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Abstract

Accurate simulation of laboratory undrained and cyclic triaxial tests on gran-
ular materials using the Discrete Element Method (DEM) is a crucial concern.
The evolution of shear bands and non-uniform stress distribution, affected by the
membrane boundary condition, can significantly impact the mechanical behavior
of samples. In this work, the flexible membrane is simulated by using the Finite
Element Method (FEM) coupled with DEM. In addition, we introduce a hydro-
mechanical coupling scheme with a compressible fluid to reproduce the different
undrained laboratory tests by using the membrane boundary. The evolution of
pore pressure is computed incrementally based on the variation of volumetric
strain inside the sample. The results of the membrane boundary condition are
compared with more classical DEM simulations such as rigid wall and periodic
boundaries. The comparison at different scales reveals many differences, such as
the initial anisotropic value for a given preparation procedure, fabric evolution,
volumetric strain and the formation of shear bands. Notably, the flexible bound-
ary exhibits more benefits and better aligns with experimental data. As for the
undrained condition, the results of the membrane condition are compared with
experimental data of Toyoura sand and rigid wall boundary with constant volume.
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Finally, stress heterogeneity during undrained monotonic and cyclic conditions
using the membrane boundary is highlighted.

Keywords: Membrane boundary condition, DEM, Shear band, Anisotropy, Undrained
cyclic triaxial test

1 Introduction1

The Discrete Element Method (DEM) is frequently used to simulate triaxial tests.2

In conventional DEM simulations of triaxial tests, rigid wall enclosing parallelepiped3

specimens [e.g., 18, 19] or periodic boundaries [5, 23] are commonly applied. However,4

flexible boundary conditions are often employed in laboratory triaxial tests. This pref-5

erence for the rigid or periodic boundaries in DEM simulations is primarily driven by6

the simplicity they offer in the simulation process. While a periodic boundary describes7

the infinite domain by characterizing it through the repetition of a cell pattern that8

periodically replicates in infinite space, Representative Volume Elements (RVEs). The9

main feature of the periodic boundary is to eliminate the boundary effects. Also10

as highlighted by [5], the periodic boundary gives different volumetric strain than11

the physical sample. Additionally, a common characteristic shared by rigid and peri-12

odic boundaries is their inability to accurately capture the evolution of shear bands13

observed in laboratory triaxial tests. On the other hand, the flexible membrane bound-14

ary can affect the mechanical behavior of triaxial samples [12], especially when dealing15

with materials that undergo large deformations. A flexible latex membrane allows the16

material to deform freely during testing and form shear bands [28]. The incorporation17

of a flexible membrane in DEM simulations of triaxial tests leads to a more accurate18

representation of the laboratory test, as it deals with specific boundary-dependent19

phenomena, i.e., BVP, rather than a pure soil response.20

2



Attempts are made to reproduce flexible membrane by bonded particles in DEM,21

known as the bonded-ball membrane [3, 7, 11, 21, 32]. Although the bonded-ball mem-22

brane method has the capability to include membrane effects, such as the evolution23

of shear bands, current algorithms face challenges, particularly in establishing a reli-24

able numerical representation for the deformation properties of an actual membrane.25

On the other hand, several researchers have undertaken the coupling of the DEM26

and Finite Element method (FEM) to investigate the interaction between particu-27

late materials and various shell elements. For example, [29] specifically examined the28

reinforcement of earth structures with geosynthetic sheets by employing the coupled29

approach of the FEM and DEM. Also, [22] used a 2D polygonal DEM-FEM interface30

coupling to study the failure analysis of a concrete faced rockfill dam under earth-31

quake effect. In this work we propose a FEM-based membrane implementation with32

a direct description of membrane action shell based on the actual elastic properties,33

thickness and density of the laboratory latex membrane.34

Furthermore, the undrained condition is implemented to be applied within the35

membrane boundary, allowing the estimation of excess pore pressure based on volu-36

metric changes. While, maintaining a constant volume condition, as applied in [16],37

is not suitable in this context for several reasons as discussed by [15]. Firstly, the38

undrained condition differs from a constant-volume state, even under complete soil39

saturation, allowing for minor volume changes without fluid inflow or outflow. Sec-40

ondly, the constant-volume approximation is unsuitable for unsaturated conditions41

where the volumetric stiffness of pore fluid mixture might be smaller than the bulk42

stiffness of the soil skeleton, limiting its applicability. Thirdly, the constant volume43

assumption hampers the simulation of intricate loading and stress paths encountered44

in field or laboratory settings, Since maintaining a constant volume represents a strain-45

control condition that is not always present in laboratory tests, the control mode,46
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whether stress, strain, or a combination of both as in the conventional drained triaxial47

compression test, may influence only instability or failure conditions [9, 25].48

