
HAL Id: hal-05093059
https://hal.inrae.fr/hal-05093059v2

Submitted on 11 Sep 2025

HAL is a multi-disciplinary open access archive
for the deposit and dissemination of scientific re-
search documents, whether they are published or not.
The documentsmay come from teaching and research
institutions in France or abroad, or from public or pri-
vate research centers.

L’archive ouverte pluridisciplinaireHAL, est des-
tinée au dépôt et à la diffusion de documents scien-
tifiques de niveau recherche, publiés ou non, émanant
des établissements d’enseignement et de recherche
français ou étrangers, des laboratoires publics ou
privés.

HAL Authorization

An extension of the chemostat model with linear coupling
between species *

Tewfik Sari, Radhouane Fekih-Salem

To cite this version:
Tewfik Sari, Radhouane Fekih-Salem. An extension of the chemostat model with linear coupling between
species *. SIAM Journal on Applied Dynamical Systems, 2026, 25 (1), pp.375-417. ⟨10.1137/25M1765808⟩.
⟨hal-05093059v2⟩

https://hal.inrae.fr/hal-05093059v2
https://about.hal.science/hal-authorisation-v1/
https://about.hal.science/hal-authorisation-v1/
https://hal.archives-ouvertes.fr


An extension of the chemostat model with linear coupling between species

Tewfik Sari∗ and Radhouane Fekih-Salem†

Abstract. We investigate the classical model of competition of two populations in the chemostat when a linear
coupling between the populations is taken into account and the removal rates of the populations are
distinct from the dilution rate and their yield coefficients are also distinct. This model extends a
model of wall growth and a model of lateral gene transfer, previously studied in the literature. We
show the existence and uniqueness of the coexistence equilibrium at which the populations coexist,
provided that the input concentration of the chemostat exceeds a critical value, or, equivalently
the dilution rate does not exceed a critical value that can be computed explicitly. In contrast with
the particular cases of this model, previously studied in the literature, the positive equilibrium can
be unstable with the appearance of Hopf bifurcations and sustainable oscillations. We construct
the operating diagram of the system, which is the two-parameter bifurcation diagram with respect
to the operating parameters, that are the dilution rate of the chemostat and its input nutrient
concentration. This study reveals a rich variety of dynamical behaviours, including the emergence
and disappearance of stable and unstable limit cycles through Hopf bifurcations and limit point of
cycles bifurcations. Furthermore, codimension-two bifurcations such as cusp and generalized Hopf
points are identified, highlighting complex transitions in the system’s dynamics.

Key words. Chemostat, Competition, Mutation, Operating diagram, Wall growth.

MSC codes. 34A34 , 34D20 , 92B05 , 92D25

1. Introduction. The simultaneous development of the chemostat in 1950 by Monod [19]
and Novick and Szilard [22] led to major advances in microbiology and population biology,
using the technique of continuous culture of microorganisms, see the surveys of Fredrickson and
Stephanopoulos [11] or Hoskisson and Hobbs [14]. Today, the chemostat plays an important
role as a model in mathematical biology and the mathematical analysis of the model can
be found in the monographs of Smith and Waltman [29] or Harmand et al. [13]. It is well
known that two microbial populations competing for a single nutrient in a chemostat with
time-invariant inputs cannot coexist in an equilibrium [11]. The corresponding chemostat
type model takes the form

(1.1)

x′1 = [f1(S)−D1]x1,
x′2 = [f2(S)−D2]x2,
S′ = (S0 − S)D − 1

Y1
f1(S)x1 − 1

Y2
f2(S)x2,

where x1(t) and x2(t) are the concentrations of the competing microorganisms and S(t) is
the concentration of the nutrient, at time t. Here, S0 denotes the concentration of the input
nutrient and D denotes the dilution rate (flow rate/volume). The growth functions fi(S)
are assumed to be increasing and satisfying fi(0) = 0. Growth fi(S) is proportional to
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consumption fi(S)/Yi where the parameters Yi, i = 1, 2, are yield constants. The removal
rates Di, i = 1, 2, of the microorganisms depend on the dilution rate D and take the form

(1.2) Di = αiD + εi, i = 1, 2,

where εi is the specific death rate of xi and αi ∈ [0, 1] is a parameter allowing us to decouple
the Hydraulic Retention Time, HRT = 1/D and the Solid Retention Time SRT = 1/(αiD),
see [5, 26]. Hence, values of the removal rates D1 and D2 that are greater than the dilution
rate D of the chemostat or less than D are both of biological interest.

In addition to the washout equilibrium E0 = (0, 0, S0), where both species are extinct, sys-
tem (1.1) can only have the equilibria E1 = (x1, 0, λ1) and E2 = (0, x2, λ2), where fi(λi) = Di

and xi =
YiD
Di

(S0−λi). In these equilibria, one of the species is extinct. Therefore, coexistence
is not possible in an equilibrium. Note that in the non-generic case where there exists S∗,
such that f1(S

∗) = D1 and f2(S
∗) = D2, there is a continuous line of coexistence equilibria,

but this case cannot be expected to be found in nature. For details and complements, see
[2, 13, 15, 16, 25, 29].

We modify the classical competition model (1.1) and include a linear coupling between
species, by introducing parameters r1 > 0 and r2 > 0 for the rates of transfer from species x1
to x2, and x2 to x1, respectively. The equations of interest then are

(1.3)

x′1 = [f1(S)−D1]x1 − r1x1 + r2x2,
x′2 = [f2(S)−D2]x2 + r1x1 − r2x2,
S′ = (S0 − S)D − 1

Y1
f1(S)x1 − 1

Y2
f2(S)x2.

This extension of the classic model of competition in the chemostat encompasses several
special cases that have been considered in the literature. The case D1 = D, D2 = 0 and
Y1 = Y2 = 1 of (1.3) is the model of bacterial growth on the wall in a chemostat studied by
Pilyugin and Waltman [23], where x1(t) and x2(t) are the concentrations of microorganisms
at time t in the flow media and on the wall, respectively. The coefficients r1 and r2 are the
rates of adhesion to and shearing from the wall. It is proved in [23] that, in this case the
model has a coexistence equilibrium which is stable, if it exists. Another model where two
microbial populations compete for a single resource in a chemostat but one of them exhibits
attachment to the chemostat wall was studied by Baltzis and Fredrickson [3]. However, their
model is not of the form (1.3) considered here.

Another interesting particular case of (1.3), obtained when D1 = D2 = D and Y1 = Y2, is
the case with two strains of the model of lateral gene transfer studied by De Leenheer et al.
[17] and Bayen et al. [4], where x1(t) and x2(t) are the concentrations of the two competing
strains of the microorganisms at time t, and r1 and r2 are interpreted now as the rates at
which the strains convert from one type to another. It is proved in [4, 17] that the positive
equilibrium is stable if it exists. Consequently, our results can also be seen as extensions of
the results of [4, 17], in the case where there are only two strains.

In section 2.4, we will give more details on the comparisons between our results obtained
for system (1.3) and those of [23] and [4, 17] obtained for the particular cases they considered.
We obtain interesting and new phenomena that do not appear in the models considered in
[4, 17, 23]. In particular, we show that for the more general model (1.3) the positive equilibrium
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can be destabilized. Hence, in this work, we revisit the chemostat models in [4, 17, 23] by
extending the assumptions they made. This extension, which consists of considering different
yields Yi or different removal rates Di, will encompass situations of biological interest that are
more extensive than the more restrictive conditions Y1 = Y2 and D1 = D,D2 = 0 considered
in [23] or Y1 = Y2 and D1 = D2 = D considered in [4, 17].

The parameters ri, Yi, αi and εi, as well as the parameters in the growth functions
fi(S), in system (1.3) where the Di are given by (1.2) are called the biological parameters of
the system, since they depend on the organisms and substrate considered. In contrast, the
operating parameters of the system are the input concentration of the nutrient S0 and the
dilution rate D of the chemostat. These parameters are called operating parameters since
they are under the control of the experimenter. Our aim is also to construct the operating
diagram of the system, i.e., its two-parameter bifurcation diagram in the (S0, D) parameter
plane.

The paper is organized as follows. The main results are presented in section 2, while
illustrative examples are discussed in section 3. The theoretical construction of the operating
diagram is detailed in section 4, based on the existence and stability conditions of system
(1.3). One- and two-parameter bifurcation diagrams, computed using MATCONT, are an-
alyzed in section 5, revealing the emergence and disappearance of stable and unstable limit
cycles via Hopf bifurcations and limit point of cycles (LPC) bifurcations. Section 6 concludes
with a discussion of the main findings and their biological relevance. Additional numerical
experiments and bifurcation diagrams illustrating various dynamical scenarios are provided
in the Appendix.

2. Results. The aim of this paper is to study system (1.3) where the removal rates D1

and D2 are given by (1.2). Recall that the yield coefficients Yi in the classical competition
chemostat model (1.1) can be normalized to 1, simply by replacing xi by xi/Yi. If this change
of variables is made on (1.3), we obtain a system where Y1 and Y2 are replaced by 1 in the
equation of S, r1 is maintained and r2 is changed to r2Y2/Y1, in the equation of x1, while r2
is maintained and r1 is changed to r1Y1/Y2, in the equation of x2. Consequently, when equal,
the yield coefficients Yi in (1.3) can be normalized to 1. However, this normalization cannot
be made when they are not equal.

2.1. Hypotheses and preliminary results. We consider the following hypotheses.

Hypothesis 2.1. Growth functions fi(S) are assumed to be the following:
(i) C1-smooth with fi(0) = 0,
(ii) a monotone function of S: f ′i(S) ≥ 0 for S > 0. Moreover, for every S > 0, we have

f ′1(S) > 0 or f ′2(S) > 0.

Hypothesis 2.2. At least one of the removal rates Di is positive.

Using classical arguments in the mathematical theory of the chemostat, we can prove that
the positive cone is positively invariant for (1.3) and that the solutions are uniformly bounded
in forward time, see for example the proofs of [23, Lemmas 2.1 and 2.2] and [17, Lemma 1].

The operating parameters S0 and D can be normalized to 1 as in [17, 23]. The usual
scaling is to measure concentrations of S in units of S0 and time in units of 1/D. This yields
the new system where the new fi(S) replaces

1
Dfi(S

0S), the new Yi, Di and ri are S
0Yi, Di/D
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and ri/D, respectively. We will not make this reduction, as our objective is also to construct
the operating diagram of the system, i.e. to describe the behaviour of the system as a function
of the operating parameters S0 and D.

Lemma 2.3. In addition to the washout equilibrium E0 = (0, 0, S0), system (1.3) can only
have an equilibrium E1 = (x∗1, x

∗
2, S
∗), with x∗1 > 0 and x∗2 > 0. If E1 is such an equilibrium,

then det(B(S∗)) = 0, where B(S) is given by

(2.1) B(S) =

(
f1(S)−D1 − r1 r2

r1 f2(S)−D2 − r2

)
.

Let ρi, i = 1, 2, be defined by

(2.2) ρi = sup{S : fi(S) < Di + ri}.

There exists no positive equilibrium E1 = (x∗1, x
∗
2, S
∗), with S∗ ≥ min(ρ1, ρ2).

Proof. If E1 = (x∗1, x
∗
2, S
∗) is an equilibrium of (1.3), then

−m11x
∗
1 + r2x

∗
2 = 0,(2.3)

r1x
∗
1 −m22x

∗
2 = 0,(2.4)

m31x
∗
1 +m32x

∗
2 = (S0 − S∗)D,(2.5)

where m31, m32, m11 and m22 are defined by

(2.6) m11 = D1 + r1 − f1(S
∗), m22 = D2 + r2 − f2(S

∗), m31 =
f1(S∗)
Y1

, m32 =
f2(S∗)
Y2

.

If x∗1 = 0, then equation (2.3) shows that x∗2 = 0. If x∗2 = 0, then equation (2.4) shows
that x∗1 = 0. Therefore, besides E0 = (0, 0, S0), system (1.3) can only have an equilibrium
E1 = (x∗1, x

∗
2, S
∗), with x∗1 > 0 and x∗2 > 0. If such an equilibrium exists, then system (2.3,2.4),

which is a homogeneous linear system, has a non-trivial solution, if and only if the determinant
of the system is zero, i.e. det(B(S∗)) = 0, where B(S) is given by (2.1).

