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Abstract

Gaussian Random Fields (GRFs) play a critical role in modeling and simulating environ-

mental and climate-driven processes. The simulation of GRFs enables the representation of

the variability of the process under study through the generation of multiple equally plausible

realizations.

Gaussian vectors corresponding to a sample of moderate size of a GRF can easily be

simulated using the Cholesky decomposition of the associated covariance matrix, but this

approach is limited to vectors of moderate size. To overcome this limitation, an interesting

alternative is to rely on spectral methods that are based on the decomposition of the target

GRF into spectral waves. This approach has been recently extended in various directions

in order to make it more versatile, including in spatial, multivariate and spatio-temporal

settings. To further increase the versatility of spectral simulation methods, we propose to

revisit them adopting a Gaussian mixture perspective.

This paper has a threefold aim: firstly, it offers a literature review leading to a unified

view of the spectral simulation approach; secondly, it provides a revisited perspective based

on Gaussian mixtures; thirdly, it leverages the Gaussian mixture perspective to propose

extensions covering new classes of covariance functions for nonstationary (univariate or mul-

tivariate) spatio-temporal GRFs, as well as simulation algorithms for those that are currently

missing in the framework of spectral simulation. All simulation methods are translated into

pseudo-code algorithms, and an illustration is provided for a bivariate nonstationary spatio-

temporal example.

Keywords: Matérn covariance; Cauchy covariance; Gneiting class of covariance; spectral meth-

ods; stochastic simulation; importance sampling
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1 Introduction1

Random Fields (RFs) are mathematical objects that represent random functions defined over2

multidimensional spaces, see for example Yaglom (1987), Adler (2010) or Adler and Taylor3

(2009). In this paper, we focus on RFs defined on subspaces of Rd, d ≥ 1, such as spatial4

domains (two-dimensional) and space-time domains (three-dimensional), commonly referred to5

as spatial random fields and spatio-temporal random fields, respectively. RFs can be either6

univariate, modeling a single variable, or multivariate, modeling multiple dependent variables.7

They play a critical role in modeling and simulating environmental and climate-driven processes8

by capturing their spatio-temporal and inter-variable dependence structures. Consequently, they9

have become indispensable tools in diverse applications such as remote sensing (Stein et al., 1999;10

Zakeri and Mariethoz, 2021), in geosciences (Christakos, 2013; Chilès and Delfiner, 2012; Linde11

et al., 2015), or in climate studies for the quantification of climate uncertainties and local weather12

variability (Peleg et al., 2017; Benoit et al., 2018; Obakrim et al., 2025).13

A key research topic in spatial statistics is the modeling of the dependence structure of14

random fields within their domain of definition. This involves making assumptions about prop-15

erties such as stationarity, isotropy, and symmetry (Li et al., 2007; Bagchi and Dette, 2020).16

For Gaussian Random Fields (GRFs), which have gained particular interest due to their char-17

acterization by their first two moments, the dependence structure is encapsulated in covariance18

functions. These covariance functions can vary based on the domain (spatial or spatio-temporal),19

dimensionality (univariate or multivariate), and specific assumptions about the dependence (e.g.,20

separable or nonseparable, stationary or nonstationary). Numerous parametric covariance func-21

tions have been proposed in the literature, see for example Genton and Kleiber (2015) for a22

review on multivariate covariances as well as Chen et al. (2021) and Porcu et al. (2021) for23

recent reviews on spatio-temporal covariances. However, as the complexity of the domain (e.g.,24

space-time), dimensionality (e.g., multivariate), and dependence assumptions (e.g., nonstation-25

arity or nonseparability) increase, and even more importantly when they interact, the range of26

available models becomes more limited. Current research in spatial statistics aims to develop27

valid covariance functions, estimate their parameters, and simulate random fields that conform28

to specific covariance functions. In this work, we will focus on the first and third aspects because,29

as will be demonstrated below, the constructive definition entailed by the simulation algorithms30

that we develop in this paper leads to the formulation of valid covariance models, even in the31

complex setting of spatio-temporal multivariate and nonstationary GRFs.32

The simulation of GRFs enables the representation of the variability of the process under33

study through the generation of multiple equally plausible realizations. Gaussian vectors cor-34

responding to a sample of moderate size, say n, of a GRF can easily be simulated using the35
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Cholesky decomposition of the associated covariance matrix, which is an exact method. But36

since it has a computational cost to the order of O(n3), this approach is limited to vectors of37

moderate size (say, smaller than 104 elements). To overcome this limitation, several approaches38

such as the sparse approximation (Jurek and Katzfuss, 2022) or the low rank approximation39

(Romary, 2013) of the covariance matrix have been proposed to boost GRF simulation based on40

the Cholesky decomposition method. Another way to reduce the computational burden consists41

in using block circulant matrices and the efficiency of the Fast Fourier Transform to replace42

the Cholesky decomposition of the covariance matrix when performing simulations (Wood and43

Chan, 1994; Chan and Wood, 1999). This approach requires working on regular grids, which is44

a strong constraint when space-time simulations are intended. Indeed, conducting simulations45

over extensive regions and prolonged timeframes results in extremely large space-time grids,46

which often hinder or even prevent the simulation due to memory issues. In addition, the simu-47

lation of GRF using block circulant matrices is limited to stationary covariance functions, which48

is often an overly simplistic assumption when large domains are considered. More recently,49

the Stochastic Partial Differential Equation (SPDE) approach has been proposed to simulate50

a GRF at a discrete set of locations, which under certain conditions can be represented by a51

Gaussian Markov Random Field (GMRF). If one can find a SPDE that links the target GRF52

to a GMRF representation, then the covariance matrix of the GRF can be substituted by the53

sparse precision matrix of the GMRF, which enables the use of computationally efficient numer-54

ical methods for simulation (Lindgren et al., 2011). This approach has the advantage to permit55

the efficient simulation of spatial or space-time (Clarotto et al., 2024), univariate or multivariate56

(Bolin and Wallin, 2020), as well as stationary or nonstationary GRFs (Pereira et al., 2022), but57

it is currently restricted to Matérn covariance functions and some of their space-time extensions58

(Lindgren et al., 2022).59

An interesting alternative to the aforementioned simulation approaches is to rely on spectral60

methods that are based on the decomposition of the target GRF into spectral waves. This61

approach was pioneered about 50 years ago independently by Shinozuka (1971) and Matheron62

(1973) and more recently referred to as Random Fourier Features in the Machine Learning63

literature (Rahimi and Recht, 2007). It was initially designed for univariate, spatial and sta-64

tionary random fields. Briefly sketched (more details are given in Section 2.5), the simulation65

algorithm associated with spectral methods is the following: (i) draw a sample of size L of in-66

dependent random frequencies according to an appropriate probability density function (pdf);67

(ii) project the cosine waves originating from the above random frequencies (associated with68

random phases) onto the locations where the simulated values are needed; (iii) add and properly69

re-scale the cosine waves contributions. Thanks to the central limit theorem, the marginals are70
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approximately Gaussian. In addition, the covariance function of the resulting random field is71

the Fourier transform of the pdf used to draw the random frequencies, which is equal to the72

target covariance function.73

A compelling feature of this approach is that the stochastic part is run very quickly, and74

can be saved as vectors of random frequencies and phases of limited size (say, a few thousands75

scalars). The realization (i.e., one actual simulation of the random field) can subsequently be76

computed in a separate step, using massive parallel computing, only at those locations where77

it is needed in order to improve computational efficiency. Until recently, simulation algorithms78

based on this approach were easily accessible in the R package Randomfields (Schlather et al.,79

2015), which is unfortunately no longer available.80

More recently, the spectral approach has been extended in various directions in order to81

make it more versatile. In an univariate and stationary context, Emery et al. (2016) proposed82

an importance sampling approach allowing to simulate from spatial Gaussian Random Fields83

(GRFs) characterized by virtually any covariance function and variograms (Arroyo and Emery,84

2017). Then, Emery and Arroyo (2018) made multivariate and nonstationary extensions of85

the spectral simulation framework. In a spatio-temporal context, Allard et al. (2020) proposed86

two simulation methods for producing stationary space-time univariate random fields with a87

Gneiting-type covariance function. Allard et al. (2022) generalized this work to multivariate88

(stationary and space-time) random fields. However, despite all the above advances and to89

the best of our knowledge, simulating nonstationary spatio-temporal GRFs (univariate and90

multivariate) using the spectral simulation approach remains an open question.91

In this context, this paper has a threefold aim: Firstly, it offers a literature review leading92

to a unified view of the spectral simulation approach whose initial description and subsequent93

evolutions are up to now fragmented across numerous contributions with not always consistent94

notations and parametrizations. Secondly, it provides a revisited perspective on this simulation95

approach, which will be regarded here as a Gaussian mixture in which each cosine wave relates to96

the spectral density of a Gaussian kernel. The mixture of those (Gaussian) cosine waves does not97

originate from the spectral density of the targeted covariance, but from its Gaussian mixture98

representation. For this reason, we refer to this simulation approach as a Gaussian mixture99

simulation method. Thirdly, it leverages the Gaussian mixture perspective to propose extensions100

covering new classes of covariance functions for nonstationary (univariate or multivariate) spatio-101

temporal GRFs, as well as simulation algorithms for those that are currently missing in the102

framework of spectral simulation.103

For conciseness, we focus our exposition to Euclidean spaces. Other spaces such as spheres,104

spheres cross time and other manifolds are not considered here. Also, we neither address the105
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estimation of the parameters of the covariance functions at hand, nor the conditioning of the106

simulations to observed values. The discussion section will nevertheless touch upon these issues.107

The remainder of the paper is structured as follows: Section 2 summarizes background ma-108

terial on stationary GRFs, including the original spectral simulation method. To make the link109

between former formulations of the spectral simulation approach and the proposed Gaussian110

mixture perspective, we explicitly state the relationship between the spectral density and the111

Gaussian mixture representation of a covariance function admitting such a representation. Next,112

Section 3 focuses on the simulation of stationary, univariate, spatial and space-time GRFs using113

the Gaussian mixture representation. Section 4 explains how to simulate stationary multivari-114

ate GRFs within the same framework. Then, Section 5 details the extension of the Gaussian115

mixture approach for the simulation of nonstationary GRFs, including nonstationary space-116

time and multivariate random fields. To make the paper self-sufficient, all simulation methods117

are translated into pseudo-code algorithms. An illustration is then provided in Section 6 for a118

bivariate nonstationary spatio-temporal example. Finally, Section 7 discusses the advantages119

and limitations of the Gaussian mixture simulation method, and makes suggestions for further120

research.121

2 Reminders on stationary Gaussian random fields122

In the rest of this paper, vectors and matrices will be denoted using bold fonts. In particular, 0123

and 1 denote vectors or matrices of all-zeros and all-ones of appropriate dimension, respectively.124

All vectors are column vectors, ht denotes the transpose vector of h, hta is the scalar product of125

the vectors h and a in Rd, with d ∈ N∗, and ||h|| =
√
hth is the Euclidean norm of h. Np(µ,Σ)126

is the multivariate Gaussian random vector of dimension p with expectation µ and covariance127

Σ, and the determinant of Σ will be noted |Σ|.128

2.1 Stationary covariance functions129

A random field Z(·) defined over Rd is an (uncountable) collection of random variables indexed130

over Rd by their coordinates s ∈ Rd, see e.g., Yaglom (1987) or Gneiting and Guttorp (2010) for a131

more precise definition. In the stochastic process literature, random fields are sometimes called132

random functions (Yaglom, 1987) and in the Machine Learning community they are usually133

referred to as Gaussian processes (Williams and Rasmussen, 2006). In geostatistics and spatial134

statistics, the term Random Field (RF) is generally used (Chilès and Delfiner, 2012) and we will135

stick to this usage. We shall assume that the RF is second order, i.e. that it has finite first and136

second moments. Without loss of generality, we shall further assume that the expectation of Z137
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is equal to 0 everywhere, because otherwise it could easily be subtracted from Z in order to get138

a centered random field.139

The covariance of a centered second order random field Z(·) on Rd is the function c : Rd ×
Rd → R, c(s1, s2) = E[Z(s1)Z(s2)]. The random field is said to be second-order stationary (or

simply, stationary) if c depends only on the separation distance, i.e. c(s1, s2) := C(s2 − s1) for

some function C, called the covariance function. Denoting h = s2 − s1 the separation vector,

the stationary covariance function C : Rd → R writes C(h) = E[Z(s)Z(s+ h)]. The covariance

function of Z must be semi-definite positive on Rd, i.e.

