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Abstract

We present novel results and constructive methods on the observability, identifiability and joined observability-identifiability
analysis of autonomous dynamical systems, with a special focus on nonlinear systems. While most existing works treat rational
systems, the study of general nonlinearities remains less developed, up to our knowledge. Moreover, even in rational systems, a
rigorous and unified theoretical argument ensuring the identifiability of parameters from input-output equations is still lacking.
To address these gaps, we extend existing results in the literature. The key ingredient of our methods is a test of the linear
independence of some functions of the observations and their derivatives. We furthermore describe constructive procedures
to retrieve the unknowns based on the resolution of linear systems of equations. Finally, we apply our approach to several
illustrative cases, including two non-rational cases that highlight its relevance. In particular, we show how our results allow
the treatment of general nonlinearities and may complement existing techniques.

Key words: Deterministic systems; first-order systems; nonlinear systems; non-analytic systems; identifiability; identification
algorithms; parameter identification; observability; linear independence.

1 Introduction tion that describes the observations in terms of the solu-
tion x and the parameter vector . A common approach
to recover theoretically the unknowns consists in study-
ing if the function I'; : (z,6) — (h(z,0), Lyh(x,0), ...,
L%h(z,0)) is invertible, for some r € N (see, for instance,

We consider autonomous systems of ODEs, together
with some observations, with a special focus on nonlin-
ear systems, for which we study their identifiability and

observability. We moreover analyze cases where all pa- [7], [.12], (14], [17]). In particular, when the dy nam.ics are
rameters and states are unknown, investigating also the nonlinear, 7 may be greater than n +m — 1, and it may
concept of joint observability-identifiability (see [5]). be very difficult studying this mapping. This is related

to the so-called higher-order observability (see e.g. [21]).
To address this challenge, some authors focus on expres-

When a system is identifiable or observable, several tech- sions that are linear in all parameters (see [10], [11], [12]).

niques may help us estimate practically the unknowns
with a certain accuracy (see, for example, [9], [13], [18],

[20], [28]), but do not guarantee obtaining exact values. Reference [1] is an exhaustive survey of methods for
Let f be the function that .desc-rlbes the dynamics of the testing identifiability, mainly for general nonlinear sys-
ODE system we are considering and h(z,6) the func- tems, which have have provided a solid basis for analyz-

ing identifiability. On the other hand, [2] offers a deep

* This paper was not presented at any TFAC meeting. Cor- insight on available softwares in the literature. Among
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(Angel M. Ramos). ders. Other software, such as SIAN ( [16]) and Struc-
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turalldentifiability.jl ( [8]), addresses global identifiabil-
ity of rational systems with significantly improved com-
putational performance. In general, most examples in
the literature are rational, and general nonlinearities are
typically excluded or approximated by rational expres-
sions (e.g., [17]).

For rational systems, important developments in differ-
ential algebra focus on input-output (I0) equations and
input-output identifiability, i.e., recovering the parame-
ters from the IO equations coefficients (see [23]). A com-
mon gap is assuming that 10 identifiability implies iden-
tifiability. Several methods in the literature rely on this
assumption, which, though useful, does not always hold.
For instance, in [3], the DAISY algorithm reduces the
amount of differentiation, computing the IO equations
and recovering the parameters after proving 10O identifia-
bility. This improves computational efficiency, although
it lacks a rigorous justification for global identifiability.
The authors suggest in [25, Example 3] recovering the
parameters by choosing suitable times, but do not jus-
tify why these times exist. Similarly, in [19], the authors
recover functions of the parameters solving some linear
systems which they assume, but do not prove, that have
a unique solution. This gap is addressed in [23]: The au-
thors prove that 10 identifiability implies identifiabil-
ity if the system has no rational first integrals. While
this is a valuable theoretical condition, verifying the ab-
sence of first integrals is complex, particularly for high-
dimensional nonlinear systems. In [22], the authors use
a linear independence argument on linear systems. Also,
in [6], linear independence arguments are used for as-
sessing identifiability of rational systems under known
initial conditions and data at the initial time.

These formal identification methods typically involve
two steps: First, “eliminating” unmeasured variables to
obtain a set of equations only on the observation func-
tions, their derivatives, the parameters, and the input (if
any); second, inverting these equations with respect to
the parameters. While the first step is well documented
in the literature, with several algorithms proposed to ob-
tain the minimal set of equations, the second step has
fewer systematic developments. Our approach aims at
gathering rigurously both steps into one, offering a more
systematic way to address the second step, leading to
a more cohesive approach to identifiability and observ-
ability analysis. Moreover, typically, all the mentioned
algorithms do not analyze singular values for parameters
or initial conditions.

The results presented here (1) cover nonlinear systems
beyond the rational and analytic settings, (2) avoid high-
order derivatives, (3) explicitly account for possible sin-
gular values, and (4) provide general conditions for re-
coverability of parameters. We establish results for a
class of ODE systems with linear relations between pa-
rameter functions and the observations (as in IO equa-
tions), proving joint observability-identifiability under

suitable hypotheses. Constructive methods to recover
the unknowns are provided, relying on the linear inde-
pendence of specific functions. These results are illus-
trated with examples in Section 3, including one ana-
lytic non-rational system and one non-analytic system,
highlighting the scope of our framework.