If min(ρ1, ρ2) ≤ S∗ ≤ max(ρ1, ρ2), then m11m22 ≤ 0 and hence, det(B(S∗)) = m11m22 −
r1r2 < 0. If S∗ ≥ max(ρ1, ρ2), then m11 ≤ 0 and m22 ≤ 0, so that the linear system (2.3,2.4)
has nonnegative coefficients and hence, cannot have a positive solution.

2.2. Existence of the positive equilibrium. The equation

(2.7) det(B(S)) = 0, for S ∈ I := [0,min(ρ1, ρ2)),

plays an essential role in the discussion. This equation must be considered over the interval I
since, according to Lemma 2.3, S∗ must satisfy the condition 0 ≤ S∗ < min(ρ1, ρ2).

Lemma 2.4. Assume that Hypothesis 2.1 is satisfied. There exists a unique solution S∗ ∈ I
of equation (2.7). If D1 = D2 = 0, then S∗ = 0. If Hypothesis 2.2 is satisfied, then S∗ > 0.

Proof. Let b(S) = det(B(S)). We have

b′ = f ′1(f2 −D2 − r2) + f ′2(f1 −D1 − r1).
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Using (2.2), f1−D1−r1 < 0 and f2−D2−r2 < 0, on I. Using Hypothesis 2.1, for every S > 0
in I, b′(S) < 0. Hence, the equation (2.7) can have at most one solution S∗ ∈ I. We have
b (ρ1) = b (ρ2) = −r1r2 < 0. In addition, we have b(0) = D1D2+D1r2+D2r1. If D1 = D2 = 0,
then b(0) = 0 and hence, the unique solution is S∗ = 0. If D1 > 0 or D2 > 0, then b(0) > 0
and hence there exists a unique solution S∗ ∈ I, which must satisfy S∗ > 0.

Proposition 2.5. Assume that Hypothesis 2.1 is satisfied. If D1 = D2 = 0, then system
(1.3) has no positive equilibrium. If Hypothesis 2.2 is satisfied then the system has a unique
equilibrium E1 = (x∗1, x

∗
2, S
∗), where, S∗ > 0 is the unique solution of equation (2.7) (see

Lemma 2.4), and x∗1, x
∗
2 are given by

(2.8) x∗1 =
D

(
S0 − S∗

)
m31 +m32

m11
r2

, x∗2 =
D

(
S0 − S∗

)
m32 +m31

m22
r1

, ten

where m11, m22, m31 and m32 are defined by (2.6). This equilibrium is positive, i.e. S∗ < S0,
if and only if at least one of the following conditions is satisfied

f1(S
0)−D1 − r1 > 0,(2.9)

f2(S
0)−D2 − r2 > 0,(2.10) (

f1
(
S0

)
−D1 − r1

) (
f2

(
S0

)
−D2 − r2

)
< r1r2.(2.11)

Proof. If D1 = D2 = 0, then S∗ = 0. Therefore, m31 = m32 = 0 and equation (2.5) cannot
have a solution.

If D1 > 0 or D2 > 0, then S∗ > 0 and hence, using Hypothesis 2.1, we have m31 > 0 or
m32 > 0. Solving (2.3) in x∗2 we obtain:

(2.12) x∗2 =
m11
r2

x∗1.

Replacing x∗2 in (2.5) and solving in x∗1 yields the expression for x∗1 in (2.8). Similarly, solving
(2.4) in x∗1, and replacing x∗1 in (2.5), and solving in x∗2 yields the expression for x∗2 in (2.8).
Since S∗ < min(ρ1, ρ2), the terms m11 and m22 in the denominators of x∗1 and x∗2, respectively,
are positive. Hence, using m31 ≥ 0 and m32 ≥ 0 and at least one of them is positive, the
denominators are positive. Therefore, x∗1 > 0 and x∗2 > 0 if and only if S∗ < S0.

Finally, if (2.9) is satisfied, then S0 > ρ1, so that S0 > S∗. If (2.10) is satisfied, then
S0 > ρ2, so that S0 > S∗. If (2.11) is satisfied, then b

(
S0

)
< 0, so that S0 > S∗. Conversely,

if S0 > S∗, then b(S0) < 0, which implies (2.11), or S0 > min(ρ1, ρ2), which implies (2.9) or
(2.10).

Remark 2.6. Let λ = min(λ1, λ2), where λi, i = 1, 2, are defined by

(2.13) λi =

{
0 if Di = 0,
sup{S ≥ 0 : fi(S) < Di} if Di > 0.

The component S∗ of the positive equilibrium satisfies the following properties: if λ1 = λ2,
then S∗ = λ1 = λ2, and if λ1 ̸= λ2, then

min(λ1, λ2) < S∗ < min (max(λ1, λ2),min(ρ1, ρ2)) .
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where ρi are defined by (2.2). Indeed, we have

if λ1 = λ2, b (λ1) = b (λ2) = 0 =⇒ S∗ = λ1 = λ2,
if λ1 < λ2, b (λ1) > 0 > b (λ2)
if λ2 < λ1, b (λ2) > 0 > b (λ1)

}
=⇒ min(λ1, λ2) < S∗ < max(λ1, λ2).

Remark 2.7. If the growth function fi is strictly increasing, and if Di < mi where

mi = sup{fi(S) : S ≥ 0},

the number λi, defined by (2.13), is finite and satisfies λi = f−1i (Di). Similarly, if Di+ri < mi,
then ρi, defined by (2.2), is finite and satisfies ρi = f−1i (Di + ri).

2.3. Stability of the equilibria. We can now give our main result on the conditions of
existence and stability of the equilibria of (1.3). Throughout the rest of the paper, stable
equilibrium is taken to mean hyperbolic and locally asymptotically stable, i.e., the eigenvalues
of the Jacobian matrix are of negative real parts, and unstable is taken to mean that at least
one eigenvalue of the Jacobian matrix is of positive real part.

Theorem 2.8. Assume that Hypotheses 2.1 and 2.2 are satisfied. System (1.3) can have up
to two equilibria:

• The washout equilibrium E0 = (0, 0, S0), that always exists. If the three conditions
(2.9), (2.10) and (2.11) are reversed and strict, then E0 is stable. If at least one of
the conditions (2.9), (2.10) or (2.11) is satisfied then E0 is unstable.

• The positive equilibrium E1 = (x∗1, x
∗
2, S
∗), where S∗ is the unique S∗ ∈ I such that

det(B(S∗)) = 0, and x∗1, x
∗
2 are given by (2.8), that exists if and only if one of the

conditions (2.9), (2.10) or (2.11) is satisfied. The positive equilibrium E1 is stable if
and only if c1c2 − c3 > 0, where

c1 = m11 +m22 +m33,

c2 = m33(m11 +m22) +m31m13 +m32m23,(2.14)

c3 = m13(m32r1 +m31m22) +m23(m31r2 +m32m11).

Here, m11, m22, m31, m32, are given by (2.6) and m13, m23, m33 are given by

m13 = f ′1(S
∗)x∗1, m23 = f ′2(S

∗)x∗2, m33 = D +
f ′
1(S

∗)
Y1

x∗1 +
f ′
2(S

∗)
Y2

x∗2.(2.15)

Proof. The stability of E0 is determined by the eigenvalues of the Jacobian matrix

J0 =

 f1(S
0)−D1 − r1 r2 0

r1 f2(S
0)−D2 − r2 0

− 1
Y1
f1(S

0) − 1
Y2
f2(S

0) −D

 .

The eigenvalues of J0 are −D and the eigenvalues of the 2× 2 matrix at the upper left, which
is the matrix B(S0), where B(S) is defined by (2.1). The eigenvalues of B(S0) are of negative
real part if and only if

det(B(S0)) =
(
f1

(
S0

)
−D1 − r1

) (
f2

(
S0

)
−D2 − r2

)
− r1r2 > 0,(2.16)

and Tr(B(S0)) = f1(S
0)−D1 − r1 + f2(S

0)−D2 − r2 < 0.(2.17)
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Condition (2.16) is the reversed and strict inequality (2.11). From (2.16), we deduce that
f1

(
S0

)
−D1− r1 and f2

(
S0

)
−D2− r2 have the same sign. Therefore, from (2.17) we deduce

that f1
(
S0

)
− D1 − r1 < 0 and f2

(
S0

)
− D2 − r2 < 0, which are the reversed and strict

inequalities (2.9) and (2.10), respectively. Hence, we have proved that if the three conditions
(2.9), (2.10) and (2.11) are reversed and strict, then E0 is stable. Conversely, if (2.11) is
satisfied, then det(B(S0)) < 0 and E0 is unstable. If both (2.9) and (2.10) are satisfied,
then Tr(B(S0)) > 0 and E0 is unstable. If (2.9) is satisfied and (2.10) is reversed, then
det(B(S0)) < 0 and E0 is unstable. Similarly, if (2.10) is satisfied and (2.9) is reversed, then
det(B(S0)) < 0 and E0 is unstable. Hence, we have proved that if one of the conditions (2.9),
(2.10) or (2.11) is satisfied, then E0 is unstable.

The stability of E1 = (x∗1, x
∗
2, S
∗) is determined by the eigenvalues of the Jacobian matrix

J1 =

 −m11 r2 m13

r1 −m22 m23

−m31 −m32 −m33


where mij are defined by (2.6) and (2.15). Notice that we have used the opposite sign for
some of the entries of J1, so that all coefficients mij involved in the computations become
positive, which will simplify the analysis of the characteristic polynomial of J1. Also notice
that m11m22 − r1r2 = det(B(S∗)) = 0.

The characteristic equation of J1 is given by:

(2.18) z3 + c1z
2 + c2z + c3 = 0,

where c1, c2 and c3 are defined by (2.14). According to the Routh-Hurwitz criteria, E1 is
stable if and only if c1 > 0, c3 > 0 and c1c2 − c3 > 0. Notice that c1 > 0 and c3 > 0.
Therefore, E1 is stable if and only if c1c2 − c3 > 0.

Remark 2.9. Using (2.14), the coefficients of the characteristic equation (2.18) are positive.
Therefore, there is at least one negative real eigenvalue and no positive real eigenvalues, which
implies that, in case of instability, the eigenvalues with positive real parts must be a complex
conjugate pair.

2.4. Comparison with previous results. The results in Proposition 2.5 and Theorem 2.8
on the existence of E1 and the stability of E0 extend [23, Lemma 3.1 and Lemma 3.2] to the
case where D1 ̸= D, D2 ̸= 0 and Y1 ̸= Y2. They also extend the results of [4, 23] obtained
when D1 = D2 = D. Let us give a quick overview of the method used in [23] for the study of
the conditions of existence of E1.

Proposition 2.10. We assume that f1 and f2 are strictly increasing. A positive equilibrium
exists if and only if the graphs of the functions

(2.19) F (S) = f2(S)−D2−r2
f2(S)−D2

and G(S) = r1
f1(S)−D1

,

intersect at some point S∗, 0 < S∗ < S0.
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Proof. Adding the equations (2.3) and (2.4), we obtain x∗2 = D1−f1(S)
f2(S)−D2

x∗1, which, when
substituted in (2.4), yields

x∗1
(
(f2(S)−D2 − r2)

D1−f1(S)
f2(S)−D2

+ r1

)
= 0.

After cancelling x∗1, and dividing by D1 − f1(S), we obtain the equation F (S) = G(S), where
F (S) and G(S) are defined by (2.19). F (S) is a monotone increasing function of S and has an
asymptote at S = λ2 := f−12 (D2), while G(S) is a monotone decreasing function of S and has
an asymptote at S = λ1 := f−11 (D1). A positive equilibrium corresponds to an intersection of
the graphs of F and G at some point S∗, such that 0 < S∗ < S0. We do not give more details
on this approach. For more information, see [23, Fig. 3.1], obtained in the case D1 = D and
D2 = 0.

When we apply this method to our more general case, where the functions fi are not
assumed to be strictly increasing, we need to take a few precautions in cases where the
denominators of the functions F or G are not defined. Note that the equation F (S) = G(S),
where F and G are given by (2.19), is equivalent to the equation

(f1(S)−D1)(f2(S)−D2 − r2) = (f2(S)−D2)r1,

which is equivalent to the equation (f1(S) − D1 − r1)(f2(S) − D2 − r2) = r1r2, that is,
det(B(S)) = 0.

