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Abstract

Gaussian Random Fields (GRFs) play a critical role in modeling and simulating environ-
mental and climate-driven processes. The simulation of GRF's enables the representation of
the variability of the process under study through the generation of multiple equally plausible
realizations.

Gaussian vectors corresponding to a sample of moderate size of a GRF can easily be
simulated using the Cholesky decomposition of the associated covariance matrix, but this
approach is limited to vectors of moderate size. To overcome this limitation, an interesting
alternative is to rely on spectral methods that are based on the decomposition of the target
GRF into spectral waves. This approach has been recently extended in various directions
in order to make it more versatile, including in spatial, multivariate and spatio-temporal
settings. To further increase the versatility of spectral simulation methods, we propose to
revisit them adopting a Gaussian mixture perspective.

This paper has a threefold aim: firstly, it offers a literature review leading to a unified
view of the spectral simulation approach; secondly, it provides a revisited perspective based
on Gaussian mixtures; thirdly, it leverages the Gaussian mixture perspective to propose
extensions covering new classes of covariance functions for nonstationary (univariate or mul-
tivariate) spatio-temporal GRFs, as well as simulation algorithms for those that are currently
missing in the framework of spectral simulation. All simulation methods are translated into
pseudo-code algorithms, and an illustration is provided for a bivariate nonstationary spatio-

temporal example.

Keywords: Matérn covariance; Cauchy covariance; Gneiting class of covariance; spectral meth-

ods; stochastic simulation; importance sampling
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1 Introduction

Random Fields (RFs) are mathematical objects that represent random functions defined over
multidimensional spaces, see for example Yaglom (1987)), |Adler| (2010) or Adler and Taylor
(2009). In this paper, we focus on RFs defined on subspaces of R? d > 1, such as spatial
domains (two-dimensional) and space-time domains (three-dimensional), commonly referred to
as spatial random fields and spatio-temporal random fields, respectively. RFs can be either
univariate, modeling a single variable, or multivariate, modeling multiple dependent variables.
They play a critical role in modeling and simulating environmental and climate-driven processes
by capturing their spatio-temporal and inter-variable dependence structures. Consequently, they
have become indispensable tools in diverse applications such as remote sensing (Stein et al.,|1999;
Zakeri and Mariethoz, |2021), in geosciences (Christakos, [2013; |Chiles and Delfiner, [2012; [Linde
et al.,2015), or in climate studies for the quantification of climate uncertainties and local weather
variability (Peleg et al., |2017; |[Benoit et al., |2018; |Obakrim et al., 2025).

A key research topic in spatial statistics is the modeling of the dependence structure of
random fields within their domain of definition. This involves making assumptions about prop-
erties such as stationarity, isotropy, and symmetry (Li et al., [2007; Bagchi and Dettel |2020).
For Gaussian Random Fields (GRFs), which have gained particular interest due to their char-
acterization by their first two moments, the dependence structure is encapsulated in covariance
functions. These covariance functions can vary based on the domain (spatial or spatio-temporal),
dimensionality (univariate or multivariate), and specific assumptions about the dependence (e.g.,
separable or nonseparable, stationary or nonstationary). Numerous parametric covariance func-
tions have been proposed in the literature, see for example Genton and Kleiber| (2015) for a
review on multivariate covariances as well as |Chen et al.| (2021) and Porcu et al. (2021) for
recent reviews on spatio-temporal covariances. However, as the complexity of the domain (e.g.,
space-time), dimensionality (e.g., multivariate), and dependence assumptions (e.g., nonstation-
arity or nonseparability) increase, and even more importantly when they interact, the range of
available models becomes more limited. Current research in spatial statistics aims to develop
valid covariance functions, estimate their parameters, and simulate random fields that conform
to specific covariance functions. In this work, we will focus on the first and third aspects because,
as will be demonstrated below, the constructive definition entailed by the simulation algorithms
that we develop in this paper leads to the formulation of valid covariance models, even in the
complex setting of spatio-temporal multivariate and nonstationary GRFs.

The simulation of GRF's enables the representation of the variability of the process under
study through the generation of multiple equally plausible realizations. Gaussian vectors cor-

responding to a sample of moderate size, say n, of a GRF can easily be simulated using the
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Cholesky decomposition of the associated covariance matrix, which is an exact method. But
since it has a computational cost to the order of O(n?), this approach is limited to vectors of
moderate size (say, smaller than 10* elements). To overcome this limitation, several approaches
such as the sparse approximation (Jurek and Katzfuss, 2022) or the low rank approximation
(Romaryl, 2013)) of the covariance matrix have been proposed to boost GRF simulation based on
the Cholesky decomposition method. Another way to reduce the computational burden consists
in using block circulant matrices and the efficiency of the Fast Fourier Transform to replace
the Cholesky decomposition of the covariance matrix when performing simulations (Wood and
Chan, {1994} |(Chan and Wood, [1999)). This approach requires working on regular grids, which is
a strong constraint when space-time simulations are intended. Indeed, conducting simulations
over extensive regions and prolonged timeframes results in extremely large space-time grids,
which often hinder or even prevent the simulation due to memory issues. In addition, the simu-
lation of GRF using block circulant matrices is limited to stationary covariance functions, which
is often an overly simplistic assumption when large domains are considered. More recently,
the Stochastic Partial Differential Equation (SPDE) approach has been proposed to simulate
a GRF at a discrete set of locations, which under certain conditions can be represented by a
Gaussian Markov Random Field (GMRF). If one can find a SPDE that links the target GRF
to a GMRF representation, then the covariance matrix of the GRF can be substituted by the
sparse precision matrix of the GMRF, which enables the use of computationally efficient numer-
ical methods for simulation (Lindgren et al. 2011). This approach has the advantage to permit
the efficient simulation of spatial or space-time (Clarotto et al., [2024), univariate or multivariate
(Bolin and Wallin, 2020), as well as stationary or nonstationary GRFs (Pereira et al. [2022), but
it is currently restricted to Matérn covariance functions and some of their space-time extensions
(Lindgren et al., 2022).

An interesting alternative to the aforementioned simulation approaches is to rely on spectral
methods that are based on the decomposition of the target GRF into spectral waves. This
approach was pioneered about 50 years ago independently by |Shinozuka (1971) and [Matheron
(1973) and more recently referred to as Random Fourier Features in the Machine Learning
literature (Rahimi and Rechtl [2007). It was initially designed for univariate, spatial and sta-
tionary random fields. Briefly sketched (more details are given in Section , the simulation
algorithm associated with spectral methods is the following: (i) draw a sample of size L of in-
dependent random frequencies according to an appropriate probability density function (pdf);
(ii) project the cosine waves originating from the above random frequencies (associated with
random phases) onto the locations where the simulated values are needed; (iii) add and properly

re-scale the cosine waves contributions. Thanks to the central limit theorem, the marginals are



71

72

73

74

75

76

7

78

79

80

81

82

83

84

85

86

87

88

89

90

91

92

93

94

95

96

97

98

99

100

101

102

103

104

105

approximately Gaussian. In addition, the covariance function of the resulting random field is
the Fourier transform of the pdf used to draw the random frequencies, which is equal to the
target covariance function.

A compelling feature of this approach is that the stochastic part is run very quickly, and
can be saved as vectors of random frequencies and phases of limited size (say, a few thousands
scalars). The realization (i.e., one actual simulation of the random field) can subsequently be
computed in a separate step, using massive parallel computing, only at those locations where
it is needed in order to improve computational efficiency. Until recently, simulation algorithms
based on this approach were easily accessible in the R package Randomfields (Schlather et al.
2015)), which is unfortunately no longer available.

More recently, the spectral approach has been extended in various directions in order to
make it more versatile. In an univariate and stationary context, Emery et al.| (2016) proposed
an importance sampling approach allowing to simulate from spatial Gaussian Random Fields
(GRFs) characterized by virtually any covariance function and variograms (Arroyo and Emery),
2017)). Then, [Emery and Arroyo (2018) made multivariate and nonstationary extensions of
the spectral simulation framework. In a spatio-temporal context, |Allard et al. (2020) proposed
two simulation methods for producing stationary space-time univariate random fields with a
Gneiting-type covariance function. |Allard et al. (2022) generalized this work to multivariate
(stationary and space-time) random fields. However, despite all the above advances and to
the best of our knowledge, simulating nonstationary spatio-temporal GRFs (univariate and
multivariate) using the spectral simulation approach remains an open question.

In this context, this paper has a threefold aim: Firstly, it offers a literature review leading
to a unified view of the spectral simulation approach whose initial description and subsequent
evolutions are up to now fragmented across numerous contributions with not always consistent
notations and parametrizations. Secondly, it provides a revisited perspective on this simulation
approach, which will be regarded here as a Gaussian mixture in which each cosine wave relates to
the spectral density of a Gaussian kernel. The mixture of those (Gaussian) cosine waves does not
originate from the spectral density of the targeted covariance, but from its Gaussian mixture
representation. For this reason, we refer to this simulation approach as a Gaussian mizture
stmulation method. Thirdly, it leverages the Gaussian mixture perspective to propose extensions
covering new classes of covariance functions for nonstationary (univariate or multivariate) spatio-
temporal GRFs, as well as simulation algorithms for those that are currently missing in the
framework of spectral simulation.

For conciseness, we focus our exposition to Euclidean spaces. Other spaces such as spheres,

spheres cross time and other manifolds are not considered here. Also, we neither address the
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estimation of the parameters of the covariance functions at hand, nor the conditioning of the
simulations to observed values. The discussion section will nevertheless touch upon these issues.

The remainder of the paper is structured as follows: Section [2] summarizes background ma-
terial on stationary GRF's, including the original spectral simulation method. To make the link
between former formulations of the spectral simulation approach and the proposed Gaussian
mixture perspective, we explicitly state the relationship between the spectral density and the
Gaussian mixture representation of a covariance function admitting such a representation. Next,
Section [3| focuses on the simulation of stationary, univariate, spatial and space-time GRF's using
the Gaussian mixture representation. Section [4] explains how to simulate stationary multivari-
ate GRFs within the same framework. Then, Section [5| details the extension of the Gaussian
mixture approach for the simulation of nonstationary GRFs, including nonstationary space-
time and multivariate random fields. To make the paper self-sufficient, all simulation methods
are translated into pseudo-code algorithms. An illustration is then provided in Section [f] for a
bivariate nonstationary spatio-temporal example. Finally, Section [7] discusses the advantages
and limitations of the Gaussian mixture simulation method, and makes suggestions for further

research.

2 Reminders on stationary Gaussian random fields

In the rest of this paper, vectors and matrices will be denoted using bold fonts. In particular, O
and 1 denote vectors or matrices of all-zeros and all-ones of appropriate dimension, respectively.
All vectors are column vectors, h! denotes the transpose vector of h, h'a is the scalar product of
the vectors h and a in R?, with d € N*, and ||h|| = Vhh is the Euclidean norm of h. Np(p, %)
is the multivariate Gaussian random vector of dimension p with expectation p and covariance

3., and the determinant of 3 will be noted |X.

