is ranged in this study from 0 to 1 as experimental data 
[51,52] and the concentration close to the rhizosphere [75]. We define 
a mean saturation 𝑠(𝑥, 𝑡) over the thickness 𝐷 and the equivalent height 
of water

𝜉(𝑥, 𝑡) =𝐷𝜙𝑠(𝑥, 𝑡) (1)

in the thin porous medium and we neglect the water dynamics in 𝑧
direction. A sketch of the considered geometry is shown in Fig. 1. All 
parameters of the problem are defined in Table 1.

This system can be interpreted as a thermodynamic system with two 
media: water on the porous medium and a heterogeneous medium con-
stituted of porous matrix, water and amphiphilic matter. We neglect 
the evaporation in the two media. We associate to each medium a free 
energy functional depending on the order parameter 𝜁 for the free en-
ergy in the film  𝜁 and 𝜉 for the free energy in the soil  𝜉 . Because 
of interaction between the two media, we consider a third free energy 
functional  𝑖𝑛𝑡 depending on both parameter orders 𝜉 and 𝜁 . This term 
is interpreted as the interface energy between the drop and the sand. 
The Helmholtz free energy  in the closed system is then the sum of 
three terms:

 =  𝜁 + 𝜉 + 𝑖𝑛𝑡. (2)

Each energy term □ has an associated 𝑓□ energy density and then

 = ∫
Ω 

[
𝑓𝜁 + 𝑓𝜉 + 𝑓 𝑖𝑛𝑡

]
d𝑥, (3)
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Fig. 1. Sketch of the considered geometry for a liquid drop on a soil containing amphiphilic matter. The colored arrows represent the dynamics studied: the 
spreading/retracting of the drop on the amphiphilic soil (red), the water drop infiltration into the porous medium (green) and the diffusion in the porous medium 
(white).

Table 1
Model parameters used for the simulations of the film and 
porous substrate model. ⋆ Van Genuchten parameter, ⋆⋆
Brooks and Corey parameter.

Parameter name Symbol Value 
initial drop volume per length  20.9 mm2

liquid-gas interface energy 𝛾 70 mN.m−1

water density 𝜌 103 kg.m−3

gravitational acceleration 𝑔 9.81 m.s−2
water viscosity (𝑇 = 20 ◦𝐶) 𝜇 10−3 Pa.s
water precursor layer height 𝜁𝑝 20 μm
soil thickness 𝐷 5 mm
soil porosity 𝜙 0.43
air compressibility 𝜅 200
macroscopic surface tension Γ 1.7 mN
capillary height (of fine sand) 𝐻𝑐𝑎𝑝 26 cm
saturated hydraulic conductivity 𝐾𝑠𝑎𝑡 10−4 m.s−1
pore size distribution coefficient⋆ 𝑛 3.31
pore size distribution coefficient⋆⋆ 𝜆 0.972
imbibition rate coefficient 𝛽 44 nm.Pa−1.s−1
simulation domain length 𝐿 40 mm
repellent saturation 𝑠𝑟 0.05
repellent range coefficient 𝜎 0.2
adaption substrate wetting 𝐴 0.4
amplitude factor amplitude 𝜗 1.418 m
amplitude factor exponent 𝜐 1.402

where Ω = [−𝐿,𝐿] is the domain studied. Spatial gradient of the free 
energy is responsible to water flux. To model the time evolution of both 
variables, we adopt a gradient dynamics of the coupled kinetics of scalar 
fields (𝜁, 𝜉) as described in Thiele [70] and developed for our context in 
Cajot [14].

In the next subsections, we describe the gradient dynamics in each 
medium: drop on a substrate (Section 2.2) and water in porous medium 
(Section 2.3) separately. Then, we present the coupled drop/porous 
medium energy (Section 2.4).

2.2. Drop on an impervious and initially dry substrate

In this section, we present the model of a thin liquid film on a flat 
impervious and dry substrate in the case of partial wetting. The dynam-
ics of the thin film is based on a lubrication-type model, i.e. the flow 
is assumed to be quasi-static approximation with long wavelength hy-
pothesis [61,72]. Although the description of the hydrodynamics is not 
strictly exact, the thermodynamic evolution of the system is faithfully 
reproduced. The thin film hydrodynamic models can be interpreted as 
gradient dynamics on underlying energy functional using Onsager prin-
ciple [70]. In this context, the governing equation of the drop water 
height 𝜁 is a gradient dynamics of 𝜁 as a conserved order parameter 
field [58,63,70]:

𝜕𝑡𝜁 = 𝜕𝑥
[
𝑄(𝜁)𝜕𝑥

𝛿 𝜁
𝛿𝜁

]
, (4a)

 𝜁 [𝜁] =
𝐿 

∫
−𝐿 

[
𝛾

2 
|𝜕𝑥𝜁 |2 + 𝑓𝜁𝑤(𝜁)]d𝑥, (4b)

The function 𝑄(𝜁) represents the mobility and it is equal to 𝜁3∕(3𝜇) for a 
planar free surface flow with no-slip boundary condition, as considered 
in the present paper. The free energy  𝜁 of the system results from two 
terms: the free surface energy 𝑓𝜁∇(𝜁) = |𝜕𝑥𝜁 |2𝛾∕2 related to the surface 
tension 𝛾 (supplementary Appendix B) and the wetting energy 𝑓𝜁𝑤(𝜁), 
also called the density wetting free energy, which takes into account the 
effective interaction between a solid surface and the water free surface 
[46]. Here, we neglect the variation of the gravity free energy compared 
to the two other free energy variations because, on one hand, it is small 
for the submillimetric droplets considered here and, on an other hand, 
we aim at focusing on the wettability effect.