As such, the combined objective of this paper is to propose a comprehensive method49

for simulating triaxial tests under both drained and undrained conditions by using a50

membrane boundary. This article is structured into three sections. Section 2 presents51

the used DEM-FEM coupling method, the strain matrix of DEM samples with flexible52

membrane and the implementation of the undrained condition. Section 3 presents the53

numerical packing and different samples generation as well as a comparison between54

the different boundary conditions for drained triaxial tests at both macro and micro55

scales for loose and relatively dense samples of Toyoura sand including laboratory56

results. Finally, Section 4 presents simulations of undrained triaxial tests using flexible57

boundaries for both monotonic and cyclic loading. The results are then compared with58

undrained triaxial tests conducted on Toyoura sand.59

2 DEM-FEM numerical model for membrane60

boundary with excess pore pressure evolution61

2.1 Finite element method modelling of flexible membrane62

The conventional triaxial test configuration involves a cylindrical soil sample vertically63

enclosed by a thin latex membrane clamped to the top and bottom platens. In this64

section, a robust flexible membrane model is used to correctly mimic the laboratory65

triaxial test inside 3D-DEM numerical simulations. A constant strain triangle (CST)66

finite element with three node points is used to build the membrane in Flac3D [14].67

The CST element assumes a plane stress configuration typical of thin structures and68

considers two translational degrees of freedom for each node, introducing membrane69

action to the shell elements. The shell elements are considered as an isotropic elastic70
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material characterized by Young’s modulus E and Poisson’s coefficient ν. The thick-71

ness t is required to characterize the rigidity of the shell element needed to form the72

finite element stiffness matrix of the shell. Unlike Flac3D zones which use the finite73

volume concept, membrane elements are modeled using Finite Element Analysis. The74

discretization and time integral of the governing equation uses the classical finite ele-75

ment method FEM for triangular element [4] with central-difference method for time76

integration. The dynamic response equations of a structure element can be obtained77

by ensuring that the external work is absorbed by the internal work as follows:78

∫
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}T {
F

}
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∫
Se

{
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}T {
Φ

}
dS +

n∑
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(1)

where F, Φ and p denote body force per unit volume, applied pressure and nodal79

concentrated force, respectively and κd is a material-damping parameter. u is the80

displacement field. The left side of the Eq. 1 represents the external work. Eq. 1 can81

be recast in a different form after defining in particular a mass M and damping c82

matrix as follows:83

[m] =

∫
Ve

ρ[N]T [N] dV (2)

84

[c] =

∫
Ve

κd[N]T [N] dV (3)

The internal force for a triangular element is defined as:85

{
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}
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∫
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[
B

]T {
σm

}
dV (4)
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where braces denote vectors and square brackets denote matrices. [N] is the shape86

function matrix [4] and matrix [B] is the strain-displacement matrix that relates the87

the strain of the element and the displacements at each nodes {δϵ} = [B]{d}. The88

membrane resultants Nx, Ny and Nxy have units of forces per unit length. Em is89

the membrane stiffness matrix. In this section x and y are the local axes forming the90

triangular element plane. The internal forces rint for a single membrane element is :91

{
rint

}
=

[
B

]T {
EEEm

}[
B

] [
d

]
A.t (6)

Where A is the area of the triangular element. Finally, the whole stiffness matrix of92

the structure is established as follows:93

[
M

]{
D̈

}
+

[
C

]{
Ḋ

}
=

{
Rext

}
−
{
Rint

}
(7)

where

{
Rint

}
is the sum of

{
rint

}
of each element.