2 A general framework

Consider the autonomous dynamical system

z(0;€,0) =&,

{a’;(t;g,e) = f(=(t:€,0),90), (1)

Ye,0)(t) = h(z(t;€,0),0),

where f(-,-) : @ x © = R" is a function of (z,6) which
is locally Lipschitz-continuous w.r.t. x €  C R™ and
continuous w.r.t. § € © C R?; § are constant parameters
of the system; () is a positively invariant set w.r.t. the
ODE system of System (1); z(+;€,0) : Z —  denotes the
unique, global solution of the ODE system of System (1)
with initial condition £ € €2, in particular, Z = [0, +00);
and the output y¢ ¢)(t),t € S C Z, is described by some
known function A(-,-) : 2 x © — R™.

We aim to know if, given the output y(,, g,), for some
(20,0p), we can determine (xq, ) univocally.

Definition 1 (Identifiability /observability)

(a) System (1) is identifiable on © in S C T with initial
conditions in Q0 if, for any & € Q, two different
01,05 € © produce a different output at some time
teS, ie., h(l’(t;g, 91),91) 7é h(l‘(f; &, 92)7 92)

(b) System (1) is observable on Q in S C T with param-
eters in © if, for any 0 € ©, two different xo, xy € Q
produce a different output at some timet € S, i.e.,

(c) System (1) is said to be identifiable (resp. observ-
able) if (a) (resp. (b)) is satisfied for S = T.

A natural extension of this framework is to treat the pa-
rameters as states of an augmented system. If we con-
sider 8 = 0, we can study both the identifiability and
observability as a case of observability in higher dimen-
sion: If the extended system is observable, the original
system is both observable and identifiable. However, the
reciprocal is generally not true. This relates to joined
observability-identifiability (see [5], [26]).

Definition 2 (Joined observability-identifiability)

(a) System (1) is jointly observable-identifiable on Q2x©
in S C T if two different (xg,61), (x,02) € 2 x O
produce a different output at some timet € S, i.e.,
h(x(t; x0,61),61) # h(x(t; 2(,02),02).

(b) System (1) is said to be jointly observable-
identifiable if (a) is satisfied for S = T.



For convenience, we denote Ny := N U {0} and o :
ay = ai,...,ay, for any a; € Ng. Now, given 6 € O,
denote hyo(-) = h(-,0) and fy(-) = f(-,0), and assume
he € CHUR™), fo € Cmax{0d=1}(Q: R™), for some d €
No. Then, y ¢ € C*(Z;R™). In particular,
Uee,0)(t) = Ly, ho(x(t; €, 0)),

where L}e hg is the Lie derivative of hy with respect to
the vector field fy. If we continue differentiating y(¢ g),

k dk
Uit () = Trh(a(t:€0) = L}, hoa(t:.6)), Yt =0,
k € {1 :d}. We denote y*) = dtk7 k € N, when y €
C*(T), and y(© = y. Define Lpphgd: Q— RmXd g

0 d
Lsyn0.a(€) = (e (0,5 (0)).

In the following, we denote y¢ gy, Y(¢,0) and yg)e) as vy,

7 and y*) | respectively, when the context is clear.

Before presenting our main results, let us give some re-
sults about linear independence of families of functions,
a concept on which our approach is based.

2.1 About linear independence of functions

Definition 3 Given Z C R, functions ¢; : T — R, i €
{1: ¢}, ¢ € N are said to be linearly independent if the
only constants {a;}l_; C R such that a1 (t) + -+ +
aqPqe(t) =0, forallt € Z, areay = --- = a4, =0.

Lemma4 Let¢;, : SCR >R, i€ {l:q},qeN,
S C I. These functions are linearly independent if, and
only if, there exist q different times {t;}!_,; C S such that
the matric (¢;(t;)):,j=1:q has full rank.

The proof is given in Appendix A.

Remark 5 Lemma 4 gives a mecessary and sufficient
condition for linear independence that does not require
analyticity nor differentiability, as opposed to the classi-
cal condition of having non-null Wroriskian (see [4]).

2.2  Main results

We recall the classical result on observability based on
Lie derivatives (see [5], [9], [15]), adapted to our frame-
work, and hence will not provide a proof for Theorem 6.

Theorem 6 Let hy; € C%(Q;R), for some d; € Ng, i €
{1 :m}, and fo € C4H R, d = max{1,d; : dn},
forany 6 € ©. If

= (£f97h9,17d1 (f)a ce

Lty ho{di:dmy © § Lo hgmdm (€))

is injective in Q, then System (1) is observable on Q) in
any semi-open interval [a,b) C T with parameters in ©.