The sandy porous medium considered here presents a high polar-
ity [65]. Polar interaction is responsible for the complete wetting of the 
substrate and it is associated to hydrophilic interaction. In contrast, if 
amphiphilic matter is coating at sand grains, then polar interactions can 
be hindered by the long apolar tail of the amphiphilic molecules [32]. 
Due to surface tension, water dewets the substrate which is associated to 
a repellent-like behavior. In our case, wetting free energy should contain 
the polar and apolar interactions as commonly presented in the litera-
ture [29,8,7,71,38]. Resulting from these polar/apolar interactions, the 
wetting energy 𝑓𝜁𝑤 can be represented as a sum of a long-range polar 
interaction 𝑓𝜁𝑤𝑝𝑜 and a short-range apolar interaction 𝑓𝜁𝑤𝑎𝑝 as in [8,7]:

𝑓
𝜁
𝑤(𝜁, 𝑐) = 𝑓

𝜁
𝑤𝑝𝑜(𝜁) + 𝑎0(𝑐)𝑓

𝜁
𝑤𝑎𝑝(𝜁), (5a)

𝑓
𝜁
𝑤𝑝𝑜(𝜁) =

Π0 𝑏0
2 

𝜁3
𝑝

𝜁2
, (5b)

𝑓
𝜁
𝑤𝑎𝑝(𝜁) = −Π0𝜁𝑝 exp

(
− 𝜁
𝜁𝑝

)
, (5c)

where 𝜁𝑝 is a precursor film of the drop and Π0 is the dimensional pa-
rameter associates to the amplitude factor of the disjoining pressure. The 
dimensionless coefficients 𝑎0 and 𝑏0 are positive and modulate the polar 
and apolar terms, respectively. The amplitude 𝑏0 of the long range polar 
interaction determines the wettability range. The effective interaction 
range of the porous medium surface has to match with the magnitude 
order of its roughness i.e. the grain size diameter. Throughout this paper, 
we assume a grain size diameter of 200 μm. We define the parameter 
𝑏0 = exp(−1) ≈ 0.3679 such that the effective interaction range is lower 
than 200 μm. Regarding the apolar interaction, we assume that only 𝑎0
depends on the amphiphilic matter concentration. Because of the pres-
ence of apolar chains in the amphiphilic matter, coefficient 𝑎0 is an 
increasing function of the concentration.

For vanishing height 𝜁 , as long as 𝑏0 > 0, the polar term 𝑓𝜁𝑤𝑝𝑜 domi-
nates. If 3𝑏0∕𝑎0 > exp(−1) then, a stable ultra-thin film 𝜁⋆

𝑝
exists such 

as 𝜕𝑓𝜁𝑤∕𝜕𝜁(𝜁⋆𝑝 ) = 0 and 𝜕2𝑓𝜁𝑤∕𝜕𝜁2(𝜁⋆𝑝 ) > 0 [8,7]. The coexistence of this 
ultra-thin film with a thick film leads to a pseudo partial wetting where 
droplets may exist but the substrate is never totally dry. This ultra-thin 
refers initially to a precursor film of a few nanometers which is very 
quickly developed before a drop completely spread. In this modeling 
the precursor height 𝜁𝑝 represents a cut-off scale but not necessarily a 
pseudo partial wetting. Note that 𝜁𝑝 is small (20 μm) compared to the 
soil roughness (200 μm) which represents the magnitude order of the 
interaction range.
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The variational derivative of the wetting free energy

Π(𝜁) = −𝜕𝜁𝑓
𝜁
𝑤 =Π0

[
𝑏0

(
𝜁𝑝

𝜁

)3
− 𝑎0 exp

(
− 𝜁
𝜁𝑝

)]
(6)

is the so-called disjoining pressure [36]. The function Π(𝜁) represents 
the pressure due to the effective interaction between the free surface of 
the drop and the surface of the substrate.

From measurements and observations, the static contact angle of a 
drop on dry sand containing different concentrations is ranged from 10
to around 20 degrees. A quadratic dependence on the concentration 𝑐
of parameter 𝑎0 fits the experimental trend:

𝑎0(𝑐) =𝐴+ (1 −𝐴)𝑐2, (7)

where 𝐴 is the value 𝑎0 of a drop on an impermeable dry substrate 
without amphiphilic matter. We estimate the contact angle of the drop 
on a dry substrate, such as sand grains without amphiphilic matter, to be 
about 10◦ from which we deduce 𝐴 = 0.4 and fix this value throughout 
the paper.

2.3. Unsaturated porous medium

In this section, we consider an unsaturated porous layer of porosity 
𝜙 with a mean vertical saturation over a thickness 𝐷 and an equivalent 
height of water 𝜉 defined in Eq. (1). Adapting the model for amphiphilic 
porous media recently developed in Cajot et al. [15], accounting for the 
variable 𝜉 the governing equation of the water transfer in an amphiphilic 
porous medium can be written as a gradient model:

𝜕𝑡𝜉 =𝐷𝜕𝑥
[
𝐾(𝜉)𝜕𝑥

𝛿 𝜉
𝛿𝜉

]
, (8a)

 𝜉[𝜉, 𝑐] =
𝐿 

∫
−𝐿 

[
𝑓
𝜉

∇(𝜉) + 𝑓
𝜉
𝑤(𝜉, 𝑐)

]
d𝑥, (8b)

where 𝐾(𝜉) is the hydraulic conductivity of the porous medium, which 
can be described by the van Genuchten-Mualem relationship [59,37]:

𝐾(𝜉) =
𝐾𝑠𝑎𝑡

𝜌𝑔

√
𝜉

𝜙𝐷

⎡⎢⎢⎣1 −
⎛⎜⎜⎝1 −

(
𝜉

𝜙𝐷

) 1 
𝑚
⎞⎟⎟⎠
𝑚⎤⎥⎥⎦

2

, (9)

with 𝑚 = 1 − 1∕𝑛 and 𝑛 > 1 is linked to the pore size distribution.
According to Beltrame and Cajot [6] the free energy is the sum of the 

wettability energy between water and porous matrix and the free surface 
energy of water in the porous medium, both of these being described 
below.

2.3.1. Water free surface energy in porous medium

The energy associated to the water/air interface in an unsaturated 
porous medium is usually neglected in literature. The energy associated 
to the water/air interface in an unsaturated porous medium is expressed 
as in Cueto-Felgueroso and Juanes works [23,25] (supplementary Ap-
pendix B):

𝑓
𝜉

∇(𝜉) =
Γ 

2𝜙𝐷
|𝜕𝑥𝜉|2, (10)

where Γ is called macroscopic surface tension [25]. Note that the expres-
sion of energy density due to the free surface is the same expression as 
for a thin film. However, Γ has not the same unit as the surface tension 
𝛾 . Physically, free energy term 𝑓𝜉∇ represents the energy cost of creating 
the free surface of the water in porous medium [13]. This term is not 
only useful for improving the accuracy of the model, but also plays a 
decisive role in the consistency of the model in the case of hydrophobic 
interaction [6].