2.1 Stationary covariance functions

A random field Z(-) defined over R? is an (uncountable) collection of random variables indexed
over R? by their coordinates s € RY, see e.g., [Yaglom! (1987) or|Gneiting and Guttorp) (2010) for a
more precise definition. In the stochastic process literature, random fields are sometimes called
random functions (Yaglom) 1987) and in the Machine Learning community they are usually
referred to as Gaussian processes (Williams and Rasmussen, 2006). In geostatistics and spatial
statistics, the term Random Field (RF) is generally used ((Chiles and Delfiner, 2012) and we will
stick to this usage. We shall assume that the RF is second order, i.e. that it has finite first and

second moments. Without loss of generality, we shall further assume that the expectation of Z
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is equal to 0 everywhere, because otherwise it could easily be subtracted from Z in order to get

a centered random field.

The covariance of a centered second order random field Z(-) on R? is the function ¢ : R? x
RY — R, c(s1,82) = E[Z(s1)Z(s2)]. The random field is said to be second-order stationary (or
simply, stationary) if ¢ depends only on the separation distance, i.e. ¢(s1,s2) := C(s2 — s1) for
some function C, called the covariance function. Denoting h = so — s1 the separation vector,
the stationary covariance function C : R4 — R writes C'(h) = E[Z(s)Z(s + h)]. The covariance

function of Z must be semi-definite positive on R?, i.e.

n n
> ) aiaiC(si — s5) > 0,
i=1 j=1
for all n € N*, VY(ay,...,a,) € R” and for all locations s1,...,s, in R%. A stationary covariance

function is said to be isotropic if it depends only on the distance ||h||, and anisotropic otherwise.

2.2 Bochner’s theorem and spectral densities

In this Section, we essentially follow |Gneiting and Guttorp| (2010). From Bochner’s theorem
(Bochner, {1933] 2005)), there is a one-to-one correspondence between the family of stationary
covariance functions on R? (i.e. stationary, definite positive functions on R?) and the family of

positive finite measures through Fourier transforms:
C(h) = / exp(ihlw)dp(w), Yh e R% (1)
Rd

The measure pu, referred to as the spectral measure associated to C, is positive and finite, i.e.
fRd dp(w) < oco. In most cases it is continuous, in which case we write, with a slight abuse
of notation, du(w) = p(w)dw and p is called the spectral density. In this work, we shall only

consider continuous measures, i.e. spectral densities.

Similarly to the Bochner theorem, Schoenberg (1938)) established that all isotropic covariance

functions, say ¢4(h), valid in R?, have an expression of the form

5\ (@-2)/2
() T2 (ro)dpiso(w), 7= IR >0, 2)

rw

ath) = (d/2) [

R+
where I' is the usual Gamma function, piso is a probability measure on the positive half-line
(hence integrating to 1) often referred to as the radial spectral measure, and Ji is the Bessel
function of parameter k. In most cases of practical interest the measure is absolutely continuous
with respect to the Lebesgue measure with dpiso(w) = piso(w)dw. In this case, piso is a probability

density, called the radial spectral density.
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The correspondence between the radial spectral measure and the spectral density is given
by
/2 d—1 d
NISO(”(""H):2F(d/2)Hw|| a /,L(QJ), weR )

with the factor 27%2/T'(d/2) being the surface of the d-sphere of volume 1 entailed by the change
from cartesian coordinates to polar coordinates. From we thus see that all valid isotropic co-
variance functions over R? can be seen as mixtures of generators 4(x) = (2/ x)(dfz)/ 2 J(a—2)/2(),
x > 0. The Bessel functions .J; are non-monotonic functions with positive and negative values
tending to 0 as z — oco. The amplitudes of the oscillations decrease as (d — 2)/2 increases, and
to the limit, as d — 00, J(4_2)/2 is @ non-negative function. This implies that isotropic functions

that are covariance functions in R? for any dimension d cannot be negative.

Example 1 (Gaussian covariance) The Gaussian covariance function Cg(h) = exp (—(||h||/a)?)

with a > 0, whose support is RY, will be key to this work. Its spectral density is

pe(w) = a (2v/7) L exp (—||aw||?/4) (3)

which is a Gaussian density with mean 0 and variance 2/a?.

2.3 Anisotropies

Anisotropy can be modeled in many different ways (Allard et al., [2016), but the most common
model is the geometric anisotropy and we will adopt it for the rest of the paper. A stationary
covariance function with a geometric anisotropy is obtained by combining a stationary isotropic
covariance function Cigo(h) by a d x d symmetric positive definite matrix ¥ such that C'(h) =
Ciso(27Y2h), Vh € R? (Chiles and Delfiner, 2012; |Allard et al., 2016). In R2, the matrix /2

can be described as the combination of a scaling and a rotation with angle

s-1/2 _ rt 0 cosf sinf 7 (4)
0 79 —sinf@ cos6
where r1 > 0 and r2 > 0 are the scale parameters in the main anisotropy directions. [Emery and
Arroyo (2018) showed that the spectral density of C' is p(w) = | B2 s (B %w).

Example 2 (Gaussian spectral density) Specifically, in the case of a Gaussian covariance,

one gets:

Ca(h) =exp (“R'E7'R);  pa(w) = 2v@) Y21V exp (—w'Sw/4), Vh,w € RY.
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2.4 Gaussian mixtures

A standard result on Bessel functions states that limg .o, g ((Qd)l/ Qm) = e uniformly on
x > 0. As a consequence, a mixture of squared exponential is a valid covariance function on
RY, ¥d > 1. [Schoenberg] (1938) proved the necessary part and established that a function ¢ is
a valid isotropic covariance function on R, Vd > 1 if and only if it is a mixture of isotropic

Gaussian kernels

Giso(r) = /R+ exp(—r2€)dF(€), Vr >0, (5)

where F' is a probability measure on [0, 00). Focusing on the continuous case only, one usually
writes dF'(§) = f(§)d¢, with f being a probability density.

Another way of seeing this is the following. Let ¢(x), = > 0 be a continuous completely
monotone function on RT, i.e. a function with ¢(0) = 1 such that for any n € N, the derivative
of order n, ¢ exists and is finite with (—1)"p™(2) > 0, V& > 0. One example of such a
function is the exponential: exp(—£z) with £ > 0. By Bernstein’s theorem (see for example
Feller| (1966, p. 439)), a continuous completely monotone function can be written as a mixture
of exponential functions. In other words, it is the Laplace transform of a nonnegative density,
Le. p(x) = [y exp(—E&x) f(€)dE. Let us denote Cog the class of continuous isotropic covariance
functions valid on R? Vd > 1, i.e. that can be expressed as in Eq. . Putting everything

together, one thus have the following series of equality for covariance functions ¢ € Co:
o
o) = olIBI) = [ exp(=BIFOFE)E YRR

where f(£) is also referred to as the scale mixture. Gaussian mixtures are key for constructing
large classes of spatio-temporal (Gneiting, 2002)), multivariate (Gneiting et al., [2010; Genton
and Kleiber], 2015)), and multivariate spatio-temporal covariances (Bourotte et al., [2016; |Allard
et al., 2022). Gaussian mixtures will be at the core of the approaches and simulation algorithms
presented in this work, and from now on they will be characterized by their scale mixture f and

their covariance function ¢ € Cxo.

Note that for a covariance function ¢ € C, there is a direct relationship between the scale

mixture and the spectral density, as stated in Proposition

Proposition 1 Let ¢ € Cs be an isotropic covariance function on R? and let f denote its scale

mizture and p its spectral density. Then,

—+00

p(w) = (2vm) /0 exp(—|lw||?/4€)e~ Y2 f(€)d¢,  Vw € RL (6)
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The proof is direct. For completeness, it is given in Appendix [A] This proposition essentially
states that whenever there is a Gaussian mixture representation of a covariance function (i.e.,
when ¢ € Cy), its spectral density can be represented as a specific scale mixture of the Gaussian

spectral density.

2.5 Simulation with spectral methods

Proposition 2 Consider a stationary covariance function C' and let p denotes its spectral mea-
sure with fRd du(w) = 1. Let Q be a random variable drawn according to . Let ® be a uniform

random variable in [0,27). Define
Z(s) = v/2cos (s+9).
Then E[Z(s)] = 0 and Cov(Z(s),Z(s + h)) = E[Z(s)Z(s + h)] = C(h), Vs, h € R%.

Clearly the expectation is equal to zero since ® is uniform on [0,27). The proof for the co-
variance is obtained by computing E[Z(s)Z(s + h)] and using product-to-sum trigonometric
identities (Shinozukal [1971), see also Rahimi and Recht| (2007) for a Machine Learning perspec-
tive. The random field Z(s) is not Gaussian but a Gaussian distribution can be approximated

by simulating many independent samples {(£2;, ®;)};=1,...r and considering the sum

L

~ 2

Zr(s) = \/;Z cos (s + @) .
=1

Because of the central limit theorem, the finite-dimensional distribution of Z;, tends to become
multivariate Gaussian as L tends to infinity (Lantuéjoul, [2002, Chap. 15). Finally, the original
spectral simulation algorithm is shown in Algorithm In step 4, a multiplicative factor v/—In U
is introduced, where U is an independent uniform variable on (0,1). It corresponds to the
Box-Miiller transformation (Box and Muller, 1958]) which ensures that the marginal distributions
of each term of the sum in step 4 is Gaussian. This additional step accelerates the convergence
of the simulation algorithm, but it is not absolutely necessary. Sometimes, it will be omitted.
We recall that, once the random elements (£2;, ®;, U;);=1,... 1, are stored, Step 6 can be performed

separately from the previous steps, possibly using massive parallel computing.

Example 3 (Simulating from a Gaussian covariance) The algorithm for simulating a Gaus-
stan random field with Gaussian covariance thus follows by simply replacing Step 2 in Algorithm
by:

2. Simulate Q; ~ v/2/aNy(0,I,). (7)
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Algorithm 1 Original spectral simulation algorithm

Require: Covariance function and its associated spectral density p
Require: A set of points, S € R?
Require: A large number L

1: for [ =1to L do

2:  Simulate €; ~ p

3:  Simulate ®; ~ U(0, 27)

4:  Simulate U; ~ U(0,1)

5: end for

6: For each s € S return

L
Z(s) = \/zz V—InU; cos(Qs + @)
=1

Using the original spectral algorithm requires to be able to simulate directly from the spectral
density, a situation not always met, for instance for the spatio-temporal covariance functions
of the Gneiting class (see Sect. [3.2)). Approaches based on Gaussian mixtures offer additional

flexibility, as shown in the following.