{
Rext

}
is the sum of all applied94

forces and pressure on nodes for the whole structure.95

2.2 DEM Contact model and interaction between DEM and96

FEM triangular element97

In this study, the rolling resistance contact model [13] is used with spherical particles98

to model Toyoura sand mechanical behavior as presented in [18]. The contact model99

comprises four parameters: normal and tangential stiffness, denoted as Kn and Ks100
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respectively, along with Coulomb and rolling friction coefficients µ and µr. The details101

of the contact model between particles and between particles-membrane are outlined102

in Appendix A.103

The interaction between particles and the membrane occurs by detecting the con-104

tact between particles and shell elements. The execution of the interaction between105

DEM particles and the membrane FEM element involves converting contact forces106

and moments to equivalent nodal forces

{
p

}
i

for triangular FEM elements see Eq. 1.107

Note that at the contact level, the rolling resistance moment used here has no twist-108

ing component Mn as shown in Fig. 1. As illustrated in Fig. 1, each node presents109

three unknown forces in the n (triangle normal), shear direction s = F shear

|F shear| , and t110

directions, forming an indeterminate system of equations. This leads to a total of 9111

unknowns for each triangular element. It’s important to note that the nodal forces will112

balance both the contact forces and the rolling moment at the point of contact. Equi-113

librium static equation of the element can provide 6 equations to solve 9 unknowns.114

In addition, the barycentric weighting ni = Ai
A1+A2+A3

as shown in Fig. 1 is applied to115

offer 2 additional equations to find the nodal reactions in s direction. The final required116

equation is that the sum of the products of the distances di,t from contact point and117

the forces applied at the vertices in the t direction being equal to zero.
∑

pi,tdi,t = 0.118

On the other hand, the membrane element logic employs an explicit, direct inte-119

gration method to discretize Eq. 7 in time at the same timestep as DEM calculation.120

The critical time step can also be computed separately for each membrane element121

and DEM particle, taking into account translation and rotational motions, and finally122

considering a minimum critical time step across DEM and FEM elements.123
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Fig. 1 Contact between a granular particle and a triangular element. The contact forces and
moments are transmitted to the nodes of the triangular element.

2.3 Calculations of strain matrix and volumetric strain for a124

sample with a flexible boundary125

Unlike parallelepiped specimens enclosed within rigid boundaries, assessing the volume126

of a deformed specimen delimited by a membrane is not straightforward and various127

methods have been proposed in the literature to quantify the variation in volumetric128

strain for cylindrical shapes with irregular outer shells. [16] used Gauss divergence129

theorem to calculate the volume of specimens bounded by a membrane from triangle130

elements. The sample volume, denoted as Vs, of a cylindrical sample with a membrane131

made of triangular elements can be calculated as follows:132

V s =

∫∫∫
V

dv =
1

3

∫∫
s

n.xds =
1

3

∑
c∈S

nc.xcAc (8)

where S is the surface of the closed specimen space, including the top and bottom133

loading plates. For a triangle element on the membrane surface, the centroid position134

xc is computed by averaging the positions of its constituent nodes. nc and Ac denote135

the outward normal and area of the corresponding triangle. Additionally, [32] mea-136

sured volumetric changes by dividing the sample center into three regions. Two cones137

were formed from the center towards the upper and bottom platens, while the third138
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region constituted the remaining cylindrical sample enclosed by the deformed flexible139

membrane. The volume of this third region is calculated as the sum of all the volumes140

of the 3D Simplices formed by the triangles and the center of the sample.141

In this study, our scope extends beyond solely assessing changes in volumetric142

strain. We additionally compute all components of the strain matrix from particle143

velocities to comprehensively examine strain elements across different tests, including144

the evaluation of ϵxx and ϵyy during undrained triaxial tests (see Section 4 below).145

Therefore, the strain rate tensor ϵ̇ij of the cylindrical sample is computed based on the146

best fit between the predicted and measured velocities for the set of particles contained147

within the sample using PFC [13]. The procedure actually relies on measuring the148

relative-to-average velocity of a particle, which is:149

Ṽ
(p)
i = V

(p)
i − V̄i (9)

where V
(p)
i is a particle velocity and V̄i is the average velocity of all particles in the150

discrete system. From a continuum mechanics point of view, the predicted relative151

velocity of a particle is related to the strain rate tensor and the location as follows:152