For (¢,0) € Q@ x O, {d;}, C Ny, we define the notation

i)y o ((,(0) (1)
Yien ™ 0 = (vena O (.0,
(©) (d)
2 Y0y (D): "‘7y<s,e>ﬁm(t)) '

We present now our main result, which provides a suffi-
cient condition to ensure recoverability of parameters.

Theorem 7 Let hg, € Cd"i(Q;]R), for somed} € Ny, i €
{1:m}, and fo € C* (G R™), d = max{1,d} : d.,},
for any 8 € ©. Consider D C Ré++dmtm gych that,
for all (€,0) € Q x ©, yldidn)(t) e D, for all t € T.
Let S C T be such that every connected component of S
contains an open interval. Assume there exist g : D —
RI*P andr : © — RY, for some q,p € N, satisfying:

7gp70,...,gp7'qp) and r =
Tpay), With q1 + -+ +

(Cl) g = (91707 e 7917,11, .
(P11 s Tlgrr e Tpds-v-s
ap = q, satisfy that

hidn)) = ST r50(0)ga (yidm)),  (2)
inS, forallj € {1:p}, for any (£,0) € Q2 x O,

(C2) r is injective, and

(C3) forany j € {1 : p}, (£,0) € Q x O, we have that
gjyl(y(d/fd;l)(t)), 1 e {1:gq;}, are linearly indepen-
dent functions with respect tot € S.

gj.0(y"

Then, System (1) is identifiable on © in S with initial
conditions in €.

PROOF. Given & € €, let 61,60 € O such that
h‘91 (.’13(75,5791)) = h92 (x(ta€702))7 i~e~7 y(§,91)(t) =
Y(e,0,)(t), for all t € S. Then, since every connected
part of S contains some open interval, this implies that
yg?el) (t) = yg)o i (t), forallt € S, ke {0:d}}, i€
fdl d:dl )\

{1 :m}. Since gjwo(yég}el) )) 9j, O(yg§ 0} )) =0in S, we
obtain, from (2), Y307, (rj.(61)—r71(62)) 70 (y ess)) =
0, in S, for every j € {1 : p}. Given the linear indepen-
dence of ng(y(d/l:d;n))7 le{l:q¢},S CIZ for every
j € {1 :p}, (&0) € Q, then r(61) = r(h2). Since r is
injective, we have 6; = 05. Hence, System (1) is identi-
fiable on © in § C 7 with initial conditions in Q. O

System (2) in (C1) is analogous to IO equations in con-
trolled rational systems, while (C2) gives 10 identifiabil-
ity. A condition similar to (C3) is considered in [22] for
linear systems with one output, and [23] requiring that



no rational first integrals exist, which can be difficult to
verify. We aim to generalize and simplify this condition.

Next we show that, under certain conditions, given
Y(x0,6,) IN SOMe time set, we can recover (o, 0y) € 2xO.

Theorem 8 Assume we know y(y,,6,) m S C I, S such
that every connected component contains an open inter-
val. If the hypotheses of Theorems 6 and 7 are satisfied,
then System (1) is jointly observable-identifiable in S
and we can reconstruct the pair (xo,0y) univocally us-
ing the values of y(z,,0,) and its derivatives at, at most,
g+1=q +---+qp+ 1 suitable values of t € S.

PROOF. Let ¢;,(t) = g;(y\s 3 (1)), t € S, 1€ {0

qj}, j € {1 : p}. By hypothesis, {¢;,};2, are linearly
independent in S, for each j € {1 : p}. Hence, as seen in
Lemma 4, for every j € {1 : p}, there exist ¢; different
times {t; ¢}y, C S such that det((¢;,i(t),0))1,0=1:q,) #
0. Then, there exists a unique solution ¢ to

(05.1(t5.0) - Bjq,(ti0)) 0 = j0(tje), ¥ L€ {1 qj(}~
3)
Attending to (2), it satisfies o;; = 7,;(60), I € {1 :
q;j}, j € {1 : p}. Since r is injective, such that r—! :
r(0) — ©, we can recover our original parameter vector
0y = ’I“_l(0'171, C ,Up7qp).
Finally, to recover xg, take some time t € S, which can
be some t € {t11,...,tpq,}. Since €f901h607{d1:dM} is~in-
jective in 2, there exists a unique £ € ) such that £ =

1 (d1:dm) /3 s (di:dm) (7 _
Ly hog {dredmy Y (zo.00) (1)), DOticing that y e, 7 (f) =

(di:dm)
(€.00) ~
wards the ODE system in System (1) knowing &, £ and 6,
(since fp, is Lipschitz in Q positively invariant w.r.t. the
ODE system of (1)). If 0 € S, we directly choose t = 0.

(0). We can recover zy € ) integrating back-

This is, we have recovered 6y and x from the data univo-
cally knowing y(,.6,) in S, using its value and the value
of its derivatives at ¢ + 1 (at most) different times. O

Given a system of autonomous ODEs and some obser-
vations, we can check the hypotheses in Theorems 6 and
7 to confirm its observability and/or identifiability. If
the hypotheses of Theorem 8 hold, the system is jointly
observable-identifiable, and we can recover zg and 6.
Moreover, the proof of Theorem 8 yields a constructive
method that will be applied to some cases in Section 3.