3 Simulation of stationary univariate GRF's using Gaussian mix-

tures

3.1 Spatial Gaussian Random Fields

Since one can easily simulate a RF with Gaussian covariance as shown in Example (3] spectral
simulation algorithms based on Gaussian mixtures can easily be designed. By construction, this
approach is thus restricted to the simulation of covariance functions being element of Co,. The
general principle is that for each [ € {1,..., L}, a scale is randomly drawn according to the scale
mixture f. Then, a single cosine wave with a frequency drawn according to is simulated,
conditional on the random scale previously drawn. This leads to Algorithm [2] which will then

be specified for two important examples of covariance functions: the Matérn and the Cauchy.

3.1.1 The Matérn covariance

The Matérn covariance function is a widely used covariance function, in particular because it
is related to the Wittle-Matérn SPDE over R? (Whittle, [1954; [Lindgren et al., [2011; |Carrizo-

10
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Algorithm 2 Generic isotropic scale mixture simulation algorithm
Require: Covariance function in C, and its associated scale mixture f

Require: A set of points, S € R?
Require: A large number L

1: for [ =1to L do

2:  Simulate & ~ f

3:  Simulate ; ~ v/2§N5(0, 1)

4:  Simulate ®; ~ U(0, 2)

5. Simulate U; ~ U(0,1)

6: end for

7. For each s € S return

L
Z(s) = % Z V= U cos(Qfs + ®;)
I=1
Vergara et al. 2022),
(=AY Z=W, a=v+d/2>d/2 (8)

where A is the Laplacian operator, £ > 0 and W is a white noise. The Matérn covariance is
2

Cm(h) = T’#I‘(u)

(l|R|))" Ko (s||Rll), heRY (9)

where K, is the Bessel function of second kind with parameter v > 0. Its spectral density is

I'v+4d/2 1
() = nﬂgwdﬂr/(v; AT e @< (10)

The Matérn covariance function is also an Inverse Gamma mixture of Gaussian kernels (Tronarp
et al., 2018]). First recall that the probability density of an Inverse Gamma random variable

IG(a, B) with shape and rate parameters («, [3) is

(0%
LL_glmaeBle a2 >0,

B
I(a)

Proposition 3 Let £ ~ IG(v,x%/4) be an Inverse Gamma random variable with shape and

fra(z) =

rate parameters (v, k2/4), whose density is denoted fia, » Then, the mizture of Gaussian

/2"
covariances with scale parameter £ is a Matérn covariance as in @ In other words, the scale

mixture of a Matérn covariance is

ot = () €7 e
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The proof can be found in Bourotte et al. (2016, Theorem 1) and in Tronarp et al.| (2018) with
slightly different parametrization. The relationship @ is easy to verify (see Appendix . A
simulation algorithm then follows directly by replacing Step 2 in Algorithm [2| by

2: Simulate ¢ ~ IG(v, k?/4)
Remark: Notice that simulating & ~ IG(v,k?/4) consists of simulating S ~ G(v,x%/4) and
setting £ = 1/S.
3.1.2 The Cauchy covariance

As an alternative to the Matérn class, with a more slowly decaying behavior to 0 as ||h|| — oo,

let us consider the Cauchy family, having expression
Ce(h) = (1 +a|lR|*)™", heR% (11)

with v,a > 0. Here, v characterizes the dependence at large distances. It was considered
in Bourotte et al. (2016) because it allows for a straightforward Gaussian mixture model as
shown below, whereas the spectral density of the Cauchy covariance function has no simple
explicit expression, see also Appendix |A] Notice that the covariance in is a special case of
the generalized Cauchy covariance function proposed in |Gneiting and Schlather| (2004), but no
closed form expression for the scale mixture corresponding to the generalized Cauchy covariance

is known.

Proposition 4 Let £ ~ G(v,a) be a Gamma random variable with density f,q. Then, the

mixture of Gaussian covariances with scale parameter £ is a Cauchy covariance as in (11)).

Proof: The probability density of £ is fo(€) = a ¥T'(v)~1¢¥~'e~¢/®. Then, writing r = ||h/|

we get
Ce(h) = a™'T(v)! / e & grlet/a ge
0

= o 'T(v)™! /OOO exp (—&(r* +a™ 1)) €t dg

= a¥ (r2 + a_l)_y = (1 + arQ)_V.

In this case, Step 2. in Algorithm [2] becomes

2: Simulate ¢ ~ G(v,a).

12



255

256

259

260

261

262

263

264

265

266

267

268

3.1.3 Simulation in the presence of anisotropy

In order to simulate a GRF with geometric anisotropies, the last step of the spectral simulation

Algorithm [I] must be adapted according to

L L
Z(s) = \/2/LZ v—InU cos(ﬂfE_l/Qs + @) = \/Z/LZ Na cos((E_l/QQl)ts + @;).
=1 =1

(12)

The last equality is useful for simulating anisotropic random fields with scale mixtures.

Notice that the single scale & in Algorithm [2] acts as a multiplicative factor for the entire vector
€2;. Using scale mixtures only, it is thus not possible to change the geometrical characteristics
(anisotropy angle 6, range ratio aj/ag) of the anisotropy. By decomposing €; as the product of
a scale £ and a direction V; and using , it is straightforward to generalize Algorithm |2| for
anisotropic RFs. This is shown in Algorithm [3|below. In order to avoid an overparametrization,
we recommend to either set 71 = 1, or to set the scale parameter in f equal to 1. In the first case,

when d = 2, the only two parameters of the matrix £~/2 would thus be 75 > 0 and 0 € [0, 7).

Algorithm 3 Generic scale mixture simulation algorithm with anisotropy

Require: Covariance function in Co, and its associated scale mixture f
Require: anisotropy matrix »-1/2
Require: A set of points, S € R?
Require: A large number L

1: for [ =1to L do
Simulate & ~ f
Simulate V; ~ Ny(0, 1)
Compute Q; = 2§22V,
Simulate ®; ~ U(0, 27)
6:  Simulate U; ~ U(0,1)

7. end for

8: For each s € S return

L
Z(s) = \/EZ Vv —InUj cos (Qfs + &)
=1

3.2 Spatio-temporal Gaussian Random Fields

Spatio-temporal random fields can be seen as special cases of random fields defined over R¢

with d > 2 and one dimension being identified as time. Then, one could proceed with all the
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theory seen above. However, it is our common daily experience that time is not a dimension
directly commensurable to space. In particular, most phenomena follow physical dynamics that
are clearly different over space and time. We will therefore separate space from time and write
(s,t) € R? x R for a space-time coordinate. A stationary spatio-temporal covariance function
is a positive definite function C over R? x R with (h,u) — C(h,u) € R. Setting u = 0 defines
the purely spatial covariance function Cg(h) := C(h,0) whereas setting h = 0 defines purely

temporal covariance function Cr(u) := C(0,u).

3.2.1 Simple extensions of spatial and temporal models

A considerable literature has been devoted to the construction of valid (i.e. positive definite)
spatio-temporal covariance functions using valid covariances C's and Cr as building blocks.
The simplest construction is to set Csep(h,u) := Cg(h)Cr(u), for all (h,u) € R? x R. The
covariance Csep, is said to be separable because under a Gaussian assumption on Z, the following
conditional independence property holds: Z(s1,t2) L Z(s2,t1) | Z(s1,t1), Vs1, S2,t1,t2. In other
words, given Z(s,t) the spatial field Z(-,¢) behaves independently to the time process Z(s,-),
i.e. the processes Z(-,t) and Z(s,-) are separated by Z(s,t). A spatio-temporal covariance
function is said to be positively (resp. negatively) space-time nonseparable if the separability
function S(h,u) = C(h,u)C(0,0) — Cs(h) Cr(u) > 0 (resp. < 0) for all (h,u) € RY x R
(Rodrigues and Diggle, 2010; De Iaco and Posal 2013). Its empirical version can be used as an
exploratory tool to characterize the type of nonseparability in a dataset. Statistical tests for
spatio-temporal separability have been proposed, see for example Li et al.| (2007)), Huang and Sun
(2019)) or |Cappello et al.| (2018). As exemplified in these references, separable covariances are
very often overly simplistic models for environmental or climate applications. A wealth of more
flexible models have thus been proposed, among which the product sum model (De laco et al.|
2001)), linear combinations or mixtures of separable components (Mal, 2003)), the Gneiting class
(Gneiting} 2002)) and its many extensions (see e.g. [Porcu et al.| (2006], 2008)); Emery and Porcu
(2023))) are the most widely used. For a more extensive presentation of space-time covariance
functions, we refer to the excellent overviews in |[Porcu et al.| (2021]) and |Chen et al.| (2021).
Simulating random fields characterized by the product-sum or linear combinations of sep-
arable components is a straightforward extension of the algorithms presented in the previous
section. Algorithms for these models will not be further considered in this work, and we refer

for example to |Schlather et al.| (2015) for a general exposition regarding these extensions.
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3.2.2 The Gneiting class

This class of spatio-temporal covariance functions was originally proposed in |Gneiting (2002
with a construction essentially based on Gaussian mixtures. For an easier exposition of the
simulation algorithms presented below, we will slightly change the notations and consider the

class of functions of the form

C(h,u) = ) _1’_ 1)d/2¢ ( 7‘!1’3 L 1) 7 (h,u) € RY x R, (13)
which is a second-order stationary spatio-temporal covariance function on R? xR for any function
¢ € Cx if and only if the function v : R — [0,00) is a variogram on R, i.e., a conditionally
negative semidefinite function (Zastavnyi and Porcu, [2011). We refer to |Chiles and Delfiner
(2012, Chapter 2) and Dorr and Schlather| (2023a) for a full characterization of variograms.
For clarity of exposition, we first discuss the Gneiting class in an isotropic context. Spatial
anisotropy can be accounted for by replacing the vector h with 12,

The Gneiting class of spatio-temporal covariances thus involves two functions ¢ and ~: the
former is associated with the spatial structure, since Cs(h) = ¢(||h||), whereas the latter is
associated with the temporal structure, with Cz(u) = (y(u) +1)~%2. Notice that C7(u) — 0 as
|u| — oo if and only if y(u) is unbounded. Examples of such classes include the Gneiting-Matérn
and Gneiting-Cauchy covariance functions, in the cases where ¢(||h||) is the Matérn or the
Cauchy spatial covariance, respectively. Using direct computations of the separability function
S(h,u), it is easy to show that covariances from the Gneiting class are uniformly positively
nonseparable, owing to the fact that ¢ (HhH/W) > &(||h|]), Y(h,u) € R x R.

From a modeling point of view, the model in lacks flexibility because the nonseparability
is imposed. In order to get a separability that can vary from fully separable to fully nonseparable
Gneiting (2002) proposed a construction that uses the fact that the product of two positive

definite functions is positive definite. First, we need the following lemma.