ṽ
(p)
i = ϵ̇ij x̃

(p)
j (10)

where x̃
(p)
i = x

(p)
i − x̄i with x

(p)
i denotes the position of a particle and x̄i is the average153

position of all particles in the system. By taking the derivative of the sum of squared154

errors between predicted and measured velocities for all particles in the sample and155

setting it equal to zero, one can obtain the following system of equations [13]:156
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(11)

where i takes values of 1,2 and 3. The nine components of the matrix of the strain157

rate for the above system are obtained and by knowing the timestep of simulation, the158

homogenized strain matrix is obtained. Consequently, the volumetric strain is defined159

as the trace of the strain matrix: ϵv= ϵ11 + ϵ22 + ϵ33. Furthermore, the Delaunay160

tessellation method offers an alternative approach for computing the strain matrix in161

granular assemblies [2] or from the deformation of membrane elements.162

2.4 Evolution of pore pressure during undrained condition163

In undrained triaxial tests, pore pressure evolves due to a constrained drainage while164

the material has a tendency to volume variations during shearing. As the soil under-165

goes shearing, pore water compression or expansion occurs, leading to an increase or166

decrease in pore water pressure. While coupling a DEM code with a computational167

fluid dynamics (CFD) code can simulate undrained condition for dynamic loading168

cases, employing CFD in quasi-static undrained tests may be impractical, as CFD pri-169

marily models fluid flow in dynamic conditions. In quasi-static undrained condition,170

fluid flow within the sample is negligible and pore pressure is considered as uniform171

throughout the sample. Consequently, the time evolution of pore pressure can be172

directly calculated from the changes in volumetric strain and the fluid Biot modu-173

lus M , given by M =
Kf

n , where Kf and n are the effective fluid bulk modulus (if174
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not perfectly saturated) and porosity, respectively. The effective confining stress σ′
c is175

updated as follows:176

1

M

∂u

∂t
= αBiot

∂ϵv
∂t

(12)

σ′
c = σc − u (13)

where σc is the applied confining stress. The term ∂u
∂t represents the variation of pore177

pressure with respect to time, where αBiot denotes the Biot coefficient (assumed to be178

1) and ϵv stands for the mechanical volumetric strain. The volumetric strain is deter-179

mined at the end of each DEM cycle as discussed in Section 2.3. At the beginning of180

the next time step, Eq. 12 is employed to calculate the equivalent pore pressure, which181

is utilized in Eq. 13 to update the effective confining pressure only in the undrained182

condition. Where the confining pressure is applied on each node of triangular elements183

as an external force, as indicated in Eq. 1. The simulations remained stable despite184

incremental changes to the confining pressure, attributed to dynamic nature of Flac3D185

equation and the quasi-static simulations. If instability occurred, adjustments could186

be made incrementally to achieve equilibrium before applying updates.187

3 Numerical packing and different models results188

for the drained condition189

3.1 Numerical packing, generation procedures and model190

parameters.191

For the purpose of investigating the effect of adopting either a membrane or another192

kind of boundary conditions in section 3.2, the generated DEM samples adopt different193

configurations. A rectangular parallelepiped with initial dimensions of LZ=300mm,194
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LX=200mm, LY =200mm is adopted both in the case of rigid walls and as the unit pat-195

tern for periodic boundaries, while a cylindrical sample with initial height h=300mm196

and a diameter D=200mm will include a flexible membrane boundary. DEM samples197

are prepared starting from a cloud of particles with no contacts. The number of parti-198

cles is specified, and then the real PSD of the sand is scaled to fit this specified number199

of particles and the size of the specimen. As proven [20, Figure 6 therein] for the exact200

same sample preparation method used here, 7500 particles are sufficient to ensure a201

uniform distribution of porosity within a DEM sample. Furthermore, the stress-strain202

response remains unaffected when the number of particles exceeds this value. There-203

fore, in each simulation, the sample contains at least 7500 spheres, as shown in Table 1204

and Fig. 2. The particle size distribution of Toyoura sand is used in these simulations205

as shown in Fig. 3, including a scaling factor. Simultaneously scaling the specimen206

dimensions and particle size for a same contact network is mechanically inconsequen-207

tial in quasi-static cases due to the contact model, as the normal stiffness Kn value is208

normalized by particle size as shown in eq. A2. The sample is prepared by applying209

isotropic compaction, where the walls or membrane are moved towards the sample to210