Following [17], we can also obtain the result on the existence of E1 by using Perron-
Frobenius theory. Since the matrix B(S), defined by (2.1), has off-diagonal positive entries,
from the Perron-Frobenius theorem, we know that its spectral abscissa, i.e. the maximum
of the real parts of its eigenvalues, is an eigenvalue of B(S), denoted λmax(B(S)), which is
simple and has a corresponding positive eigenvector. Except for this positive eigenvector and
its scalar multiples with a positive scalar, there are no other non-negative eigenvectors.

Proposition 2.11. A positive equilibrium exists if and only if there exists S∗ ∈ (0, S0) such
that λmax(B(S∗)) = 0. Such an S∗ exists if and only if λmax(B(S0)) > 0.

Proof. The linear system (2.3,2.4) can be written B(S∗)x∗ = 0, where the matrix B(S) is
defined by (2.1) and x∗ = (x∗1, x

∗
2)
⊤. If x∗ ̸= 0, this means that 0 is an eigenvalue of B(S∗)

and x∗ is a corresponding eigenvector. Since x∗ is non-negative, it must be an eigenvector
corresponding to λmax(B(S∗)). Hence, if an equilibrium (S∗, x∗1, x

∗
2) exists with x∗ ̸= 0, then,

necessarily equation λmax(B(S∗)) = 0. is satisfied and, moreover, x∗ must be a positive vector
(rather than only non-negative). It is a well-known property that the spectral abscissa is
increasing with the entries of a matrix which is positive off-diagonal. This property can
also be obtained by straightforward computations from the following explicit expression of

the spectral abscissa: λmax(B(S)) =
ϕ1(S)+ϕ2(S)+

√
∆(S)

2 , where ϕi(S) = fi(S) − Di − ri and

∆(S) = (ϕ1(S) − ϕ2(S))
2 + 4r1r2 > 0. Therefore, d

dSλmax(B(S)) > 0. Moreover, we have
det(B(0)) > 0 and Tr(B(0)) < 0. Therefore, λmax(B(0)) < 0. Equation (2.5) shows that
S∗ must satisfy the condition S∗ < S0. Hence, there exists a unique S∗ ∈ (0, S0) such that
λmax(B(S∗)) = 0 if and only if equation λmax(B(S0)) > 0 is satisfied.
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This condition λmax(B(S0)) > 0 is equivalent to

(2.20) det(B(S0)) < 0 or det(B(S0)) > 0 and Tr(B(S0)) > 0.

We can easily see that the necessary and sufficient condition (2.20) of existence of the positive
equilibrium is satisfied if and only if one of the conditions (2.9), (2.10) or (2.11) is satisfied.
The result of Proposition 2.11 was obtained in [17] in the general case of n strains xi, with
Di = D for i = 1, . . . , n, under the assumption that the transfer matrix between strains is
irreducible. We can see that the result remains true when the removal rates are not equal to
the dilution rate [28].

In this section, we have seen that the results on the existence of a positive equilibrium
extend those of [4, 17, 23]. These authors placed themselves in conditions where the positive
equilibrium is stable as soon as it exists. Under the more general assumptions considered in
this work, the stability of the positive equilibrium does not always occur.

2.5. Instability of the positive equilibrium. We now give a necessary and sufficient con-
dition for the stability of E1, which is easier to handle than the condition c1c2 − c3 given in
Theorem 2.8.

Remark 2.12. In this section, we denote by S∗ = S∗(D) the unique solution of equation
det(B(S)) = 0 to recall its dependence on the operating parameter D. In fact, S∗(D) depends
only on D and not on the operating parameter S0, since the matrix B(S) depends only on D
and not on S0. Therefore, the coefficients m11, m22, m31, and m32, defined by (2.6), depend
only on D.

We consider the polynomial

(2.21) P (X) = a(D)X2 + b(D)X + c(D),

where

a(D) = a33(a33(m11 +m22) + a13m31 + a23m32),
b(D) = a33(m11 +m22)

2 + a13m31m11 + a23m32m22

+D(a13m31 + a23m32 + 2a33(m11 +m22))− a13r1m32 − a23r2m31,
c(D) = D(m11 +m22)(D +m11 +m22),

where a13, a23 and a33 are given by

(2.22) a13 = f ′1(S
∗), a23 = f ′2(S

∗)m11
r2

, a33 =
f ′
1(S

∗)
Y1

+
f ′
2(S

∗)
Y2

m11
r2

,

andmij are defined by (2.6). Notice that a(D) > 0, c(D) > 0, and there are two negative terms
in b(D). Therefore, b(D) can be negative. The polynomial P (X) can be negative for positive
values of X if and only if there exists D such that b(D) < 0 and ∆(D) := b2(D)−4a(D)c(D) >
0. We define the set

(2.23) I1 := {D > 0 : b(D) < 0 and ∆(D) > 0} .

Note that I1 is an open set. If D ∈ I1 we denote by

X1(D) =
−b(D)−

√
∆(D)

2a(D) and X2(D) =
−b(D)+

√
∆(D)

2a(D)

the roots of P (X). They are real and positive. We have the following result:
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Proposition 2.13. The coexistence equilibrium E1 can be unstable only if the set I1 defined
by (2.23) is not empty. If this condition holds then E1 is unstable if and only if D ∈ I1 and
F1(D) < S0 < F2(D) where F1(D) and F2(D) are given by

(2.24) Fi(D) = S∗(D) + 1
D

(
m31 +

m32m11
r2

)
Xi(D), i = 1, 2.

Proof. The components x∗1 and x∗2, given by (2.8) also depend on S0. Notice that only
the coefficients m13, m23 and m33 in (2.15) are depending on x∗1 or x∗2. If we replace x∗2 by its
expression (2.12) in (2.15), we obtain

m13 = a13x
∗
1, m23 = a23x

∗
1, m33 = D + a33x

∗
1,

where a13, a23 and a33 are given by (2.22). Straightforward computation show that c1c2−c3 =
P (x∗1), where the polynomial P (X) is defined by (2.21). E1 is unstable if and only if P (x∗1) < 0.

The product of the roots of P (X), which is equal to c(D)/a(D), is positive. Hence, the
roots can be real and positive if and only if b(D) < 0 and ∆(D) > 0, that is to say D ∈ I1. If
I1 is not empty and D ∈ I1 then P (X) has two positive roots denoted 0 < X1(D) < X2(D).
Note that P (X) < 0 if and only if X1(D) < X < X2(D). Replacing X by x∗1 and using the
formula (2.8) giving x∗1, we see that the condition X1(D) < X < X2(D) is equivalent to the
condition F1(D) < S0 < F2(D) where F1(D) and F2(D) are given by (2.24).

It is much easier to use the stability conditions in Proposition 2.13 than the c1c2 − c3 > 0
condition in Theorem 2.8. In fact, the study of stability is reduced to the study of the signs
of the functions b(D) and ∆(D), of the single variable D. We will illustrate this in section 3.

2.6. Stability of the positive equilibrium.

Proposition 2.14. The positive equilibrium of system (1.3), when it exists, is stable in the
following three cases:

1. D1 = D, D2 = 0 and Y1 = Y2 = 1.
2. f2 = 0 (or f1 = 0).
3. D1 = D2 = D and Y1 = Y2 = 1.

Proof. The first case is the model considered in [23]. As shown in [23, pages 1559-1560],
we have c1c2 − c3 > 0. Hence, E1 is stable if it exists [23, Lemma 3.3].

In the second case, if f2 = 0, then the term −a13r1m32 − a23r2m31 in b(D) is equal to 0.
Indeed, using (2.6) and (2.22), we have m32 = 0 and a23 = 0. Hence, b(D) > 0 for all D, so
that, using Proposition 2.13, E1 is always stable.

In the third case, using the variables (x1, x2, z), where z = x1+x2+S, the system becomes:

(2.25)
x′1 = [f1(z − x1 − x2)−D]x1 − r1x1 + r2x2,
x′2 = [f2(z − x1 − x2)−D]x2 + r1x1 − r2x2,
z′ = (S0 − z)D.

The positive equilibrium, becomes E1 = (x∗1, x
∗
2, S

0) and we have S0 = x∗1 + x∗2 + S∗. The
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Jacobian matrix at the positive equilibrium is written

J1 =

 −m11 −m13 r2 −m13 m13

r1 −m23 −m22 −m23 m23

0 0 −D

 ,

where m11 and m22, given by (2.6), with D1 = D2 = D, and m13 and m23, given by (2.15),
are all positive. The eigenvalues of J1 are −D, together with the eigenvalues of the matrix

C =

(
−m11 −m13 r2 −m13

r1 −m23 −m22 −m23

)
.

We have Tr(C) = −m11 −m13 −m22 −m23 < 0 and, since m11m22 − r1r2 = 0,

det(C) = m13m22 +m23m11 + r1m13 + r2m23 > 0.

Therefore, the eigenvalues of C are of negative real parts.

Remark 2.15. In the case where f2 = 0, we know from Proposition 2.14 that E1 is stable
if it exists. Using a Lyapunov function, it is known that if D1 = D, D2 = 0, and f2 = 0, then
E1 is a global attractor [23, Theorem 6.1]. This result remains true in the more general case
where f2 = 0 and D, D1, D2 are arbitrary, as shown in the following proposition.

Proposition 2.16 (Pilyugin1). Consider the system (1.3), with f2 = 0, i.e.:

(2.26)

x′1 = [f1(S)−D1 − r1]x1 + r2x2,
x′2 = −(D2 + r2)x2 + r1x1,
S′ = (S0 − S)D − 1

Y1
f1(S)x1,

and suppose that the positive equilibrium E1 exists. Then E1 is GAS.

Proof. The components of E1 = (x∗1, x
∗
2, S
∗) satisfy the following two equations

f1(S
∗)−D1 − r1 = −r2x

∗
2/x
∗
1, D2 + r2 = r1x

∗
1/x
∗
2.

Therefore, we can rewrite the system (2.26), as

x′1 = x1(f1(S)− f1(S
∗)) + r2

x∗
1
(−x∗2x1 + x∗1x2),

x′2 = r1
x∗
2
(x∗2x1 − x∗1x2),

S′ = (S0 − S)D − 1
Y1
f1(S)x1.

Let

W = Y1
x∗1
r2

∫ S

S∗

f1(z)− f1(S
∗)

f1(z)
dz +

x∗1
r2

∫ x1

x∗
1

z − x∗1
z

dz ++
x∗2
r1

∫ x2

x∗
2

z − x∗2
z

dz.

1S.S. Pilyugin (2025), A Lyapunov function for the case where f2 = 0 and D, D1, D2 are arbitrary. Personal
communication.
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The derivative of W with respect to (2.26) is given by

dW

dt
=
x∗1
r2

f1(S)− f1(S
∗)

f1(S)
(Y1(S

0 − S)D − f1(S)x1) +
x∗1
r2

(x1 − x∗1)(f1(S)− f1(S
∗))

+
x1 − x∗1

x1
(−x∗2x1 + x∗1x2) +

x2 − x∗2
x2

(x∗2x1 − x∗1x2)

=
x∗1
r2

f1(S)− f1(S
∗)

f1(S)
(Y1(S

0 − S)D − f1(S)x
∗
1)−

(x∗2x1 − x∗1x2)
2

x1x2
.

Using f2 = 0, Hypothesis 2.1 implies that f ′1(S) > 0 for all S > 0. It follows that the first
term is ≤ 0 with the inequality being strict unless S = S∗. Hence, W is a Lyapunov function
and E1 is GAS.

3. Examples. We have seen in Proposition 2.14 cases where the positive equilibrium is
stable if it exists. Let us give examples showing that this property is no longer true when the
assumptions of this proposition are weakened. For this, we consider system (1.3) with linear
growth functions f1(S) = a1S and f2(S) = a2S, and the values of the biological parameters
given in Table 1. In Appendix A.1 we perform numerical experiments to determine the signs
of b(D) and ∆(D) and then, the interval I1 defined by (2.23). Since all the values of the
biological parameters are fixed, these functions depend only on D and it is easy to find their
zeros and study their signs.

Table 1
Values of biological parameters used in Examples 3.1, 3.2, 3.3, 3.4 and Fig. 1 for (1.3) with fi(S) = aiS

and Di = αiD + εi, i = 1, 2, α1 = 1. The last column shows I1 defined by (2.23).