Lemma 1 Let v be a variogram defined on R. Then, the function v, : R — R defined by
() := (1 +~(u|))’ — 1 with b € [0,1] is a variogram.

Proof: The cases b € {0,1} are trivial. Using the fact that the function z +— 2% = > 0, is a
complete Bernstein function for b € (0, 1), the proof of this Lemma is a direct consequence of
Theorem 5 in [Porcu and Schilling| (2011)). g

Using Lemma |1} and multiplying a Gneiting model as in with 7, by a purely temporal
model of the form (1 + ~v(u))~® with § > 0, a spatio-temporal covariance with a separability
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parameter b € [0, 1] thus writes

o ) 1 I1A| B 1 ||h]|
= Ly <vb<u>+1>d/2¢< vb<u>+1> R <7<U>+1>T¢<<v<u>+1>"/2> "

with 7 = bd/2+4d > bd/2. In|Gneiting| (2002) as well as in many applications, including Bourotte
et al. (2016) and |Allard et al. (2022), the variogram v(u) in the denominator of is

v(u) = alu]?, u € R, (15)

with a > 0, a € (0,2]. In particular ¢(]|h||) := Cxr(h) provides the Gneiting-Matérn and
Gneiting-Cauchy spatio-temporal covariance functions when F stands for M as in @ for the
Matérn and for C as in for the Cauchy, respectively.

3.2.3 Simulation of GRFs with covariance functions in the Gneiting class

The simulation algorithm for RFs characterized by a Gneiting-type covariance function relies
on the following proposition. Let W be a GRF on R characterized by its variogram ~. Consider
the RF Z defined as follows for (s,t) € R? x R:

Z(s,t) = V2 cos (@ »12vits 4 ”\‘/%HW(t) + @) : (16)

with V'~ Ny(0,1,), ® ~ U(0,27) and £ ~ f where f is the scale mixture characterizing the
covariance function ¢ € Co (see Sect. [2.4)).

Proposition 5 (Allard et al.| (2020)) The random field Z defined in s second-order

stationary in R? x R, with zero mean and Gneiting-type covariance function as given in (13)).

The proof of this proposition is given in |Allard et al. (2020, Appendix B). The construction in
is a particular case of a substitution random field, obtained by combining a directing func-
tion with stationary increments in R? x R and a stationary coding process in R, as proposed in
Lantuéjoul (2002, Chapter 17), a construction that generalizes the subordination approach intro-
duced by [Feller| (1966, Chapter 10). We will therefore refer to this approach as the substitution
approach.

The random field Z defined in is centered and second-order stationary. Its covariance
function belongs to the Gneiting class , i.e. it is nonseparable. In order to introduce a
separability parameter, we have seen that it is necessary to multiply Z by a temporal process
Zr with covariance function Cp(u) = (1 +~(u))~° with & > 0. To obtain a random field whose
finite-dimensional distributions are approximately Gaussian, one thus simulates a large number

of independent random fields (Z;, Zr;), l = 1,..., L and properly renormalize the sum of their
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products. Algorithm {] below is the spatio-temporal generalization of Algorithm [3|that includes

1/2 " Notice that here we do not introduce the Box-

a possible spatial geometric anistropy 3~
Miiller factor because we now consider the product of the cosine waves with the temporal process
Zr, which is Gaussian. This algorithm is generic in the sense that it is valid for any covariance
function ¢ € C characterized by its scale mixture f, and for any variogram ~. For the specific

case of Gneiting-Matérn and Gneiting-Cauchy models, we refer to Sect.

Algorithm 4 Simulation algorithm for Gneiting-type RFs

Require: Spatial covariance function in Co, ans its associated scale mixture f
Require: Variogram v
Require: Parameters b € [0,1] and 6 > 0
Require: Spatial anisotropy »-1/2
Require: A set of points, S € R? x R
Require: A large number L
1: for [ =1to L do
2:  Simulate a temporal RF Zp; with covariance function Cr(-) = (1 4~(-))™°
3:  Simulate an intrinsic temporal RF W) with Gaussian increments and variogram ~,(-) =
(14 7()) -1
4:  Simulate & ~ f
5. Simulate V; ~ Ny (0, 1)
6:  set Q = 26212V,
7:  Simulate ®; ~ U(0, 27)
8: end for

9: For each (s,t) € S return

L
Zr(s,t) = \/?z; Zr,(t) cos (nfs + ”\‘;%“ Wi(t) + <1>Z>

The simulation of the temporal process Zp can be performed using the Cholesky decompo-
sition of the Gram matrix associated to Cr. The simulation of the intrinsic random field W}
at Step 3 can be done by the same method applied to the increment W (t) = W (t) — W(0), by
setting W(0) = 0 and using the nonstationary covariance Cov(W (t1), W (t2)) = Yo (t1) + 5 (t2) —
~p(t1 — t2). This is possible as long as the number of time steps considered for the simulation is
not too large (less than a few tens of thousands). In both cases, the covariance matrix involved

in the simulation of the temporal process needs to be inverted only once.
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4 Extension to spatio-temporal multivariate GRF's

We now consider spatio-temporal multivariate GRFs. We will restrict ourselves to models defined
by Gaussian mixtures, which are essentially extensions to a multivariate context of the Gneiting
construction seen in the previous section. Purely spatial multivariate GRFs will be considered
at the end of Section [5| as a special case of spatio-temporal multivariate models where there
is only one time coordinate. For other stationary multivariate models, we refer the reader to
Genton and Kleiber| (2015) for a full review.

4.1 Preliminary material
4.1.1 Separability, proportional models and linear models of coregionalization

Consider a multivariate space-time random field Z(s,t) = [Z;(s,t)]}_, defined on R? x R, where
p is the number of random field components, each being real-valued. In this section, it will also
be assumed that the multivariate random field Z(s,t) is second-order stationary, so that its
covariance functions exist and depend only on the space-time lag (h,u) € R? x R (Chiles and
Delfiner} 2012):

Cov(Zi(s,t), Zj(s + h,t +u)) = Cyj(h,u), (17)

for any pair i,j = 1,...,p, ¥(s,s + h) € R? x R? and V(¢,t +u) € R x R. The functions Cij

are called direct covariance functions when ¢ = j and cross-covariance functions otherwise. The

p

matrix-valued covariance function (h,u) — C(h,u) = [Cj;(h,u)]];_,, is positive semidefinite

on R? x R, that is, for any finite collection of space-time coordinates (sk,tk)é\le, the matrix
N
[[Cij(sl — 8, t — tk)]ﬁjzl - is positive semidefinite (Wackernagel, 2003]).

The concept of separability seen in Section between the space and time dimensions can
take a slightly different meaning in the multivariate context. According to |Genton and Kleiber

(2015)), a multivariate cross-covariance matrix is separable if
Cij(s1 — sk, ty — tr) = 0ijp(s1 — S, 1 — tr) (18)

for all 7,7 = 1,...,p where p is a valid spatio-temporal correlation function and where o;; =
C;(0,0) is the covariance between variables i and j and o = [oij]z j—1 Is a covariance matrix.
In the geostasticics literature, separable cross-covariances as in are referred to as propor-
tional models (Chiles and Delfiner, 2012, Chap. 5), and also sometimes as intrinsic correlation
models (Wackernagel, [2003)). To make a clear distinction between the (usual) spatio-temporal
separability and the multivariate separability in , we will opt for the geostatistical usage
and refer to the latter as a proportional model. The simulation for the proportional model is

straightforward.
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1. Using Algorithm |4} simulate p i.i.d spatio-temporal random fields with the same spatio-
temporal correlation function p, denoted Y (s,t) = (Yi(s,t),...,Y,(s,t))".

2. At each space-time location (s,t), compute Z(s,t) = LY (s,t), where L is the Cholesky

factorization of the covariance matrix o, i.e. LL! = o.

A nonproportional model can be obtained as a linear combination of 1 < r < p proportional
models with different correlation functions. The resulting cross covariance function takes the

form

C’Lj(h” U) = Zo-k,ijpk(hau)a (h‘7 U) € Rd X Ra (19)
k=1

where pj are valid spatio-temporal correlation functions (some being possibly purely spatial
and/or temporal), and Cj;; are r covariance matrices. The model in ((19)) is referred to as the
Linear Model of Coregionalization (LMC), see for example |De Iaco et al.| (2013 for an application
to air pollution in Lombardy. Note also that the product sum model introduced in |De laco et al.
(2001)) being the sum of one spatial covariance, one temporal covariance and a separable spatio-
temporal covariance model can be seen as a special case of . Since a LMC is the sum of
r proportional models, simulations from a spatio-temporal LMC is a straightforward extension
of the approach described above for proportional models. Other models are possible such as
spatio-temporal extensions of convolution methods (Paciorek and Schervish, [2006; Ver Hoef
et al.; 2004)) or latent dimensions (Apanasovich and Genton, 2010; |[Porcu and Zastavnyil |2011)),
but they are not often used for modeling spatio-temporal processes.

In Section[4.2] we will present a valid and flexible parametric class of matrix-valued space—time
covariance functions that is inspired by the Gneiting construction using Gaussian mixtures. To
our knowledge, this class, presented in |Allard et al. (2022), is the most general class built on
Gaussian mixtures allowing for different range and smoothness parameters in space and in time
for each variable. It is at the same time nonproportional and space-time nonseparable, but it
contains those more simple models as special cases. It is therefore referred to as being fully

nonseparable.

4.1.2 Pseudo-variograms

A key building block of fully nonseparable models are pseudo-variograms, a rather unusual tool.
For completeness, we recall here the definition and the main properties of pseudo-variograms.
An in-depth presentation is available in |Dorr and Schlather (2023a). Let Wi(‘)z‘:l,...,p be p RFs

on R (more general spaces could be considered but are not necessary here). Then, the function
ij(w) = 0.5Var (W;(t) — Wj(t +u)), u€eR,
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provided it exists for all ¢, € R and for all 4,7 = 1,...,p, is called a pseudo-variogram. For
any ¢ = 1,...,p, the function ~;;, is a usual variogram, i.e., a conditionally negative semidef-
inite function (Chiles and Delfiner, [2012). For i # j, the pseudo-variogram has nonnegative
entries and is not necessarily an even function. The pseudo-variogram must be unbounded for
the direct and cross-covariances Cj;(h,u) to vanish as |u| — co. Necessary and sufficient con-
ditions for a matrix-valued function to be a pseudo-variogram have been provided in [Dorr and
Schlather| (2023a) and applications to covariance functions, including spatio-temporal covari-
ances, is available in |Dorr and Schlather| (2023b). Despite these recent results, building valid
unbounded matrix-valued pseudo-variograms with different diagonal entries (direct variograms)
is still an open question. As a simple model for this, Allard et al.| (2022) proposed a constructive
model where W;(¢) = Vo(t) + Vi(t),t € R,i =1,...,p, where (V;)?_; are second-order stationary
random fields on R with matrix-valued covariance function R(u) = [R;; (u)E7 j—1 and Yp is an
independent intrinsic random field with unbounded variogram . The resulting matrix-valued

pseudo-variogram is thus
~(u) = vo(u)1 + R® — R(u), ueR (20)
where R is the matrix with entries R% = (Rii(0) + R;;(0)) /2.