achieve a target confining pressure. During the confining phase, the final porosity can211

be regulated by the friction coefficient and rolling coefficient independently of the sub-212

sequent shear loading phase, aiming to attain the same initial porosity values as those213

observed in the reference experimental data of Toyoura sand. In the case of the flexible214

membrane, the porosity is measured within a spherical measurement region positioned215

at the center of the cylindrical sample (since in the case of parallelepiped shape the216

porosity calculation is straightforward), with a diameter equal to 95% of the sample217

diameter. The contact parameters are provided in Table 1 based on the DEM model218

for Toyoura sand proposed by [18] after calibration and validation against experimen-219

tal data. Finally, the quasi-static condition is guaranteed for the various triaxial tests220

by meeting the following specified condition for the inertia number: Ir ≤ 10−4 [6].221
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Since the membrane is firmly clamped around the top and bottom platens, the222

membrane can contribute to the strength of the material depending on its rigidity and223

its diameter. The rigidity parameters and membrane density are presented in Table224

1, guided by the properties of the laboratory latex membrane [12]. The membrane is225

rather weak so that they can enclose the sample without contributing greatly to the226

material stiffness. Furthermore, the rolling friction between the shell elements and the227

adjacent particles as well as between the particles and the bottom and lower platen is228

eliminated.229

Fig. 2 Different 3D-DEM models with different boundary conditions: top-left rigid wall; top-right
membrane; bottom periodic boundary.
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Fig. 3 Particle size distributions of Toyoura sand [after 8] vs DEM model employed for the different
boundaries.

3.2 Effect of REV boundary conditions on the microscopic and230

macroscopic behavior231

From the different types of boundary conditions described in Section 3.1, a comparison232

is made among the corresponding three different numerical models while keeping all233

other parameters constant, including the number of particles, initial void ratio, DEM234

contact model and strain rate. It is to note the common initial porosity adopted for all235

three DEM setups is in a remarkable agreement with the actual porosity of laboratory236

experiments proposed in [10] and used as a reference for the macroscopic behavior.237

At a deeper scale, the microstructure is firstly assessed by examining both the238

evolution of the contact normal fabric tensor and the evolution of the coordination239

number during the triaxial test. The coordination number of an assembly of particles240

can be expressed as follows:241

Z =
2Nc

N
(14)

where Nc is the number of contacts and N is the number of bodies. The contact normal242

fabric tensor Fij can be evaluated as follows:243

Fij =
1

Nc

∑
cont.

ni ⊗ nj (15)
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where ni is the contact normal direction. The anisotropy A of the fabric tensor Fij is244

quantified and defined as the ratio between the second invariant of the fabric tensor245

and one third of the first invariant of the fabric tensor. Considering the axisymmetric246

condition of the triaxial test, the equation for anisotropy A leads to:247

A =
3(F11 − F33)

F11 + 2F33
= 3(F11 − F33) (16)

where the principal directions of the tensor Fij are 1, 2 and 3, corresponding to the Z, X248

and Y directions respectively in the triaxial setting in Fig. 2. The fact that X, Y, Z are249

principal axes is no longer enforced beforehand by the numerical setup for the periodic250

and membrane boundary conditions (unlike the case of frictionless rigid walls). This251

property is checked in these cases and is still verified. Also, due to our preparation252

method of isotropic compaction on spherical particles, the principal directions of the253

fabric tensor are checked and found to be the same as the stress tensor.254

The results at the microscopic level of the different simulations of 3D-DEM for255

the classical drained triaxial test with these different boundary conditions are shown256

in Fig. 4. The initial coordination number for the samples with different boundary257

conditions is close with a slight decrease for the rigid boundary condition. The initial258

anisotropy values for periodic boundaries and rigid wall is very close to zero. How-259

ever, with a membrane boundary, there is an initial value for sample anisotropy. This260

is consistent with the results from experiments detailed in [31], which employed x-261

ray tomography on a laboratory triaxial cell containing nearly spherical particles. It262

indicates that a membrane boundary may induce initial fabric anisotropy, even when263

utilizing spherical particles within an isotropic stress state. During the shearing phase,264

the evolutions of the coordination number with the axial strain shows exactly the same265

trends. Furthermore, the evolution of the anisotropy of the sample with axial strain266