Figure a1 a2 Y1 Y2 r1 r2 ε1 α2 ε2 I1
1(a,b,c) 0.01 1 0.01 20 0.01 10 0 1 0 (0.271,1.844)
1(d) 0.6 0.4 1 1 6 0.01 5 1 8 (0,0.048)
1(e) 0.01 3 0.02 600 0.001 5 0 0 0 (0.039, 0.839)
1(f) 0.6 0.4 1 1 6 0.01 5 0 8 (0,0.049)

Example 3.1. Equal removal rates and different yields. Values of biological parameters
are given in line 1 of Table 1. Since I1 ̸= ∅, the positive equilibrium can be unstable. Hence,
the result of Proposition 2.14 that the positive equilibrium is stable if it exists obtained when
Y1 = Y2 does not hold when the yields are distinct.

Example 3.2. Different removal rates and equal yields. Values of biological parameters
are given in line 2 of Table 1. Since I1 ̸= ∅, the result of Proposition 2.14 that the positive
equilibrium is stable if it exists obtained when D1 = D2 = D does not hold when the removal
rates are distinct.

Example 3.3. Different yields, D1 = D and D2 = 0. Values of biological parameters are
given in line 3 of Table 1. Since I1 ̸= ∅, the result of [23, Lemma 3.3] that the positive
equilibrium is stable if it exists obtained when Y1 = Y2 = 1 does not hold when the yields are
distinct.
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Example 3.4. Equal yields, D1 ̸= D and D2 ̸= 0. Values of biological parameters are given
in line 4 of Table 1. Since I1 ̸= ∅, the result of [23, Lemma 3.3] that the positive equilibrium
is stable if it exists obtained when D1 = D and D2 = 0 does not hold when decay terms are
added.

In the next section, we apply Proposition 2.13 and determine the set of operating parameters
D and S0 for which E1 is unstable.

4. Operating diagrams. The conditions of existence and stability of the equilibria of
(1.3) given in Theorem 2.8 are summarized in Table 2. Therefore, the curves of the operating

Table 2
Existence and local stability of equilibria of (1.3), where c1, c2 and c3 are defined by (2.14) and ϕ1 =

f1(S
0)−D1 − r1, ϕ2 = f2(S

0)−D2 − r2, ϕ3 = ϕ1ϕ2 − r1r2.

Equilibria Existence Local stability

E0 Always ϕ1 < 0 and ϕ2 < 0 and ϕ3 > 0

E1 ϕ1 > 0 or ϕ2 > 0 or ϕ3 < 0 c1c2 − c3 > 0

parameter plane defined by

Φ1 :=
{(

S0, D
)
: ϕ1 = 0

}
, Φ2 :=

{(
S0, D

)
: ϕ2 = 0

}
,

Φ3 :=
{(

S0, D
)
: ϕ3 = 0

}
, Φ4 :=

{(
S0, D

)
: c1c2 − c3 = 0

}
,

play an essential role in the construction of the operating diagram. Curves Φ1, Φ2, and Φ3

are easy to construct because their equations are simple. To construct the curve Φ4 we will
use Proposition 2.13. We first determine the open set I1 defined by (2.23). To each connected
component of I1 corresponds a connected component of Φ4. More precisely, we have the
following result:

Proposition 4.1. Let (D−, D+) be a connected component of I1. If D+ > D− > 0, then Φ4

has a compact component which is homeomorphic to the circle. If D+ > D− = 0, then Φ4 has
an unbounded component which goes to infinity as D → 0.

Proof. The boundary of I1 is defined by b(D) = 0 or ∆(D) = 0. If b(D+) = 0, then, from
the definition of ∆(D), ∆(D+) < 0. Thus ∆(D) < 0 for D < D+ close to D+, so D /∈ I1.
Hence, b(D+) ̸= 0 and we necessarily have ∆(D+) = 0. Similarly, if D− > 0, we necessarily
have ∆(D−) = 0. Hence, the roots X1(D) and X2(D) of P (X) satisfy X1(D) = X2(D)
for D = D− and D = D+. Thus, F1(D) = F2(D) for D = D− and D = D+. Since, in
addition F1(D) < F2(D) for D− < D < D+, we deduce that the corresponding component
of Φ4 defined by S0 = F1(D) or S0 = F2(D) is homeomorphic to the circle. If D− = 0, then

c(D−) = 0. Therefore, X1(D
−) = 0 and X2(D

−) = −b(D−)
a(D−)

> 0. Therefore, F2(D) → +∞ as
D → 0.

4.1. Linear growth. For linear growth functions fi(S) = aiS, Φ1 and Φ2 curves are
straight lines, while Φ3 is a hyperbola admitting Φ1 and Φ2 as asymptotes. For the parameter
values in Example 3.1, Figure 1(a) shows the signs of ϕ1 and ϕ2, while Figure 1(b) shows the
signs of ϕ3. We see that the condition (ϕ1 < 0 and ϕ2 < 0 and ϕ3 > 0) of stability of E0
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D D

S0S0

Φ1

Φ2

ϕ1 < 0
ϕ1 > 0

ϕ2 < 0 ϕ2 > 0

ΦR
3

ΦL
3

Φ1

Φ2

ϕ3 < 0ϕ3 > 0

ϕ3 > 0

D

S0

Φ4

ΦL
3

R0

R1

R2

(a) (b) (c)

D D

S0S0

Φ4

ΦL
3

R0

R1

R2
Φ4

ΦL
3

R0←
R1

R2

D

S0

Φ4

ΦL
3

R0

R1

R2

(d) (e) (f)

Figure 1. (a,b) The curves Φi (in red), the curve Φ3 = ΦL
3 ∪ΦR

3 (in blue) and the signs of ϕ1, ϕ2 and ϕ3.
(c,d,e,f) Operating diagram of (1.3). The asymptotic behaviour of (1.3) in the regions R0, R1 and R2 is given
in Table 3. Biological parameter values are given in Table 1.

Table 3
Existence and stability of equilibria of (1.3) in the regions R0, R1 and R2 of the operating diagrams shown

in Figure 1(c,d,e,f) and Figure 2(c,d,e,f).

Region E0 E1

R0 S
R1 U S
R2 U U

is satisfied at the left of the component ΦL
3 of the hyperbola, while the condition (ϕ1 > 0

or ϕ2 > 0 or ϕ3 < 0) of existence of E1 (and instability of E0) is satisfied at right of ΦL
3 .

Therefore, the curves ΦL
3 and Φ4 separate the operating plane (S0, D) in the three regions

shown in Figure 1(c). Moreover, since I1 = (0.271, 1.844), Φ4 is homeomorphic to the circle
by Proposition 4.1, as it is seen on the figure. The asymptotic behaviour of (1.3) is described
in Table 3.

Similarly, for the parameter values in Example 3.2, since I1 = (0, 0.048), Φ4 is unbounded
by Proposition 4.1. The curves ΦL

3 and Φ4 separate the operating plane (S0, D) in the three
regions shown in Figure 1(d).

The operating diagrams for Examples 3.3 and 3.4 are presented in Figure 1(e) and (f),
respectively. By Proposition 4.1 and the form of I1, Φ4 is homeomorphic to the circle in
Example 3.3 and unbounded in Example 3.4.

Remark 4.2. A transcritical bifurcation occurs when the curve ΦL
3 is crossed by (S0, D)
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in which the stability of E0 is transferred to E1, which emerges stable into the interior of the
positive cone. Moreover, a Hopf bifurcation is expected to occur when crossing the curve Φ4.
Indeed, by the Routh-Hurwitz criterion and since we showed that when E1 exists, c1 and c3
are always positive, a Hopf bifurcation occurs when the expression c1c2− c3 changes sign as a
parameter varies and if the so-called transversality conditions are satisfied: the real parts of
a pair of complex eigenvalues with non zero imaginary part pass through 0 and change sign
and the derivative of the real part of the eigenvalues with respect to the bifurcation parameter
is non-zero when evaluated at the critical value when the real parts are zero. The nature of
the bifurcation (subcritical or supercritical) is determined by evaluating the first Lyapunov
coefficient. Since it is generally difficult to verify these conditions analytically, we will examine
the occurrence of Hopf bifurcations only numerically for specific growth functions and when
the biological parameters are fixed; see section 5.

Remark 4.3. Curve ΦL
3 has the equation S0 = S∗(D), where S∗(D) is the smallest solution

of the equation ϕ3 = 0. For linear growth functions, this equation is written α(S0)2−βS0+γ =
0, where α = a1a2, β = a1(D2 + r2) + a2(D1 + r1) and γ = D1D2 +D1r2 +D2r1. Therefore,

we have S∗(D) =
β2−

√
β2−4αγ
2α .

D D

S0S0

Φ1

Φ2

ϕ1 < 0

ϕ1 > 0

ϕ2 < 0 ϕ2 > 0

ΦR
3

ΦL
3

Φ1

Φ2

ϕ3 < 0ϕ3 > 0

ϕ3 > 0

D

S0

Φ4

ΦL
3

R0←

R1

R2

(a) (b) (c)

D D

S0S0

Φ4

ΦL
3

R0

R1

R2

Φ4

ΦL
3

R0

↖

R1

R2

D

S0

ΦL
3

R0

↖

R1

R2 Φ4

(d) (e) (f)

Figure 2. (a,b) The curves Φi (in red), the curve Φ3 = ΦL
3 ∪ΦR

3 (in blue) and the signs of ϕ1, ϕ2 and ϕ3.
(c,d,e,f) Operating diagram of (1.3). The asymptotic behaviour of (1.3) in the regions R0, R1 and R2 is given
in Table 3. Biological parameter values are given in Table 4.

4.2. Monod growth. We show now how the theory can be applied to Monod growth
functions fi(S) = miS

Ki+S , i = 1, 2, where mi denotes the maximum growth rate and Ki the
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half-saturation constant. In this case, Φ1 and Φ2 curves are hyperbolas, while Φ3 is an
algebraic curve (defined by a polynomial of degree four in S0 and D), admitting Φ1 and Φ2 as
asymptotic curves. For the biological parameter values given in Table 4, Figure 2(a) shows the
signs of ϕ1 and ϕ2, while Figure 2(b) shows the signs of ϕ3. We see that the condition (ϕ1 < 0
and ϕ2 < 0 and ϕ3 > 0), of stability of E0, is satisfied at the left of the component ΦL

3 of Φ3,
while the condition (ϕ1 > 0 or ϕ2 > 0 or ϕ3 < 0) of existence of E1 (and instability of E0) is
satisfied at right of ΦL

3 . As with linear growth functions, the equation ϕ3 = 0 is quadratic,
so the curve ΦL

3 has an equation that can be written explicitly. Curves ΦL
3 and Φ4 divide the

Table 4
Values of the biological parameter ε1 used in Fig. 2 for (1.3), with Monod growth functions fi(S) =

miS
Ki+S

,
with m1 = 0.02, m2 = 3.87, K1 = K2 = 1, Y1 = 0.056, Y2 = 355, r1 = 0.006, r2 = 0.007, D1 = D + ε1 and
D2 = D + 3.64. The last column shows I1, defined by (2.23).

Figure ε1 I1
2(a,b,c) 0 (0.0142,0.108)
2(d) 0.01 (0.0038,0.106)
2(e) 0.02 (0,0.104)
2(f) 0.4 (0, 0.032)

operating plane (S0, D) in three regions, as shown in Figure 2(c). Numerical determination
of the interval I1 is given in Appendix A.2. Since I1 = (D−, D+), Φ4 is homeomorphic to the
circle by Proposition 4.1, as it is seen on the figure.

Figure 2(d,e,f) shows the operating diagrams obtained when the decay rate ε1 of x1 is
added to the model. If ε1 = 0.01, I1 = (D−, D+), so that Φ4 is homeomorphic to the circle by
Proposition 4.1, as it is depicted in Figure 2(d). If ε1 = 0.02, or If ε1 = 0.4, then I1 = (0, D+),
and hence, Φ4 is unbounded by Proposition 4.1, as it is shown in Figure 2(e,f). The R2

region eventually disappears. A numerical calculation shows that if 0 ≤ ε1 < 0.01346, then
I1 = (D−, D+), if 0.01346 < ε1 < 0.8173, then I1 = (0, D+), and if ε1 > 0.8173, then I1 = ∅.

5. Hopf bifurcations and bifurcation diagrams using MATCONT. In this section, we
analyse the Hopf bifurcation occurring along the Φ4 curve. For this purpose, we fix the values
of all biological parameters and the value of the operating parameter D and we numerically
construct the one-parameter bifurcation diagram, where S0 is considered as a bifurcation
parameter. We use MATCONT [6], which is a MATLAB package for numerical continuation
and bifurcation analysis of ODE systems. MATCONT provides numerous features allowing us
to compute curves of equilibria and limit cycles as well as their local asymptotic behaviours
and bifurcations, such as Branch Points of equilibria (BP), transcritical bifurcations, Hopf
points (H), and limit points of cycles (LPC).