4.2 A fully nonseparable spatio-temporal multivariate model

The following Theorem extends the construction in |Allard et al. (2022) to a separability param-
eter b € [0, 1].

be

be a matrix of completely

be a positive semidefinite matriz, u — y(u) = [vii(w)]} -
b=t
monotone functions on [0,00) such that ¢i;(h) = [;° e~¢lInl? (fii(€) £5;()) /2 de, where fi and
fj; are probability density functions on (0,00). Then, the matriz-valued function C : (h,u) —

[Cij(h, u)]ﬁjzl with

Theorem 1 Let 0 = [0j]]

a matriz-valued pseudo-variogram on R, and t — ¢(t) = [¢(t)]

Oij 271/2’1
('Yij (U) + 1)T d)w (%‘j (u) + l)b/2

is positive semidefinite in R? x R, with T = bd/2+ 6 > bd/2 and b € [0,1] and where £~2 is
an asnitropy matriz, as defined in Section [2.3.

Cij(h,u) = > , (hyu) € R x R, (21)

The proof for b = 1 and § = 0 is constructive and can be found in Allard et al.| (2022, Appendix
B). The general case with b € (0,1) and § > 0 is then easily proved in a way similar to the
univariate case shown in Sect. see also Proposition 1 in Dorr and Schlather (2023a). In
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this construction, all direct spatio-temporal covariances are positively nonseparable. Notice that
in this construction the anisotropy matrix is unique, and hence identical for all the p components
of the multivariate random field. A more general construction allowing for different anisotropies
for each component will be presented in Section As was already the case in Section [3.1.3
the scale parameters are present in the anisotropy matrix and in the mixture f. Care must be
taken in order to avoid overparametrization.

The following two examples generalize the models considered in Bourotte et al. (2016) (see
also |Allard et al.| (2022)) and Dorr and Schlather| (2023a))) with the introduction of a separability
parameter b € [0, 1], and where, instead of a univariate variogram -, a matrix-valued pseudo-
variogram - in the denominators allows for different temporal covariance functions for each

variable.

Example 4 (Gneiting-Matérn covariance) Let fi; : & — D(v;;) (k2 /4)Vii€ Vi~ exp(—
be the probability density of an inverse gamma distribution on (0, 00) with shape parameter vy; > 0
and scale parameter k; /4 > 0. Based on Proposition @ all direct and cross-covariances belong

to the Gneiting-Matérn family:

F(V' ) Klii /@Iﬁj O _1/2h
Cii(h,u) = i i ¢ i Vi 22
(o v) Twa) D) w2 (i) + 07 M (g () + 1)o7 70770 (22)

)

where Crq is the Matérn covariance defined in @D with 2v;; = vy + vjj, 262 = k2 + k2., and

ig — Vit 33’
where b, T are as in Theorem [1].

Example 5 (Gneiting-Cauchy covariance) Let f;; : & — T'(v;) ' exp(—€/az;) ay;” €Vt
be the Gamma probability density on (0,00) with shape parameter v;; > 0 and scale pammeter
a;; > 0. Based on Proposition[{], the direct and cross-covariances belong to the Gneiting-Cauchy

family:

I'(vij) a;? O 1/2p,
Cz h’ - - > S C ; 179 Yig ) 23
J( u) F(Vii) F(l/ﬂ) u”/2 V]J/Q (%J( Y+ 1)7 ¢ ((%J(U) T 1)b/2 Qjjy Vij (23)

where C¢ is the Cauchy covariance defined in with 2v;5 = vi; +vjj, 2a;j1 = a;z-l + a;jl, and

where b, T are as in Theorem [1].

The advantage of the construction in the examples above is that it is easy to understand
and that it is straightforward to simulate realizations of the multivariate random field Z, as
will be shown in Sectlon However, an implicit assumption is that ¢;;(t) f o0 g—rt? fiz(r
with f;; verifying fi; = (fu fjj)l/ 2. This is a parsimonious parametrization, but also a restrictive

condition, which has been alleviated in Allard et al.| (2022} Section 4.1) to propose a very general
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Gneiting-Matérn class that allows for both positively or negatively space—time nonseparability.
This is a very original feature, differing from all other Gneiting-type spatio-temporal models of
our knowledge. However, no scale mixture representation is known for this new class, and hence
the simulation makes use of importance sampling and the square root of a large matrix whose
entries are given by the spectral density of the Matérn covariance. For this reason, this model
is not presented further in this work. Interested readers will find all details as well as a spectral

simulation algorithm based on spetral densities in |Allard et al.| (2022]).

4.3 Simulation of multivariate GRFs with a fully nonseparable model

The simulation algorithm for the model was given in Allard et al| (2022) for a RF char-
acterized by an isotropic covariance and space-time full nonseparability (i.e., b = 1). For the
sake of completeness, we provide a more general version below. Algorithm [5| allows for spatial

172 as discussed after Theorem [1} and also allows

anisotropy through the anisotropy matrix 3~
for any degree of nonseparability through the parameter b € [0,1] (b = 0 corresponds to a sep-
arable model while b = 1 corresponds to a fully nonseparable model, as in |Allard et al. (2022,

Algorithm 1)). This algorithm deserves a few comments:

1. The direct spatial covariance functions are fully characterized by their scale mixtures f;;.
Random scales for each variable are not directly simulated. Instead, a common scale & is
simulated for each cosine wave according to an instrumental scale mixture f whose support
must contain the supports of fi1,..., fpp. Then, an importance ratio +/fi:(&)/f(&) is
computed and weights the cosine waves differently for each variable ¢ = 1,...,p. It is this

construction that leads to the cross-scale mixture fi; =/ fii fj;-

2. Theoretically, any instrumental scale mixture f whose support contains the support of
fit,-.., fpp is valid. In practice however, for numerical reasons, one should choose a scale
mixture f that does not differ too much from the above ones. One possibility is to chose

i€{l,...,p} and to set f = fi.

3. Compared to Algorithm the temporal processes W; are now multivariate. Direct
computation of Cp(t1,t2) = E[Z1 (s, t1)Z1 ;(s,t2) | €], with use of the product-to-sum
trigonometric identities, shows that Cp(t1,t2) is proportional to E[cos(||V|[(W;(t1) —
W;j(t2))/V2)], with W;(t1) — Wj(t2) being a Gaussian random variable with mean 0 and
variance equal to 2v;;(t; — t2), i.e. twice the pseudo variogram computed at t; — tp. A
simulation algorithm for those is given in |Allard et al| (2022, Algorithm 2), which is ap-

plicable as long as the number of target time coordinates is not too large (in practice, up
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to a few thousands). For the rare cases with larger sets of time coordinates, other simula-
tions techniques are available (circular embedding methods, spectral simulation techniques,
Gibbs sampling, etc.). The temporal processes Z7; are easily simulated using Cholesky

factorization under the same conditions.

Algorithm 5 Simulation algorithm for multivariate spatio-temporal RFs as in .

Require: Covariance function in Cy, characterized by its scale mixture f.

Require: Admissible pseudo variogram -y

Require: Parameters b € [0,1] and 6 > 0

Require: A spatial anisotropy X~

1/2

Require: A probability density function fi, with support equal to (0, 00)

Require: A covariance matrix o = LL!

Require: A set of points, S € R? x R

Require: A large number L
1: for [ =1to L do

2. Simulate a p-variate temporal RF Z7; with matrix-valued covariance function Cr(-) =
(1T+v()~°

3:  Simulate a p-variate temporal RE W, = [W;;]’_; with Gaussian direct and cross-
increments, with 0 mean and pseudo-variogram ~,(-) = (1 +~(-))” — 1 following |Allard
et al.| (2022, Algorithm 2)

4:  Simulate & ~ f

5. Simulate V; ~ Ny(0, I)

6 set @ = 26212V,

7:  Simulate ®; ~ U(0, 27)

8:  Simulate A; ~ N,(0,0)

9: end for

10: For each (s,t) € S return

- - i \4
ZL’Z'(S,t) = \/E; ZT,l,i(t) l;l((g)) Alﬂ' CcOoS <Qf$ + H\/%H I/Vl’i(t) + q)l) , t=1,...,p
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5 Extensions to Gaussian Random Fields with nonstationary

covariances

We now show how the methods presented above can be extended to GRFs with a nonstationary
covariance. In Section we first recall some nonstationary models and their simulation algo-
rithms, mostly originating from Paciorek and Schervish (2006) and Emery and Arroyo, (2018).
For completeness and for an easier reading of the rest of this section, these models are presented
using our own notations and with a perspective based on Gaussian mixtures instead of spec-
tral densities. This change of perspective paves the way to the generalization to a much larger
class of covariance functions. For all covariance functions in Co, characterized by a Gaussian
mixture belonging to the exponential family of distributions, we establish in Theorem [2| a very
general nonstationary construction with closed-form formulae for the parameters of the nonsta-
tionary covariance function. This result leads to Algorithm [6] This generic algorithm is then
exemplified for the Matérn and Cauchy covariance functions. Building on this, we then propose
in Section a spatio-temporal extension which provides new nonstationary spatio-temporal

models, univariate and multivariate, along with their simulation Algorithm

5.1 Background material on nonstationary covariances

Let us assume that the parameters of the spectral density p vary over R? and let us denote yug

the spectral density at location s € R%. Define

) cos('s + ),

where (2 is distributed according to the spectral density g and @ is a uniform random variable
over [0,27). Then, straightforward trigonometric manipulations show that the covariance be-
tween Z(s1) and Z(s2) is equal to the Fourier transform of the geometric average of the spectral
densities associated with locations s; and ss:

Cov (Z(s1), Z(ss)) = /d c0s (w'(51 — 52)) /Jia, (@)fiag (@) dw. (24)

R

This very general construction is at the core of the nonstationary extensions of the spectral algo-
rithms presented in [Emery and Arroyo, (2018]). Since in this work we focus on Gaussian mixture

simulation approaches, we must first consider nonstationary Gaussian covariance functions.