n∑
i=1

n∑
j=1

aiajC(si − sj) ≥ 0,

for all n ∈ N∗, ∀(a1, . . . , an) ∈ Rn and for all locations s1, . . . , sn in Rd. A stationary covariance140

function is said to be isotropic if it depends only on the distance ||h||, and anisotropic otherwise.141

2.2 Bochner’s theorem and spectral densities142

In this Section, we essentially follow Gneiting and Guttorp (2010). From Bochner’s theorem143

(Bochner, 1933, 2005), there is a one-to-one correspondence between the family of stationary144

covariance functions on Rd (i.e. stationary, definite positive functions on Rd) and the family of145

positive finite measures through Fourier transforms:146

C(h) =

∫
Rd

exp(ihtω)dµ(ω), ∀h ∈ Rd. (1)

The measure µ, referred to as the spectral measure associated to C, is positive and finite, i.e.147 ∫
Rd dµ(ω) < ∞. In most cases it is continuous, in which case we write, with a slight abuse148

of notation, dµ(ω) = µ(ω)dω and µ is called the spectral density. In this work, we shall only149

consider continuous measures, i.e. spectral densities.150

Similarly to the Bochner theorem, Schoenberg (1938) established that all isotropic covariance151

functions, say ϕd(h), valid in Rd, have an expression of the form152

ϕd(h) = Γ(d/2)

∫
R+

(
2

rω

)(d−2)/2

J(d−2)/2(rω)dµiso(ω), r = ∥h∥ ≥ 0, (2)

where Γ is the usual Gamma function, µiso is a probability measure on the positive half-line153

(hence integrating to 1) often referred to as the radial spectral measure, and Jk is the Bessel154

function of parameter k. In most cases of practical interest the measure is absolutely continuous155

with respect to the Lebesgue measure with dµiso(ω) = µiso(ω)dω. In this case, µiso is a probability156

density, called the radial spectral density.157
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The correspondence between the radial spectral measure and the spectral density is given

by

µiso(||ω||) = 2
πd/2

Γ(d/2)
||ω||d−1µ(ω), ω ∈ Rd,

with the factor 2πd/2/Γ(d/2) being the surface of the d-sphere of volume 1 entailed by the change158

from cartesian coordinates to polar coordinates. From (2) we thus see that all valid isotropic co-159

variance functions over Rd can be seen as mixtures of generators Ωd(x) = (2/x)(d−2)/2 J(d−2)/2(x),160

x ≥ 0. The Bessel functions Jd are non-monotonic functions with positive and negative values161

tending to 0 as x → ∞. The amplitudes of the oscillations decrease as (d− 2)/2 increases, and162

to the limit, as d → ∞, J(d−2)/2 is a non-negative function. This implies that isotropic functions163

that are covariance functions in Rd for any dimension d cannot be negative.164

Example 1 (Gaussian covariance) The Gaussian covariance function CG(h) = exp
(
−(||h||/a)2

)
165

with a > 0, whose support is Rd, will be key to this work. Its spectral density is166

µG(ω) = ad
(
2
√
π
)−d

exp
(
−||aω||2/4

)
, (3)

which is a Gaussian density with mean 0 and variance 2/a2.167

2.3 Anisotropies168

Anisotropy can be modeled in many different ways (Allard et al., 2016), but the most common169

model is the geometric anisotropy and we will adopt it for the rest of the paper. A stationary170

covariance function with a geometric anisotropy is obtained by combining a stationary isotropic171

covariance function Ciso(h) by a d × d symmetric positive definite matrix Σ such that C(h) =172

Ciso(Σ
−1/2h), ∀h ∈ Rd (Chilès and Delfiner, 2012; Allard et al., 2016). In R2, the matrix Σ−1/2

173

can be described as the combination of a scaling and a rotation with angle θ174

Σ−1/2 =

(
r1 0

0 r2

)(
cos θ sin θ

− sin θ cos θ

)
, (4)

where r1 > 0 and r2 > 0 are the scale parameters in the main anisotropy directions. Emery and175

Arroyo (2018) showed that the spectral density of C is µ(ω) = |Σ|1/2µiso(Σ
1/2ω).176

Example 2 (Gaussian spectral density) Specifically, in the case of a Gaussian covariance,

one gets:

CG(h) = exp
(
−htΣ−1h

)
; µG(ω) =

(
2
√
π
)−d |Σ|1/2| exp

(
−ωtΣω/4

)
, ∀h,ω ∈ Rd.
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2.4 Gaussian mixtures177

A standard result on Bessel functions states that limd→∞Ωd

(
(2d)1/2x

)
= e−x2

uniformly on178

x ≥ 0. As a consequence, a mixture of squared exponential is a valid covariance function on179

Rd, ∀d ≥ 1. Schoenberg (1938) proved the necessary part and established that a function ϕ is180

a valid isotropic covariance function on Rd, ∀d ≥ 1 if and only if it is a mixture of isotropic181

Gaussian kernels182

ϕiso(r) =

∫
R+

exp(−r2ξ)dF (ξ), ∀r ≥ 0, (5)

where F is a probability measure on [0,∞). Focusing on the continuous case only, one usually183

writes dF (ξ) = f(ξ)dξ, with f being a probability density.184

Another way of seeing this is the following. Let φ(x), x ≥ 0 be a continuous completely

monotone function on R+, i.e. a function with φ(0) = 1 such that for any n ∈ N, the derivative

of order n, φ(n) exists and is finite with (−1)nφ(n)(x) ≥ 0, ∀x ≥ 0. One example of such a

function is the exponential: exp(−ξx) with ξ > 0. By Bernstein’s theorem (see for example

Feller (1966, p. 439)), a continuous completely monotone function can be written as a mixture

of exponential functions. In other words, it is the Laplace transform of a nonnegative density,

i.e. φ(x) =
∫∞
0 exp(−ξx)f(ξ)dξ. Let us denote C∞ the class of continuous isotropic covariance

functions valid on Rd, ∀d ≥ 1, i.e. that can be expressed as in Eq. (5). Putting everything

together, one thus have the following series of equality for covariance functions ϕ ∈ C∞:

ϕ(h) = φ(||h||2) =
∫ ∞

0
exp(−||h||2ξ)f(ξ)dξ, ∀h ∈ Rd,

where f(ξ) is also referred to as the scale mixture. Gaussian mixtures are key for constructing185

large classes of spatio-temporal (Gneiting, 2002), multivariate (Gneiting et al., 2010; Genton186

and Kleiber, 2015), and multivariate spatio-temporal covariances (Bourotte et al., 2016; Allard187

et al., 2022). Gaussian mixtures will be at the core of the approaches and simulation algorithms188

presented in this work, and from now on they will be characterized by their scale mixture f and189

their covariance function ϕ ∈ C∞.190

Note that for a covariance function ϕ ∈ C∞, there is a direct relationship between the scale191

mixture and the spectral density, as stated in Proposition 1.192

Proposition 1 Let ϕ ∈ C∞ be an isotropic covariance function on Rd and let f denote its scale193

mixture and µ its spectral density. Then,194

µ(ω) =
(
2
√
π
)−d

∫ +∞

0
exp
(
−||ω||2/4ξ

)
ξ−d/2f(ξ) dξ, ∀ω ∈ Rd. (6)

195

8



The proof is direct. For completeness, it is given in Appendix A. This proposition essentially196

states that whenever there is a Gaussian mixture representation of a covariance function (i.e.,197

when ϕ ∈ C∞), its spectral density can be represented as a specific scale mixture of the Gaussian198

spectral density.199

2.5 Simulation with spectral methods200

Proposition 2 Consider a stationary covariance function C and let µ denotes its spectral mea-

sure with
∫
Rd dµ(ω) = 1. Let Ω be a random variable drawn according to µ. Let Φ be a uniform

random variable in [0, 2π). Define

Z(s) =
√
2 cos

(
Ωts+Φ

)
.

Then E[Z(s)] = 0 and Cov(Z(s), Z(s+ h)) = E[Z(s)Z(s+ h)] = C(h), ∀s,h ∈ Rd.201

Clearly the expectation is equal to zero since Φ is uniform on [0, 2π). The proof for the co-

variance is obtained by computing E[Z(s)Z(s + h)] and using product-to-sum trigonometric

identities (Shinozuka, 1971), see also Rahimi and Recht (2007) for a Machine Learning perspec-

tive. The random field Z(s) is not Gaussian but a Gaussian distribution can be approximated

by simulating many independent samples {(Ωl,Φl)}l=1,...,L and considering the sum

Z̃L(s) =

√
2

L

L∑
l=1

cos
(
Ωt

ls+Φl

)
.

Because of the central limit theorem, the finite-dimensional distribution of Z̃L tends to become202

multivariate Gaussian as L tends to infinity (Lantuéjoul, 2002, Chap. 15). Finally, the original203

spectral simulation algorithm is shown in Algorithm 1. In step 4, a multiplicative factor
√
− lnU204

is introduced, where U is an independent uniform variable on (0, 1). It corresponds to the205

Box–Müller transformation (Box and Muller, 1958) which ensures that the marginal distributions206

of each term of the sum in step 4 is Gaussian. This additional step accelerates the convergence207

of the simulation algorithm, but it is not absolutely necessary. Sometimes, it will be omitted.208

We recall that, once the random elements (Ωl,Φl, Ul)l=1,...,L are stored, Step 6 can be performed209

separately from the previous steps, possibly using massive parallel computing.210

Example 3 (Simulating from a Gaussian covariance) The algorithm for simulating a Gaus-211

sian random field with Gaussian covariance thus follows by simply replacing Step 2 in Algorithm212

1 by:213

2. Simulate Ωl ∼
√
2/aNd(0, Id). (7)

214
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Algorithm 1 Original spectral simulation algorithm

Require: Covariance function and its associated spectral density µ

Require: A set of points, S ∈ Rd

Require: A large number L

1: for l = 1 to L do

2: Simulate Ωl ∼ µ

3: Simulate Φl ∼ U(0, 2π)
4: Simulate Ul ∼ U(0, 1)
5: end for

6: For each s ∈ S return

Z̃(s) =

√
2

L

L∑
l=1

√
− lnUl cos

(
Ωt

ls+Φl

)

Using the original spectral algorithm requires to be able to simulate directly from the spectral215

density, a situation not always met, for instance for the spatio-temporal covariance functions216

of the Gneiting class (see Sect. 3.2). Approaches based on Gaussian mixtures offer additional217

flexibility, as shown in the following.218

3 Simulation of stationary univariate GRFs using Gaussian mix-219

tures220

3.1 Spatial Gaussian Random Fields221

Since one can easily simulate a RF with Gaussian covariance as shown in Example 3, spectral222

simulation algorithms based on Gaussian mixtures can easily be designed. By construction, this223

approach is thus restricted to the simulation of covariance functions being element of C∞. The224

general principle is that for each l ∈ {1, . . . , L}, a scale is randomly drawn according to the scale225

mixture f . Then, a single cosine wave with a frequency drawn according to (7) is simulated,226

conditional on the random scale previously drawn. This leads to Algorithm 2, which will then227

be specified for two important examples of covariance functions: the Matérn and the Cauchy.228

3.1.1 The Matérn covariance229

The Matérn covariance function is a widely used covariance function, in particular because it230

is related to the Wittle-Matérn SPDE over Rd (Whittle, 1954; Lindgren et al., 2011; Carrizo-231
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Algorithm 2 Generic isotropic scale mixture simulation algorithm

Require: Covariance function in C∞ and its associated scale mixture f

Require: A set of points, S ∈ Rd

Require: A large number L

1: for l = 1 to L do

2: Simulate ξl ∼ f

3: Simulate Ωl ∼
√
2ξlNd(0, Id)

4: Simulate Φl ∼ U(0, 2π)
5: Simulate Ul ∼ U(0, 1)
6: end for

7: For each s ∈ S return

Z̃(s) =

√
2

L

L∑
l=1

√
− lnUl cos

(
Ωt

ls+Φl

)

Vergara et al., 2022),232 (
κ2 −∆

)α/2
Z = W, α = ν + d/2 > d/2, (8)

where ∆ is the Laplacian operator, κ > 0 and W is a white noise. The Matérn covariance is233

CM(h) =
σ2

2ν−1Γ(ν)
(κ||h||)νKν(κ||h||), h ∈ Rd, (9)

where Kν is the Bessel function of second kind with parameter ν > 0. Its spectral density is234

µM(ω) =
Γ(ν + d/2)

κdπd/2Γ(ν)

1

(1 + ||ω||2/κ2)ν+d/2
, ω ∈ Rd. (10)

The Matérn covariance function is also an Inverse Gamma mixture of Gaussian kernels (Tronarp

et al., 2018). First recall that the probability density of an Inverse Gamma random variable

IG(α, β) with shape and rate parameters (α, β) is

fIG(x) =
βα

Γ(α)
x−1−αe−β/x, x ≥ 0.