2.3.2. Wettability energy in porous medium

In Beltrame and Cajot [6], we generalized the capillary pressure by 
introducing a disjoining pressure for hydrophobic soil. As for impervi-
ous substrate, this wetting energy is a competition between attractive 
and repulsive interactions including air compression. The repellent in-
teraction acts at low saturation while the attractive interaction acts at 
higher saturation, finally the air compression interaction acts close to 
the saturation.

The wettability density energy in the porous medium is the sum of 
three terms: capillary term 𝑓𝜉𝑐 , repellent term 𝑓𝜉𝑟 and the air compres-

sion term 𝑓𝜉𝑐𝑜𝑚𝑝,

𝑓
𝜉
𝑤(𝜉, 𝑐) = 𝑓𝜉𝑐 (𝜉) + 𝜒(𝑐)𝑓

𝜉
𝑟
(𝜉) + 𝑓𝜉

𝑐𝑜𝑚𝑝
(𝜉), (11)

where 𝜒(𝑐) is an amplitude factor depending on 𝑐 the concentration of 
amphiphilic matter which increase the repellent energy with respect to 
𝑐.

This amplitude factor 𝜒(𝑐) is a power law using an amplitude 𝜗 ≥ 0
and a constant exponent 𝜐 ≥ 0 to represent this amplitude factor,

𝜒(𝑐) = 𝜗 
𝐻𝑐𝑎𝑝

𝑐𝜐, (12)

with 𝜗 = 1.418 m and 𝜐 = 1.402 for EPS [14,15].
The capillary density energy can be described using the Brooks and 

Corey analytical expression [11,25],

𝑓𝜉
𝑐
(𝜉) = −𝜌𝑔𝐻𝑐𝑎𝑝𝜙𝐷

𝜆 
𝜆− 1

(
𝜉

𝜙𝐷

)1− 1 
𝜆

, (13)

with 𝐻𝑐𝑎𝑝 is the capillary height and 𝜆 ≠ 1 is related to the pore size 
distribution in the soil.

The repellent density energy for EPS is given by

𝑓𝜉
𝑟
(𝜉) = 2𝜌𝑔𝐻𝑐𝑎𝑝𝜙𝐷 erf

(
𝜉 − 𝜙𝐷𝑠𝑟
𝜙𝐷

√
2𝜎

)
, (14)

where 𝑠𝑟 is the repellent saturation (𝑠𝑟 = 0.05), 𝜎 is the dispersion coef-
ficient (𝜎 = 0.2) and erf is the error function [15].

The air compression density energy 𝑓𝑐𝑜𝑚𝑝, defined by Cueto-Felgueroso 
and Juanes [24], writes

𝑓𝜉
𝑐𝑜𝑚𝑝

(𝜉) = sgn(𝜆− 1) exp
[
−𝜅

(
1 − 𝜉

𝜙𝐷

)]
𝑓𝜉
𝑐
(𝜉), (15)

where 𝜅 ≥ 0 represents the air compression [25].
By analogy with the thin film (Section 2.2), the wettability density 

energy is related to the dimensionless disjoining pressure Π𝑤(𝜉),

Π𝑤(𝜉, 𝑐) = −
𝜕𝜉𝑓

𝜉
𝑤(𝜉, 𝑐)

𝜌𝑔𝐻𝑐𝑎𝑝

. (16)

Using Eq. (1), the disjoining pressure can also be expressed as a func-
tion of the saturation. The use of saturation formulation highlights the 
bounded value of the water in the soil, while the use of height formula-
tion is relevant to study the mass conservation between the two media.

2.4. Drop and porous medium coupled system

In this section, the coupling of the two previous models is developed 
for a drop deposited on a porous medium.

2.4.1. Drop and porous medium interface

Experiments in literature show that the drop spreading does not 
only depend on amphiphilic matter concentration but also on satura-
tion [32,56]. The drop spreading is wider on wet than on dry porous 
medium. A common explanation is that the conformation of amphiphilic 
matter changes for wet porous medium. The apolar chain is then em-
bedded in water, hiding the apolar chain of the molecules. We model 
this phenomenon by a linear decreasing of the apolar 𝑓𝜁𝑤𝑎𝑝(𝜁) amplitude 
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Fig. 2. Pressure difference 𝛿∕𝛿𝜁 −𝛿∕𝛿𝜉 between liquid film and porous medium for homogeneous profiles as a function of saturation and water height. Parameters 
are given in Table 1 and other are 𝑏= 0.3679, Π0 = 9514 Pa.

of the wetting drop energy as the saturation of the porous medium in-
creases [7]. Therefore, the amplitude 𝑎0(𝑐) in front of 𝑓𝜁𝑤𝑎𝑝(𝜁) in Eq. (5a)
becomes for coupled porous medium and water drop system

𝑎(𝜉, 𝑐) = 𝑎0(𝑐)
(
1 − 𝜉

𝜙𝐷

)
, (17)

and the wetting density energy is written as

𝑓𝑤(𝜁, 𝜉, 𝑐) = 𝑓
𝜁
𝑤𝑝𝑜(𝜁) + 𝑎(𝜉, 𝑐)𝑓

𝜁
𝑤𝑎𝑝(𝜁) + 𝑓

𝜉
𝑤(𝜉, 𝑐). (18)

This interaction can be interpreted as an additional interface energy 
between the bulk of the drop and of the porous medium such as

𝑓𝑤(𝜁, 𝜉, 𝑐) = 𝑓
𝜁
𝑤(𝜁, 𝑐) + 𝑓𝑖𝑛𝑡(𝜁, 𝜉, 𝑐) + 𝑓

𝜉
𝑤(𝜉, 𝑐), (19)

where

𝑓 𝑖𝑛𝑡(𝜁, 𝜉, 𝑐) =
(
𝑎(𝜉, 𝑐) − 𝑎0(𝑐)

)
𝑓
𝜁
𝑤𝑎𝑝(𝜁). (20)

According to the general decomposition of the free energy Eq. (3), we 
identify three free energy densities: drop on a dry substrate 𝑓𝜁 (𝜁, 𝑐), wet-
tability in the porous medium 𝑓𝜉 (𝜉, 𝑐) and interface energy 𝑓 𝑖𝑛𝑡(𝜁, 𝜉, 𝑐)
corresponding to an energy coupling term between the bulk of the drop 
and of the wet porous medium.