Example 6 (Nonstationary Gaussian covariance) Let us consider the family of Gaussian

spectral densities
—d
pS (W) = (2v7) |25V exp (~w'Ssw/4), Vs e RY
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where X3 '/% is the anisotropy as defined in [4)), with parameters r1(s),r2(s) and 6(s), all de-
pending on s € RL. |Emery and Arroyo (2018) established that the application of to this

family of Gaussian densities leads to
e B, + |7
ol (52 )

(25)

g + 32,

Cov (Z(s1), Z(s2)) = |8, || 8| /4| =22

This family of nonstationary covariance models was already introduced in |Paciorek and Schervish
(2006) using nonstationary kernel convolutions of white noise. Using the Gaussian mixture
representation the same authors further proved that, for a covariance function ¢(h) € Cx, the

function defined by
D5 (51, 82) =[Sy 4180, /418,00 26 (51 = 52)/ 55,42 (26)

is a covariance function with a nonstationary anisotropy on R%, d > 1, with Y8 = (Esl +
b)) 32) /2. Notice that in a nonstationary context, it is more convenient to let all three parameters
of the matrix = /2 (r1(s),r2(8),6(s)) vary in space. In order to avoid overparametrization,

the scale parameter in ¢ is thus preferably set to 1.

5.2 A general result for spatial nonstationary GRFs

The relationship can readily be used to simulate nonstationary covariance functions de-
pending only on scale parameters, such as the exponential or the Gaussian covariance, using a
reference spectral density ;1o whose support is R and an importance sampling approach, see
Emery and Arroyo| (2018]). However, for Matérn and Cauchy covariance functions for example,
there is also a shape parameter that can vary in space. For the Matérn covariance function,
Emery and Arroyo (2018) proposed an extra randomization step, where a random shape, say
&, is drawn according to the exponential distribution. The nonstationarity of the parameters of
the Gaussian mixture is then accounted for using importance weights. Notice that the choice of
an exponential density as instrumental density is arbitrary. Other choices are possible.

This approach is now generalized to any mixture belonging to the exponential family of
distributions, thus encompassing all cases considered in [Stein| (2005). The exponential family
is a parametric set of families whose probability distribution functions can be expressed in the

form
f(&6) = h(8) exp (—£(6)'T(€)), (27)

where T'(€) is a vector of functions of &, £(0) is a vector of functions of the parameters and 6 is

a vector of p parameters. This class includes in particular the Gamma and Inverse Gamma scale
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mixtures which define the Cauchy and Matérn covariances, respectively. It also includes the

Gaussian, Inverse Gaussian and Beta (with fixed support) distributions, among many others.

Theorem 2 Let ¢(-,0) € Co be a stationary, isotropic covariance function defined by its scale
mizture f(-;0) belonging to the exponential family of distributions as in and let us denote
fi(-) = f(-;1). Assume that the parameters 05 and the anisotropy . % can depend on s €
RY. Let £,Q,® be random variables distributed according to f1,+/2EN4(0,14) and U(0,2r),

respectively. Then, the covariance function of

N ACSID) ) t
Z(s)=4/2 G )cos(ﬂ s+ @),
s equal to
Cov (Z(sl)’ Z(SQ)) = |281 |1/4|282 |1/4|281782 |_1/2¢(2;11£(31 - 32); 081,82)7 (28)

where ¢(-; 05, s,) is the covariance function defined by the scale mizture f(-,0s, s,) with O, s,

being such that
£(0s,) +£(0s,)
5 .

00,5, = (29)

The proof is given in Appendix Bl This Theorem will be illustrated with the Matérn and Cauchy

covariance functions in the next Section. It leads to the following very general algorithm:
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Algorithm 6 Generic nonstationary scale mixture simulation algorithm

Require: A scale mixture pdf, f(+;0), belonging to the exponential family
Require: A set of points, S € R?
Require: Varying parameters 85 and anisotropy matrices 2;1/ 2, Vse S
Require: A large number L
Set f1:= f(;0) with 8 =1
for/=1to L do

Simulate & ~ f1

Simulate V; ~ Ny (0, 1)

Compute ; = /2§ V;

Simulate ®; ~ U(0, 2m)

end for

—_

For each s € S return

= ]2 f(&;0s)
Zls) = \/;; f1(&)

Example 7 (Nonstationary Matérn covariance) The scale mizture for the Matérn covari-
ance is fpm (& (v, k) = (/{2/4)VF(V)_lg_l_”e_“2/4§ (see Proposition@) It belongs to the expo-
nential family as in with £(0) = (v+1,k%)!, T(€) = (In &, 1/4€)! and W(B) = (k2/4)" T (v) L.
Application of Theorem [d leads to

€Bs,5,) = ((vsy +1s)/2+ 1, (K2, +K2,)/2)"

and

h(031,82) -

1 ((Iigl + Ing)/2> (vay+vs,)/2
['((vs, +vs,)/2) 4 .

As seen in Section when modeling anisotropies, the ranges are sometimes parameterized

in Xg,, while setting k2 = 1. In this case, the above expressions simplify to

t 1 1 (Ve +vsy)/2
£(031ﬂ32) = ((VSI +V82)/2+171) ) h(081,82) = F((V +v )/2) (4> .
81 82

Hence v, s, = (Vs, +Vs,)/2 and kg, s, = 1, thus leading to the nonstationary Matérn covariance
already obtained in |Emery and Arroyo (2018, Eq. (27)),

F((”m =+ VSQ)/Q)
[(vs, )T (vs,)

C (s1,82) = O (T (81 — 89); (s, + 1s3)/2). (30)
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Example 8 (Nonstationary Cauchy covariance) The scale mizture for the Cauchy covari-
ance is fo(&;(v,a)) = a "I (v)~ 1" Te 8/ and thus £(0) = (1 — v,1/a)t, T(£) = (In&, &)t and
h(0) = a=VT'(v)~L. Application of Theorem@ leads to

€Bs,5,) = (1 — (Vs +1s,)/2, (a5} +a;0)/2)"

and

W64 o) = 1 2a4, a3, ~(va1Fay)/2
sl ((vs) +vs,)/2) \as, + as, '

When setting as = 1, the above expressions simplify, with vs, s, = (Vs, + Vs,)/2 and as, s, =1,
thus leading to the same right-hand side as in for Ce.

5.3 Nonstationary multivariate spatio-temporal random fields

Capitalizing on all results seen above, we are now able to extend the parsimonious multivariate
spatio-temporal model of Theorem [If to be nonstationary in space and time. In this section, for

ease of notation, we will denote = (s,t) € R% x R a space-time coordinate.

Theorem 3 Let 0, = [04j.4] be a collection of positive semidefinite matrices, defined at

p
i,j=1
all space-time locations x € RY x R, and let Ly be such that o, = LmLtm. Let u — ~v(u) =

[’yij(u)]ﬁjzl be a matriz-valued pseudo-variogram on R. Define

o(r; oi,j,mwz) = / €_£T2f(r§ ai,m)f(r; ej:mQ)dg

0

where f(-;0;4) is a probability density function on (0,00), varying with x and i =1,...,p, that
belong to a family of scale mixtures associated to ¢ € Co. Then, the matriz-valued function

C: (z1,22) = [Cij(z1, )]}y with

T4 S1 — 89
Cij(z1,22) = Cij(81, 82511, 1) = e ¢ 10i a2y |5 (31)
(vij(tr — t2) + DY\ (g (1 — t2) + 1)/ o
is positive semidefinite on R? x R? x R x R, where Opizy = LzlL;w and where 0; j z, x, 5
defined as in Eq. with £(0; jz, x,) = 0.5 (£(0i2,)) +£(0j4,)).
Moreover, in the case of anisotropies EZ-_Z-;/Q defined for allz € R x R and alli =1,...,p,

the following nonstationary matrixz-valued spatio-temporal function is a valid covariance:

04y, —1/2
Cij(s1, 82511, t2) = [Sija, |1/4|2jj,w2|1/4ﬁ¢ (Aij,$/1,a:2(sl — 82); 9i,j,:c1,:ez> (32)
17,&L1,L2

where A.Z'j’w17m2 = (Eiz’,wl + Ejj,wz)/2 + '}’ij(tl — tg)Id.
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The proof, given in the appendix [C] is based on Theorem [I] and [2] and the simulation
procedure is detailed in Algorithm Note that the square root matrix A2

ijay s 18 uniquely

defined because A;j gz, z, is positive definite.

This Theorem deserves some comments. Firstly, we emphasize that all parameters of ¢
(parameters 6, and anisotropy matrices X), as well as the correlation matrices o, are nonsta-
tionary in space and in time.

Secondly, we emphasize that in the anisotropic case the temporal covariance varies in space.

Setting s1 = so = s in Eq. , the temporal covariance at s € R is

C’” S,S’t ,t == 2 1/4 E 1/4 O-ijrsvtlth ) 33
z]( 1 2) | zz,s7t1| | J],S,t2| |(2ii,s,t1 +2jj,s,t2)/2+’77;j(t1 _t2)Id|1/2 ( )

This shows that having different anisotropies in each component of a multivariate GRF has a
profound impact even on the temporal covariances.
Furthermore, in the stationary case with a unique anisotropy for all components of the
multivariate GRF, 3, = 3, Vi = 1,...,p and Yz € R? x R, Eq. simplifies to
|22 045,8,81.2

Cij(s,8,t1,t2) = 5 (b — t2>1d‘1/2¢ ((2 +7ij(t1 — t2)Ta) " (1 — 82);91'4@1,:::2) - (34)
ij

This last result shows an important difference from the construction obtained in Theorem
However, in the isotropic case with 3 = I, we have Ajj 4, 2, = (1 +7i;(t1 — t2))I 4, and we get
the simpler expression .

Thirdly, it must be noticed that in the construction of Theorem [3|it was not possible to in-
clude a separability parameter b, as was done in the stationary setting. In order to get some flexi-
bility, it is however possible to multiply the covariance function in Eq. by a temporal covari-
ance parameterized by the same pseudo-variogram, i.e. Cr(t1,t2) = [(1 + i (t1 — tg))*‘s] ij=lp
with 6 > 0, which is similar to what was proposed in Section [3.2.2] for the univariate case.
Algorithm [7] includes this possibility.

Fourthly, for ease of exposition, Theorem [3]is stated for a stationary matrix-valued variogram
that depends only on t; —t5. However, it can easily be extended to the more general case where
~(t1,t2) = Yo(t1 —tz)l—i—R?l,tz —R(t1,t2), where R is a valid multivariate nonstationary temporal
covariance function, as in |Kleiber and Nychka (2012) or|Genton and Kleiber| (2015) for example.
R} ,, is the matrix with entries RY;, , = (Rii(t1,t1) + Rui(ta, ta) + Rjj(t1, t1) + Rjj(ta, ta)) /4.
In that case the simulation step 4 in Algorithm [7] remains unchanged.

As in the stationary case in Section we provide an example of the parsimonious non-
stationary Gneiting-Matérn model, which follows directly from Theorem [3| and Proposition

Although not explicitly given here, a nonstationary version of the Gneiting-Cauchy model from

Bl can be constructed in a similar manner.
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Algorithm 7 Simulation algorithm for nonstationary multivariate spatio-temporal RF.