Proposition 3 Let ξ ∼ IG(ν, κ2/4) be an Inverse Gamma random variable with shape and

rate parameters (ν, κ2/4), whose density is denoted fIGν,κ2/2
. Then, the mixture of Gaussian

covariances with scale parameter ξ is a Matérn covariance as in (9). In other words, the scale

mixture of a Matérn covariance is

fM(ξ) =

(
κ2

4

)ν
ξ−1−ν

Γ(ν)
e−κ2/4ξ.
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The proof can be found in Bourotte et al. (2016, Theorem 1) and in Tronarp et al. (2018) with235

slightly different parametrization. The relationship (6) is easy to verify (see Appendix A). A236

simulation algorithm then follows directly by replacing Step 2 in Algorithm 2 by237

2 : Simulate ξ ∼ IG(ν, κ2/4)

Remark: Notice that simulating ξ ∼ IG(ν, κ2/4) consists of simulating S ∼ G(ν, κ2/4) and238

setting ξ = 1/S.239

3.1.2 The Cauchy covariance240

As an alternative to the Matérn class, with a more slowly decaying behavior to 0 as ||h|| → ∞,241

let us consider the Cauchy family, having expression242

CC(h) =
(
1 + a||h||2

)−ν
, h ∈ Rd, (11)

with ν, a > 0. Here, ν characterizes the dependence at large distances. It was considered243

in Bourotte et al. (2016) because it allows for a straightforward Gaussian mixture model as244

shown below, whereas the spectral density of the Cauchy covariance function has no simple245

explicit expression, see also Appendix A. Notice that the covariance in (11) is a special case of246

the generalized Cauchy covariance function proposed in Gneiting and Schlather (2004), but no247

closed form expression for the scale mixture corresponding to the generalized Cauchy covariance248

is known.249

Proposition 4 Let ξ ∼ G(ν, a) be a Gamma random variable with density fν,a. Then, the250

mixture of Gaussian covariances with scale parameter ξ is a Cauchy covariance as in (11).251

Proof: The probability density of ξ is fC(ξ) = a−νΓ(ν)−1ξν−1e−ξ/a. Then, writing r = ||h||252

we get253

CC(h) = a−νΓ(ν)−1

∫ ∞

0
e−ξr2ξν−1e−ξ/a dξ

= a−νΓ(ν)−1

∫ ∞

0
exp

(
−ξ(r2 + a−1)

)
ξν−1 dξ

= a−ν
(
r2 + a−1

)−ν
=
(
1 + ar2

)−ν
.

□254

In this case, Step 2. in Algorithm 2 becomes

2 : Simulate ξ ∼ G(ν, a).

12



3.1.3 Simulation in the presence of anisotropy255

In order to simulate a GRF with geometric anisotropies, the last step of the spectral simulation256

Algorithm 1 must be adapted according to257

Z̃(s) =
√
2/L

L∑
l=1

√
− lnUl cos

(
Ωt

lΣ
−1/2s+Φl

)
=
√
2/L

L∑
l=1

√
− lnUl cos

(
(Σ−1/2Ωl)

ts+Φl

)
.

(12)

The last equality is useful for simulating anisotropic random fields with scale mixtures.258

Notice that the single scale ξl in Algorithm 2 acts as a multiplicative factor for the entire vector259

Ωl. Using scale mixtures only, it is thus not possible to change the geometrical characteristics260

(anisotropy angle θ, range ratio a1/a2) of the anisotropy. By decomposing Ωl as the product of261

a scale ξ and a direction V l and using (12), it is straightforward to generalize Algorithm 2 for262

anisotropic RFs. This is shown in Algorithm 3 below. In order to avoid an overparametrization,263

we recommend to either set r1 = 1, or to set the scale parameter in f equal to 1. In the first case,264

when d = 2, the only two parameters of the matrix Σ−1/2 would thus be r2 > 0 and θ ∈ [0, π).265

Algorithm 3 Generic scale mixture simulation algorithm with anisotropy

Require: Covariance function in C∞ and its associated scale mixture f

Require: anisotropy matrix Σ−1/2

Require: A set of points, S ∈ Rd

Require: A large number L

1: for l = 1 to L do

2: Simulate ξl ∼ f

3: Simulate V l ∼ Nd(0, Id)

4: Compute Ωl =
√
2ξlΣ

−1/2 V l

5: Simulate Φl ∼ U(0, 2π)
6: Simulate Ul ∼ U(0, 1)
7: end for

8: For each s ∈ S return

Z̃(s) =

√
2

L

L∑
l=1

√
− lnUl cos

(
Ωt

ls+Φl

)

3.2 Spatio-temporal Gaussian Random Fields266

Spatio-temporal random fields can be seen as special cases of random fields defined over Rd
267

with d ≥ 2 and one dimension being identified as time. Then, one could proceed with all the268
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theory seen above. However, it is our common daily experience that time is not a dimension269

directly commensurable to space. In particular, most phenomena follow physical dynamics that270

are clearly different over space and time. We will therefore separate space from time and write271

(s, t) ∈ Rd × R for a space-time coordinate. A stationary spatio-temporal covariance function272

is a positive definite function C over Rd × R with (h, u) 7→ C(h, u) ∈ R. Setting u = 0 defines273

the purely spatial covariance function CS(h) := C(h, 0) whereas setting h = 0 defines purely274

temporal covariance function CT (u) := C(0, u).275

3.2.1 Simple extensions of spatial and temporal models276

A considerable literature has been devoted to the construction of valid (i.e. positive definite)277

spatio-temporal covariance functions using valid covariances CS and CT as building blocks.278

The simplest construction is to set Csep(h, u) := CS(h)CT (u), for all (h, u) ∈ Rd × R. The279

covariance Csep is said to be separable because under a Gaussian assumption on Z, the following280

conditional independence property holds: Z(s1, t2) ⊥ Z(s2, t1) | Z(s1, t1), ∀s1, s2, t1, t2. In other281

words, given Z(s, t) the spatial field Z(·, t) behaves independently to the time process Z(s, ·),282

i.e. the processes Z(·, t) and Z(s, ·) are separated by Z(s, t). A spatio-temporal covariance283

function is said to be positively (resp. negatively) space-time nonseparable if the separability284

function S(h, u) = C(h, u)C(0, 0) − CS(h)CT (u) ≥ 0 (resp. ≤ 0) for all (h, u) ∈ Rd × R285

(Rodrigues and Diggle, 2010; De Iaco and Posa, 2013). Its empirical version can be used as an286

exploratory tool to characterize the type of nonseparability in a dataset. Statistical tests for287

spatio-temporal separability have been proposed, see for example Li et al. (2007), Huang and Sun288

(2019) or Cappello et al. (2018). As exemplified in these references, separable covariances are289

very often overly simplistic models for environmental or climate applications. A wealth of more290

flexible models have thus been proposed, among which the product sum model (De Iaco et al.,291

2001), linear combinations or mixtures of separable components (Ma, 2003), the Gneiting class292

(Gneiting, 2002) and its many extensions (see e.g. Porcu et al. (2006, 2008); Emery and Porcu293

(2023)) are the most widely used. For a more extensive presentation of space-time covariance294

functions, we refer to the excellent overviews in Porcu et al. (2021) and Chen et al. (2021).295

Simulating random fields characterized by the product-sum or linear combinations of sep-296

arable components is a straightforward extension of the algorithms presented in the previous297

section. Algorithms for these models will not be further considered in this work, and we refer298

for example to Schlather et al. (2015) for a general exposition regarding these extensions.299
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3.2.2 The Gneiting class300

This class of spatio-temporal covariance functions was originally proposed in Gneiting (2002)301

with a construction essentially based on Gaussian mixtures. For an easier exposition of the302

simulation algorithms presented below, we will slightly change the notations and consider the303

class of functions of the form304

C(h, u) =
1

(γ(u) + 1)d/2
ϕ

(
||h||√
γ(u) + 1

)
, (h, u) ∈ Rd × R, (13)

which is a second-order stationary spatio-temporal covariance function on Rd×R for any function305

ϕ ∈ C∞ if and only if the function γ : R → [0,∞) is a variogram on R, i.e., a conditionally306

negative semidefinite function (Zastavnyi and Porcu, 2011). We refer to Chilès and Delfiner307

(2012, Chapter 2) and Dörr and Schlather (2023a) for a full characterization of variograms.308

For clarity of exposition, we first discuss the Gneiting class in an isotropic context. Spatial309

anisotropy can be accounted for by replacing the vector h with Σ−1/2h.310

The Gneiting class of spatio-temporal covariances thus involves two functions ϕ and γ: the311

former is associated with the spatial structure, since CS(h) = ϕ(||h||), whereas the latter is312

associated with the temporal structure, with CT (u) = (γ(u)+1)−d/2. Notice that CT (u) → 0 as313

|u| → ∞ if and only if γ(u) is unbounded. Examples of such classes include the Gneiting-Matérn314

and Gneiting-Cauchy covariance functions, in the cases where ϕ(||h||) is the Matérn or the315

Cauchy spatial covariance, respectively. Using direct computations of the separability function316

S(h, u), it is easy to show that covariances from the Gneiting class are uniformly positively317

nonseparable, owing to the fact that ϕ
(
||h||/

√
γ(u) + 1

)
≥ ϕ(||h||), ∀(h, u) ∈ Rd × R.318

From a modeling point of view, the model in (13) lacks flexibility because the nonseparability319

is imposed. In order to get a separability that can vary from fully separable to fully nonseparable320

Gneiting (2002) proposed a construction that uses the fact that the product of two positive321

definite functions is positive definite. First, we need the following lemma.322

Lemma 1 Let γ be a variogram defined on R. Then, the function γb : R → R defined by323

γb(u) := (1 + γ(|u|))b − 1 with b ∈ [0, 1] is a variogram.324

Proof : The cases b ∈ {0, 1} are trivial. Using the fact that the function x 7→ xb, x > 0, is a325

complete Bernstein function for b ∈ (0, 1), the proof of this Lemma is a direct consequence of326

Theorem 5 in Porcu and Schilling (2011). □327

Using Lemma 1, and multiplying a Gneiting model as in (13) with γb by a purely temporal328

model of the form (1 + γ(u))−δ with δ > 0, a spatio-temporal covariance with a separability329
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parameter b ∈ [0, 1] thus writes330

C(h, u) =
1

(γ(u) + 1)δ
1

(γb(u) + 1)d/2
ϕ

(
||h||√

γb(u) + 1

)
=

1

(γ(u) + 1)τ
ϕ

(
||h||

(γ(u) + 1)b/2

)
(14)

with τ = bd/2+δ > bd/2. In Gneiting (2002) as well as in many applications, including Bourotte331

et al. (2016) and Allard et al. (2022), the variogram γ(u) in the denominator of (14) is332

γ(u) = a|u|α, u ∈ R, (15)

with a > 0, α ∈ (0, 2]. In particular ϕ(||h||) := CF (h) provides the Gneiting-Matérn and333