for the different models classically reveals the fact that the contacts tend to align with267
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the direction of the applied load and therefore the anisotropy of the sample increases268

when increasing the axial strain. The different models exhibit a consistent tendency in269

the evolution of sample anisotropy, with a higher peak value observed for the periodic270

boundary condition. Additionally, specimens with a rigid boundary experience more271

pronounced fabric anisotropy during triaxial shearing compared to the sample with272

the membrane boundary under the same confining stress.273

Secondly, a comparison on the macroscopic level is performed by which the stress-274

strain response of the three models will be presented. The macroscopic behavior of the275

model that uses the flexible membrane shows a high capability to fit the experimental276

data from [10] and especially the less dense sample as shown, in Fig. 5. Particularly,277

the membrane boundary provides a more accurate representation of the volumetric278

strain behavior. This advantage may be because of the flexible membrane has a higher279

degree of freedom than the rigid wall. This allows the sample to have a more dilatant280

volumetric behavior. Furthermore, the presence of friction between the platens and281

particles and the flexible membrane facilitates the presence of the shear band (loss of282

homogeneity, see Fig. 6) and mimics what is observed in the case of the laboratory283

triaxial test.284

Table 1 DEM contact model, packing and membrane parameters

Contact Packing Membrane Properties

Emod kn/ks µ µr Dmin - Dmax N E ν t Density
(MPa) (-) (-) (-) (mm) (-) (MPa) (-) (mm) (kg/m3)
450 3 0.6 0.38 4 - 20 7500 (min) 1 0.49 5 950
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Fig. 4 Evolution of the fabric tensor and the coordination number during drained triaxial test for
different boundary conditions with confining stress = 400 kPa and initial void ratio = 0.668.

Fig. 5 Influence of the boundary condition on the macroscopic behavior. Cross points are experi-
mental data [10] for a dense sample with an initial relative density Dr=91% and a relatively loose
sample with an initial relative density Dr=50%.

Fig. 6 Evolution of particles velocity field during the drained triaxial compression test with an initial
void ratio of 0.668 (initial relative density Dr=91%) and a confining pressure of 400 kPa at different
axial strain values: 0.05% (left), 3% (middle), 10% (right). Loss of strain homogeneity is evident at
ϵ11=10%
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4 Undrained monotonic and cyclic triaxial tests285

4.1 Undrained triaxial test with the membrane boundary286

condition287

Fig. 7 presents the results of DEM simulations with the flexible membrane and dif-288

ferent effective fluid bulk modulus Kf , alongside laboratory data from [33] for an289

undrained test with void ratio e = 0.79 and confining pressure 400 kPa. As expected,290

a higher Kf modulus results in a more pronounced increase in positive pore pressure,291

leading to a greater reduction in effective mean pressure, as illustrated in Fig. 8. In292

addition, the curve with Kf = 8 × 108Pa aligns more closely with the experimental293

evolution of pore pressure, providing a better fit to the experimental data. The evo-294

lution of the strain matrix is shown in Fig. 8. The results show that in the case of295

the highest value of Kf = 2× 109Pa, the variation of volumetric strain is nearly zero.296

However, a notable observation is that the loss of symmetry in horizontal strains ϵxx297

and ϵyy, along with the emergence of stress heterogeneity, becomes evident after the298

application of axial strain ϵa = 0.5%, as depicted in Figs 8 and 9. Fig. 9 shows that299

the difference between vertical stresses measured from the bottom and upper platen300

begins only after ϵa = 0.5% and not from the beginning of the test. It is important to301

emphasize that the strain and stress heterogeneity induced by the membrane boundary302

cannot be accurately captured using a rigid wall boundary with the constant volume303

condition. In a constant volume setup, the lateral walls move uniformly to enforce a304

constant volume condition, resulting in the same strain in the horizontal directions.305

This uniform movement restricts the ability to simulate the realistic heterogeneity306

introduced by the flexible membrane boundary.307

In reality, above the water table level, fluid saturation levels are typically less than308

1, with high dissolved air content. The degree of saturation significantly influences309

the compressibility of the air–water mixture as indicated in [1]. One advantage of310
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the proposed scheme is that it allows the estimation of pore pressure without impos-311

ing a constant volume condition. A direct relation can be established between Bulk312

modulus of water-gas mixture over water saturation. Also, the slightly unsaturated313