This interface energy modifies the pressure in the drop but also in 
the porous medium by adding 𝛿 𝑖𝑛𝑡∕𝛿𝜁 and 𝛿 𝑖𝑛𝑡∕𝛿𝜉, respectively:

𝛿 𝑖𝑛𝑡
𝛿𝜁

=
[
𝑎(𝜉, 𝑐) − 𝑎0(𝑐)

]
𝜕𝜁𝑓

𝜁
𝑤𝑎𝑝(𝜁), (21a)

𝛿 𝑖𝑛𝑡
𝛿𝜉

= 𝜕𝜉𝑎(𝜉, 𝑐)𝑓
𝜁
𝑤𝑎𝑝(𝜁). (21b)

The added pressure Eq. (21a) is a hydrophilic interaction since it is 
always negative. This indicates that wet porous medium is more hy-
drophilic than dry porous medium. In a similar way, the added pressure 
Eq. (21b) is always positive indicating that the porous medium is more 
hydrophobic when a very thin water film is present. Such an interac-
tion between a thin film and the porous medium is not described in the 
porous medium literature. However, in polymer science, a similar in-
teraction between drop and polymer brush is also derived from a free 
energy approach [71,40,38,48].

2.4.2. Exchange of water between drop and porous medium

In this section, water flux at the porous medium and drop interface 
is modeled. We assume the flux density, also called infiltration veloc-
ity, 𝑣 of the drop into the porous medium proportional to the difference 
between the thin film and the porous medium pressure. As in the Wash-
burn law in a porous medium [35], it reads:

𝑣 = 𝛽
(
𝛿
𝛿𝜁

− 𝛿
𝛿𝜉

)
(22)

where 𝛽 > 0 is called transfer rate. Note that this expression of the infil-
tration velocity 𝑣 is consistent with the dissipated free energy property 
[14].

Fig. 2 shows the difference between the thin film and the porous 
medium pressure for uniform (𝜁, 𝜉) profiles. It represents the water flux 
sign when only the wetting energy is considered. The water infiltrates 
from the liquid film into the porous medium, if the pressure difference 
is positive (yellow area in Fig. 2). According to Fig. 2a, for 𝑐 = 0.6, in-
filtration always occurs except for i) a saturation 𝑠 greater than 0.94 or 
for ii) very small value of 𝜁 . The first case corresponds to an almost sat-
urated soil containing trapped air bubbles. The second case corresponds 
to a water film on the surface of the porous medium of the order of the 
precursor thickness 𝜁𝑝, that means to an almost dry surface.

For larger value of 𝑐, namely 𝑐 = 0.8, a blue band appears for 𝜉 be-
tween 𝑠 = 0.155 and 𝑠 = 0.32, impeding water infiltration (Fig. 2b). This 
band can be associated to an energy barrier due to the presence of hy-
drophobic terms in the wettability energies that we call ‘hydrophobic 
barrier’. Water does not infiltrate spontaneously without an external free 
energy input.

2.4.3. Governing equations of the drop and porous medium coupled system

The free energy of the drop and porous medium coupled system is

 [𝜁, 𝜉, 𝑐] = ∫
Ω 

[
𝑓
𝜉

∇(𝜉) + 𝑓
𝜁

∇(𝜁) + 𝑓
𝜉
𝑤(𝜉, 𝑐) + 𝑓

𝜁
𝑤(𝜁, 𝑐) + 𝑓𝑖𝑛𝑡(𝜁, 𝜉, 𝑐)

]
d𝑥.

(23)

The evolution of water in the drop-porous medium results from this en-
ergy, using the Onsager principle. The governing equation is derived 
from the drop dynamic [58,63,70], the water transfer in the porous 
medium [6] and the interface between the drop and the porous medium 
(Eq. (21a) and Eq. (21b)),

𝜕𝑡𝜁 = 𝜕𝑥
[
𝑄(𝜁)𝜕𝑥

𝛿
𝛿𝜁

]
− 𝛽

(
𝛿
𝛿𝜁

− 𝛿
𝛿𝜉

)
, (24a)

𝛿
𝛿𝜁

= 𝜕𝜁𝑓
𝜁
𝑤(𝜁, 𝑐) + 𝜕𝜁𝑓 𝑖𝑛𝑡(𝜁, 𝜉, 𝑐) − 𝛾𝜕𝑥𝑥𝜁, (24b)

𝜕𝑡𝜉 =𝐷𝜕𝑥
[
𝐾(𝜉)𝜕𝑥

𝛿
𝛿𝜉

]
+ 𝛽

(
𝛿
𝛿𝜁

− 𝛿
𝛿𝜉

)
, (24c)

𝛿
𝛿𝜉

= 𝜕𝜉𝑓
𝜉
𝑤(𝜉, 𝑐) + 𝜕𝜉𝑓 𝑖𝑛𝑡(𝜁, 𝜉, 𝑐) − 𝑇 𝜕𝑥𝑥𝜉, (24d)

with 𝛿∕𝛿𝜉 and 𝛿∕𝛿𝜁 are pressures in the bulk porous medium and at 
the drop surface, respectively.

The system of equations (24) represents the infiltration dynamics of 
a water film on a porous medium in the presence of amphiphilic matter. 
This model is partially parallels to model of drop on a polymer brush 
proposed by Thiele and Hartmann [71].