5.1. A unique limit cycle appears when E1 is unstable. We consider linear growth rates
with the biological parameter values used in Figure 1(c) and D = 1. The one-parameter
bifurcation diagram in S0, for fixed D = 1, corresponds to the horizontal line D = 1 in
the operating diagram shown in Figure 1(c). Hence, there exists a critical value σ1 of S0,
corresponding to the intersection of the horizontal line D = 1 with the ΦL

3 curve, and two
other critical values σ2 and σ3 of S0, corresponding to the intersection of the horizontal line
D = 1 with the Φ4 curve. Figure 3 shows a transcritical bifurcation (BP) at S0 = σ1 in
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which the stability of E0 is transferred to E1 which emerges stable into the interior of positive
cone as S0 crosses σ1. This bifurcation corresponds to the passage from the region R0 to R1

through the curve ΦL
3 . After that, when S0 crosses the value σ2, the positive equilibrium loses

its stability and recovers it only when S0 > σ3. These bifurcations correspond to the passage
from the region R1 to R2 through Φ4, and the passage from the region R2 to R1 through Φ4

curve, respectively.
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Figure 3. Bifurcation diagram, corresponding to the case D = 1 of Figure 1(c), showing the equilibria and
limit cycles as functions of S0. The bifurcation values of S0 are given in Table 5.

Table 5
Existence and stability of the limit cycles and equilibria shown in Figure 3. The last column gives the

corresponding region of Figure 1(c) and the nature of the bifurcations occurring at the critical values σi, as well
as the first Lyapunov coefficient l1 at Hopf points.

S0 E0 E1 Cycle Region & Bifurcation

(0, σ1) S R0

σ1 ≈ 10.889 BP (E0 = E1)
(σ1, σ2) U S R1

σ2 ≈ 14.544 Hopf (l1 ≈ −4.720× 10−2)
(σ2, σ3) U U S R2

σ3 ≈ 67.386 Hopf (l1 ≈ −9.502× 10−3)
(σ3,+∞) U S R1

Remark 5.1. In all the figures showing bifurcation diagrams, stable (resp. unstable) equi-
libria or limit cycles are plotted in red or magenta (resp. blue or cyan). BP, H, and LPC
denote branch points, Hopf bifurcations, and limit points of cycles, respectively.

As expected in Remark 4.2, the numerical bifurcation diagram generated using MAT-
CONT confirms the occurrence of Hopf bifurcations at σ2 and σ3, as illustrated in Figure 3.
Specifically, the figure shows that a first supercritical Hopf bifurcation (denoted by H) occurs
at σ2, with the destabilization of the positive equilibrium E1. The first Lyapunov coefficient
at this point is negative (see Table 5), indicating that the emerging periodic orbits are stable.
This Hopf point serves as the starting point for the continuation of limit cycles. As S0 in-
creases, the diameter of the limit cycle initially grows, then shrinks until the cycle disappears
via a second supercritical Hopf bifurcation at σ3, where the equilibrium E1 regains stability.
Again, the first Lyapunov coefficient is negative, implying that periodic orbits are born stable
when S0 decreases and crosses σ3. The type of bifurcations, their critical values, the sign of
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the Lyapunov coefficients, and the corresponding asymptotic behaviour of (1.3) as a function
of S0 are summarized in Table 5.

Remark 5.2. All the bifurcation diagrams constructed using MATCONT indicate that
when D ∈ I1, the bifurcation diagram with S0 as the bifurcation parameter is qualitatively
similar to the one obtained for D = 1, as shown in Figure 3 and Table 5. In particular, a
single stable limit cycle appears, grows, and then disappears. As a consequence, the numerical
operating diagram of the system, computed using MATCONT, is the one shown in Table 6.

Table 6
Existence and stability of the equilibria and limit cycle of system (1.3) in the regions R0, R1, and R2 of

the operating diagram shown in Figure 1(c).

Region E0 E1 Cycle

R0 S
R1 U S
R2 U U S

5.2. Multiplicity of limit cycles. In this section, we present the numerical operating
diagrams obtained using MATCONT, corresponding to the theoretical operating diagram
shown in Figure 2. As in the previously discussed example, the critical curves ΦL

3 and Φ4,
corresponding to transcritical and Hopf bifurcations, respectively, are detected. The novelty
lies in the emergence of multiple limit cycles and LPC (Limit Point of Cycles) curves, which
are not predicted by the theoretical operating diagram, since this diagram is based solely on
conditions for the existence and stability of the system’s equilibria.

5.2.1. Numerical operating diagram corresponding to Figure 2(c). We begin with the
construction of the bifurcation diagram corresponding to Monod growth rates and the bio-
logical parameter values used in Figure 2(c), where D = 0.04, and S0 is the free parameter.
Therefore, the one-parameter bifurcation diagram corresponds to the horizontal line D = 0.04
of the operating diagram shown in Figure 2(c). There exist three critical values corresponding
to the intersections of this horizontal line with the curves ΦL

3 and Φ4, at which transcritical
and Hopf bifurcations occur. What is new in this second example is the occurrence of two
other bifurcations corresponding to LPC. As S0 increases, MATCONT detects a BP bifurca-
tion at the critical value σ1 where the E0 and E1 exchange their stability; see Figure 4(a,b).

Starting from the BP bifurcation and increasing S0, a supercritical Hopf (H) bifurcation
occurs at S0 = σ2, where the positive equilibrium E1 loses stability and a limit cycle, denoted
C1, emerges (see Figure 4(b)). The first Lyapunov coefficient at this Hopf point is negative,
indicating that the periodic orbits are born stable (see Table 7). This Hopf point is used
as a starting point for the continuation of the limit cycle. As S0 increases, the amplitude
of the limit cycle C1 increases until it disappears at σ5 via a saddle-node bifurcation, where
the stable limit cycle C1 and an unstable limit cycle C2 collide and annihilate each other (see
Figure 4(d)). Now, as S0 decreases and the continuation is followed from the LPC bifurcation,
the amplitude of the unstable limit cycle C2 decreases until it collides with another stable limit
cycle C3 at a second LPC bifurcation point σ3 (see Figure 4(c)). Finally, as S0 increases and
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Figure 4. (a) Bifurcation diagram corresponding to the case D = 0.04 from Figure 2(c), showing equilibria
and limit cycles as functions of S0. (b) Enlargement showing the BP and the first (supercritical) Hopf bifurca-
tions. (c) Enlargement showing the first LPC and the second (supercritical) Hopf bifurcations. (d) Enlargement
showing the second LPC bifurcation. The bifurcation values of S0 are given in Table 7.

continuation is followed from the LPC bifurcation, the stable limit cycle C3 collapses onto the
positive equilibrium E1, which becomes stable from σ4 via a supercritical Hopf bifurcation,
since the first Lyapunov coefficient is negative (see Table 7).

When S0 ∈ (σ3, σ4), the system exhibits bistability between two stable limit cycles, C1 and
C3, whose basins of attraction are separated by the two-dimensional stable manifold of the
unstable limit cycle C2. However, when S0 ∈ (σ4, σ5), the system displays bistability between
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Table 7
Existence and stability of the limit cycles and equilibria shown in Figure 4. The last column indicates the

corresponding region in Figure 5, as well as the type of bifurcations occurring at the critical values σi, and the
first Lyapunov coefficient l1 at the Hopf points.

S0 E0 E1 C1 C2 C3 Region & Bifurcation

(0, σ1) S R0

σ1 ≈ 19.969 BP (E0 = E1)
(σ1, σ2) U S R1

σ2 ≈ 31.988 Hopf (l1 ≈ −4.482× 10−5)
(σ2, σ3) U U S R2

σ3 ≈ 1505.540 LPC (C2 = C3)
(σ3, σ4) U U S U S Rb

2

σ4 ≈ 1664.577 Hopf (l1 ≈ −1.226× 10−7)
(σ4, σ5) U S S U Rb

1

σ5 ≈ 3445.826 LPC (C1 = C2)
(σ5,+∞) U S R1

the stable limit cycle C1 and the positive equilibrium E1. Table 7 summarizes the types of
bifurcations, their critical values, the associated Lyapunov coefficient, and the asymptotic
behaviour of (1.3) as a function of S0.

(a)D

S0

H

BP

LPC

R0

R1

R2
Rb

2

↗ Rb
1

(b)D

S0

Rb
1

R2

Rb
2

↗

R1

H

LPC

Figure 5. (a) Operating diagram of (1.3) for the parameter values used in Figure 2(c). (b) Enlargement
near the CPC bifurcation, occurring at (S0, D) ≈ (2431.509, 0.199), which corresponds to the intersection point
of two LPC curves. The asymptotic behaviour of (1.3) in regions R0, R1, Rb

1, R2, and Rb
2 is given in Table 8.

Now, we use MATCONT to construct the operating diagram. To this end, we start
from the BP bifurcation at S0 = σ1 in the one-parameter bifurcation diagram of Figure 4,
corresponding to D = 0.04. This yields the BP curve (in blue), which coincides with the
curve ΦL

3 in the operating diagram of Figure 2(c). Next, starting from the Hopf bifurcation
at S0 = σ2 (or equivalently at S0 = σ4), we obtain the Hopf (H) curve (in red), which is the
same as the Φ4 curve in the operating diagram of Figure 2(c). Finally, starting from the LPC
bifurcation at S0 = σ3 (or equivalently at S0 = σ5), we obtain the LPC curve (in green),
which is new and was not detected in Figure 2(c) (see Figure 5(a)). In Figure 5(b), we show
an enlargement near the cusp point of cycles (CPC), located on the LPC curve, where three
limit cycles coincide. The figure shows that the left branch of the LPC curve lies to the left
of the Hopf curve.
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Table 8
Existence and stability of limit cycles and equilibria of system (1.3) in the regions R0, R1, Rb

1, R2, and Rb
2

of the operating diagrams shown in Figure 5 (ε1 = 0), Figure 6 (ε1 = 0.01), Figure 8 (ε1 = 0.02), and Figure 10
(ε1 = 0.4). The region Rb

1 [resp. Rb
2] exhibits bistability between a stable limit cycle and the equilibrium E1

[resp. between two stable limit cycles].

Region E0 E1 Limit cycles

R0 S
R1 U S
Rb

1 U S Two cycles (one stable and one unstable)
R2 U U One stable cycle
Rb

2 U U Three cycles (two stable and one unstable)

The LPC curve defines two subregions, denoted Rb
1 and Rb

2 of the regions R1 and R2,
respectively. In these subregions, the system exhibits multiple limit cycles and consequently
displays bistable behaviour. In Rb

1, both a stable limit cycle and the equilibrium point E1 are
stable. In Rb

2, two stable limit cycles coexist, while E1 is unstable.
The asymptotic behaviour of system (1.3) across the different regions of the operating

diagram is summarized in Table 8. This behaviour should be compared with that described
in Table 6, where the system admits a unique limit cycle. Illustrations of the asymptotic
behaviour in the various regions of the operating diagram shown in Figure 5 are provided
in Appendix B, using bifurcation diagrams with S0 as the free parameter and several fixed
values of D.

5.2.2. Numerical operating diagram corresponding to Figure 2(d). Using the same
methodology as before, we construct the numerical operating diagram with MATCONT; see
Figure 6. We recover the BP curve (in blue), which corresponds to the curve ΦL

3 in the
operating diagram of Figure 2(d), and the Hopf (H) bifurcation curve (in red), which matches
the Φ4 curve in the same diagram. In addition, we detect a new curve, the LPC curve (in
green), which was not observed in Figure 2(d). This curve defines two subregions, denoted
Rb

1 and Rb
2 of the regions R1 and R2, respectively. In these subregions, the system exhibits

multiple limit cycles and consequently displays bistable behaviour. The asymptotic behaviour
of system (1.3) in the various regions of the operating diagram is summarized in Table 8.

In addition to the CPC point, MATCONT detects two new two-parameter bifurcations
in the operating diagram of Figure 6, corresponding to the intersections of the Hopf (H)
and Limit Point of Cycles (LPC) curves. These are identified as Generalized Hopf (GH)
bifurcation points. Crossing the Hopf curve between the two GH points leads to a subcritical
Hopf bifurcation, whereas crossing it on either side of the GH points results in a supercritical
Hopf bifurcation.