(quasi-saturated with only entrapped bubbles without capillary effect [17]) condition314

can be incorporated within this scheme. However, this would necessitate, in future315

work, the incorporation of more intricate equations for pore pressure evolution. [15]316

provides a means for directly managing and measuring pore pressure and water influx317

under unsaturated conditions. Alternatively, one can vary the effective fluid bulk mod-318

ulus value of the sample to accommodate varying air content based on a specific law319

(e.g., making the Kf modulus proportional to pressure or volumetric change including320

capillary pressure [24]).321

Fig. 7 Different undrained triaxial tests with different values of the effective fluid bulk modulus and
with a confining pressure = 400 kPa and a void ratio = 0.79.

4.2 Undrained cyclic triaxial test with the membrane322

boundary condition323

In undrained cyclic triaxial testing, as a sample undergoes liquefaction or significant324

deformation, the presence of a flexible membrane can contribute even more to the325

loss of homogeneity in the sample. In this context, a cyclic undrained triaxial test is326

conducted in Fig. 10 to explore the potential impact of a flexible membrane boundary327
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Fig. 8 Left: Evolution of pore pressure during an undrained triaxial test with different values of
effective fluid bulk modulus Kf versus the experimental data. Right: Evolution of strain matrix and
volumetric strain during an undrained triaxial test with Kf= 2× 109Pa, a confining pressure = 400
kPa and a void ratio = 0.79.

Fig. 9 Deviatoric stress measurements from upper and bottom platens during an undrained triaxial
test with Kf= 2× 109Pa, a confining pressure = 400 kPa and a void ratio = 0.79. The mismatch in
external loads at these two boundaries may be attributed to stress heterogeneity along the sample
rather than to a higher strain rate, as the difference began at ϵzz = 0.5% and not from the beginning
of the test.

on cyclic behavior. The test is performed at a confining pressure of σ3 = 400 kPa and328

an initial void ratio of e = 0.79. The initial observation reveals that in comparison to329

different cyclic undrained triaxial tests conducted with the same DEM model (in terms330

of numerical parameters) for Toyoura sand but with a rigid wall boundary, presented331

in [20], the model with a flexible boundary exhibits greater axial deformation on the332

extension side than on the compression side, contradicting the DEM model with a rigid333

wall. This observation may be associated to the initially induced anisotropy value,334

indicating a preference for contact normals in the Z direction, in the case of the flexible335
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boundary. This observation aligns with experimental data for undrained cyclic triaxial336

tests on Toyoura sand reported in various references such as [30, 34]. Additionally,337

there is a slight increase in the effective mean pressure at the beginning of the test see338

Figs. 10 and 11 even with fully saturated effective fluid bulk modulus (green curve in339

Fig. 11). This trend has consistently been observed in undrained cyclic tests conducted340

on Toyoura sand, as documented in the literature (e.g., [27, 30]). Additionally, these341

previous advantages compared to the experimental data are not observed when using342

a parallelepipedic cell with a periodic boundary condition [26]. Fig. 11 shows the343

effect of the value of effective fluid bulk modulus Kf on the mechanical behavior of344

the previous test. As expected, higher Kf value leads to more loss in effective mean345

pressure for the same number of cycles.346

Fig. 10 Cyclic undrained triaxial tests using the membrane boundary with an effective fluid bulk
modulus Kf = 8× 108Pa, a confining pressure = 400 kPa and a void ratio = 0.79.

5 Conclusion347

This paper presents DEM simulations of drained and undrained conditions of triaxial348

tests using a membrane boundary condition. The membrane boundary is simulated by349

utilizing the constant strain triangle (CST) via FEM with central-difference method350

for time integration, inducing membrane action in shell elements. The shell element is351

characterized by four parameters: Young’s modulus E, Poisson’s ratio ν, membrane352
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Fig. 11 Effect of different Kf values on the cyclic undrained behavior with the flexible boundary
condition.

thickness t and density ρ. An equivalent force system for contact forces and induced by353

the interaction with the granular sample is applied to the nodes of triangular elements.354