Gneiting-Cauchy spatio-temporal covariance functions when F stands for M as in (9) for the334

Matérn and for C as in (11) for the Cauchy, respectively.335

3.2.3 Simulation of GRFs with covariance functions in the Gneiting class336

The simulation algorithm for RFs characterized by a Gneiting-type covariance function relies337

on the following proposition. Let W be a GRF on R characterized by its variogram γ. Consider338

the RF Z defined as follows for (s, t) ∈ Rd × R:339

Z(s, t) =
√
2 cos

(√
2ξΣ−1/2V ts+

∥V ∥√
2
W (t) + Φ

)
, (16)

with V ∼ Nd(0, Id), Φ ∼ U(0, 2π) and ξ ∼ f where f is the scale mixture characterizing the340

covariance function ϕ ∈ C∞ (see Sect. 2.4).341

Proposition 5 (Allard et al. (2020)) The random field Z defined in (16) is second-order342

stationary in Rd × R, with zero mean and Gneiting-type covariance function as given in (13).343

The proof of this proposition is given in Allard et al. (2020, Appendix B). The construction in344

(16) is a particular case of a substitution random field, obtained by combining a directing func-345

tion with stationary increments in Rd ×R and a stationary coding process in R, as proposed in346

Lantuéjoul (2002, Chapter 17), a construction that generalizes the subordination approach intro-347

duced by Feller (1966, Chapter 10). We will therefore refer to this approach as the substitution348

approach.349

The random field Z defined in (16) is centered and second-order stationary. Its covariance350

function belongs to the Gneiting class (13), i.e. it is nonseparable. In order to introduce a351

separability parameter, we have seen that it is necessary to multiply Z by a temporal process352

ZT with covariance function CT (u) = (1 + γ(u))−δ with δ > 0. To obtain a random field whose353

finite-dimensional distributions are approximately Gaussian, one thus simulates a large number354

of independent random fields (Zl, ZT,l), l = 1, . . . , L and properly renormalize the sum of their355
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products. Algorithm 4 below is the spatio-temporal generalization of Algorithm 3 that includes356

a possible spatial geometric anistropy Σ−1/2. Notice that here we do not introduce the Box-357

Müller factor because we now consider the product of the cosine waves with the temporal process358

ZT , which is Gaussian. This algorithm is generic in the sense that it is valid for any covariance359

function ϕ ∈ C∞ characterized by its scale mixture f , and for any variogram γ. For the specific360

case of Gneiting-Matérn and Gneiting-Cauchy models, we refer to Sect. 3.1.361

Algorithm 4 Simulation algorithm for Gneiting-type RFs

Require: Spatial covariance function in C∞ ans its associated scale mixture f

Require: Variogram γ

Require: Parameters b ∈ [0, 1] and δ > 0

Require: Spatial anisotropy Σ−1/2

Require: A set of points, S ∈ Rd × R
Require: A large number L

1: for l = 1 to L do

2: Simulate a temporal RF ZT,l with covariance function CT (·) = (1 + γ(·))−δ

3: Simulate an intrinsic temporal RF Wl with Gaussian increments and variogram γb(·) =

(1 + γ(·))b − 1

4: Simulate ξl ∼ f

5: Simulate V l ∼ Nd(0, Id)

6: set Ωl =
√
2ξlΣ

−1/2V l

7: Simulate Φl ∼ U(0, 2π)
8: end for

9: For each (s, t) ∈ S return

Z̃L(s, t) =

√
2

L

L∑
l=1

ZT,l(t) cos

(
Ωt

ls+
∥V l∥√

2
Wl(t) + Φl

)

The simulation of the temporal process ZT can be performed using the Cholesky decompo-362

sition of the Gram matrix associated to CT . The simulation of the intrinsic random field Wl363

at Step 3 can be done by the same method applied to the increment W̃ (t) = W (t)−W (0), by364

setting W (0) = 0 and using the nonstationary covariance Cov(W̃ (t1), W̃ (t2)) = γb(t1)+γb(t2)−365

γb(t1 − t2). This is possible as long as the number of time steps considered for the simulation is366

not too large (less than a few tens of thousands). In both cases, the covariance matrix involved367

in the simulation of the temporal process needs to be inverted only once.368
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4 Extension to spatio-temporal multivariate GRFs369

We now consider spatio-temporal multivariate GRFs. We will restrict ourselves to models defined370

by Gaussian mixtures, which are essentially extensions to a multivariate context of the Gneiting371

construction seen in the previous section. Purely spatial multivariate GRFs will be considered372

at the end of Section 5, as a special case of spatio-temporal multivariate models where there373

is only one time coordinate. For other stationary multivariate models, we refer the reader to374

Genton and Kleiber (2015) for a full review.375

4.1 Preliminary material376

4.1.1 Separability, proportional models and linear models of coregionalization377

Consider a multivariate space-time random field Z(s, t) = [Zi(s, t)]
p
i=1 defined on Rd×R, where378

p is the number of random field components, each being real-valued. In this section, it will also379

be assumed that the multivariate random field Z(s, t) is second-order stationary, so that its380

covariance functions exist and depend only on the space-time lag (h, u) ∈ Rd × R (Chilès and381

Delfiner, 2012):382

Cov(Zi(s, t), Zj(s+ h, t+ u)) = Cij(h, u), (17)

for any pair i, j = 1, . . . , p, ∀(s, s + h) ∈ Rd × Rd and ∀(t, t + u) ∈ R × R. The functions Cij383

are called direct covariance functions when i = j and cross-covariance functions otherwise. The384

matrix-valued covariance function (h, u) 7→ C(h, u) = [Cij(h, u)]
p
i,j=1, is positive semidefinite385

on Rd × R, that is, for any finite collection of space-time coordinates (sk, tk)
N
k=1, the matrix386 [

[Cij(sl − sk, tl − tk)]
p
i,j=1

]N
k,l=1

is positive semidefinite (Wackernagel, 2003).387

The concept of separability seen in Section 3.2.2 between the space and time dimensions can388

take a slightly different meaning in the multivariate context. According to Genton and Kleiber389

(2015), a multivariate cross-covariance matrix is separable if390

Cij(sl − sk, tl − tk) = σijρ(sl − sk, tl − tk) (18)

for all i, j = 1, . . . , p where ρ is a valid spatio-temporal correlation function and where σij =391

Cij(0, 0) is the covariance between variables i and j and σ = [σij ]
p
i,j=1 is a covariance matrix.392

In the geostasticics literature, separable cross-covariances as in (18) are referred to as propor-393

tional models (Chilès and Delfiner, 2012, Chap. 5), and also sometimes as intrinsic correlation394

models (Wackernagel, 2003). To make a clear distinction between the (usual) spatio-temporal395

separability and the multivariate separability in (18), we will opt for the geostatistical usage396

and refer to the latter as a proportional model. The simulation for the proportional model is397

straightforward.398
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1. Using Algorithm 4, simulate p i.i.d spatio-temporal random fields with the same spatio-399

temporal correlation function ρ, denoted Y (s, t) = (Y1(s, t), . . . , Yp(s, t))
t.400

2. At each space-time location (s, t), compute Z(s, t) = LY (s, t), where L is the Cholesky401

factorization of the covariance matrix σ, i.e. LLt = σ.402

A nonproportional model can be obtained as a linear combination of 1 ≤ r ≤ p proportional403

models with different correlation functions. The resulting cross covariance function takes the404

form405

Cij(h, u) =

r∑
k=1

σk,ijρk(h, u), (h, u) ∈ Rd × R, (19)

where ρk are valid spatio-temporal correlation functions (some being possibly purely spatial406

and/or temporal), and Ck,ij are r covariance matrices. The model in (19) is referred to as the407

Linear Model of Coregionalization (LMC), see for example De Iaco et al. (2013) for an application408

to air pollution in Lombardy. Note also that the product sum model introduced in De Iaco et al.409

(2001) being the sum of one spatial covariance, one temporal covariance and a separable spatio-410

temporal covariance model can be seen as a special case of (19). Since a LMC is the sum of411

r proportional models, simulations from a spatio-temporal LMC is a straightforward extension412

of the approach described above for proportional models. Other models are possible such as413

spatio-temporal extensions of convolution methods (Paciorek and Schervish, 2006; Ver Hoef414

et al., 2004) or latent dimensions (Apanasovich and Genton, 2010; Porcu and Zastavnyi, 2011),415

but they are not often used for modeling spatio-temporal processes.416

In Section 4.2, we will present a valid and flexible parametric class of matrix-valued space–time417

covariance functions that is inspired by the Gneiting construction using Gaussian mixtures. To418

our knowledge, this class, presented in Allard et al. (2022), is the most general class built on419

Gaussian mixtures allowing for different range and smoothness parameters in space and in time420

for each variable. It is at the same time nonproportional and space-time nonseparable, but it421

contains those more simple models as special cases. It is therefore referred to as being fully422

nonseparable.423

4.1.2 Pseudo-variograms424

A key building block of fully nonseparable models are pseudo-variograms, a rather unusual tool.

For completeness, we recall here the definition and the main properties of pseudo-variograms.

An in-depth presentation is available in Dörr and Schlather (2023a). Let Wi(·)i=1,...,p be p RFs

on R (more general spaces could be considered but are not necessary here). Then, the function

γij(u) = 0.5Var
(
Wi(t)−Wj(t+ u)

)
, u ∈ R,
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provided it exists for all t, u ∈ R and for all i, j = 1, . . . , p, is called a pseudo-variogram. For425

any i = 1, . . . , p, the function γii, is a usual variogram, i.e., a conditionally negative semidef-426

inite function (Chilès and Delfiner, 2012). For i ̸= j, the pseudo-variogram has nonnegative427

entries and is not necessarily an even function. The pseudo-variogram must be unbounded for428

the direct and cross-covariances Cij(h, u) to vanish as |u| → ∞. Necessary and sufficient con-429

ditions for a matrix-valued function to be a pseudo-variogram have been provided in Dörr and430

Schlather (2023a) and applications to covariance functions, including spatio-temporal covari-431

ances, is available in Dörr and Schlather (2023b). Despite these recent results, building valid432

unbounded matrix-valued pseudo-variograms with different diagonal entries (direct variograms)433

is still an open question. As a simple model for this, Allard et al. (2022) proposed a constructive434

model where Wi(t) = V0(t)+Vi(t), t ∈ R, i = 1, . . . , p, where (Vi)
p
i=1 are second-order stationary435

random fields on R with matrix-valued covariance function R(u) = [Rij(u)]
p
i,j=1 and Y0 is an436

independent intrinsic random field with unbounded variogram γ0. The resulting matrix-valued437

pseudo-variogram is thus438

γ(u) = γ0(u)1+R0 −R(u), u ∈ R (20)

where R0 is the matrix with entries R0
ij =

(
Rii(0) +Rjj(0)

)
/2.439

4.2 A fully nonseparable spatio-temporal multivariate model440

The following Theorem extends the construction in Allard et al. (2022) to a separability param-441

eter b ∈ [0, 1].442

Theorem 1 Let σ = [σij ]
p
i,j=1 be a positive semidefinite matrix, u 7→ γ(u) = [γij(u)]

p
i,j=1 be443

a matrix-valued pseudo-variogram on R, and t 7→ ϕ(t) = [ϕij(t)]
p
i,j=1 be a matrix of completely444

monotone functions on [0,∞) such that ϕij(h) =
∫∞
0 e−ξ||h||2(fii(ξ)fjj(ξ))

1/2dξ, where fii and445

fjj are probability density functions on (0,∞). Then, the matrix-valued function C : (h, u) 7→446

[Cij(h, u)]
p
i,j=1 with447

Cij(h, u) =
σij

(γij(u) + 1)τ
ϕij

(
Σ−1/2h

(γij(u) + 1)b/2

)
, (h, u) ∈ Rd × R, (21)

is positive semidefinite in Rd × R, with τ = bd/2 + δ > bd/2 and b ∈ [0, 1] and where Σ−1/2 is448

an asnitropy matrix, as defined in Section 2.3.449

The proof for b = 1 and δ = 0 is constructive and can be found in Allard et al. (2022, Appendix450