Remark 9 To recover (xq, 0y) using the procedure in the
proof of Theorem 8, for each set {¢;,};>,,j € {1 : p}, we
need q; different times. Since some of these may coincide
among the different sets of functions, the total number

of required times lies between § = max{q : qp} and
q=q+ -+ qp, along with maybe t = 0, if 0 € S.
Moreover, recall that we do not need y(,, 6, in S, but it is
sufficient having the values of Y., ,0,) and its derivatives
at the aforementioned different times, where the needed
order of the derivatives are the same as for Theorem 8.

The time points required in the proof of Theorem 8 can
be anywhere in & C Z, and can be challenging finding
them. In Lemma 10, we give sufficient conditions to iden-
tify System (1) in any [a,b) C S, similarly to Theorem 6;
then, these times can be chosen in any of these intervals.

Lemma 10 Assume that the hypotheses of Theorem 7
are satisfied for some S C T and, for anyj € {1:p}, 1l €
{1: ¢} and (£,0) € Q x O, the functions g;,(y(@:m))
are analytic onZ. Then, System (1) is identifiable on © in
any semi-open interval [a,b) C S with initial conditions
n Q. If S is connected, it is sufficient for ng(y(d/l:d;ﬂr)),
je{l:p}, le{l:q;}, to be analytic on S.

PROOF. Given & € Q, let 61,0, € © such that
hel(x(t;£791)) = hez(w(t;§792))7 ie., y(&,(’l)(t) =
Y(e,0,)(t), for all t € [a,b). Then, yé?,)el),i(t) = yéz)%)’i(t),
for all t € [a,b), k € {0 : d}}, i € {1 : m}.
Since, for any j € {1 pt, I € {1 ¢;} and
(£,0) € Q x O, the functions g;;(y(@:%m)) are an-
alytic in Z, then the function Gjyg(y(dllzdin)) =
S rj’l(ﬂ)gﬂ(y(d/l:d:n)) is also analytic in Z. Given
that [a,b) C S, Gj79<y(d,1:din)) = gjy()(y(d,l:d;”))v in [a,b),

. di:d di-d,
for any 6 € O. Since gj70(y25}91)7'L)) = 9j70(ygg,192)m))v

. d’:d’ d’:d’ .
in [a,b), we have G; g, (ygg,lel)M)) = Gjﬂz(yég,lez)m))v in
[a,b). This implies that, for every j € {1 : p},

T

3 d :dm
Ry = 00, (ra(0) = 150(02)) g0(v{egrs)) = 0

in [a,b). Due to the analyticity of g;;(y(@ %)), 1 € {1:
gj}, in Z, R; is also analytic in Z. If R; = 0 in [a, b),
then R; = 0in Z ( [24, Theorem 8.5]). Therefore, since
gj,l(y(d/fdin)), l € {1: g;}, are linearly independent in
S C Z, they are also linearly independent in Z, and
hence, for R; to be 0in Z, for all j € {1 : p}, we need
r(61) = r(02). Since r is injective, this implies 0 = 6.

If S is connected, ng(y(d/l:d;n))7 1 €{1: ¢}, analytic in
S implies R; is analytic in S, and R; = 01in [a,b) C S
implies R; = 0in S (if S is not connected, we can only
assure R2; = 0 in the connected component containing
[a,b)). Thus, we conclude analogously using the linear
independence of g;;(y(@%m)), I € {1: ¢;}, in S. Hence,
System (1) is identifiable on © in any [a,b) C S with
initial conditions in 2. O



Using Theorem 6 and Lemma 10, we may recover zo and
0o knowing ¥z, .6,) only in some [a,b) C Z. This will be
shown in Lemma 11. As in Theorem 8, its proof provides
a constructive method to recover the unknowns, which
will be applied to the examples in Section 3.

Lemma 11 Assume we know y (s, 0,) in some [a,b) C
. If the hypotheses of Theorem 6 and Lemma 10 are
satisfied for some S C T such that[a,b) C S, then System
(1) is jointly observable-identifiable in [a,b), and we can
reconstruct (xo, 0) univocally using the values of Y(x, 0,
and its derivatives at a finite amount of suitable values
in[a,b). In particular, the required number of time points
is between § = max{q1 : gp} and ¢ =q1 + -+ + qp.

PROOF. We recover 6y analogously to the proof of
Theorem 8. We only need to see that, given j € {1: p},
since the functions gj,l(y(dll:din)),l € {1:¢q;},arelinearly
independent in some & C Z and analytic in Z, they
are linearly independent in [a,b) C S. Given j € {1 :
p}, assume that g, ;(y(4:%m)), I € {1 : ¢;}, are linearly
dependent in [a, b), i.e., there exist {a;;};”, C R not all
of them null such that,

G;(t) = 31 ajugi(y dm) () = 0, V t € [a,b).