The occurrence of a subcritical Hopf bifurcation is illustrated by the one-parameter bifur-
cation diagram where S0 is the free parameter and D is fixed at D = 0.0105 (see Figure 7).
This figure displays the equilibria and limit cycles as functions of S0. In this case, the hori-
zontal line D = 0.0105 intersects the Hopf (H) curve between the two Generalized Hopf (GH)
points (see Figure 6). First, a BP bifurcation occurs at S0 = σ1, where equilibria E0 and
E1 exchange stability. As S0 increases, a supercritical Hopf bifurcation occurs at S0 = σ2,
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Figure 6. Operating diagram of system (1.3) for the parameter values used in Figure 2(d), including
zoomed views near the CPC point, located at (S0, D0) ≈ (5006.308, 8.980 × 10−3), and two Generalized Hopf
(GH) points, located at (S0, D0) ≈ (4576.480, 0.010728) and (S0, D0) ≈ (4692.390, 0.010264). The asymptotic
behaviour of system (1.3) in the regions R0, R1, Rb

1, R2, and Rb
2 is summarized in Table 8.

Table 9
Existence and stability of the limit cycles and equilibria depicted in Figure 7. The last column indicates

the corresponding region in Figure 6, along with the nature of the bifurcations occurring at the critical values
σi, and the value of the first Lyapunov coefficient l1 at the Hopf bifurcation points.

S0 E0 E1 C1 C2 Region & Bifurcation

(0, σ1) S R0

σ1 ≈ 16.752 BP (E0 = E1)
(σ1, σ2) U S R1

σ2 ≈ 20.553 Hopf (l1 ≈ −1.015× 10−3)
(σ2, σ3) U U S R2

σ3 ≈ 4633.239 Hopf (l1 ≈ 6.690× 10−10)
(σ3, σ4) U S S U Rb

1

σ4 ≈ 4840.055 LPC (C1 = C2)
(σ4,+∞) U S R1

where E1 loses stability and a stable limit cycle C1 emerges, as confirmed by a negative first
Lyapunov coefficient (see Table 9). Further increasing S0 leads to the disappearance of the
stable cycle C1 at S0 = σ4 through a Limit Point of Cycles (LPC) bifurcation. When S0

decreases from this point, an unstable limit cycle C2 emerges (see Figure 7). The ampli-
tude of C2 gradually decreases until it collapses onto the positive equilibrium E1 at S0 = σ3
via a subcritical Hopf bifurcation, as the first Lyapunov coefficient is positive (see Table 9).
Conversely, continuing from σ3 by increasing S0 leads to the stabilization of E1.

Therefore, when S0 ∈ (σ3, σ4), the system exhibits bistability between the stable limit cycle
C1 and the positive equilibrium E1. This behaviour corresponds to region Rb

1 in Figure 6. The
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Figure 7. (a) Bifurcation diagram corresponding to the case D = 0.0105 from Figure 2(d), showing the
equilibria and limit cycles as functions of S0. (b) Zoomed view highlighting the BP bifurcation and the first
(supercritical) Hopf bifurcation. (c) Zoomed view showing the second (subcritical) Hopf bifurcation and the LPC
bifurcation. The corresponding bifurcation values of S0 are listed in Table 9.

asymptotic dynamics in the various regions of the operating diagram shown in Figure 6 are
further illustrated in Appendix C using bifurcation diagrams where S0 is the free parameter
and D is fixed at several values.

5.2.3. Numerical operating diagram corresponding to Figure 2(e). Using the same
methodology as before, we construct the numerical operating diagram using MATCONT (see
Figure 8). The resulting diagram includes the BP curve (in blue) and the Hopf (H) curve
(in red), which correspond to the ΦL

3 and Φ4 curves, respectively, in the operating diagram
of Figure 2(e). In addition, a new Limit Point of Cycles (LPC) curve (in green) is detected,
which was not visible in Figure 2(e). This LPC curve defines the sub-regionsRb

1 andRb
2 within

regions R1 and R2, respectively, where multiple limit cycles exist and bistability occurs. The
asymptotic behaviour of system (1.3) in the different regions of the operating diagram is
summarized in Table 8.

In addition to the Cusp Point of Cycles (CPC), MATCONT also detects a Generalized
Hopf (GH) bifurcation point, located at the intersection of the LPC and H curves. Crossing
the H curve to the right of the GH point leads to a subcritical Hopf bifurcation, whereas
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crossing it to the left results in a supercritical Hopf bifurcation.
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Figure 8. Operating diagram of system (1.3) for the parameter values used in Figure 2(e), including two
enlargements near the Cusp Point of Cycles (CPC), located at (S0, D) ≈ (693.581, 6.417 × 10−2), and the
Generalized Hopf (GH) point, located at (S0, D) ≈ (16251.254, 0.003140). The asymptotic behaviour of system
(1.3) in the regions R0, R1, Rb

1, R2 and Rb
2 is summarized in Table 8.

Table 10
Existence and stability of the limit cycles and equilibria shown in Figure 9. The last column indicates the

corresponding region in Figure 8, the nature of the bifurcations occurring at the critical values σi, and the sign
of the first Lyapunov coefficient l1 at the Hopf bifurcation points.

S0 E0 E1 C1 C2 C3 Region & Bifurcation

(0, σ1) S R0

σ1 ≈ 22.081 BP (E0 = E1)
(σ1, σ2) U S R1

σ2 ≈ 53.928 Hopf (l1 ≈ −2.290× 10−6)
(σ2, σ3) U U S R2

σ3 ≈ 842.335 LPC (C2 = C3)
(σ3, σ4) U U S U S Rb

2

σ4 ≈ 1059.831 LPC (C1 = C2)
(σ4, σ5) U U S R2

σ5 ≈ 1286.071 Hopf (l1 ≈ −8.294× 10−8)
(σ5,+∞) U S R1

We illustrate the asymptotic behaviour in the regions of the operating diagram shown in
Figure 8 by constructing a bifurcation diagram with S0 as the free parameter and for a fixed
value of D = 0.056; see Figure 9. This corresponds to the horizontal line D = 0.056 in the
operating diagram of Figure 8. A BP bifurcation occurs first at S0 = σ1, where the equilibria
E0 and E1 exchange stability. As S0 increases, a supercritical Hopf (H) bifurcation occurs at
S0 = σ2, where E1 loses stability and a stable limit cycle C1 emerges, since the first Lyapunov
coefficient is negative (see Table 10). As S0 continues to increase, the limit cycle C1 disappears
at σ4 through a limit point of cycles (LPC) bifurcation. When S0 decreases from this value,
an unstable limit cycle C2 emerges (see Figure 9). The diameter of the unstable cycle C2

gradually decreases until it collides with a stable limit cycle C3 at S0 = σ3 via a second LPC
bifurcation. Then, by increasing S0 from this point, the stable limit cycle C3 collapses onto
the positive equilibrium E1, which regains stability through a supercritical Hopf bifurcation
at σ4, as the first Lyapunov coefficient remains negative (see Table 10).
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Figure 9. (a) Bifurcation diagram corresponding to the case D = 0.056 from Figure 2(e), showing the
equilibria and limit cycles as functions of S0. (b) Enlargement highlighting the BP and the first (supercritical)
Hopf bifurcation. (c) Enlargement showing the two LPC bifurcations and the second (supercritical) Hopf bifur-
cation. The bifurcation values of S0 are listed in Table 9.

Therefore, for S0 ∈ (σ3, σ4), the system exhibits bistability between two stable limit cycles,
C1 and C3, whose basins of attraction are separated by the two-dimensional stable manifold
of the unstable cycle C2. This behaviour corresponds to region Rb

2 of the operating diagram
in Figure 8. The asymptotic behaviour across the various regions of the operating diagram
in Figure 8 is further illustrated in Appendix D using bifurcation diagrams where S0 is the
bifurcation parameter and several values of D are considered.

5.2.4. Numerical operating diagram corresponding to Figure 2(f). Using the same
methodology as in the previous cases, we construct the numerical operating diagram using
MATCONT; see Figure 10. The BP curve (in blue) and the H curve (in red) correspond to
the curves ΦL

3 and Φ4 in the operating diagram of Figure 2(f), respectively. However, several
numerical instabilities were encountered, which prevented us from obtaining a complete de-
piction of the diagram. In particular, we were unable to compute the LPC curve (in green)
for very small values of D, and its behaviour near the horizontal axis remains unknown.

The LPC curve lies to the left of the H curve. Consequently, the region Rb
2 does not exist

in this case. We illustrate the asymptotic behaviour of the system in the various regions of the
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Figure 10. Operating diagram of system (1.3) for the parameter values used in Figure 2(e), along with two
zoomed-in views near the GH point, highlighting the LPC curve and the subregion Rb

1. Note that the region Rb
2

does not exist in this case. The asymptotic behaviour of system (1.3) in the regions R0, R1, Rb
1, and R2 is

summarized in Table 8.

operating diagram shown in Figure 10 by constructing the corresponding bifurcation diagram
with S0 as the free parameter and D fixed at 0.001; see Figure 11. This figure shows the three
components S, x1, and x2 of both equilibria and limit cycles as functions of S0. Accordingly,
the one-parameter bifurcation diagram corresponds to the horizontal line D = 0.001 in the
operating diagram of Figure 10.

Table 11
Existence and stability of the limit cycles and equilibria shown in Figure 11. The last column indicates the

corresponding region in Figure 2(f), the nature of the bifurcations occurring at the critical values σi, and the
first Lyapunov coefficient l1 at the Hopf points.

S0 E0 E1 C1 C2 Region & Bifurcation

(0, σ1) S R0

σ1 ≈ 17.160 BP (E0 = E1)
(σ1, σ2) U S R1

σ2 ≈ 151.734 LPC (C1 = C2)
(σ2, σ3) U S S U Rb

1

σ3 ≈ 171.699 Hopf (l1 ≈ 1.240× 10−7)
(σ3, σ4) U U S R2

σ4 ≈ 3750.763 Hopf (l1 ≈ −6.311× 10−8)
(σ4,+∞) U S R1

A BP bifurcation first occurs at S0 = σ1, involving an exchange of stability between
the equilibria E0 and E1. As S0 increases, a subcritical Hopf (H) bifurcation takes place at
S0 = σ3, where E1 loses stability. When decreasing S0 from σ3, an unstable limit cycle C2

emerges, as indicated by the positive value of the first Lyapunov coefficient (see Table 11). As
S0 further decreases, the amplitude of this unstable cycle increases until it disappears via a
limit point of cycles (LPC) bifurcation at S0 = σ2. When increasing S0 from σ2, a stable limit
cycle C1 emerges (see Figure 11(b-c)). The amplitude of this stable cycle initially increases
and then decreases until it vanishes into the positive equilibrium E1 at S0 = σ4 through a
supercritical Hopf bifurcation, again confirmed by a negative first Lyapunov coefficient (see
Table 11). Consequently, for S0 ∈ (σ2, σ3), the system exhibits bistability between the stable
limit cycle C1 and the positive equilibrium E1.
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Figure 11. (a) Bifurcation diagram corresponding to the case D = 0.01 from Figure 2(f), illustrating the
equilibria and limit cycles as functions of S0. (b) Enlargement highlighting the BP bifurcation. (c) Enlargement
showing the LPC and the first (subcritical) Hopf bifurcations. The corresponding bifurcation values of S0 are
listed in Table 11.

6. Conclusions. We have described a chemostat model of competition between two pop-
ulations with linear coupling between them. Unlike the classical model of competition in the
chemostat, there is no competitive exclusion equilibrium, where one population dies out and
the other does not. The model has only two equilibria, a total washout equilibrium and an
interior coexistence equilibrium. The stability properties of each were provided. The removal
rates of the populations are not equal to the dilution rate, destroying one of the basic tenets
of the usual model, a conservation principle. This principle, in turn, is one of the key steps in
reducing many chemostat models to a monotone dynamical system where strong convergence
properties are in evidence. The study of stability requires the use of Routh-Hurwitz conditions
for the three-dimensional system. The positive equilibrium can be unstable.