B). The general case with b ∈ (0, 1) and δ > 0 is then easily proved in a way similar to the451

univariate case shown in Sect. 3.2.2, see also Proposition 1 in Dörr and Schlather (2023a). In452
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this construction, all direct spatio-temporal covariances are positively nonseparable. Notice that453

in this construction the anisotropy matrix is unique, and hence identical for all the p components454

of the multivariate random field. A more general construction allowing for different anisotropies455

for each component will be presented in Section 5.3. As was already the case in Section 3.1.3,456

the scale parameters are present in the anisotropy matrix and in the mixture f . Care must be457

taken in order to avoid overparametrization.458

The following two examples generalize the models considered in Bourotte et al. (2016) (see459

also Allard et al. (2022) and Dörr and Schlather (2023a)) with the introduction of a separability460

parameter b ∈ [0, 1], and where, instead of a univariate variogram γ, a matrix-valued pseudo-461

variogram γ in the denominators allows for different temporal covariance functions for each462

variable.463

Example 4 (Gneiting-Matérn covariance) Let fii : ξ 7→ Γ(νii)
−1(κ2ii/4)

νiiξ−νii−1 exp(−κ2ii/(4ξ))464

be the probability density of an inverse gamma distribution on (0,∞) with shape parameter νii > 0465

and scale parameter κ2ii/4 > 0. Based on Proposition 3, all direct and cross-covariances belong466

to the Gneiting-Matérn family:467

Cij(h, u) =
Γ(νij)√

Γ(νii) Γ(νjj)

κνiiii κ
νjj
jj

κ
2νij
ij

σij
(γij(u) + 1)τ

CM

(
Σ−1/2h

(γij(u) + 1)b/2
;κij , νij

)
, (22)

where CM is the Matérn covariance defined in (9) with 2νij = νii + νjj, 2κ
2
ij = κ2ii + κ2jj, and468

where b, τ are as in Theorem 1.469

Example 5 (Gneiting-Cauchy covariance) Let fii : ξ 7→ Γ(νii)
−1 exp(−ξ/aii) a

−νii
ii ξνii−1

470

be the Gamma probability density on (0,∞) with shape parameter νii > 0 and scale parameter471

aii > 0. Based on Proposition 4, the direct and cross-covariances belong to the Gneiting-Cauchy472

family:473

Cij(h, u) =
Γ(νij)√

Γ(νii) Γ(νjj)

a
νij
ij

a
νii/2
ii a

νjj/2
jj

σij
(γij(u) + 1)τ

CC

(
Σ−1/2h

(γij(u) + 1)b/2
; aij , νij

)
, (23)

where CC is the Cauchy covariance defined in (11) with 2νij = νii + νjj, 2a
−1
ij = a−1

ii + a−1
jj , and474

where b, τ are as in Theorem 1.475

The advantage of the construction in the examples above is that it is easy to understand476

and that it is straightforward to simulate realizations of the multivariate random field Z, as477

will be shown in Section 4.3. However, an implicit assumption is that ϕij(t) =
∫∞
0 e−rt2fij(r)dr,478

with fij verifying fij = (fiifjj)
1/2. This is a parsimonious parametrization, but also a restrictive479

condition, which has been alleviated in Allard et al. (2022, Section 4.1) to propose a very general480
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Gneiting-Matérn class that allows for both positively or negatively space–time nonseparability.481

This is a very original feature, differing from all other Gneiting-type spatio-temporal models of482

our knowledge. However, no scale mixture representation is known for this new class, and hence483

the simulation makes use of importance sampling and the square root of a large matrix whose484

entries are given by the spectral density of the Matérn covariance. For this reason, this model485

is not presented further in this work. Interested readers will find all details as well as a spectral486

simulation algorithm based on spetral densities in Allard et al. (2022).487

4.3 Simulation of multivariate GRFs with a fully nonseparable model488

The simulation algorithm for the model (21) was given in Allard et al. (2022) for a RF char-489

acterized by an isotropic covariance and space-time full nonseparability (i.e., b = 1). For the490

sake of completeness, we provide a more general version below. Algorithm 5 allows for spatial491

anisotropy through the anisotropy matrix Σ−1/2, as discussed after Theorem 1, and also allows492

for any degree of nonseparability through the parameter b ∈ [0, 1] (b = 0 corresponds to a sep-493

arable model while b = 1 corresponds to a fully nonseparable model, as in Allard et al. (2022,494

Algorithm 1)). This algorithm deserves a few comments:495

1. The direct spatial covariance functions are fully characterized by their scale mixtures fii.496

Random scales for each variable are not directly simulated. Instead, a common scale ξl is497

simulated for each cosine wave according to an instrumental scale mixture f whose support498

must contain the supports of f11, . . . , fpp. Then, an importance ratio
√

fii(ξl)/f(ξl) is499

computed and weights the cosine waves differently for each variable i = 1, . . . , p. It is this500

construction that leads to the cross-scale mixture fij =
√

fiifjj .501

2. Theoretically, any instrumental scale mixture f whose support contains the support of502

f11, . . . , fpp is valid. In practice however, for numerical reasons, one should choose a scale503

mixture f that does not differ too much from the above ones. One possibility is to chose504

i ∈ {1, . . . , p} and to set f = fii.505

3. Compared to Algorithm 4, the temporal processes W l are now multivariate. Direct506

computation of CT (t1, t2) = E[Z̃L,i(s, t1)Z̃L,j(s, t2) | ξ], with use of the product-to-sum507

trigonometric identities, shows that CT (t1, t2) is proportional to E[cos(||V ||
(
Wi(t1) −508

Wj(t2)
)
/
√
2)], with Wi(t1) −Wj(t2) being a Gaussian random variable with mean 0 and509

variance equal to 2γij(t1 − t2), i.e. twice the pseudo variogram computed at t1 − t2. A510

simulation algorithm for those is given in Allard et al. (2022, Algorithm 2), which is ap-511

plicable as long as the number of target time coordinates is not too large (in practice, up512
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to a few thousands). For the rare cases with larger sets of time coordinates, other simula-513

tions techniques are available (circular embedding methods, spectral simulation techniques,514

Gibbs sampling, etc.). The temporal processes ZT,l are easily simulated using Cholesky515

factorization under the same conditions.516

Algorithm 5 Simulation algorithm for multivariate spatio-temporal RFs as in (21).

Require: Covariance function in C∞ characterized by its scale mixture f .

Require: Admissible pseudo variogram γ

Require: Parameters b ∈ [0, 1] and δ > 0

Require: A spatial anisotropy Σ−1/2

Require: A probability density function f1, with support equal to (0,∞)

Require: A covariance matrix σ = LLt

Require: A set of points, S ∈ Rd × R
Require: A large number L

1: for l = 1 to L do

2: Simulate a p-variate temporal RF ZT,l with matrix-valued covariance function CT (·) =
(1 + γ(·))−δ

3: Simulate a p-variate temporal RF W l = [Wl,i]
p
i=1 with Gaussian direct and cross-

increments, with 0 mean and pseudo-variogram γb(·) = (1 + γ(·))b − 1 following Allard

et al. (2022, Algorithm 2)

4: Simulate ξl ∼ f

5: Simulate V l ∼ Nd(0, Id)

6: set Ωl =
√
2ξlΣ

−1/2V l

7: Simulate Φl ∼ U(0, 2π)
8: Simulate Al ∼ Np(0,σ)

9: end for

10: For each (s, t) ∈ S return

Z̃L,i(s, t) =

√
2

L

L∑
l=1

ZT,l,i(t)

√
fii(ξl)

f1(ξl)
Al,i cos

(
Ωt

ls+
∥V l∥√

2
Wl,i(t) + Φl

)
, i = 1, . . . , p
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5 Extensions to Gaussian Random Fields with nonstationary517

covariances518

We now show how the methods presented above can be extended to GRFs with a nonstationary519

covariance. In Section 5.1, we first recall some nonstationary models and their simulation algo-520

rithms, mostly originating from Paciorek and Schervish (2006) and Emery and Arroyo (2018).521

For completeness and for an easier reading of the rest of this section, these models are presented522

using our own notations and with a perspective based on Gaussian mixtures instead of spec-523

tral densities. This change of perspective paves the way to the generalization to a much larger524

class of covariance functions. For all covariance functions in C∞ characterized by a Gaussian525

mixture belonging to the exponential family of distributions, we establish in Theorem 2 a very526

general nonstationary construction with closed-form formulae for the parameters of the nonsta-527

tionary covariance function. This result leads to Algorithm 6. This generic algorithm is then528

exemplified for the Matérn and Cauchy covariance functions. Building on this, we then propose529

in Section 5.3 a spatio-temporal extension which provides new nonstationary spatio-temporal530

models, univariate and multivariate, along with their simulation Algorithm 7.531

5.1 Background material on nonstationary covariances532

Let us assume that the parameters of the spectral density µ vary over Rd and let us denote µs

the spectral density at location s ∈ Rd. Define

Z(s) =

√
2
µs(Ω)

µ0(Ω)
cos(Ωts+Φ),

where Ω is distributed according to the spectral density µ0 and Φ is a uniform random variable533

over [0, 2π). Then, straightforward trigonometric manipulations show that the covariance be-534

tween Z(s1) and Z(s2) is equal to the Fourier transform of the geometric average of the spectral535

densities associated with locations s1 and s2:536

Cov (Z(s1), Z(s2)) =

∫
Rd

cos
(
ωt(s1 − s2)

)√
µs1(ω)µs2(ω) dω. (24)

This very general construction is at the core of the nonstationary extensions of the spectral algo-537

rithms presented in Emery and Arroyo (2018). Since in this work we focus on Gaussian mixture538

simulation approaches, we must first consider nonstationary Gaussian covariance functions.539

Example 6 (Nonstationary Gaussian covariance) Let us consider the family of Gaussian

spectral densities

µG
Σs

(ω) =
(
2
√
π
)−d |Σs|1/2 exp

(
−ωtΣsω/4

)
, ∀s ∈ Rd,
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where Σ
−1/2
s is the anisotropy as defined in (4), with parameters r1(s), r2(s) and θ(s), all de-540

pending on s ∈ Rd. Emery and Arroyo (2018) established that the application of (24) to this541

family of Gaussian densities leads to542

Cov (Z(s1), Z(s2)) = |Σs1 |1/4|Σs2 |1/4
∣∣∣∣Σs1 +Σs2

2

∣∣∣∣−1/2

exp

{
−(s1 − s2)

t

(
Σs1 +Σs2

2

)−1

(s1 − s2)

}
.