To solve the PDE system Eq. (24), we used a finite element approach 
using the C + + FEM library OOMPH-LIB [42]. For time-stepping, a back-
ward differentiation formula (BDF) scheme of second order is used, 
while both the time-steps and the spatial mesh are adaptive to the dy-
namics.
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Fig. 3. Free density energy as a function of saturation 𝑠 in the porous medium 
for different concentrations 𝑐 = {0.1,0.6,0.71,0.8,1} of amphiphilic EPS. Param-
eters are given in Table 1 and 𝐻 = 𝓁𝑐 (2.65 mm).

3. Simulation results of water infiltration

3.1. Equilibria of flat film and uniform saturation

In this section, we study the different equilibria of the system (24)
on the particular case of flat film and uniform saturation. This analy-
sis is similar to the study of the sorption isotherm steady states of a 
brush [41].

3.1.1. Equilibrium and stability criterion

Assuming a uniform height of saturation 𝜉 and a flat film 𝜁 den-
sity free energy is equal to the wetting density energy, i.e. 𝑓 (𝜁, 𝜉, 𝑐) =
𝑓𝑤(𝜁, 𝜉, 𝑐). We note 𝑈0 = (𝜁0, 𝜉0) an equilibrium and for simplicity, we 
omit the dependence on c.

According to supplementary Appendix A, equilibrium implies pres-
sure equilibrium and a zero flux 𝑣 at the interface, namely:

𝛿
𝛿𝜁

(𝑈0) −
𝛿
𝛿𝜉

(𝑈0) =
𝜕𝑓𝑤

𝜕𝜁
(𝑈0) −

𝜕𝑓𝑤

𝜕𝜉
(𝑈0) = 0. (25)

Another equilibrium criterion can be established by introducing the total 
water height 𝐻 which is proportional to the total water content:

𝐻 = 𝜉 + 𝜁. (26)

Because of mass conservation, 𝐻 is constant during infiltration. The 
wetting free energy can only expressed by the variable 𝜉:

𝜑(𝜉) = 𝑓𝑤(𝜁(𝜉), 𝜉), (27)

where 𝜁(𝜉) = 𝐻 − 𝜉 is the water film height. Then equilibria are ex-
trema of the function 𝜑 (supplementary Appendix A). Furthermore, the 
equilibrium is stable at a local minimum of 𝜑 otherwise it is linearly 
unstable.

3.1.2. Equilibria with respect to 𝐻 and 𝑐
We study the equilibria 𝑈0 for a fine sandy soil with respect to the 

total amount 𝐻 of water in the system. From the Eq. (27), we deduce 
uniform saturation 𝑠0 and flat film 𝜁0 for any couple (𝐻,𝑐) as shown in 
Section 3.1.

For instance, for a total water height equal to the capillary length 
𝓁𝑐 ≈ 2.65 mm, three patterns emerge depending on concentration 𝑐:

i) 𝑐 < 0.71 there is an unique global minimum reached when the 
medium is almost saturated, i.e. 𝑠𝑤 = 0.96 (see curves with 𝑐 = 0.1
and 𝑐 = 0.6 in Fig. 3).

ii) 𝑐 ≈ 0.71 in addition to the global minimum corresponding to sit-
uation i), there is an inflection point in the dry zone around a 
saturation 𝑠𝐼 (Fig. 3 - curve with 𝑐 = 0.71).

iii) 𝑐 > 0.71 in addition to the global minimum corresponding to situa-
tion i), there are two local extrema: a minimum in the dry zone 
around a saturation 𝑠𝑑 and a maximum around a saturation 𝑠𝑢
(Fig. 3 - curves with 𝑐 = 0.8 and 𝑐 = 1.0).

The critical concentration 𝑐𝑐𝑟𝑖𝑡 ≈ 0.71 discriminates the i) and iii) water 
equilibria patterns, for any 𝐻 .

For concentrations 𝑐 < 𝑐𝑐𝑟𝑖𝑡, corresponding to i), the unique equilib-
rium, called 𝑈𝑤0 , is the global minimum of the free energy  . Therefore, 
water infiltrates in porous medium but for low height of water such as 
𝐻 < 𝜙𝐷, there is not enough water to saturate the soil and the equi-
librium saturation 𝑠0 is inferior to 𝑠𝑤 ≈ 0.96 (Fig. 4b). Equilibrium 
saturation 𝑠0 increases linearly as long as 𝐻 < 𝜙𝐷 while the equilib-
rium height 𝜁0 remains almost zero (Fig. 4a). All equilibria for 𝑐 < 𝑐𝑐𝑟𝑖𝑡
seem to be the same. This can be explained by the fact that (i) the effect 
of the amphiphilic matter is negligible for these concentrations, and (ii) 
a final thin layer of water remains at soil surface, which the magnitude 
order is the precursor height 𝜁𝑝.

If 𝐻 >𝜙𝐷, equilibrium saturation reaches saturation 𝑠𝑤 and a thick 
layer 𝜁0 of water remains, increasing linearly with 𝐻 due to water that 
can no longer infiltrate.

When the concentration is greater than the critical concentration 
𝑐 > 𝑐𝑐𝑟𝑖𝑡 (case iii), three possible equilibria may exist. In addition to 
𝑈𝑤0 , there are two equilibria 𝑈𝑑0 (local minimum) and 𝑈𝑢0 (local maxi-
mum) associated respectively with the saturation 𝑠𝑑 and 𝑠𝑢 with 𝑠𝑑 < 𝑠𝑢. 
Saturation 𝑠𝑑 and 𝑠𝑢 depend on concentration 𝑐. For 𝐻 = 𝓁𝑐 and 𝑐 in-
creases from 0.80 to 1.0, the value of 𝑠𝑢 increases from 𝑠𝑢(0.8) = 0.317
to 𝑠𝑢(1) = 0.385, whereas the value of 𝑠𝑑 decreases from 𝑠𝑑 (0.8) = 0.151
to 𝑠𝑑 (1) = 0.101 (Fig. 3). Therefore, equilibrium 𝑈𝑑0 corresponds to a 
very dry porous medium coexisting under a non-infiltrated thick water 
layer and equilibrium saturation depends on the amphiphilic concentra-
tion but not on the height 𝐻 (Fig. 4b). As 𝑈𝑢0 is an unstable equilibrium 
(Fig. 3), then two stable equilibria 𝑈𝑑0 and 𝑈𝑤0 may exist. Depending on 
the initial condition (saturation in the soil), the system converges to one 
of these stable equilibria. Since the free energy has to decrease during 
the dynamics then, there are three scenarios depending on the initial 
saturation 𝑠𝑖:

a) 𝑠𝑖 < 𝑠𝑑 : water slightly infiltrates to reach the equilibrium saturation 
𝑠𝑑 about 0.1

b) 𝑠𝑑 ≤ 𝑠𝑖 ≤ 𝑠𝑢: porous medium slightly dewets (negative velocity) un-
til to converge to the equilibrium saturation 𝑠𝑑 .

c) 𝑠𝑖 ≥ 𝑠𝑢: water infiltrates until to reach the saturation 𝑠𝑤 ≈ 0.96.