Require: A family of scale mixtures, f(-; ), belonging to the exponential family
Require: A set of points, S € R? x R
Require: Varying parameters 6; ; and anisotropy matrices 2;,103/2 VeeS, Vie{l,...,p}
Require: Varying covariance matrices o4 = L, L.,
Require: Admissible pseudo variogram -y
Require: Parameter § > 0
Require: A large number L

1. Set f1:= f(0) for 6 =1

2: forl=1to L do

3:  Simulate a p-variate temporal RF Z7; with matrix-valued covariance function Cr(-) =

(144

4:  Simulate a p-variate temporal RF W; = [VVl,z‘]le with Gaussian direct and cross-
increments, with 0 mean and pseudo-variogram =
Simulate & ~ f;
Simulate V'; ~ Ny (0, I;)
set = 2§V,
Simulate ®; ~ U(0, 27)

9:  Simulate A; ~ N,(0,1,)
10: end for

11: For each « = (s,t) € S, and for i = 1,...,p return

e & (68ia)
Zri(s,t) = \/;; Zr1q(?) f1(&)

1S, (V2V))
ug,(V2V)

[Vl
V2

(LmAl)z cos (Qfs + Wl(t) + (I)l>
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Example 9 (Nonstationary Gneiting-Matérn multivariate covariance) Let
Ve = (s,t) ERT X R, fiiz: & Dvie)  (Riiw/2)?26 7 770 exp(—K7 o/ (46))

be the probability density of an Inverse Gamma distribution on (0,00) with shape parameter
Viiz > 0 and scale parameter “zzi,:c/4 > 0 and let 2;1‘1:1:/2 be anisotropy matrices defined for

alz € RYXR and all i = 1,...,p. Then the nonstationary Gneiting-Matérn multivariate

spatio-temporal cross-covariance 1s:

Vi, Vi
C ) . ’21‘1‘@1 ’1/4‘2]‘]‘@2 ‘1/4 F<Vij,m1m2) Riz'z,zma?c:11 ’ij;j;;:zz
ij(817327t17t2> - A 1/2 2Vija:1m2
|Aij 12| \/F(Vii,mlm) L(vjjmoms) Kijz1ao (35)

—1/2 :
X Uij,w1w2 CM (Aij,:lzlmg(sl - 82)7 Hij,wle) Vij,w1w2> 9

where Caq(+; Kijayao, Vijams) 15 the Matérn covariance with parameters 2vij z, @y = Vii g, + Vjjzs

2 2

_ 2 . y . .
and 2"%]‘,:::1932 = Kiizy T Kjjaas and with Ajj ¢, z, being defined as in Theorem @

5.4 A note on some special cases

Spatial multivariate nonstationary GRF's can be seen as a restriction of the corresponding spatio-
temporal GRFs to R? x {0}. Valid models are thus easily obtained as a special case of the
spatio-temporal models presented above, by setting t; = t2 in . Regarding the simulation,
steps 3 and 4 in Algorithm [7| get simplified with Z7,;(0) = 1 and W; = 0, respectively. In
a spatial context, our approach encompasses the one in Emery and Arroyo (2018) in several
ways. Firstly, as already pointed out, we rely on Gaussian mixtures instead of spectral measures
for computing the importance weights. Our approach is thus valid for all covariance function
¢ € Coo. Secondly, instead of being (arbitrarily) set to exponential, the proposal density is set
to fi, which is the Gaussian mixture corresponding the covariance to be simulated with 8 = 1,
i.e., with all parameters set to 1. With these choices, the algorithm is more consistent and is
likely to converge more rapidly to the Gaussian distribution. Notice that the correlation matrix
can also vary in space, thanks to the use of its Cholesky decomposition.

A stationary anisotropic multivariate space-time Gneiting model with a different anisotropy
matrix 3; for each variable i = 1,...,p can be obtained by setting 0; j z, «, = 0;j, V&1,22 €
R?xR. This construction generalizes the one in Theoremwhich instead has a unique anisotropy
for all variables.

Finally, univariate nonstationary GRFs and simulation algorithm of those are easily obtained
by setting p = 1. In the univariate case, there is only one (usual) time variogram -, which can

be any unbounded variogram.
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5.5 Practical considerations

As a rule of thumb, several thousands cosine waves are usually recommended. In the illustration
below, we used L = 50,000. Fewer waves can be used when the covariance function is smooth
near the origin. Generally speaking, more numerous waves are required when the covariance
function is not smooth (e.g. v < 1 for a Matérn covariance) and in presence of a strong non-
stationarity, see also Lantuéjoul (2002, Chap. 15), |[Emery and Lantuéjoul| (2006]) and [Schlather
(2012) for guidelines on the number of cosine waves. From a theoretical point of view, the in-
strumental density can be any density whose support includes the support of all scale mixtures
f(-;0). For simplicity, we have chosenf; = f(;0) for 8 = 1 in Algorithms |§| and |7, but in
some cases this choice may not be optimal. Choosing a density such that for each ¢ = 1,...,p,
the expectation Ey, [(fii.z(£)/f1 (§))1/2] is as close as possible to 1 for all x € &, is likely to
accelerate the convergence of the sum at the last step of the algorithm. Setting each parameter
to some central tendency statistics over the domain of simulation, such as its mean or median,

is a reasonable first order approximation.

6 Illustration

In this section, we present an illustration for the model defined in Theorem [3] and simulated
based on Algorithm [7] because it is the most general construction, which covers all the other
models and algorithms seen throughout this work.

It is illustrated with a bivariate, spatio-temporal, nonstationary RF Z(-,-) = (Z1(-, ), Za(+,)),
over the domain [0,10]? x [1,4], with a spatial resolution equal to 0.05 and temporal res-
olution equal to 1. The total number of grid points is thus 4 x 2012 = 161604. We will
consider a multivariate nonstationary Gneiting-Matérn model. The pseudo-variogram ~(u) =
Yo(u)+R(0)— R(u) is yo(u) = |u|/2 and R;j(u) = A;A; exp(—u?/2) with A; = 0.2 and Az = 0.5.

Z1 is stationary and isotropic in space with v11 4 = 1, kK112 = 1 and X114 = I2. In contrast,
Z is nonstationary. We set koo o = 1 and v = 1+ 0.03(t — 1)(s1 + s2), where s; and sg are
the spatial coordinates, so that the regularity of Z5 increases from 199 = 1 in the bottom left
corner at all time (and everywhere at ¢ = 1) up to ve2 = 2.8 in the upper right corner at ¢ = 4.
The anisotropy matrix of Zs varies with @ in such a way that the anisotropy ratio decreases
from 0.9 to 0.5 from the bottom left corner to the upper right corner. The anisotropy angle

rotates with time according to 6(t) = 27 (t — 1)/5. We thus set

S1/2(g ) = ( 1 0 ) ( cos(2m(t —1)/5) sin(2r(t —1)/5) )
2 0 0.9— (s1+ $2)/40 —sin(2n(t —1)/5) cos(2m(t —1)/5) |
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2.5+

0.0
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7.5+

5.0

y coordinate

2.54

0.0 1

00 25 50 75 10000 25 50 75 10000 25 50 75 100 00 25 50 75
x coordinate

Figure 1: Realization of a bivariate random field with nonstationary Gneiting-Matérn covariance
over four time steps, where the first variable is isotropic and stationary and the second is

anisotropic and nonstationary.

Finally, in the correlation matrix o we set 012 7 = 9s1/100, so that the strength of the correlation
between Z; and Zs increases from weak to strong as we move from left to right.

Figure [I] shows one realization of the space-time bivariate random field with nonstationary
Gneiting-Matérn covariance simulated according to Algorithm [7] with L = 50,000. A visual
assessment shows that, as prescribed, the first variable is stationary and isotropic while the
second variable is nonstationary with the expected properties (e.g., the regularity increases from
the bottom left to the upper right corner, the correlation increases from left to right, and the
anisotropy rotates with time). This demonstrates the flexibility of the model in simulating com-
plex spatio-temporal and inter-variable dependencies. To assess quantitatively if the simulated
random field properly reproduces the theoretical covariance, 64 spatial locations are randomly
drawn from the spatial domain, identical at all time steps. Then, 1000 random simulations of

the multivariate spatio-temporal RF with the previous parametrization are run. Finally, for
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Figure 2: Empirical (based on 1000 simulations) and theoretical correlations between pairs of
points at 64 random spatial locations and all time steps. Each panel corresponds to one pair of

variables.

each variable-space-time pair, the empirical correlation is computed and compared with the
theoretical one. The results are shown in Figure 2| where we show the correlations between
all spatio-temporal pairs, for each pair of variables. The empirical correlations almost per-
fectly agree with the theoretical ones, which demonstrates that the simulation algorithm [7] with

L = 50,000 converges to the theoretical nonstationary Gneiting-Matérn covariance in equation

B3).

7 Discussion

Since its early foundation in Shinozukal (1971)), the spectral approach has been one of the main
techniques used for simulating Gaussian Random Fields, see for example Lantuéjoul (2002),
Schlather et al.| (2015) and references therein. In this study, instead of using the spectral den-
sity, we have adopted a Gaussian mixture representation of the covariance function grounded
on the Schoenberg theorem (Schoenberg) 1938; [Schlather, 2010). This change of perspective
offers a unified view on earlier algorithms developed for the simulation of GRFs (Emery et al.
2016; [Emery and Arroyo, 2018 |Allard et al., 2020)), which in our opinion did not sufficiently
emphasized that they belonged to the Gaussian mixture representation. This new perspective
also enables the design of simulation algorithms for covariance functions that explicitly or im-
plicitly derive from a Gaussian mixture representation, which is the case for many covariance
functions in various contexts: nonstationary spatial (Paciorek and Schervish, 2006)), univariate

space-time (Gneiting}, [2002), multivariate (Genton and Kleiber, 2015) and multivariate space-
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time (Allard et all |2022)). Finally, and importantly, the extension of Gaussian mixture-based
simulation algorithms to nonstationary GRFs paved the way to a general theorem allowing for
the construction of a new and wide class of nonstationary covariance functions, as detailed in
Theorems [2| and [3|in Section [5| This new class of nonstationary covariance functions is expected
to power GRF modeling, in particular in multivariate and space-time contexts.

The avenues for future research opened by the present work are diverse. From a methodolog-
ical perspective, rather straightforward extensions touch on simulating GRF's on non-Euclidean
domains, which includes the simulation of random fields on spheres cross time with covariance
models similar to the Gneiting class, but involving Stieltjes functions instead of Bernstein func-
tions, see for example Alegria et al. (2019), White and Porcu| (2017)), [Lantuéjoul et al.| (2019) or
Alegria et al.| (2020). Simulations on general manifolds (Pereira et al., [2022)) or networks (Bolin
et al., [2024) could also be explored.