Also, the full strain matrix is estimated to compute the volumetric strain and assess355

strain heterogeneity in samples with the flexible boundary. Furthermore, the excess356

pore pressure during the undrained condition is computed based on the variation of the357

volumetric strain and the effective fluid bulk modulus Kf . The corresponding effective358

confining pressure is updated to include the evolution of the excess pore pressure.359

A DEM model containing approximately 7500 spherical particles is used, along360

with a rolling resistance contact model that has already been calibrated and validated361

for Toyoura sand. In drained triaxial condition, a comparison is made between flexible362

membrane, rigid wall and periodic boundaries. At the microscopic level and for the363

same void ratio, the membrane boundary exhibits an initial value for fabric anisotropy364

after the isotropic compaction phase, while both periodic and rigid wall boundaries365

show a zero initial fabric anisotropy. At the macroscopic level, the evolution of devi-366

atoric stress is identical for rigid and membrane boundaries until reaching the peak.367

However, differences become more pronounced during the post-peak stage. Regarding368

the evolution of the volumetric strain, the membrane boundary demonstrates a higher369

capability than the other boundaries in fitting experimental data for loose and mid-370

dense samples of Toyoura sand. Also, shear band evolution during drained test with371
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the flexible boundary for mid dense sample was observed. Also, the flexible boundary372

is used to simulate undrained triaxial tests for Toyoura sand. Using the highest value373

of the effective bulk modulus Kf = 2× 109Pa indicating a saturated condition shows374

nearly zero evolution in the volumetric strain. Furthermore, the results of this test375

exhibit good agreement with the experimental data of Toyoura sand in both the devi-376

atoric and effective stress curves. Additionally, an examination of stress heterogeneity377

and different lateral strains induced by flexible membrane is highlighted by measuring378

deviatoric stress from the upper and bottom platens of the triaxial cell, as well as from379

the strain matrix. Differences between lateral strains ϵxx and ϵyy, as well as between380

the deviatoric stress measured from the bottom and upper platen, are observed after381

axial strain ϵa = 1%, implying heterogeneity in stress within the sample. Finally, a382

cyclic undrained test is conducted, revealing two main observations. First, by using a383

rigid wall boundary and the same numerical parameters, it was observed that there384

is more axial strain on the compression side for the same number of cycles, contra-385

dicting the experimental data. However, the results with a flexible membrane show386

more axial strain on the extension side. Second, at the beginning of the test, a slight387

increase in effective mean pressure is observed similar to many experimental tests for388

cyclic and monotonic undrained tests in the literature.389

The perspective of this work involves studying the mechanical behavior and shear390

band formation of the DEM model with irregular polyhedron particles for Toyoura391

sand presented in [18], incorporating the flexible boundary condition proposed in this392

study. Another aspect is the examination of quasi-saturated behavior under triaxial393

undrained condition using the DEM model with the flexible boundary condition.394
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Appendix A Contact model401

An elastic normal contact force evolves in the following manner:402

f⃗n = Knδ⃗n (A1)
403

Kn = Emod
πr2

R1 +R2
with r =

R1 +R2, particle-particle

R1, particle-shell element.
(A2)

where δ⃗n is the relative normal-displacement and Kn, Emod are the normal stiffness404

and normalized parameter. R1 and R2 are the radii of the two contacting spheres. In405

the case of contact between a particle and a shell element, the radius R2 represents406

the radius of the shell element and is equal to zero. The shear force is :407

f⃗s = f⃗0
s +Ks∆δ⃗s (A3)

where f⃗0
s and δ⃗s are the shear force and the shear displacement at the beginning of408

a time step. Ks is the contact tangential stiffness. The Coulomb friction condition is409

imposed as follows:410

||f⃗s|| ≤ ||f⃗n||µ (A4)

where µ is the coefficient of friction. The rolling stiffness and moment incremental411

laws are as follows:412

Kr = KsR
2
m (A5)

1

Rm
=

1

R1
+

1

R2
(A6)
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∆M⃗r = Kr∆θ⃗b ||M⃗r|| ≤ µr||f⃗n||Rm (A7)

∆θ⃗b = ∆θ⃗ −∆θt.n⃗c (A8)

where n⃗c is contact normal, µr, Rm, ∆θ⃗, ∆θt and ∆θ⃗b represent the rolling friction413

coefficient, effective radius, rotation increment, relative twist-rotation increment and414

relative bend-rotation increment, respectively.415
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