Two classical examples were considered in the literature. We can think of the two pop-
ulations as the same population, classified by its compartment: the population could adhere
to the wall (or other marked surface inserted into the medium) and could shear from the wall
into the medium [23]. We can also think of the two populations as strains of a population,
and model the interactions accordingly [4, 17].
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These two classes of examples have been considered in the literature in particular cases
where the positive equilibrium is stable as soon as it exists. These special cases correspond
to fairly restrictive situations regarding the removal rates of the species and their yield coef-
ficients. Our main contribution has been to show that this stability is no longer guaranteed
when these assumptions are weakened.

Unlike the case considered in [4, 17], where the positive equilibrium is stable when Y1 = Y2
and D1 = D2 = D, Example 3.1 shows that the coexistence equilibrium is not necessarily
stable if we assume that Y1 ̸= Y2 and D1 = D2 = D. Example 3.2 shows that the coexistence
equilibrium is not necessarily stable if we assume that Y1 = Y2 and D1 ̸= D, D2 ̸= D. These
situations are very important from a biological point of view, given the importance of yield
concepts and the role of microbial species mortality.

Similarly, unlike the case considered in [23], where the positive equilibrium is stable when
Y1 = Y2 and D1 = D, D2 = 0, Example 3.3 shows that the coexistence equilibrium is not
necessarily stable if we assume that Y1 ̸= Y2 and D1 = D, D2 = 0. Example 3.4 shows that
the coexistence equilibrium is not necessarily stable if we assume that Y1 = Y2 and D1 ̸= D,
D2 ̸= 0.

Moreover, in our approach, strict monotonicity is not required for the two growth func-
tions, or for at least one of them. It is only required that f1(0) = f2(0) = 0, f ′1 ≥ 0, f ′2 ≥ 0
and for every S > 0, f ′1(S) > 0 or f ′2(S) > 0.

We also constructed the operating diagram describing the long-time behaviour in the
chemostat depending on the operating parameters D and S0. The operating diagram is the
bifurcation diagram that shows how the system behaves when we vary the parameters D
and S0. This bifurcation diagram is very useful to understand the model from both the
mathematical and biological points of view. Although this diagram was not considered in
the classic monograph on the chemostat of Smith and Waltman [29], its importance was
clearly recognized. Indeed, in the last lines of the last chapter - devoted to open problems in
the chemostat - it is stated that the operating diagram is probably the most useful answer
for discussing the behaviour of the model in relation to the parameters, see [29, p. 252].
The operating diagram is constructed in the recent book on the mathematical theory of the
chemostat [13]. It is often constructed both in the biological literature and in the mathematical
literature, see [3, 7, 10, 20, 21, 26, 27] and the references therein.

Another model of mutation in the chemostat is given by the following system

(6.1)

x′1 = [f1(S)−D1]x1 − β1f1(S)x1 + β2f2(S)x2,
x′2 = [f2(S)−D2]x2 + β1f1(S)x1 − β2f2(S)x2,
S′ = (S0 − S)D − 1

Y1
f1(S)x1 − 1

Y2
f2(S)x2,

where 0 ≤ βi ≤ 1, i = 1, 2. We can think of x1 as the density of a population which has a
mutant of density x2. Parameter βi represents the fraction of nutrient consumption devoted
to mutant production. Therefore, (1− βi)fi(S)xi represents the rate of growth of species xi,
i = 1, 2, while βifi(S)xi represents the rate of production of its mutant xj , j ̸= i. This system
was studied in [1, 30] in the special case where Y1 = Y2 = 1 and D1 = D2 = D, and the
system can be reduced to a two-dimensional one. Extending the methods and the results of
this paper to model (6.1) is the aim of future work. For complements on this type of model
and interesting numerical simulations, see Lobry [18].
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Model (6.1) is similar to model (1.3), where the linear transfer term ri is replaced by
βifi(S), i = 1, 2. Note that a more general class of compartmental models, where ri is
replaced by a function αi(S, x1, x2), i = 1, 2 is the model of flocculation

(6.2)

S′ = (S0 − S)D − 1
Y1
f1(S)x1 − 1

Y2
f2(S)x2,

x′1 = [f1(S)−D1]x1 − α1(S, x1, x2)x1 + α2(S, x1, x2)x2,
x′2 = [f2(S)−D2]x2 + α1(S, x1, x2)x1 − α2(S, x1, x2)x2,

where x1(t) and x2(t) denote, respectively, the concentration of the population of planktonic
microorganisms and flocks of bacteria at time t. Isolated bacteria and flocks can stick together
to form new flocks, with rate α1(S, x1, x2)x1, and flocks can split and liberate isolated bacteria,
with rate α2(S, x1, x2)x2. Several forms of the attachment and detachment terms α1 and α2

have been considered in the literature [9, 10, 12, 24]. System (1.3) represents an interesting
and new class of models of type (6.2).

Beyond the theoretical operating diagrams discussed in section 4, which delineate regions
where the positive equilibrium can lose stability via Hopf bifurcations, the numerical operat-
ing diagrams constructed in section 5 uncover a much richer set of dynamical behaviors. In
particular, they reveal the existence of new regions where multiple limit cycles both stable
and unstable coexist, leading to complex forms of bistability. These regions of multistability,
involving limit cycles, are not predicted by the theoretical DO, which focuses primarily on
equilibrium bifurcations. The numerical diagrams, based on continuation methods, detect
intricate bifurcation structures such as generalized Hopf (GH) points, cusp points of cycles
(CPC), and multiple limit point of cycles (LPC) bifurcations, thereby providing a more com-
plete picture of the system’s potential dynamics. This illustrates the importance of combining
analytical and numerical approaches for a deeper understanding of nonlinear biological models.

Finally, except in the case where f2 = 0, the question of global asymptotic stability of
the positive equilibrium E1 remains an open issue. Our study reveals that the region Rb

1,
where E1 is stable, with the presence of two limit cycles, one stable and one unstable, can
be nonempty, see Figures 5, 6, 8, and 10. This indicates that global stability cannot hold
universally, as the presence of such multistability scenarios precludes convergence to E1 from
all initial conditions. These findings highlight the need for further analytical investigations to
characterize the global dynamics and identify parameter regimes where global stability may
still hold.

Appendix A. Numerical experimentation.

A.1. Determining I1 for the examples in Table 1. In this section, we perform numerical
calculations to determine the signs of b(D) and ∆(D) and deduce the interval I1 defined by
(2.23). We use the values of biological parameters given in Table 1. Plotting the curves of
functions b(D) and ∆(D), we see that their signs are as given in Table 12. Therefore, the
interval I1 is as shown in Table 1.

A.2. Determining I1 for the examples in Table 4. For the Monod growth functions
considered in Table 4, functions b(D) and ∆(D) are defined for D ∈ [0, D0), where D0 =
m2−r2−ε2

α2
≈ 0.223. Hence, the curves of these functions should be constructed on this interval.

Their signs are as given in Table 12. Therefore, the interval I1 is as shown in the caption of
Table 4.
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Table 12
Signs of b(D) and ∆(D) for the biological parameter values used in Figures 1 and 2.

Figure 1(a,b,c)

D 0.165 0.215 0.271 1.844 4.547

b(D) + + + 0 - - - - - 0 +
∆(D) + 0 - - - 0 + 0 - - -

Figure 1(d)

D 0.048 0.168 1.254

b(D) - - - 0 + + +
∆(D) + 0 - - - 0 +

Figure 1(e)

D 0.029 0.035 0.039 0.839 1.645 28.197

b(D) + + + 0 - - - - - 0 + + +
∆(D) + 0 - - - 0 + 0 - - - 0 +

Figure 1(f)

D 0.049 0.154 0.470

b(D) - - - 0 + + +
∆(D) + 0 - - - 0 +

Figure 2(a,b,c,d)

D 0.0131 0.0138 0.0142 0.108 0.171

b(D) + + + 0 - - - - - 0 +
∆(D) + 0 - - - 0 + 0 - - -

Figure 2(e)

D 0.0033 0.0035 0.0038 0.106 0.173

b(D) + + + 0 - - - - - 0 +
∆(D) + 0 - - - 0 + 0 - - -

Figure 2(f)

D 0.032 0.098

b(D) - - - 0 +
∆(D) + 0 - - -

Appendix B. Numerical bifurcation diagrams illustrating Figure 5 (ε1 = 0). In this
section, we present several bifurcation diagrams for fixed values of D while varying S0, in order
to illustrate the dynamical behaviours associated with the different regions of the operating
diagram shown in Figure 5 and Table 8. These diagrams were obtained using the biological
parameter values from Figure 2(c).

B.1. Bifurcation diagram for D = 0.02. The one-parameter bifurcation diagram in S0,
for fixed D = 0.02, corresponds to the horizontal line D = 0.02 in the operating diagram
shown in Figure 5. Figure 12 and Table 13 (for D = 0.02) reveal five critical bifurcation values
σ1 < σ2 < σ3 < σ4 < σ5, which correspond to the intersections of the line D = 0.02 with
the BP, H, LPC, LPC, and H curves, respectively. More precisely, a transcritical bifurcation
(BP) occurs at S0 = σ1, where stability is transferred from E0 to E1. As S0 increases, a
supercritical Hopf bifurcation (H) occurs at S0 = σ2, where E1 destabilizes and a stable limit
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Table 13
Existence and stability of the limit cycles and equilibria shown in Figures 12 to 14. The last column gives

the corresponding region of Figure 5 (ε1 = 0) and the nature of the bifurcations occurring at the critical values
σi, as well as the first Lyapunov coefficient l1 at Hopf points.

Figure 12 (D = 0.02)

S0 E0 E1 C1 C2 C3 Region & Bifurcation

(0, σ1) S R0

σ1 ≈ 17.523 BP (E0 = E1)
(σ1, σ2) U S R1

σ2 ≈ 24.143 Hopf (l1 ≈ −6.875× 10−4)
(σ2, σ3) U U S R2

σ3 ≈ 2432.960 LPC (C2 = C3)

(σ3, σ4) U U S U S Rb
2

σ4 ≈ 2434.050 LPC (C1 = C2)
(σ4, σ5) U U S R2

σ5 ≈ 2441.247 Hopf (l1 ≈ −7.873× 10−8)
(σ5,+∞) U S R1

Figure 13 (D = 0.065)

S0 E0 E1 C1 C2 C3 Region & Bifurcation

(0, σ1) S R0

σ1 ≈ 23.369 BP (E0 = E1)
(σ1, σ2) U S R1

σ2 ≈ 59.601 Hopf (l1 ≈ −1.791× 10−6)
(σ2, σ3) U U S R2

σ3 ≈ 758.485 LPC (C2 = C3)

(σ3, σ4) U U S U S Rb
2

σ4 ≈ 789.792 LPC (C1 = C2)
(σ4, σ5) U U S R2

σ5 ≈ 1156.512 Hopf (l1 ≈ −8.211× 10−8)
(σ5,+∞) U S R1

Figure 14 (D = 0.08)

S0 E0 E1 C1 Region & Bifurcation

(0, σ1) S R0

σ1 ≈ 25.944 BP (E0 = E1)
(σ1, σ2) U S R1

σ2 ≈ 95.291 Hopf (l1 ≈ −3.336× 10−7)
(σ2, σ3) U U S R2

σ3 ≈ 974.186 Hopf (l1 ≈ −6.190× 10−8)
(σ3,+∞) U S R1

cycle C1 emerges, as the first Lyapunov coefficient is negative (see Table 13, case D = 0.02).
Upon further increase of S0, the limit cycle C1 disappears at σ4 through an LPC bifurcation.
When S0 decreases from σ4, an unstable limit cycle C2 is created (see Figure 12). As S0

continues to decrease, the diameter of C2 shrinks until it collides with a stable limit cycle C3

at σ3 in a second LPC bifurcation. Beyond this point, as S0 increases from σ3, the stable
cycle C3 persists and eventually collapses onto the equilibrium E1, which regains stability at
σ5 via a supercritical Hopf bifurcation (again with a negative first Lyapunov coefficient).

Thus, for S0 ∈ (σ3, σ4), the system exhibits bistability between two stable limit cycles, C1
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Figure 12. Bifurcation diagram, corresponding to the case D = 0.02 of Figure 5, showing the equilibria
and limit cycles as functions of S0. The bifurcation values of S0 are given in Table 13.

and C3. Their basins of attraction are separated by the two-dimensional stable manifold of
the intermediate unstable limit cycle C2. This dynamic scenario corresponds to region Rb

2 in
Figure 5.