To conclude, this analysis shows that water may not infiltrate the 
porous medium if the concentration of amphiphilic EPS is sufficiently 
high and the porous medium sufficiently dry. Infiltration, until a sat-
uration 𝑠𝑤 is reached, occurs if the concentration is less than 𝑐 < 𝑐𝑐𝑟𝑖𝑡
(≈ 0.71 here) or if 𝑠𝑖 > 𝑠𝑢 regardless of the concentration 𝑐. Otherwise, 
water almost does not infiltrate, or even flows out of the porous medium, 
with dry porous medium at saturation 𝑠𝑑 which depends on 𝑐.

In the following, we do not only focus on uniform distribution of 
water over soil surface but on the infiltration of a drop in a fine sandy 
soil in presence of EPS. While the above equilibrium criterion provides 
some indications of the possibility of infiltration, numerical simulation 
is required to determine dynamics and the final equilibrium.

Note that stable equilibria are used to reproduce the initial soil pro-
file before the drop is deposited.

3.2. Drop infiltration

In this section, we simulate the spreading and infiltration of a water 
drop on a fine sandy soil (grain size about 200 μm) containing am-
phiphilic EPS with a concentration 𝑐. The volume of water drop per 
unit length is fixed at 20.9 mm2. The initial saturation of sandy soil and 
the EPS concentration 𝑐 are the only parameters changing between each 
situation.

3.2.1. Initially wet porous medium

We consider a pre-wetted fine sandy soil with uniform saturation 
𝑠 = 0.8 and an EPS concentration 𝑐 = 0.8 found in Section 3.1. We then 
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Fig. 4. Equilibria (𝜁0, 𝑠0) with respect to H for different concentrations 𝑐. 

Fig. 5. Infiltration dynamic of a water drop, with a volume per unit length  = 20.9 mm2, in a wet soil (𝑠 = 0.8) and an EPS concentration 𝑐 = 0.8. Parameters are 
given in Table 1.

place a 20.9 mm2 drop on the surface and study its dynamics. Lateral 
boundary conditions are homogeneous Neumann conditions.

Fig. 5a shows the dynamics of the drop. It spreads rapidly over the 
substrate until reaching the domain boundaries (red arrows display in 
Fig. 1). This very fast dynamic takes about 0.1 s with negligible infil-
tration (as shown in Fig. 5 where saturation stays close to 0.8). The 
profile of the thin film of liquid is still drop-shaped: the drop height de-
creases from 3.5 to ≈ 1 mm. Because of the boundary conditions, the 
water no longer spreads out, but the profile gradually flattens out over 
the course of a second. At the same time, the water gradually percolates 
down (white arrows in Fig. 1). Then the saturation reaches at 𝑡 about 
3 s the compressibility barrier, (𝑠 = 𝑠𝑤). The dynamics converges to the 
same equilibrium computed in the Section 3.1.2 for the same total water 
height 𝐻 = 2.246 mm.

A wet sandy soil without EPS (𝑐 = 0) and the same initial saturation 
behaves in a similar way, both qualitatively and quantitatively. As a 
result, soil moisture hides the effects of the amphiphilic matter, and the 
soil surface behaves like a substrate with complete wetting properties.

3.2.2. Initially dry porous medium

We consider the same drop and fine sandy soil as in Section 3.2.1
but the soil is dry with different EPS concentrations 𝑐. We fix the sat-
uration in the porous medium at 𝑠 = 0.1. This value corresponds to a 
dry medium for which the uniform profile is in a stable zone for 𝑐 ≤ 1
(Fig. 4). Equilibrium profiles of the liquid profiles of the water phase 
are displayed in Fig. 6. These profiles depend on concentration 𝑐.

As for a uniform water distribution, if 𝑐 < 𝑐𝑐𝑟𝑖𝑡 the drop infiltrates 
almost completely in the porous medium (Fig. 6a). A thin layer of water 
remains on the surface. The profile is not always uniform, being thicker 
where the drop has infiltrated (Fig. 6b). The infiltration criterion is the 
proportion of water infiltrated: if this remains below 12.6%, the drop is 
regarded to have completely infiltrated.

At low concentration (𝑐 = 0.1), the water infiltrates uniformly, 
whereas at higher concentration (𝑐 ≥ 0.6 but inferior to 𝑐𝑐𝑟𝑖𝑡), infiltration 
occurs essentially under the drop deposit. In the latter case, equilibrium 

water profile in the porous medium consists in a coexistence of dry and 
nearly saturated regions (Fig. 6b). This type of structure has been shown 
for hydrophobic soil in Beltrame and Cajot [6].

For 𝑐 > 𝑐𝑐𝑟𝑖𝑡, the drop fails to infiltrate. It is stopped by the hydropho-
bic barrier formed in the soil. For instance, the saturation at equilibrium 
for a concentration of 𝑐 = 0.8 is about 𝑠 = 0.1 corresponding to the hy-
drophobic barrier boundary in Fig. 2b.

Fig. 7 shows the time evolution of the drop volume for different 
concentrations of amphiphilic EPS. As expected, the total imbibition 
duration increases with the concentration 𝑐. Infiltration involves differ-
ent stages associated with different infiltration rates. For concentration 
fairly lower than 𝑐𝑐𝑟𝑖𝑡, there are two stages. During the first stage (≈ 1 s), 
the infiltration rate is maximal followed by a lower infiltration rate until 
total imbibition as shown Fig. 7 by the break in the slope of the infiltra-
tion curves, for 𝑐 = 0.1 or 𝑐 = 0.6.