Since gj,l(y(d/fd/m)), l € {1:¢;}, are analytic in Z, then
so it is G;. Due to [24, Theorem 8.5], this implies that
G; = 0in7 and, thus, g;,;(y( @), 1 € {1 : ¢;}, are lin-
early dependent in Z, and hence in S, which is a contra-
diction. Moreover, if S is connected, it is enough asking
for ng(y(d'l‘d:n)), l € {1:g¢,;}, analytic in S, since, then,
so it is G;. Again due to [24, Theorem 8.5], G; = 0 in
[a,b) C S connected implies G; = 0 in S, which leads to
the same contradiction. Therefore, for each j € {1 : p},
the functions {¢;;}2,, with ¢;; = gj,l(}’gii;z;"))), l e
{1 : g¢;}, are linearly independent in [a,b) and we can
conclude analogously to Theorem 8, along with Remark
9, choosing t1.1, ..., tpq, € [a,b). On the other hand, to
recover the initial condition, we proceed as in the proof
of Theorem 8. Hence, we are able to recover (xg, p) uni-
vocally when knowing ¥(y,.9,) in [a,b), using its values
and the values of its derivatives at some finite set of times
in [a,b); concretely, between ¢ and ¢ ddistinct suitable
time points. O

Remark 12 As in Remark 9, we do not need yz, g,) in
[a,b), but only the values of this function and its deriva-
tives at the times indicated in the proof of Lemma 11,
which also determines the amount of differentiation.

Remark 13 The required number of time points in
Lemma 11 could be reduced to one using higher-order
derivatives of y, similarly to some classic approaches
(e.g., [14]). However, relying on higher-order deriva-

tives tends to be less robust to noisy data, even when the
theoretical output is analytic.

We have given conditions for a system to be observable,
identifiable, or jointly observable-identifiable. Besides,
under some analyticity properties, we can have data only
in some [a,b) C Z. The following cases illustrate this.

3 Illustrative cases

3.1 Linearly parameterized rational systems

We revisit the class of rational systems considered in [10]:

i =n(@)™ (07 () + Yy pula)ud)

where z(0) = 29 € Q C R, Q positively invariant w.r.t.
the ODE of System (4); # € © = R is the vector of un-
known parameters; every o; in ¢ = (p1,...,¢p)7 is a
polynomial function; n, p;, ¢ € {0 : m}, are also poly-
nomial functions such that n(z) > 0, x € Q; and u is
a scalar time function (which acts as a control in [10]).
If t — w(t) is analytic (as required in [10]), for any
(£,0) € Qx 0, then, the solution z(-) is unique and ana-
lytic. Although this system is non-autonomous, one can
recover the general autonomous framework considering
that ¢ is another (known) state variable such that £ = 1.

y=x, (4)

Let ¢ = (¢1,..., )" and s be the highest degree among
the ¢;, j € {1 : b}. One has g,(z) = >7_;a; 2",
je{l:b}, fora;; e R, i€ {0:s},je{l:b}. Let
A = (ai,j)i=0:s, j=1:b- We need the next assumptions,
analogously to [10]: (A1) The highest degree s of polyno-
mials ¢;, j € {1: b}, satisfies s > b—1, and (A2) u(-) is
an analytic function such that the solution of the ODE
in System (4) is non-constant and defined for all £ > 0.

Proposition 14 Under assumptions (Al) and (A2),
System (4) s identifiable on © with initial conditions
in Q if, and only if, A has full rank. Moreover, we can
determine 0 univocally in terms of y, u and 3.

PROOF. Let us rewrite the ODE in System (4):

n(z)i — Y iy pi(x)ui= (1,z,...,2%) A0, (5)
i.e., opposed to the linearly parameterized expression in
System (4), we sort the expression in terms of monomials
of x, which is more suitable for our methodology. Notice



that, if A does not have full rank, for any 6 € O, there
exists some 6 € © such that A6 = Af. Hence, for Sys-
tem (4) to be identifiable, we need that A has full rank.
Differentiating y once and substituting « and & in (5),

n()g = g pilu = Xig (X5-1 0jais) ' (6)

Then, we have an equation in the form of (2),
ie, (Cl) of Theorem 7 is satisfied. Let r(f) =
(Z?:l Oja0,-- -, Z?:l 0jas ;) = Af. This implies that
(C2) of Theorem 7, i.e., the injectivity of r, is also satis-
fied if A € R(S+1Dxb hag full rank. Finally, proving (C3)
of Theorem 7 is straightforward, since equation (6) is a
polynomial on y, and y is analytic non-constant due to
(A2),s0 1,y,...,y° are linearly independent. Hence, we
can recover univocally 6 differentiating the observations
just once, instead of differentiating s times as performed
in [10]. Then, we need at most s + 1 different times
t1,...,tsy1 > 0, which can be chosen in any [a,b) C Z,
to solve univocally the following linear system:

(Ly(te) - y(te))o = ¥(te),
where () = n(y(t))y(t) — >i_g pi(y(t))u(tr)’, 1 €

{1:s+1}. Thus, if A has full rank, there exists a subma-
trix A € R®*® such that, given 7(f) = 0,0 = A~lo. O

Veie{l:s+1},

3.2 A non-rational system

We revisit Example 4 of [17], which is the motivating ex-
ample the authors use to discuss the approach proposed
in [25] based on differential algebra. Let the following
system for a non-isothermal reactor:

. _E . _E r _E
¢a = —kipe"Tca, ¢p =kipe" Tca, T = —hikipe” Tcy,

Y1 =¢Ca, Y2 = T7

(7)
for (c4(0), c(0), T(0))T € © = (0,00) x [0, 50) x (0, )
and (k1g,h1, E)T € © = (0,00)3. The set Q is clearly
positively invariant for System (7). Our goal is to recover
the parameters 6 = (kig,h1, F)T. The authors of [17]
show that this system can be transformed into a ratio-
nal system with respect to the variable states, and claim
that the parameters can be estimated through linear
regression. They also propose an alternative approach
involving several computations using Padé approxima-
tions, followed by an application of the methodology
in [25]. In both cases, no proof is provided for the exact
determination of the parameters. For our approach, we
differentiate y; and yy once, getting §; = —kioe ™ 2/¥2y,
Yo = —hikpge E/v2 y1. After some computations, we de-
rive the following rational relations among the variables,
similarly to [17], in the form of (2) in (C1) of Theorem 7:

log(=91/y1) = log(kio) — E/y2, 91/92="h1. (8)

Let now () = (log(kio), —F, h1), which is injective
from © to r(0), satisfying (C2) of Theorem 7. Finally,
checking (C3) of Theorem 7 consists of proving the linear
independence when we consider (£,0) € Q x © only of
1 and 1/ys, since it is trivial for the second equation in
(8). The linear independence of 1 and 1/ys is also direct
since ¥ is a non-constant function. Then, the hypotheses
of Theorem 7 hold differentiating only once, and we can
therefore identify k19, h1 and E. For hq, it is clear that,
for any t > 0, hy = 91(t)/92(¢). On the other hand, we
need to find ¢1,ts > 0 such that we can solve univocally:

(1 1/y2(tr))o = log(=g1(t1)) —log(y1(t)), 1 € {1,2},

and then kig = e?!, E = —o5. For this particular case,
it can be easily seen that yo is strictly monotonic in €2,
and hence we can choose t1 and t9 in [0, £), for any € > 0.

3.3 A one-dimensional non-rational example

Consider the following non-rational example:

& =ax, y=z+esin(z), (9)
with 2(0) = 29 € @ = R\ {0} and 0 = (a,e)T € © =
(R\ {0}) x [—1,1]. The set 2 is clearly positively invari-
ant. The observation y consists of x plus small oscilla-
tions, representing perturbations in the data modeled as
a periodic signal with unknown (small) amplitude.

For any 6 € ©, £ — y(¢,0)(0) = £ +esin() is strictly in-
creasing from R to R, and hence it is injective. Moreover,
it vanishes only at £ = 0. Due to Theorem 6, System (9)
is observable on 2 in any [a,b) C Z with parameters in
O. Now, differentiating y twice, we get y = x + esin(x),
y = (1 + ecos(z))az, and § = (1 + ecos(z))a’s —
esin(z)a?z?. This implies §j = ay— o?x?y+a?x?, which
no longer depends on e. Since o # 0 and y(t) # 0, for
all ¢ > 0, and differentiating y once more, we have that
2?2 = (o — §j + a?23)/(a®y) and y©®) = 30’23 + ajj —
a?x2y — 2a32?y. This implies

yy® —gij = 2*(0®y—a®y) +3ayj— ay® —20%yy. (10)

Notice that ay(t) — a?y(t) # 0 for almost any ¢ > 0.
In particular, one can see that ay = g if, and only if,
x = tan(z). This equality holds for an infinite countable
amount of values of x, but z(t), t > 0, is analytic, non-
constant, and hence ay # 3 almost everywhere. Hence,
from equation (10) and performing a last derivative,

5w =g — Bayi + ay® + 207y
ady — a2y

@ — 2 = 2330ty — 203 — o) + agy 1V
+3ayy®) — 2a%9% — 202y,



where the equation for 22 is satisfied almost everywhere.
By continuity, System (11) further simplifies to

—gy™® + §iy® = 6yya* — (3y* + 11yj)a’

. iy . (12)
+2(3yy®) + 2g3j)a® + (457 — yy — 59y ®)a,

for all t > 0. Let ¢ = —gy™ + §y®, ¢1 = yg, ¢ =
3° + 1yjj, b5 = 3yy® + 2gij, and ¢4 = 4ij* — yy™ —
5yy®). If {¢;}i_, are linearly independent, there ex-
ist t1,19,13,%4 2 0 such that there is a unique solution
o = (01,02,03,04) to a system analogous to (3). Then,
a =04 =8g(04)\/03/2 = /—02 = sg(04) v/ 01/6. If we
know e.g. o4, using Systems (9) and (11), we can recover
e = (y — s,)/sin (¢, ), for almost every t > 0, where