Focusing on the space-time context, the substitution approach introduced in Section
offers numerous advantages. It is very general since it relies on the simulation of a (possibly
multivariate) one dimensional process with Gaussian increments. In cases with less than 10* time
steps (i.e., in most cases), this can easily be performed using a simple Cholesky decomposition.
It is thus very general and does not necessitate to know the spectral density of the associated
temporal variogram, see [Allard et al.| (2020)) for an in-depth discussion about the differences
between the spectral and the substitution approaches to simulate space-time GRFs. A possi-
ble extension of the present work would be to design even more general models of space-time
GRFs, for instance enabling nonstationary dynamics in Lagrangian spatio-temporal covariance
functions (Salvanna and Genton, [2020; Salvana et al., 2023).

From a computational perspective, an appealing feature of all the simulation algorithms pre-
sented in this work is that the simulation of the stochastic representation (the L sets of random
variables associated for instance with scales or phases along with the L temporal processes in a
spatio-temporal context) is separated from the projection onto the set of points (s,t) on which
the simulation is represented. When simulating on large space-time domains, the projection
step is usually the most time consuming, with a computation time proportional to L and to the
number of grid points. Since this step consists in a simple loop on all grid points in the simu-
lation algorithms, it can be massively parallelized. In a nonstationary context, pre-computing
and storing some of the values appearing in the importance weights can also accelerate the
computations.

From an applied perspective, the use of GRFs in environmental modeling often requires
the conditioning to observed values, i.e., enforcing the random fields to honor a given set of

observations. The question of conditioning the simulations to a set of N conditioning points
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can be addressed using the so called ”conditioning by kriging technique” (Chiles and Delfiner,
2012, Chap. 7), but since kriging has a complexity in the order of O(N?3) this approach is
limited to conditioning sets of moderate size, and some form of approximation is needed when
tens of thousands conditioning data are available. As an alternative to the classical approach
of conditioning locally, [Marcotte and Allard (2018) explored a half-tapering approach that was
already suggested in |Stein| (2013). The idea is to produce unconditional simulations with an
efficient algorithm such as those presented in this study, and to use a tapered covariance C' X
CTaper for the conditioning step. The tapering function Caper is a correlation function with
compact support, such as the Wendland functions (Wendland, 1995)), and is identically equal
to zero outside a particular range, say r. This ensures that the tapered covariance is definite
positive since it is the product of two definite positive functions, and that by construction the
kriging matrix involved in the conditioning step has a high proportion of zero elements when
the range r is small compared to pairwise distances between data locations. In a spatial and
stationary context, Marcotte and Allard| (2018) established theoretically and numerically that
under a tail condition, the half-tapering approach is asymptotically equivalent to the full kriging
method. Extensions to the multivariate, spatio-temporal and nonstationary contexts remain to
be developed, and would help broadening the field of applications of the unconditional simulation
techniques designed in this study.

Finally, to help disseminating the simulation algorithms presented in this work as well as the
above propositions of extension, we believe that an easy-to-use software should be implemented

and made accessible to practitioners.

Code availability

An R code for simulating non-stationary multivariate space-time random fields is available at
https://github.com/sobakrim/Sim-NSMuST. This repository contains also the code for repro-

ducing the illustration in Section [6]
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A Proof of Proposition

On the one hand, by Bochner’s theorem, ¢(h) = [a cos(w'h)u(w) dw. On the other hand, the

mixture representation gives, Yh € R,

+o00o
o(h) = /0 exp (~€|[RI[2) £(€) de
= T —a [T cos(wih)E™ Y2 exp(—||wl||? W
V) [ costatie 2 exp (-l 4€) £(6) do

- /]R cos(w'h)(2v7) /0 "

The first equality uses Bochner’s representation of the gaussian covariance and the second equal-

&2 exp(—|lwl[*/4€) £ (€) d€ dw.

ity follows from . Inversion of integrals is permitted because ¢(h) is finite. Then,

“+o0o
—d _
) = (2vA) ™ [ e exp(llwl ) (6) e
follows by the uniqueness of the spectral density of ¢. O

Examples

1. For the Matérn covariance with shape and scale parameters (v, k), £ is distributed as an

inverse Gamma distribution with shape and scale parameters (v, k2 /4):

fm() = <I€2>V e exp(—r?/4€).

4 I'(v)
Hence
w) = el ’iQ Y1 +oo —1=v=d/2 o (w2 4 k2
paa(w) = (2V7) (4) r(y)/o § p(—(||w|” + #%)/4€) d¢
K2\ v S
= v <4> D [ R

The second identity comes from the fact that we recognize in the integral (up to the
normalizing constant) the Inverse Gamma probability density function with shape and
scale parameters (v + 1 + d/2, (||h||? + k?)/4). After rearrangement and simplifications,
we get the expression in .

2. For the Cauchy covariance with shape and scale parameters (v, 1/a), £ is distributed as a

Gamma distribution with same shape and scale parameters:
fe(€) =a™"T(v)~l¢ e ¥m.

We thus get

pe(@) = (2vA) atw) [ R ep /) expl(-€/a) de. (30

0
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This last expression cannot be further simplified, in accordance to the fact that, to the best
of our knowledge, there is no closed form expression for the spectral density of the Cauchy
covariance function. Nonetheless, the relationship seems original, and perhaps easier to use

than Theorem 1 in Bevilacqua and Faouzi (2019).

B Proof of Theorem

With the usual product-to-sum trigonometric identity and after some straightforward manipu-

lation we get

1 VS [V [T (£(6506,) (& 8s,))
Cov (Z(s1),Z(s2)) = ‘251’32’1/2 /0 IAG)

Ca(VESs L (s1-52)) fr(€)de.
(37)
Because f belongs to the exponential family, it holds that

(f(€:05,)f(E:05,)* = (1(8s,)1(Bs,))"* exp (—<e<esl> + e<032>>tT<5>)

where f(§;0s,,s,) is the (exponential family) scale mixture defined by

f(f, 081782) = h(031732) exXp (_£(031782)tT(§))

with €(0s, s,) = (£(0s,) + £(0s,)/2. O

C Proof of Theorem [3

Consider a space-time p-variate random field Z(-,-) = [Z;(-,-)];_; defined as

V] ,
L,A); cos Qts+—” Wit+<1>), =1,...,p,
( ) ( NG (t) i p

(38)
where R ~ fi1, V. ~ N(0,1;), A ~ N(0,I,) and ® ~ (0,27), all independent to each other
and = RV. The matrix L, is the Cholesky factorization of o5 with LyL., = o,. Recall
that W (-) = [W;(-)]Y_; are p RFs on R whose direct and cross-increments are Gaussian and
characterized by the matrix-valued pseudo-variogram =, i.e, Wi(t) — W;(t + u) = /2v;;(v)Y,
with Y ~ A(0,1). The process W (-) is independent to all random variables. Clearly, all random

fields Z;(-,-) have zero mean.
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Write Y;(@) = /2 (R; 0:.0) [ 11 (R /1§, , (V2V) /1§, (\fV)cos( +”%‘Wi(t)+q>) Q=

1,...,p. Because of the independence assumption, we have
E[Z(s1,t1)Z" (s2,t2)] =E [Z1(t1) Z%(t2)| E [Ly, AA'LL | E [Y (s1,t1)Y (82, 12)] -

79¢ The first expectation is equal to Cr(ts — t1). Since E[AA’] = I, the second expectation is

705 equal to oz, &,. Let us now consider the third expectation:

za:l f(R 0] w2 \/IMEH xq fV)/J,Z (\/§V)

E[Y(s1,t1)Y" (s, 2], = 2E[\/f

fi(R) de(\[v)
X COS <\/ﬁ Vis, ”\f” i(t1) + <I>> (39)
X COS (\/ﬁ Visy + ”\fH i(t2) + @)]

796 Using trigonometric identities and the fact that ® is uniformly distributed on (0, 27) and inde-

707 pendent on R, 2, and W (-), this expression simplifies to

6, R 02y \/Mgml fV)uZ L(V2v)

X COS (\/ﬁvt(s1 — 89) + Vi (Wilty) — Wﬂ@)))].

E [Y(Sl,t1>Y (Sg,tg)] = E|:\/f

V2

796 Using again a trigonometric identity, we have

os<@vt<sl_s> [ f”< (t) — Wj<t2>>)

= cos (\/ﬁ Vi(sy — 32)) Cos <||V|| vij(t1 — tQ)Y)
+sin (\/ﬁ Vi(sy — 32)> sin (HVH vij(t1 — t2)Y> : (41)

Using symmetry and considering that the sine function is odd, the expectation of the second
term of is equal to 0. Let us denote g(z) = (21) /2 exp(—22/2) the (0,1) Gaussian pdf.

Using the spectral density of Gaussian covariances as in Example [6] one gets that

VS, V2V (V2V)

= |2y w1’1/4|zjj7w2‘1/4€7Vt2i,j,z1,m2V/2/67||V"2/2’

pg,(V2V)
790 With 321 @0 = (Biiz, + 3jj@.)/2. Taking the expectation over V, R, and Y, we obtain
b 1/4 P 1/4
E[Y(Sl,tl)y (327t2)] | ll$1| ’ JJs 5172’ / / \/f za:l ]m)@ vtzij,ml,zgv/Q
27'(' d/2 Rd ’
X oS (\/ 2r vt (s) — 52)> / cos <||’UH vij(t1 — tg)y> g(y)dydv dr.
R

(42)
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Since [ cos ([|v]|\/7ij(t1 — t2)y) g9(y)dy is the Fourier transform of the standard Gaussian prob-
ability density g computed at ||v||\/7ij(t1 — t2), we have

Siion | D0 oS
El¥i(s1, t)Yj(s2, t2)] = - (2m) d/]2j = R \/f Oia,)f(r;0jz,)e" Zij w1290/

2
X COS (@Ut(sl — 32)) exp (— v 2” v (t1 — tg)) dv dr.

(43)
In view of grouping all arguments of the exponential, we define
Aijzi @y = Bijar @ + Vij (t1 —t2)La.
We thus get
3. /415, 1/4
E [Yi(s1,t1)Y;(s2,t2)] = [P | ’d/JQJ’m2| / / \/f 0, ) f(r;0j2,)
(2) R (44)

X COS (\/ 2r vt(s) — 32)> eV AijereV/2 gy dr.

Up to a multiplicative factor, the integral [pq cos (v2rv'(si — s2)) e~V Aijw1,229/2 Jy is the

Fourier transform of a multivariate standard Gaussian probability density. Therefore,

BV (51,1052, 12)] = (B V1l [\ 1030000 £0:0,2.)
1

X W exp ( (81 - SQ)tAz]1m17m2(Sl - 32)) dT
1],%1,:1:2

(45)
= Sty |V |
1 A2 o
where 0; j 2, 2, is defined as in Eq. (29). The final result is then easily obtained.
O
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