For each stage, infiltration rate decreases with 𝑐. Approaching 𝑐𝑐𝑟𝑖𝑡 , 
the second stage of infiltration rate is nearly zero, between 𝑡 = 2 and 14 s, 
for 𝑐 = 0.7 (Fig. 7). Moreover, a third stage (between 𝑡 = 14 and 23 s) 
appears with a higher infiltration rate followed by a fourth slower and 
last stage of infiltration until total imbibition. For concentration above 
𝑐𝑐𝑟𝑖𝑡 infiltration stops after a short time (< 1 s). The equilibrium results in 
a drop remaining on porous medium. In this case, the infiltrated volume 
is negligible compared to the initial drop volume.

We detail in Fig. 8 the drop and saturation profiles for 𝑐 = 0.7 at 
the different times stages. Initially, the drop spreads rapidly, 𝑡 = 10 ms, 
over the substrate almost without infiltrating. Then, during the second 
stage, the radius of the drop decreases as it infiltrates vertically into the 
soil with little lateral diffusion. Infiltration is almost stopped as shown 
by the plateau of the infiltration curve in Fig. 7. This behavior is due 
to the hydrophobic barrier in the hydrophobic saturation range around 
𝑠 = 0.12 as shown in Fig. 8b. Once the hydrophobic saturation range 
has passed, infiltration is faster during the third and last stages. At the 
end of the last stage, the drop has infiltrated and the equilibrium state 
is reached after 35 s. There is a factor 1000 between the characteris-
tic times of spreading and infiltration. In order to study in detail the 
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Fig. 6. Equilibrium profiles of a drop on a dry sandy soil. Parameters are given in Table 1. 

Fig. 7. Time evolution of drop volume per length during infiltration. The vol-
ume 𝑉𝑓𝑖𝑙𝑡𝑒𝑟 represented in black dashed line corresponds to 12.6% of the initial 
drop that imbibed into the sandy soil. This is the total infiltration criterion. Pa-
rameters are given in Table 1.

infiltration dynamics, we analyze the spreading radius of the drop, the 
evolution of the contact angle and the infiltration time.

In the literature, three infiltration stages were identified [57,28,44]:

i) Increasing Drawing Area (IDA): the radius of the drop increases 
while the angle decreases,

ii) Decreasing Drawing Area (DDA): the drop radius decreases and the 
contact angle remains constant,

iii) Constant Drawing Area (CDA): the drop radius remains constant 
(pinning of the contact line) and the contact angle decreases.

Fig. 9 represents the time evolution of drop radius and drop con-
tact angle (logarithmic scale) to highlight the spreading dynamics. The 
numerical simulation of a soil with 𝑐 = 0.7 displays the three stages 
dynamics described in literature while a soil with 𝑐 = 0.1 and 𝑐 = 0.6
display only the IDA and DDA dynamics (Fig. 9, 𝑐 = 0.1 or 𝑐 = 0.6).

In sand with 𝑐 = 0.1, the IDA stage, corresponding to the spreading 
behavior lasts 0.14 second. During this stage, the contact angle decreases 
from 60◦ to 11◦ and the drop radius increases from 4.19 to 11 mm. 
After this spreading stage, the drop begins the DDA stage where the 
infiltration drives the dynamic, until total imbibition in the substrate 
after 6.6 seconds. During this stage, the contact angle decreases slightly 
until the equilibrium state corresponding to the complete imbibition.

From this study, the spreading times of the drop are lower than a 
millisecond for 𝑐 = 0.6 and 𝑐 = 0.7. It is relevant that these spreading 
times are shorter than for sand with a concentration of 𝑐 = 0.1. We be-
lieve that the hydrophobicity at the interface drop/sand is the cause of 
this phenomenon, since it reduces the maximal drop radius. In contrast, 
the infiltration time into the substrate is shorter for low concentrations, 
going from 6.6 seconds for 𝑐 = 0.1 to 35 seconds for 𝑐 = 0.7.

These trends are consistent with the experimentally observed dy-
namics and our model is able to reproduce different experimental ob-
servations of infiltration dynamics in dry porous media.

3.2.3. Comparison with experiment

In this section, we present a qualitative validation of this model 
based on a comparison between the behavior of a drop during infiltra-
tion and experimental results. We simulate the infiltration of a second 
drop onto a medium previously wetted by a first drop. This experimental 
work corresponds to a qualitative experiment carried out in our labo-
ratory to compare the infiltration dynamics of a drop on a dry and wet 
amphiphilic porous medium [14]. The experimental results are similar 
than those simulated previously. We consider a soil previously wet by a 
first drop of 20.9 mm2. The initial saturation profile in soil corresponds 
to the equilibrium profile found in Section 3.2.2 after imbibition of the 
first drop on dry soil.

The infiltration behavior of the second drop is similar to the first: if 
the drop has not infiltrated, the second drop does not infiltrate, other-
wise it infiltrates. Thus, for 𝑐 > 0.8, the drop infiltrates slightly whereas 
for 𝑐 = 0.7, it infiltrates almost completely.

At equilibrium, we distinguish two saturation profiles in the soil. 
For low concentration 𝑐 = 0.1, the saturation profile is almost uniform 
whereas for higher concentration 𝑐 = 0.6 and 𝑐 = 0.7, the water is con-
fined in the range 𝑥 ∈ [−10 mm,10 mm]. This equilibrium is qualita-
tively the same for the first drop deposit (Section 3.2.2), only the wetted 
portion of the soil is wider (Fig. 6). A similar behavior is pointed out in 
Beltrame and Cajot [6] when the mean water content is increased.

In contrast the infiltration dynamics differs between the first and the 
second deposit of the drop. Fig. 10b represents the time evolution of 
the drop volume per unit length of the first (line) and the second drop 
(dashed line). The curve associated to the second drop is convex, as 
described by Kumar and Deshpande [54]. Thus, for 𝑐 = 0.7, only two 
stages of infiltration remain after the addition of a second drop: first the 
IDA stage followed by the DDA stage, while the CDA stage no longer 
exists.