B.2. Bifurcation diagram for D = 0.065. The one-parameter bifurcation diagram in S0,
for fixed D = 0.065, corresponds to the horizontal line D = 0.065 in the operating diagram
shown in Figure 5. Figure 13 and Table 13 (for D = 0.065) display five bifurcation values,
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Figure 13. Bifurcation diagram corresponding to the case D = 0.065 in Figure 5, showing equilibria and
limit cycles as functions of S0. The bifurcation values of S0 associated with this diagram are listed in Table 13.

σ1 < σ2 < σ3 < σ4 < σ5, corresponding to the intersections of the line D = 0.065 with the
BP, H, LPC, LPC, and H curves, respectively. The bifurcation diagram shown in Figure 13
is constructed in the same way as described in Appendix B.1, and the detailed description is
therefore omitted here.

S
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x2

C1 E1

E0 S0

Figure 14. Bifurcation diagram corresponding to the case D = 0.08 in Figure 5, showing equilibria and
limit cycles as functions of S0. The corresponding bifurcation values of S0 are listed in Table 13.

B.3. Bifurcation diagram for D = 0.08. The one-parameter bifurcation diagram in S0,
for fixed D = 0.08, corresponds to the horizontal line D = 0.08 in the operating diagram
shown in Figure 5. Figure 14 and Table 13 (for D = 0.08) indicate three bifurcation values,
σ1 < σ2 < σ3, corresponding to the intersections of the line D = 0.08 with the BP, H, and
H curves, respectively. The construction of the bifurcation diagram in Figure 14 follows the
same procedure as described in Appendix B.1, and is therefore not detailed here.

Appendix C. Numerical bifurcation diagrams illustrating Figure 6 (ε1 = 0.01). In
this section, we present several bifurcation diagrams for fixed values of D, using S0 as the
bifurcation parameter. These diagrams illustrate the dynamical behaviours observed in the
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various regions of the operating diagram shown in Figure 6 and summarized in Table 8, both
obtained using the biological parameter values listed in Figure 2(d).

Table 14
Existence and stability of equilibria and limit cycles shown in Figures 15 to 17. The last column indicates

the corresponding region in Figure 6 (ε1 = 0.01) and describes the bifurcations occurring at the critical values
σi, including the first Lyapunov coefficient l1 at Hopf points.

Figure 15 (D = 0.00902)

S0 E0 E1 C1 C2 C3 Region & Bifurcation

(0, σ1) S R0

σ1 ≈ 16.527 BP (E0 = E1)
(σ1, σ2) U S R1

σ2 ≈ 20.728 Hopf (l1 ≈ −1.204× 10−3)
(σ2, σ3) U U S R2

σ3 ≈ 4997.917 LPC (C2 = C3)

(σ3, σ4) U U S U S Rb
2

σ4 ≈ 4998.942 LPC (C1 = C2)
(σ4, σ5) U U S R2

σ5 ≈ 5002.427 Hopf (l1 ≈ −4.970× 10−8)
(σ5,+∞) U S R1

Figure 16 (D = 0.05)

S0 E0 E1 C1 C2 C3 Region & Bifurcation

(0, σ1) S R0

σ1 ≈ 21.255 BP (E0 = E1)
(σ1, σ2) U S R1

σ2 ≈ 42.975 Hopf (l1 ≈ −7.353× 10−6)
(σ2, σ3) U U S R2

σ3 ≈ 1085.844 LPC (C2 = C3)

(σ3, σ4) U U S U S Rb
2

σ4 ≈ 1414.44 Hopf (l1 ≈ −9.897× 10−8)

(σ4, σ5) U S S U Rb
1

σ5 ≈ 2457.324 LPC (C1 = C2)
(σ5,+∞) U S R1

Figure 17 (D = 0.06)

S0 E0 E1 C1 C2 C3 Region & Bifurcation

(0, σ1) S R0

σ1 ≈ 22.635 BP (E0 = E1)
(σ1, σ2) U S R1

σ2 ≈ 55.842 Hopf (l1 ≈ −2.151× 10−6)
(σ2, σ3) U U S R2

σ3 ≈ 811.432 LPC (C2 = C3)

(σ3, σ4) U U S U S Rb
2

σ4 ≈ 947.687 LPC (C1 = C2)
(σ4, σ5) U U S R2

σ5 ≈ 1224.732 Hopf (l1 ≈ −8.312× 10−8)
(σ5,+∞) U S R1

C.1. Bifurcation diagram for D = 0.00902. The one-parameter bifurcation diagram with
respect to S0, for fixed D = 0.00902, corresponds to the horizontal line D = 0.00902 in the
operating diagram shown in Figure 6. Figure 15 and Table 14 (for D = 0.00902) display five
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Figure 15. Bifurcation diagram for the case D = 0.00902 (see Figure 6), showing equilibria and limit cycles
as functions of S0. The corresponding bifurcation values of S0 are reported in Table 14.

bifurcation values σ1 < σ2 < σ3 < σ4 < σ5, corresponding to the intersections of the line
D = 0.00902 with the BP, H, LPC, LPC, and H curves, respectively. The construction details
of the bifurcation diagram in Figure 15 are similar to those described in Appendix B.1 and
are therefore omitted.

For S0 ∈ (σ3, σ4), the system exhibits bistability between two stable limit cycles, C1 and
C3, whose basins of attraction are separated by the two-dimensional stable manifold of the
intermediate unstable limit cycle C2. This dynamic corresponds to region Rb

2 in Figure 6.

C.2. Bifurcation diagram for D = 0.05. The one-parameter bifurcation diagram with
respect to S0, for fixed D = 0.05, corresponds to the horizontal line D = 0.05 in the operating
diagram shown in Figure 6. Figure 16 and Table 14 (for D = 0.05) display five bifurcation
values σ1 < σ2 < σ3 < σ4 < σ5, corresponding to the intersections of the line D = 0.05 with
the BP, H, LPC, H, and LPC curves, respectively. The construction details of the bifurcation
diagram in Figure 16 are similar to those provided in Appendix B.1 and are therefore omitted.

For S0 ∈ (σ3, σ4), the system exhibits bistability between two stable limit cycles, C1 and
C3, whose basins of attraction are separated by the two-dimensional stable manifold of the
unstable limit cycle C2. This dynamic corresponds to region Rb

2 in Figure 6. However, for
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Figure 16. Bifurcation diagram for the case D = 0.05 (see Figure 6), showing equilibria and limit cycles
as functions of S0. The corresponding bifurcation values of S0 are reported in Table 14.

S0 ∈ (σ4, σ5), the system displays bistability between the stable limit cycle C1 and the positive
equilibrium E1. This behaviour corresponds to region Rb

1 in Figure 6.

C.3. Bifurcation diagram for D = 0.06. The one-parameter bifurcation diagram with
respect to S0, for fixed D = 0.06, corresponds to the horizontal line D = 0.06 in the operating
diagram shown in Figure 6. Figure 17 and Table 14 (for D = 0.06) display five bifurcation
values σ1 < σ2 < σ3 < σ4 < σ5, corresponding to the intersections of the line D = 0.06 with
the BP, H, LPC, LPC, and H curves, respectively. The construction details of the bifurcation
diagram shown in Figure 17 are similar to those described in Appendix B.1 and are omitted
here.

For S0 ∈ (σ3, σ4), the system exhibits bistability between two stable limit cycles, C1 and
C3, whose basins of attraction are separated by the two-dimensional stable manifold of the
unstable limit cycle C2. This dynamic corresponds to region Rb

2 in Figure 6.

Appendix D. Bifurcation analysis for ε1 = 0.02 (Figure 8). In this section, we present
a series of bifurcation diagrams computed for fixed values of D, using S0 as the bifurcation
parameter. These diagrams illustrate the dynamical behaviours observed in the various regions
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Figure 17. Bifurcation diagram for the case D = 0.06 (see Figure 6), showing equilibria and limit cycles
as functions of S0. The corresponding bifurcation values of S0 are reported in Table 14.

of the operating diagram shown in Figure 8 and summarized in Table 8, which were obtained
using the biological parameter values provided in Figure 2(e).

D.1. Bifurcation diagram for D = 0.003. The one-parameter bifurcation diagram with
respect to S0, for fixed D = 0.003, corresponds to the horizontal line D = 0.003 in the
operating diagram shown in Figure 8. Figure 18 and Table 15 (for D = 0.003) display four
bifurcation values σ1 < σ2 < σ3 < σ4, corresponding to the intersections of the line D = 0.003
with the BP, H, H, and LPC curves, respectively. The construction details of the bifurcation
diagram in Figure 18 are similar to those described in Appendix B.1 and are omitted here.

For S0 ∈ (σ3, σ4), the system exhibits bistability between the stable limit cycle C1 and
the positive equilibrium E1. This behaviour corresponds to region Rb

1 in Figure 8. Note that
the first Hopf bifurcation is supercritical, while the second is subcritical.

D.2. Bifurcation diagram for D = 0.01. The one-parameter bifurcation diagram with
respect to S0, for fixed D = 0.01, corresponds to the horizontal line D = 0.01 in the operating
diagram shown in Figure 8. Figure 19 and Table 15 (for D = 0.01) display five bifurcation
values σ1 < σ2 < σ3 < σ4 < σ5, corresponding to the intersections of the line D = 0.01 with
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Table 15
Existence and stability of equilibria and limit cycles shown in Figures 18 to 20. The last column indicates

the corresponding region in Figure 8 (ε1 = 0.02), along with the type of bifurcations occurring at the critical
values σi, including the first Lyapunov coefficient l1 at Hopf points.

Figure 18 (D = 0.003)

S0 E0 E1 C1 C2 Region & Bifurcation

(0, σ1) S R0

σ1 ≈ 16.266 BP (E0 = E1)
(σ1, σ2) U S R1

σ2 ≈ 18.318 Hopf (l1 ≈ −9.820× 10−4)
(σ2, σ3) U U S R2

σ3 ≈ 16956.404 Hopf (l1 ≈ 3.874× 10−9)

(σ3, σ4) U S S U Rb
1

σ4 ≈ 21412.460 LPC (C1 = C2)
(σ4,+∞) U S R1

Figure 19 (D = 0.01)

S0 S R0

σ1 ≈ 16.962 BP (E0 = E1)
(σ1, σ2) U S R1

σ2 ≈ 20.241 Hopf (l1 ≈ −5.026× 10−4)
(σ2, σ3) U U S R2

σ3 ≈ 5571.279 LPC (C2 = C3)

(σ3, σ4) U U S U S Rb
2

σ4 ≈ 5647 Hopf (l1 ≈ −1.110× 10−7)

(σ4, σ5) U S S U Rb
1

σ5 ≈ 11627.456 LPC (C1 = C2)
(σ5,+∞) U S R1

Figure 20 (D = 0.1)

S0 E0 E1 C1 Region & Bifurcation

(0, σ1) S R0

σ1 ≈ 30.363 BP (E0 = E1)
(σ1, σ2) U S R1

σ2 ≈ 285.777 Hopf (l1 ≈ −4.769× 10−8)
(σ2, σ3) U U S R2

σ3 ≈ 631.178 Hopf (l1 ≈ −3.876× 10−8)
(σ3,+∞) U S R1

the BP, H, LPC, H, and LPC curves, respectively. The construction details of the bifurcation
diagram in Figure 19 are similar to those described in Appendix B.1 and are omitted here.

For S0 ∈ (σ3, σ4), the system exhibits bistability between two stable limit cycles, denoted
C1 and C3, whose basins of attraction are separated by the two-dimensional stable manifold of
the unstable limit cycle C2. This behaviour corresponds to region Rb

2 in Figure 8. In contrast,
for S0 ∈ (σ4, σ5), the system exhibits bistability between the stable limit cycle C1 and the
positive equilibrium point E1. This behaviour corresponds to region Rb

1 in Figure 8.

D.3. Bifurcation diagram for D = 0.1. The one-parameter bifurcation diagram with
respect to S0, for fixed D = 0.1, corresponds to the horizontal line D = 0.1 in the operating
diagram shown in Figure 8. Figure 20 and Table 15 (for D = 0.1) display three bifurcation
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Figure 18. Bifurcation diagram for the case D = 0.003 (see Figure 8), showing the equilibria and limit
cycles as functions of S0. The corresponding bifurcation values of S0 are reported in Table 15.

values σ1 < σ2 < σ3, corresponding to the intersections of the line D = 0.1 with the BP curve
and two Hopf bifurcation curves, respectively.
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