" o/ yy® — 9 — Boayij + 0ag® + 208y
i oty — o3y

Notice that sin(v,,) = sin(z)= 0 if, and only if, ¢ > 0
is such that z(t) = mwn, for n € Z. Hence, if we know
04, We can recover € using almost any ¢ > 0, such that
ay(t) # y(t) and ¥, (t) # wn, for any n € Z. Notably,
(C1) and (C2) of Theorem 7 hold, with (12) and & =
(y—s,)/ sin(wm) conforming the linear system (2), and
(9) (6at, —a?,20?, a, €). Finally, we must prove that
{¢i}1_, are hnearly 1ndependent to recover « (and then e
and xo) Let a, b, ¢, d such that a¢y +bpo+cps+dos = 0.
Expressing {qﬁl} _, in terms of x, o and ¢ (omitting
intermediate computations for brev1ty) we obtain

0 = —dalextsin(z) — 2da’e?2? sin(z)?
+a?e(—3c + 11da)z® cos(x) + 5da’e?x®
+a?e?(=5c + 13da)x? sin(z) cos(x)
+ae(—11b — 1lca + 14da?)z? sin(x)
+ae?(—14b — 1lca + 8da?)
+e(a+ 17ba + Tea? — 3da®)x cos(x)

+(a + ba(3e? + 14) + ca (25 +5)—
+e2(a + 11ba + 3ca? — da?) sin(x) co ( )
+e(a+ 11ba + 3ca? — da? )sm(x).

xsin(x)?

a3(e? +2))x

(13)
It is easy to verify a = b = ¢ = d = 0 if, and only if,
each coefficient of the monomials in z, sin(z), and cos(z)
equals zero. Hence, we analyze if these monomials are
linearly independent. Since z, sin(x), and cos(x) are an-
alytic, it is enough proving their linear independence in
any finite set of time points in R to conclude linear in-
dependence in any [a,b) C [0,00). Let {r;}7_; such
that z(71,,) = 2mm, and {72,;}>_; such that z(r2,,) =
2mm + w/2, m € {1 : 5}. By construction, we obtain
sin(z(71,m)) = cos(z(m2,m)) = 0 and sin(z(m,n)) =

cos(x(71,m)) = 1. Then, for each m € {1: 5}, we have

0 = a?e(—3c+ da(5e + 11))z(11,m)> + (a(e + 1)
+ba(3e? 4+ 17e + 14) 4 ca?(2e% + Te 4+ 5)
—da?(e? 4 3e + 2))z(T1,m),

0= —da’ex (12 m)* + 3dade?x(12,m)3 + ae(—11b
—1lea + 14da?)z(To,m)? + (a + ba(—11e? + 14)
+ca?(—9e? +5) + da3(7e% — 2))x(12.m)
+e(a+ 11ba + 3ca? — da?).

These are polynomial expressions in = of degree at most
4. Vanishing at five values implies all their coefficients
must be zero, and it follows that a = b = ¢ = d = 0.
Thus, {¢;}}_, are linearly independent, satisfying (C3)
of Theorem 7, and we can recover o = 4. Then, we
recover £ = (y — o,)/ sin(ve,), and xo from (11) or
Ye,0(0) = &+ esin(§), proving that System (9) is jointly
observable-identifiable on 2 x © in any [a,b) C [0, 00).

Remark 15 System (9) can also be analyzed using ex-
isting software. Forinstance, STRIKFE-GOLDD can con-
firm (local) identifiability under analyticity assumptions,
although it does not provide explicit structural relations
such as (13) that may guide the recovery of parameters.
Similarly, algorithms for rational systems, such as Struc-
turalldentifiability.jl or DAISY, can be applied after per-
forming a suitable change of variables, e.g. z; = esin(x),
zo = ecos(x). In this way, one obtains relations analo-
gous to (13), although proving the linear independence of
monomials in three variables can become more demand-
ing without explicit expressions for z1 and zs. It is worth
noting that finding an appropriate change of variables
is not always straightforward. For example, the trans-
formation z; = sin(x), zo = cos(z) also rationalizes
the system, but Structuralldentifiability.jl concludes non-
identifiability in this case. In addition, in [23] the au-
thors prove that 10-identifiability implies identifiability
if the system has no rational first integrals. Interestingly,
the rationalized version of (9) possesses the rational first
integral 22 + 25 = 21(0)% + 22(0)2, and yet the system
remains identifiable. This indicates that the reciprocal of
their result does not hold in general. Determining first in-
tegrals can be non-trivial, hence we illustrate the value of
analyzing the system directly in its original non-rational
form.