This phenomenon was observed experimentally during the deposit 
of the second drop by Charles-Williams et al. [18] in the context of a 
powder medium without amphiphilic matter. As expected, the contact 
angle of the drop during infiltration is lower for pre-wetted soil than for 
dry soil (Fig. 10a). Comparing the time evolution of the drop volume per 
length between the first and second drop, the infiltration rate is faster 
for the second drop (Fig. 10b). However, after the infiltration plateau 
of the first deposit, the infiltration rate is higher than for the second 
deposit. As a result, the duration of imbibition is longer for the second 
drop (𝑡 = 50 s) than for the first drop on the dry substrate (𝑡 = 35 s).

Our model is able to reproduce both the infiltration time as well as 
the infiltration dynamics of the drop in a qualitative way between a dry 
soil and a wet soil.

4. Conclusions

We presented a model for the infiltration of a drop into a thin layer 
of porous medium containing adsorbed amphiphilic matter. The infil-
tration dynamic is interpreted as a relaxation dynamic. The resulting 
governing equations (24) which express the drop water heights 𝜁 and the 
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Fig. 8. Snapshots of height and saturation profiles during drop infiltration into a soil with EPS concentration 𝑐 = 0.7. Initial drop volume per unit length is  =
20.9 mm2 and initial soil saturation is 𝑠= 0.1. Other parameters are given in Table 1.

Fig. 9. Time evolution (logarithmic scale) of (a) radius and (b) contact angle of a drop during infiltration into a dry sandy soil. [Line] Increasing Drawing Area (IDA), 
[Dashed] Decreasing Drawing Area (DDA) and [dotted] Constant Drawing Area (CDA). Parameters are given in Table 1.

Fig. 10. Comparison of infiltration dynamics of a first drop deposit on a dry soil and of a second drop deposited at the same place, with soil wetted by the first drop 
(sandy soil with an amphiphilic EPS concentration 𝑐 = 0.7). Parameters are given in Table 1.

equivalent height of saturation 𝜉 in the medium are fourth-order non-
linear PDE belonging to the class of coupled (𝜁, 𝜉) two-order-parameter 
gradient models [70]. We studied the uniform equilibria and their stabil-
ity as well as the infiltration dynamics of a drop using a Finite Element 
Method code. The model mimics the dependence of the wettability of the 
porous medium and its interface on the amphiphilic matter and the wa-
ter content. Numerical simulation demonstrates that the model is able 
to describe several dynamic processes for different situations which are 
driven by the same free functional energy. This energy includes (i) the 
surface tension at the wetting front in and on the porous medium [23,4] 
and (ii) the wettability of the amphiphilic porous medium [15], the drop 
[71,40] and at their interface, relevant to describe the water behavior 
during the infiltration into the porous medium. The emerging time pro-
cesses of the model are the spreading of the drop, the vertical infiltration 
of liquid from the drop into the amphiphilic porous medium especially 

in dry substrate, the lateral diffusion of the liquid within the wet porous 
layer, and the delay of infiltration in dry porous medium depending on 
the concentration of amphiphilic matter.

The wettability within the porous medium and at its interface is a 
relevant notion for understanding processes and modeling water trans-
fer with a functional free energy. In this way, the drop infiltration into 
a porous medium is described by a gradient model constructed from a 
free energy that combines the drop energy, the porous medium energy 
and coupled interface energy. This partial differential equation ensures 
consistency with thermodynamics, as in generic models of the coupled 
kinetics of scalar fields [70]. In this study, (i) we have adapted and ex-
tended models for amphiphilic porous medium by taking into account 
the wettability at the interface depending on the saturation and the drop 
height, (ii) we assume a quasistatic flow dynamic, we have neglected 
(iii) the viscous coupling of tangential velocity at the interface between 
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the liquid film and the thin porous medium and (iv) liquid evapora-
tion.

Numerical simulation demonstrates a slowdown of infiltration in dry 
media similar to the slowdown of diffusion in rhizospheric soils [16,53] 
that has been interpreted as a decrease in hydraulic conductivity [52]. 
In contrast, in our study, this slowdown process spontaneously emerges 
from the wettability properties of the porous medium. More, our model 
results reveal an infiltration threshold, which cannot be explained by a 
variation in hydraulic conductivity. Slightly below this threshold value, 
an imbibition latency effect precedes drop infiltration due to the hy-
drophobicity of the medium. This phenomenon is observed in a natural 
media. The video in the supplementary material shows the imbibition 
dynamics of a drop in soil under a pine tree and therefore containing 
organic matter. A latency period is clearly visible. To our knowledge, 
current models in the literature do not reproduce this type of infiltra-
tion dynamics, despite their existence in natural media. However, the 
infiltration threshold is reminiscent of the depinning of a drop passing 
through a hydrophobic defect [7], or the infiltration threshold in a hy-
drophobic layer in stratified porous medium [6]. In all of these studies, 
the liquid must overcome an energy barrier related to hydrophobicity 
to continue flowing. To clearly identify this threshold would require a 
bifurcation study as conducted in [7].

The employed gradient dynamics approach provides a simple ther-
modynamics construction to model complex situations [70,40,41,30]. 
Here it has been restricted to fine porous media, notably to avoid 
the two-dimensional mesh of the porous medium. This case is rele-
vant to model the infiltration of drops on paper [21] or on powder 
medium [39,18], as well as the transfer of water in a fine medium such 
as a Gas Diffusion Layer [1]. Extending this model to several dimen-
sions (2 or 3) does not raise theoretical problems. However, taking into 
account the thickness of the porous medium requires coupling a two-
dimensional mesh (inside the porous medium) and a one-dimensional 
mesh (drop/porous medium interface). This model can be applied and 
extended to practical problems in industry and natural as rehumecta-
tion and root uptake processes in the rhizosphere [16,53,55,14], flow 
phenomena on dry soil from run-off to infiltration [43,66], solutions 
on porous substrates [68,44], transport in mesoporous silica films [49]. 
Furthermore, the approach could be expanded to free amphiphilic mat-
ter in a solute or to liquid evaporation processes [73,22,31] by com-
bining the gradient dynamics approach presented here with elements of 
polymer brush framework [71,40].
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