(25)

This family of nonstationary covariance models was already introduced in Paciorek and Schervish543

(2006) using nonstationary kernel convolutions of white noise. Using the Gaussian mixture544

representation the same authors further proved that, for a covariance function ϕ(h) ∈ C∞, the545

function defined by546

ϕNS(s1, s2) = |Σs1 |1/4|Σs2 |1/4|Σs1,s2 |−1/2ϕ
(
(s1 − s2)

tΣ
−1/2
s1,s2

)
, (26)

is a covariance function with a nonstationary anisotropy on Rd, d ≥ 1, with Σs1,s2 =
(
Σs1 +547

Σs2

)
/2. Notice that in a nonstationary context, it is more convenient to let all three parameters548

of the matrix Σ
−1/2
s : (r1(s), r2(s), θ(s)) vary in space. In order to avoid overparametrization,549

the scale parameter in ϕ is thus preferably set to 1.550

5.2 A general result for spatial nonstationary GRFs551

The relationship (24) can readily be used to simulate nonstationary covariance functions de-552

pending only on scale parameters, such as the exponential or the Gaussian covariance, using a553

reference spectral density µ0 whose support is Rd and an importance sampling approach, see554

Emery and Arroyo (2018). However, for Matérn and Cauchy covariance functions for example,555

there is also a shape parameter that can vary in space. For the Matérn covariance function,556

Emery and Arroyo (2018) proposed an extra randomization step, where a random shape, say557

ξ, is drawn according to the exponential distribution. The nonstationarity of the parameters of558

the Gaussian mixture is then accounted for using importance weights. Notice that the choice of559

an exponential density as instrumental density is arbitrary. Other choices are possible.560

This approach is now generalized to any mixture belonging to the exponential family of561

distributions, thus encompassing all cases considered in Stein (2005). The exponential family562

is a parametric set of families whose probability distribution functions can be expressed in the563

form564

f(ξ;θ) = h(θ) exp
(
−ℓ(θ)tT (ξ)

)
, (27)

where T (ξ) is a vector of functions of ξ, ℓ(θ) is a vector of functions of the parameters and θ is565

a vector of p parameters. This class includes in particular the Gamma and Inverse Gamma scale566
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mixtures which define the Cauchy and Matérn covariances, respectively. It also includes the567

Gaussian, Inverse Gaussian and Beta (with fixed support) distributions, among many others.568

Theorem 2 Let ϕ(·,θ) ∈ C∞ be a stationary, isotropic covariance function defined by its scale

mixture f(·;θ) belonging to the exponential family of distributions as in (27) and let us denote

f1(·) = f(· ;1). Assume that the parameters θs and the anisotropy Σ
−1/2
s can depend on s ∈

Rd. Let ξ,Ω,Φ be random variables distributed according to f1,
√
2ξNd(0, Id) and U(0, 2π),

respectively. Then, the covariance function of

Z(s) =

√
2
f(ξ;θs)

f1(ξ)

√√√√µG
Σs

(Ω)

µG
Id
(Ω)

cos
(
Ωts+Φ

)
,

is equal to569

Cov (Z(s1), Z(s2)) = |Σs1 |1/4|Σs2 |1/4|Σs1,s2 |−1/2ϕ(Σ
−1/2
s1,s2(s1 − s2);θs1,s2), (28)

where ϕ(·;θs1,s2) is the covariance function defined by the scale mixture f(·,θs1,s2) with θs1,s2570

being such that571

ℓ(θs1,s2) =
ℓ(θs1) + ℓ(θs2)

2
. (29)

The proof is given in Appendix B. This Theorem will be illustrated with the Matérn and Cauchy572

covariance functions in the next Section. It leads to the following very general algorithm:573
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Algorithm 6 Generic nonstationary scale mixture simulation algorithm

Require: A scale mixture pdf, f(·;θ), belonging to the exponential family

Require: A set of points, S ∈ Rd

Require: Varying parameters θs and anisotropy matrices Σ
−1/2
s , ∀s ∈ S

Require: A large number L

1: Set f1 := f(·;θ) with θ = 1

2: for l = 1 to L do

3: Simulate ξl ∼ f1

4: Simulate V l ∼ Nd(0, Id)

5: Compute Ωl =
√
2ξl V l

6: Simulate Φl ∼ U(0, 2π)
7: end for

8: For each s ∈ S return

Z̃(s) =

√
2

L

L∑
l=1

√
f(ξl;θs)

f1(ξl)

√√√√µG
Σs

(Ωl)

µG
Id
(Ωl)

cos
(
Ωt

ls+Φl

)
.

Example 7 (Nonstationary Matérn covariance) The scale mixture for the Matérn covari-

ance is fM(ξ; (ν, κ)) =
(
κ2/4

)ν
Γ(ν)−1ξ−1−νe−κ2/4ξ (see Proposition 3). It belongs to the expo-

nential family as in (27) with ℓ(θ) = (ν+1, κ2)t, T (ξ) = (ln ξ, 1/4ξ)t and h(θ) =
(
κ2/4

)ν
Γ(ν)−1.

Application of Theorem 2 leads to

ℓ(θs1,s2) =
(
(νs1 + νs2)/2 + 1, (κ2s1 + κ2s2)/2

)t
and

h(θs1,s2) =
1

Γ ((νs1 + νs2)/2)

(
(κ2s1 + κ2s2)/2

4

)(νs1+νs2 )/2

.

As seen in Section 3.1.3, when modeling anisotropies, the ranges are sometimes parameterized

in Σs1, while setting κ2s = 1. In this case, the above expressions simplify to

ℓ(θs1,s2) = ((νs1 + νs2)/2 + 1, 1)t , h(θs1,s2) =
1

Γ ((νs1 + νs2)/2)

(
1

4

)(νs1+νs2 )/2

.

Hence νs1,s2 = (νs1+νs2)/2 and κs1,s2 = 1, thus leading to the nonstationary Matérn covariance574

already obtained in Emery and Arroyo (2018, Eq. (27)),575

C (s1, s2) =
Γ
(
(νs1 + νs2)/2

)√
Γ(νs1)Γ(νs2)

CM
(
Σ

−1/2
s1,s2(s1 − s2); (νs1 + νs2)/2

)
. (30)
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Example 8 (Nonstationary Cauchy covariance) The scale mixture for the Cauchy covari-

ance is fC(ξ; (ν, a)) = a−νΓ(ν)−1ξν−1e−ξ/a, and thus ℓ(θ) = (1 − ν, 1/a)t, T (ξ) = (ln ξ, ξ)t and

h(θ) = a−νΓ(ν)−1. Application of Theorem 2 leads to

ℓ(θs1,s2) =
(
1− (νs1 + νs2)/2, (a

−1
s1 + a−1

s2 )/2
)t

and

h(θs1,s2) =
1

Γ ((νs1 + νs2)/2)

(
2as1as2
as1 + as2

)−(νs1+νs2 )/2

.

When setting as = 1, the above expressions simplify, with νs1,s2 = (νs1 + νs2)/2 and as1,s2 = 1,576

thus leading to the same right-hand side as in (30) for CC.577

5.3 Nonstationary multivariate spatio-temporal random fields578

Capitalizing on all results seen above, we are now able to extend the parsimonious multivariate579

spatio-temporal model of Theorem 1 to be nonstationary in space and time. In this section, for580

ease of notation, we will denote x = (s, t) ∈ Rd × R a space-time coordinate.581

Theorem 3 Let σx = [σij,x]
p
i,j=1 be a collection of positive semidefinite matrices, defined at

all space-time locations x ∈ Rd × R, and let Lx be such that σx = LxL
t
x. Let u 7→ γ(u) =

[γij(u)]
p
i,j=1 be a matrix-valued pseudo-variogram on R. Define

ϕ(r;θi,j,x1x2) =

∫ ∞

0
e−ξr2f(r;θi,x1)f(r;θj,x2)dξ

where f(·;θi,x) is a probability density function on (0,∞), varying with x and i = 1, . . . , p, that582

belong to a family of scale mixtures associated to ϕ ∈ C∞. Then, the matrix-valued function583

C : (x1,x2) 7→ [Cij(x1,x2)]
p
i,j=1 with584

Cij(x1,x2) = Cij(s1, s2; t1, t2) =
σij,x1x2

(γij(t1 − t2) + 1)d/2
ϕ

(
s1 − s2

(γij(t1 − t2) + 1)1/2
;θi,j,x1,x2

)
, (31)

is positive semidefinite on Rd × Rd × R × R, where σx1x2 = Lx1L
t
x2
, and where θi,j,x1,x2 is585

defined as in Eq. (29) with ℓ(θi,j,x1,x2) = 0.5 (ℓ(θi,x1)) + ℓ(θj,x2)).586

Moreover, in the case of anisotropies Σ
−1/2
ii,x defined for all x ∈ Rd × R and all i = 1, . . . , p,587

the following nonstationary matrix-valued spatio-temporal function is a valid covariance:588

Cij(s1, s2; t1, t2) = |Σii,x1 |1/4|Σjj,x2 |1/4
σij,x1x2

|Λij,x1,x2 |1/2
ϕ
(
Λ

−1/2
ij,x1,x2

(s1 − s2);θi,j,x1,x2

)
(32)

where Λij,x1,x2 = (Σii,x1 +Σjj,x2)/2 + γij(t1 − t2)Id.589
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The proof, given in the appendix C, is based on Theorem 1 and 2 and the simulation590

procedure is detailed in Algorithm 7. Note that the square root matrix Λ
−1/2
ij,x1,x2

is uniquely591

defined because Λij,x1,x2 is positive definite.592

This Theorem deserves some comments. Firstly, we emphasize that all parameters of ϕ593

(parameters θx and anisotropy matrices Σx), as well as the correlation matrices σx are nonsta-594

tionary in space and in time.595

Secondly, we emphasize that in the anisotropic case the temporal covariance varies in space.596

Setting s1 = s2 = s in Eq. (32), the temporal covariance at s ∈ Rd is597

Cij(s, s, t1, t2) = |Σii,s,t1 |1/4|Σjj,s,t2 |1/4
σij,s,t1,t2

|(Σii,s,t1 +Σjj,s,t2)/2 + γij(t1 − t2)Id|1/2
. (33)

This shows that having different anisotropies in each component of a multivariate GRF has a598

profound impact even on the temporal covariances.599

Furthermore, in the stationary case with a unique anisotropy for all components of the600

multivariate GRF, Σii,x = Σ, ∀i = 1, . . . , p and ∀x ∈ Rd × R, Eq. (32) simplifies to601

Cij(s, s, t1, t2) =
|Σ|1/2σij,s,t1,t2

|Σ+ γij(t1 − t2)Id|1/2
ϕ
(
(Σ+ γij(t1 − t2)Id)

−1/2(s1 − s2);θi,j,x1,x2

)
. (34)

This last result shows an important difference from the construction obtained in Theorem 1.602

However, in the isotropic case with Σ = Id, we have Λij,x1,x2 = (1+ γij(t1 − t2))Id, and we get603

the simpler expression (31).604

Thirdly, it must be noticed that in the construction of Theorem 3 it was not possible to in-605

clude a separability parameter b, as was done in the stationary setting. In order to get some flexi-606

bility, it is however possible to multiply the covariance function in Eq. (32) by a temporal covari-607

ance parameterized by the same pseudo-variogram, i.e. CT (t1, t2) =
[
(1 + γij(t1 − t2))

−δ
]
i,j=1,p

608

with δ > 0, which is similar to what was proposed in Section 3.2.2 for the univariate case.609

Algorithm 7 includes this possibility.610

Fourthly, for ease of exposition, Theorem 3 is stated for a stationary matrix-valued variogram611

that depends only on t1− t2. However, it can easily be extended to the more general case where612

γ(t1, t2) = γ0(t1−t2)1+R0
t1,t2−R(t1, t2), whereR is a valid multivariate nonstationary temporal613

covariance function, as in Kleiber and Nychka (2012) or Genton and Kleiber (2015) for example.614

R0
t1,t2 is the matrix with entries R0

ij,t1,t2
=
(
Rii(t1, t1) +Rii(t2, t2) +Rjj(t1, t1) +Rjj(t2, t2)

)
/4.615

In that case the simulation step 4 in Algorithm 7 remains unchanged.616

As in the stationary case in Section 4.2, we provide an example of the parsimonious non-617

stationary Gneiting-Matérn model, which follows directly from Theorem 3 and Proposition 3.618

Although not explicitly given here, a nonstationary version of the Gneiting-Cauchy model from619

5 can be constructed in a similar manner.620
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Algorithm 7 Simulation algorithm for nonstationary multivariate spatio-temporal RF.