3.4 A system with non-analytic observations

We propose the following system with non-analytic ob-
servations:

Ty =9, Ip= —I,

(14)

y1 = 21lo1], y2 = 21, ys = awifa| + Bai,



with (z1(0),22(0))T € @ =R?\ {(0,0)},0 = (o, B)" €
= [a~,a™] x R, where a~,a™ are known and 0 <
a~ < a™. The set Q is positively invariant.

Differentiating yo, we obtain that, for any 6 € O, £ —
(Y(€.0).1(0),Y(£.0).2(0), U,0).2(0)) = (&1]&1],€7,26162) s
injective in Q \ {(0,&) : & € R\ {0}}, with & =
sg(y1(0))\/y2(0) and & = y2(0)/2&;. Nevertheless, no-
tice that, if & = x1(0) = 0, & = x2(0) # 0, then
#1(0) > 0 or £1(0) < 0, and there exists € > 0 such that
&1 =x1(e) # 0. Then, & = x5(e) = ya2(e)/2£1, and we
can recover &, integrating the system backwards. Hence,
System (14) is observable on  in any [a,b) C Z with
parameters in ©.

Notice now that y3 = ay; + By, so (C1) of Theorem 7
is satisfied. Moreover, r(6) = (a, ) is clearly injective,
i.e., (C2) is also satisfied. Interestingly, when checking
the identifiability of the system, differentiation-based al-
gorithms (e.g., STRIKE-GOLDD) may classify the sys-
tem as non-identifiable ! . This is due to the fact that the
Wroriskian of y; and ys is zero for all time. However, since
y1 is non-analytic, this does not imply linear dependence.
It is easy to check that x1(t) = x1(0) cos(t)+x2(0) sin(¢),
for all t > 0. Hence, x1(t) changes sign when ¢ € [0,T),
for T > 7. If we have measurements in [0,7), then y;
and yo are linearly independent, and (C3) is satisfied.
Thus, System (14) is jointly observable-identifiable on
Q' x ©in [0,T) such that T > .

4 Conclusions

We have presented novel results and constructive meth-
ods to study the joined observability-identifiability of
a class of autonomous dynamical systems, focusing on
nonlinear (both rational and non-rational) systems.
These results complement existing methods and in
some cases may require fewer differentiations than tra-
ditional strategies. They also provide general conditions
to ensure the recoverability of the parameters from a
specific system of equations, analogous to the IO equa-
tions in controlled rational systems. The key ingredient
that we put ahead for the identifiability analysis is the
linear independence of a set of (non-linear) functions
of the observations and its derivatives. Moreover, we
provide different constructive procedures to recover the
unknowns, depending on the analyticity of the system
and the observations. We illustrate the applicability of
our framework through several examples, highlighting
in particular its ability to handle non-rational systems,
while also offering insights that can be useful in the
rational case. Future work may include (i) the exten-
sion to more complex non-rational models, (ii) the
assessment of robustness under noisy measurements,

! MATLAB’s symbolic variables are assumed to be com-

plex, and hence, for correct interpretation of this example,

y1 should be rewritten as y1 = x%

and (iii) the development of systematic criteria for non-
identifiability, in analogy with the role played by IO
equations in rational systems.
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A  Proof of Lemma 4

We prove “=" by induction on the number of linearly
independent functions, following Definition 3.

Case ¢ = 2: If ¢; and ¢4 are linearly independent in S,
given t; € S such that ¢;(¢1) # 0, for some i € {1, 2},

. ( ZIONA0 )
et
¢1(t1) p2(t1)
is not identically zero in S; otherwise, a non-trivial linear

relation between ¢; and ¢ would hold, contradicting
the independence. Hence, there exists to € S such that

P2(t1)1(t2) — d1(t1)ga(t2) # 0.

Induction step: Suppose the result holds for {d)i}g;ll ,
q > 3. Then, there exist {t;}~; C S such that D, ; =

det((¢i(tj))i7j:1:q_1) ;é 0. If {¢Z}3:1 are linearly inde-
pendent,

det ((Aij)ij=1:q) = (—1)7 1 Dy_164(t) + 32071 dihy(t),

with AlJ = ¢J(t) and Ai,j = ¢j(ti—1)7 fori e {1 : q—l}7
j € {1:q}, is not identically null in S, where

di = (=1)F 1 det ((i(t))im1ih—1,k+1:q, j=1:q—1)

k€ {1:q—1}. Else, since D,_1 # 0, there would exist ¢
coefficients a; = d;, i € {1:q—1}, ag = (-1)971D,_1,
not all of them null, such that a1¢1 + ... a0, =0in S,



leading to a contradiction. Then, there exists some time
tq € S such that

det ((¢i(t5))s,j=1:q) # 0. (A1)

Conversely for “<”: If such {t;}_; C S exist, then
{(pi(t1),... ,di(ty) ., are linearly independent.
Therefore, no non-trivial combination Y7 ; a;¢;(t) can
vanish identically in S, and hence {¢;}{_; are linearly
independent. O
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