Require: A family of scale mixtures, f(·;θ), belonging to the exponential family

Require: A set of points, S ∈ Rd × R
Require: Varying parameters θi,x and anisotropy matrices Σ

−1/2
ii,x ∀x ∈ S, ∀i ∈ {1, . . . , p}

Require: Varying covariance matrices σx = LxL
t
x

Require: Admissible pseudo variogram γ

Require: Parameter δ > 0

Require: A large number L

1: Set f1 := f(θ) for θ = 1

2: for l = 1 to L do

3: Simulate a p-variate temporal RF ZT,l with matrix-valued covariance function CT (·) =
(1 + γ(·))−δ

4: Simulate a p-variate temporal RF W l = [Wl,i]
p
i=1 with Gaussian direct and cross-

increments, with 0 mean and pseudo-variogram γ

5: Simulate ξl ∼ f1

6: Simulate V l ∼ Nd(0, Id)

7: set Ωl =
√
2ξlV l

8: Simulate Φl ∼ U(0, 2π)
9: Simulate Al ∼ Np(0, Ip)

10: end for

11: For each x = (s, t) ∈ S, and for i = 1, . . . , p return

Z̃L,i(s, t) =

√
2

L

L∑
l=1

ZT,l,i(t)

√
f(ξl;θi,x)

f1(ξl)

√√√√µG
Σii,x

(
√
2V l)

µG
Id
(
√
2V l)

(LxAl)i cos

(
Ωt

ls+
∥V l∥√

2
Wi(t) + Φl

)
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Example 9 (Nonstationary Gneiting-Matérn multivariate covariance) Let

∀x = (s, t) ∈ Rd × R, fii,x : ξ 7→ Γ(νii,x)
−1(κii,x/2)

2νii,xξ−1−νii,x exp(−κ2ii,x/(4ξ))

be the probability density of an Inverse Gamma distribution on (0,∞) with shape parameter621

νii,x > 0 and scale parameter κ2ii,x/4 > 0 and let Σ
−1/2
ii,x be anisotropy matrices defined for622

all x ∈ Rd × R and all i = 1, . . . , p. Then the nonstationary Gneiting-Matérn multivariate623

spatio-temporal cross-covariance is:624

Cij(s1, s2; t1, t2) =
|Σii,x1 |1/4|Σjj,x2 |1/4

|Λij,x1,x2 |1/2
Γ(νij,x1x2)√

Γ(νii,x1x1) Γ(νjj,x2x2)

κ
νii,x1x1
ii,x1x1

κ
νjj,x2x2
jj,x2x2

κ
2νij,x1x2
ij,x1x2

× σij,x1x2 CM

(
Λ

−1/2
ij,x1x2

(s1 − s2);κij,x1x2 , νij,x1x2

)
,

(35)

where CM(·;κij,x1x2 , νij,x1x2) is the Matérn covariance with parameters 2νij,x1x2 = νii,x1+νjj,x2625

and 2κ2ij,x1x2
= κ2ii,x1

+ κ2jj,x2
, and with Λij,x1,x2 being defined as in Theorem 3.626

5.4 A note on some special cases627

Spatial multivariate nonstationary GRFs can be seen as a restriction of the corresponding spatio-628

temporal GRFs to Rd × {0}. Valid models are thus easily obtained as a special case of the629

spatio-temporal models presented above, by setting t1 = t2 in (32). Regarding the simulation,630

steps 3 and 4 in Algorithm 7 get simplified with ZT,l(0) = 1 and W l = 0, respectively. In631

a spatial context, our approach encompasses the one in Emery and Arroyo (2018) in several632

ways. Firstly, as already pointed out, we rely on Gaussian mixtures instead of spectral measures633

for computing the importance weights. Our approach is thus valid for all covariance function634

ϕ ∈ C∞. Secondly, instead of being (arbitrarily) set to exponential, the proposal density is set635

to f1, which is the Gaussian mixture corresponding the covariance to be simulated with θ = 1,636

i.e., with all parameters set to 1. With these choices, the algorithm is more consistent and is637

likely to converge more rapidly to the Gaussian distribution. Notice that the correlation matrix638

can also vary in space, thanks to the use of its Cholesky decomposition.639

A stationary anisotropic multivariate space-time Gneiting model with a different anisotropy640

matrix Σi for each variable i = 1, . . . , p can be obtained by setting θi,j,x1,x2 = θi,j , ∀x1,x2 ∈641

Rd×R. This construction generalizes the one in Theorem 1 which instead has a unique anisotropy642

for all variables.643

Finally, univariate nonstationary GRFs and simulation algorithm of those are easily obtained644

by setting p = 1. In the univariate case, there is only one (usual) time variogram γ, which can645

be any unbounded variogram.646
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5.5 Practical considerations647

As a rule of thumb, several thousands cosine waves are usually recommended. In the illustration648

below, we used L = 50, 000. Fewer waves can be used when the covariance function is smooth649

near the origin. Generally speaking, more numerous waves are required when the covariance650

function is not smooth (e.g. ν < 1 for a Matérn covariance) and in presence of a strong non-651

stationarity, see also Lantuéjoul (2002, Chap. 15), Emery and Lantuéjoul (2006) and Schlather652

(2012) for guidelines on the number of cosine waves. From a theoretical point of view, the in-653

strumental density can be any density whose support includes the support of all scale mixtures654

f(·;θ). For simplicity, we have chosenf1 = f(·;θ) for θ = 1 in Algorithms 6 and 7, but in655

some cases this choice may not be optimal. Choosing a density such that for each i = 1, . . . , p,656

the expectation Ef1

[
(fii,x(ξ)/f1(ξ))

1/2
]
is as close as possible to 1 for all x ∈ S, is likely to657

accelerate the convergence of the sum at the last step of the algorithm. Setting each parameter658

to some central tendency statistics over the domain of simulation, such as its mean or median,659

is a reasonable first order approximation.660

6 Illustration661

In this section, we present an illustration for the model defined in Theorem 3 and simulated662

based on Algorithm 7, because it is the most general construction, which covers all the other663

models and algorithms seen throughout this work.664

It is illustrated with a bivariate, spatio-temporal, nonstationary RFZ(·, ·) = (Z1(·, ·), Z2(·, ·)),665

over the domain [0, 10]2 × [1, 4], with a spatial resolution equal to 0.05 and temporal res-666

olution equal to 1. The total number of grid points is thus 4 × 2012 = 161 604. We will667

consider a multivariate nonstationary Gneiting-Matérn model. The pseudo-variogram γ(u) =668

γ0(u)+R(0)−R(u) is γ0(u) = |u|/2 and Rij(u) = AiAj exp(−u2/2) with A1 = 0.2 and A2 = 0.5.669

Z1 is stationary and isotropic in space with ν11,x = 1, κ11,x = 1 and Σ11,x = I2. In contrast,

Z2 is nonstationary. We set κ22,x = 1 and ν22,x = 1 + 0.03(t− 1)(s1 + s2), where s1 and s2 are

the spatial coordinates, so that the regularity of Z2 increases from ν22 = 1 in the bottom left

corner at all time (and everywhere at t = 1) up to ν22 = 2.8 in the upper right corner at t = 4.

The anisotropy matrix of Z2 varies with x in such a way that the anisotropy ratio decreases

from 0.9 to 0.5 from the bottom left corner to the upper right corner. The anisotropy angle

rotates with time according to θ(t) = 2π(t− 1)/5. We thus set

Σ
−1/2
2 (s, t) =

(
1 0

0 0.9− (s1 + s2)/40

)(
cos(2π(t− 1)/5) sin(2π(t− 1)/5)

− sin(2π(t− 1)/5) cos(2π(t− 1)/5)

)
.
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Figure 1: Realization of a bivariate random field with nonstationary Gneiting-Matérn covariance

over four time steps, where the first variable is isotropic and stationary and the second is

anisotropic and nonstationary.

Finally, in the correlation matrix σ we set σ12,x = 9s1/100, so that the strength of the correlation670

between Z1 and Z2 increases from weak to strong as we move from left to right.671

Figure 1 shows one realization of the space-time bivariate random field with nonstationary672

Gneiting-Matérn covariance simulated according to Algorithm 7 with L = 50, 000. A visual673

assessment shows that, as prescribed, the first variable is stationary and isotropic while the674

second variable is nonstationary with the expected properties (e.g., the regularity increases from675

the bottom left to the upper right corner, the correlation increases from left to right, and the676

anisotropy rotates with time). This demonstrates the flexibility of the model in simulating com-677

plex spatio-temporal and inter-variable dependencies. To assess quantitatively if the simulated678

random field properly reproduces the theoretical covariance, 64 spatial locations are randomly679

drawn from the spatial domain, identical at all time steps. Then, 1000 random simulations of680

the multivariate spatio-temporal RF with the previous parametrization are run. Finally, for681
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Figure 2: Empirical (based on 1000 simulations) and theoretical correlations between pairs of

points at 64 random spatial locations and all time steps. Each panel corresponds to one pair of

variables.

each variable-space-time pair, the empirical correlation is computed and compared with the682

theoretical one. The results are shown in Figure 2, where we show the correlations between683

all spatio-temporal pairs, for each pair of variables. The empirical correlations almost per-684

fectly agree with the theoretical ones, which demonstrates that the simulation algorithm 7 with685

L = 50, 000 converges to the theoretical nonstationary Gneiting-Matérn covariance in equation686

(35).687

7 Discussion688

Since its early foundation in Shinozuka (1971), the spectral approach has been one of the main689

techniques used for simulating Gaussian Random Fields, see for example Lantuéjoul (2002),690

Schlather et al. (2015) and references therein. In this study, instead of using the spectral den-691

sity, we have adopted a Gaussian mixture representation of the covariance function grounded692

on the Schoenberg theorem (Schoenberg, 1938; Schlather, 2010). This change of perspective693

offers a unified view on earlier algorithms developed for the simulation of GRFs (Emery et al.,694

2016; Emery and Arroyo, 2018; Allard et al., 2020), which in our opinion did not sufficiently695

emphasized that they belonged to the Gaussian mixture representation. This new perspective696

also enables the design of simulation algorithms for covariance functions that explicitly or im-697

plicitly derive from a Gaussian mixture representation, which is the case for many covariance698

functions in various contexts: nonstationary spatial (Paciorek and Schervish, 2006), univariate699

space-time (Gneiting, 2002), multivariate (Genton and Kleiber, 2015) and multivariate space-700
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time (Allard et al., 2022). Finally, and importantly, the extension of Gaussian mixture-based701

simulation algorithms to nonstationary GRFs paved the way to a general theorem allowing for702

the construction of a new and wide class of nonstationary covariance functions, as detailed in703

Theorems 2 and 3 in Section 5. This new class of nonstationary covariance functions is expected704

to power GRF modeling, in particular in multivariate and space-time contexts.705

The avenues for future research opened by the present work are diverse. From a methodolog-706

ical perspective, rather straightforward extensions touch on simulating GRFs on non-Euclidean707

domains, which includes the simulation of random fields on spheres cross time with covariance708

models similar to the Gneiting class, but involving Stieltjes functions instead of Bernstein func-709

tions, see for example Alegŕıa et al. (2019), White and Porcu (2017), Lantuéjoul et al. (2019) or710

Alegŕıa et al. (2020). Simulations on general manifolds (Pereira et al., 2022) or networks (Bolin711

et al., 2024) could also be explored.712

Focusing on the space-time context, the substitution approach introduced in Section 3.2713

offers numerous advantages. It is very general since it relies on the simulation of a (possibly714

multivariate) one dimensional process with Gaussian increments. In cases with less than 104 time715

steps (i.e., in most cases), this can easily be performed using a simple Cholesky decomposition.716

It is thus very general and does not necessitate to know the spectral density of the associated717

temporal variogram, see Allard et al. (2020) for an in-depth discussion about the differences718

between the spectral and the substitution approaches to simulate space-time GRFs. A possi-719

ble extension of the present work would be to design even more general models of space-time720

GRFs, for instance enabling nonstationary dynamics in Lagrangian spatio-temporal covariance721

functions (Salvanña and Genton, 2020; Salvaña et al., 2023).722

From a computational perspective, an appealing feature of all the simulation algorithms pre-723

sented in this work is that the simulation of the stochastic representation (the L sets of random724

variables associated for instance with scales or phases along with the L temporal processes in a725

spatio-temporal context) is separated from the projection onto the set of points (s, t) on which726

the simulation is represented. When simulating on large space-time domains, the projection727

step is usually the most time consuming, with a computation time proportional to L and to the728

number of grid points. Since this step consists in a simple loop on all grid points in the simu-729

lation algorithms, it can be massively parallelized. In a nonstationary context, pre-computing730

and storing some of the values appearing in the importance weights can also accelerate the731

computations.732

From an applied perspective, the use of GRFs in environmental modeling often requires733

the conditioning to observed values, i.e., enforcing the random fields to honor a given set of734

observations. The question of conditioning the simulations to a set of N conditioning points735
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can be addressed using the so called ”conditioning by kriging technique” (Chilès and Delfiner,736

2012, Chap. 7), but since kriging has a complexity in the order of O(N3) this approach is737

limited to conditioning sets of moderate size, and some form of approximation is needed when738

tens of thousands conditioning data are available. As an alternative to the classical approach739

of conditioning locally, Marcotte and Allard (2018) explored a half-tapering approach that was740

already suggested in Stein (2013). The idea is to produce unconditional simulations with an741

efficient algorithm such as those presented in this study, and to use a tapered covariance C ×742

CTaper for the conditioning step. The tapering function CTaper is a correlation function with743

compact support, such as the Wendland functions (Wendland, 1995), and is identically equal744

to zero outside a particular range, say r. This ensures that the tapered covariance is definite745

positive since it is the product of two definite positive functions, and that by construction the746

kriging matrix involved in the conditioning step has a high proportion of zero elements when747

the range r is small compared to pairwise distances between data locations. In a spatial and748

stationary context, Marcotte and Allard (2018) established theoretically and numerically that749

under a tail condition, the half-tapering approach is asymptotically equivalent to the full kriging750

method. Extensions to the multivariate, spatio-temporal and nonstationary contexts remain to751

be developed, and would help broadening the field of applications of the unconditional simulation752

techniques designed in this study.753

Finally, to help disseminating the simulation algorithms presented in this work as well as the754

above propositions of extension, we believe that an easy-to-use software should be implemented755

and made accessible to practitioners.756

Code availability757

An R code for simulating non-stationary multivariate space-time random fields is available at758

https://github.com/sobakrim/Sim-NSMuST. This repository contains also the code for repro-759

ducing the illustration in Section 6.760
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A Proof of Proposition 1766

On the one hand, by Bochner’s theorem, ϕ(h) =
∫
Rd cos(ω

th)µ(ω) dω. On the other hand, the767

mixture representation gives, ∀h ∈ Rd,768

ϕ(h) =

∫ +∞

0
exp

(
−ξ||h||2

)
f(ξ) dξ

=
(
2
√
π
)−d

∫ +∞

0

∫
Rd

cos(ωth)ξ−d/2 exp
(
−||ω||2/4ξ

)
f(ξ) dω dξ

=

∫
Rd

cos(ωth)
(
2
√
π
)−d

∫ +∞

0
ξ−d/2 exp

(
−||ω||2/4ξ

)
f(ξ) dξ dω.

The first equality uses Bochner’s representation of the gaussian covariance and the second equal-

ity follows from (3). Inversion of integrals is permitted because ϕ(h) is finite. Then,

µ(ω) =
(
2
√
π
)−d

∫ +∞

0
ξ−d/2 exp

(
−||ω||2/4ξ

)
f(ξ) dξ

follows by the uniqueness of the spectral density of ϕ. □769

Examples770

1. For the Matérn covariance with shape and scale parameters (ν, κ), ξ is distributed as an

inverse Gamma distribution with shape and scale parameters (ν, κ2/4):

fM(ξ) =

(
κ2

4

)ν
ξ−1−ν

Γ(ν)
exp
(
−κ2/4ξ

)
.

Hence771

µM(ω) =
(
2
√
π
)−d

(
κ2

4

)ν
1

Γ(ν)

∫ +∞

0
ξ−1−ν−d/2 exp

(
−(||ω||2 + κ2)/4ξ

)
dξ

=
(
2
√
π
)−d

(
κ2

4

)ν

4ν+d/2Γ(ν + d/2)

Γ(ν)

[
||ω||2 + κ2

]−ν−d/2
.

The second identity comes from the fact that we recognize in the integral (up to the772

normalizing constant) the Inverse Gamma probability density function with shape and773

scale parameters (ν + 1 + d/2, (||h||2 + κ2)/4). After rearrangement and simplifications,774

we get the expression in (10).775

2. For the Cauchy covariance with shape and scale parameters (ν, 1/a), ξ is distributed as a

Gamma distribution with same shape and scale parameters:

fC(ξ) = a−νΓ(ν)−1ξν−1e−ξ/a.

We thus get776

µC(ω) =
(
2
√
π
)−d

a−νΓ(ν)

∫ +∞

0
ξ−1−ν−d/2 exp

(
−||ω||2/4ξ

)
exp
(
−ξ/a

)
dξ. (36)
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This last expression cannot be further simplified, in accordance to the fact that, to the best777

of our knowledge, there is no closed form expression for the spectral density of the Cauchy778

covariance function. Nonetheless, the relationship (36) seems original, and perhaps easier to use779

than Theorem 1 in Bevilacqua and Faouzi (2019).780

B Proof of Theorem 2781

With the usual product-to-sum trigonometric identity and after some straightforward manipu-782

lation we get783

Cov (Z(s1), Z(s2)) =
|Σs1 |1/4|Σs2 |1/4

|Σs1,s2 |1/2

∫ +∞

0

(f(ξ;θs1)f(ξ;θs2))
1/2

f1(ξ)
CG

(√
ξΣ

−1/2
s1,s2(s1−s2)

)
f1(ξ)dξ.

(37)

Because f belongs to the exponential family, it holds that784

(f(ξ;θs1)f(ξ;θs2))
1/2 = (h(θs1)h(θs2))

1/2 exp

(
−1

2
(ℓ(θs1) + ℓ(θs2))

tT (ξ)

)
=

(h(θs1)h(θs2))
1/2

h(θs1,s2)
f(ξ;θs1,s2),

where f(ξ;θs1,s2) is the (exponential family) scale mixture defined by

f(ξ;θs1,s2) = h(θs1,s2) exp
(
−ℓ(θs1,s2)

tT (ξ)
)

with ℓ(θs1,s2) = (ℓ(θs1) + ℓ(θs2)/2. □785

C Proof of Theorem 3786

Consider a space-time p-variate random field Z(·, ·) = [Zi(·, ·)]pi=1 defined as787

Zi(s, t) =

√
2
f(R;θi,x)

f1(R)

√√√√µG
Σii,x

(
√
2V )

µG
Id
(
√
2V )

(LxA)i cos

(
Ωts+

∥V ∥√
2
Wi(t) + Φ

)
, i = 1, . . . , p,

(38)

where R ∼ f1, V ∼ N (0, Id), A ∼ N (0, Ip) and Φ ∼ (0, 2π), all independent to each other788

and Ω = RV . The matrix Lx is the Cholesky factorization of σx with LxL
t
x = σx. Recall789

that W (·) = [Wi(·)]pi=1 are p RFs on R whose direct and cross-increments are Gaussian and790

characterized by the matrix-valued pseudo-variogram γ, i.e, Wi(t) − Wj(t + u) =
√

2γij(u)Y ,791

with Y ∼ N (0, 1). The process W (·) is independent to all random variables. Clearly, all random792

fields Zi(·, ·) have zero mean.793
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Write Yi(x) =
√

2f(R;θi,x)/f1(R)
√
µG
Σii,x

(
√
2V )/µG

Id
(
√
2V ) cos

(
Ωts+ ∥V ∥√

2
Wi(t) + Φ

)
, i =

1, . . . , p. Because of the independence assumption, we have

E
[
Z(s1, t1)Z

t(s2, t2)
]
= E

[
ZT (t1)Z

t
T (t2)

]
E
[
Lx1AAtLt

x2

]
E
[
Y (s1, t1)Y

t(s2, t2)
]
.

The first expectation is equal to CT (t2 − t1). Since E[AAt] = Ip, the second expectation is794

equal to σx1,x2 . Let us now consider the third expectation:795

E
[
Y (s1, t1)Y

t(s2, t2)
]
ij
= 2E

[√
f(R;θi,x1)f(R;θj,x2)

f1(R)

√
µG
Σii,x1

(
√
2V )µG

Σjj,x2
(
√
2V )

µG
Id
(
√
2V )

× cos

(√
2RV ts1 +

∥V ∥√
2
Wi(t1) + Φ

)
× cos

(√
2RV ts2 +

∥V ∥√
2
Wj(t2) + Φ

)]
.

(39)

Using trigonometric identities and the fact that Φ is uniformly distributed on (0, 2π) and inde-796

pendent on R, Ω, and W (·), this expression simplifies to797

E
[
Y (s1, t1)Y

t(s2, t2)
]
ij
= E

[√
f(R;θi,x1)f(R;θj,x2)

f1(R)

√
µG
Σii,x1

(
√
2V )µG

Σjj,x2
(
√
2V )

µG
Id
(
√
2V )

× cos

(√
2RV t(s1 − s2) +

∥V ∥√
2

(Wi(t1)−Wj(t2))

)]
.

(40)

Using again a trigonometric identity, we have798

cos

(√
2RV t(s1 − s2) +

∥V ∥√
2

(Wi(t1)−Wj(t2))

)
= cos

(√
2RV t(s1 − s2)

)
cos

(
∥V ∥

√
γij(t1 − t2)Y

)
+sin

(√
2RV t(s1 − s2)

)
sin

(
∥V ∥

√
γij(t1 − t2)Y

)
. (41)

Using symmetry and considering that the sine function is odd, the expectation of the second

term of (41) is equal to 0. Let us denote g(x) = (2π)−1/2 exp(−x2/2) the (0, 1) Gaussian pdf.

Using the spectral density of Gaussian covariances as in Example 6, one gets that√
µG
Σii,x1

(
√
2V )µG

Σjj,x2
(
√
2V )

µG
Id
(
√
2V )

= |Σii,x1 |1/4|Σjj,x2 |1/4e−V tΣi,j,x1,x2
V /2/e−||V ||2/2,

with Σij,x1,x2 = (Σii,x1 +Σjj,x2)/2. Taking the expectation over V , R, and Y , we obtain799

E [Yi(s1, t1)Yj(s2, t2)] =
|Σii,x1 |1/4|Σjj,x2 |1/4

(2π)d/2

∫ ∞

0

∫
Rd

√
f(r;θi,x1)f(r;θj,x2)e

−vtΣij,x1,x2
v/2

× cos
(√

2r vt(s1 − s2)
)∫

R
cos

(
∥v∥

√
γij(t1 − t2)y

)
g(y)dydv dr.

(42)
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Since
∫
R cos

(
∥v∥

√
γij(t1 − t2)y

)
g(y)dy is the Fourier transform of the standard Gaussian prob-800

ability density g computed at ∥v∥
√

γij(t1 − t2), we have801

E [Yi(s1, t1)Yj(s2, t2)] =
|Σii,x1 |1/4|Σjj,x2 |1/4

(2π)d/2

∫ ∞

0

∫
Rd

√
f(r;θi,x1)f(r;θj,x2)e

−vtΣij,x1,x2
v/2

× cos
(√

2r vt(s1 − s2)
)
exp

(
−∥v∥2

2
γij(t1 − t2)

)
dv dr.

(43)

In view of grouping all arguments of the exponential, we define

Λij,x1,x2 = Σij,x1,x2 + γij(t1 − t2)Id.

We thus get802

E [Yi(s1, t1)Yj(s2, t2)] =
|Σii,x1 |1/4|Σjj,x2 |1/4

(2π)d/2

∫ ∞

0

∫
Rd

√
f(r;θi,x1)f(r;θj,x2)

× cos
(√

2r vt(s1 − s2)
)
e−vtΛij,x1,x2

v/2 dv dr.

(44)

Up to a multiplicative factor, the integral
∫
Rd cos

(√
2r vt(s1 − s2)

)
e−vtΛij,x1,x2

v/2 dv is the803

Fourier transform of a multivariate standard Gaussian probability density. Therefore,804

E [Yi(s1, t1)Yj(s2, t2)] = |Σii,x1 |1/4|Σjj,x2 |1/4
∫ ∞

0

√
f(r;θi,x1)f(r;θj,x2)

× 1

|Λij,x1,x2 |1/2
exp

(
−r(s1 − s2)

tΛ−1
ij,x1,x2

(s1 − s2)
)
dr

= |Σii,x1 |1/4|Σjj,x2 |1/4

× 1

|Λij,x1,x2 |1/2
ϕ
(
Λ

−1/2
ij,x1,x2

(s1 − s2);θi,j,x1,x2

)
,

(45)

where θi,j,x1,x2 is defined as in Eq. (29). The final result is then easily obtained.805

□806
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