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Chapter 11

Benefit and cost of a protein

Manish Kushwaha, Wolfram Liebermeister, Elad Noor, Kirill Sechkar, Diana Széliová

Chapter overview

◦ How are global resource allocation and cell fitness reflected in local choices such as determining the expres-

sion level of a single protein? Separating between the cost and benefit of a specific protein’s expression helps

describe this local optimization quantitatively.

◦ Effective costs and benefits of a single protein may be defined operationally, as measured increases or de-

creases in cell growth. For enzymes, the factors that determine cost and benefit include enzyme efficiency and

protein cost (size, energy, amino acids, ribosomes needed tomake proteins, as well as all kinds of opportunity

costs).

◦ Marginal cost (or benefit) is defined as the derivative of the cost (or benefit) curve, i.e. the effect of small

changes in expression. At the point of maximal fitness, themarginal cost andmarginal benefit must be equal.

◦ We describe a simple cost-benefit model where benefit is defined as the production flux and cost as the

enzyme level. Based on the same idea, we then present empirical definitions and measurements of the costs

and benefits of the lac-operon in Escherichia coli.

◦ We discuss predictions from constraint-based and mechanistic cell models and compare them to the empir-

ical definitions.

◦ In an appendix, we describe methods for measuring transcription, translation, and growth rates, as well as

for controlling expression to observe costs/benefits for different protein levels.

11.1 How do changes in protein levels affect cell growth?

11.1.1 Effects of protein expression on cell growth

Protein production in cells is a complex process that involves transcription, translation, modifications, and transport,

and it depends on various other processes. When protein expression levels are changing, this will affect ribosome

demand and metabolic production fluxes. Proteins also have forward effects, not only by performing various cellular

functions but also by competing for space among each other and with other compounds. Changes in protein levels

may have a variety of indirect effects, including rearrangements of gene expression, which depend on regulatory

mechanisms and will impact the cell-wide allocation of resources. In models, these changes may either be described

physically–as a result of regulatorymechanisms–or basedonoptimality principles. Ourmodels fromprevious chapters

are aimed at predicting such rearrangements.

Having learned how to model resource allocation in cells, we now ask a simple question: When a cell expresses a

heterologous protein or overexpresses (or underexpresses) a native protein, how will this change its growth rate?
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Figure 11.1: Growth rate effects of protein expression in different bacterial species – The panels show

different examples of optimal enzyme expression. (A) Citrate synthase in Escherichia coli. (B) ATP syn-

thase in E. coli (C) Phosphotransferase transporter system (PTS) (glucose-specific subunit IIA) in Salmonella

typhimurium. (D) Several glycolytic enzymes in Lactococcus lactis. Figure redrawn from [1] with kind per-

mission by the authors. The ATP synthase data stem from [2]. In all cases, “Titrated levels” refer to proteins

under the control of an IPTG-inducible promoter.

Since cell growth depends on many cellular processes, the answer to this question can be quite complex. However,

according to simple economic logic, each protein under each given condition should exhibit an optimal expression

level. If a protein level is too low, the protein cannot sufficiently exert its function, and if it is too high, the protein

consumes too much of the cellular resources, which will then be lacking for processes elsewhere. As often in life, the

optimum is a compromise, a “sweet spot” at which cells reach amaximal growth rate (or optimize some other relevant

fitness objective). At this optimal protein level, any increase or decrease would result in a decrease in the growth rate.

Of course, we may wonder: will cells actually achieve this optimal protein level?

We can test this in experiments. Figure 11.1 shows the expression of a number of proteins in different bacterial

species. In this set of experiments, the amount of each selected protein was varied by placing its coding gene under

the control of an inducible promoter, and cell growth rates were measured for several expression levels. All mea-

sured protein/growth curves were negatively curved (i.e. concave), where the maximum growth rate was found at an

intermediate protein expression level. Moreover, the wild-type level of each protein–that is, the level in natural, non-

modified cells–was close to its optimal level. By setting the enzyme level to this optimal value, wild-type cells often

come close to themaximal possible growth rate. Figure 11.2 shows this for one specific protein, ATP synthase in E. coli,

under a large range of growth conditions. The close match between the observed andmaximal growth rates suggests

that the regulatory mechanisms behind this protein have evolved to adjust the protein levels to support maximal

growth. And this protein is not an exception. Wild-type levels of other proteins have been found to be growth-optimal

as well, including those of some efflux pumps [3] and the enzyme methionine synthase [4].

Of course, this principle–wild-type protein levels are the protein levels that maximize growth–does not hold for all

proteins and all types of cells. In yeast cells, for example, some protein levels were found to be growth-optimal while
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Figure 11.2: Wild-type abundances of ATP synthase in E. coli lead to near-optimal growth rates – The

plot compares the growth rate of wild-type cells in different environments to the corresponding maximal

growth rate achievable by varying the abundance of ATP synthase. Only in four of the 27 growth condi-

tions shown, the wild-type growth rate of E. coli deviates by more than 10% from themaximal growth rate.

Figure redrawn from [1] with kind permission by the authors. The ATP synthase data were taken from [2].

others were not, and this also depends on the growth conditions [5, 6]. But given the complex functioning of real cells,

it still remains interesting to see what would be the optimal protein levels in theory, and by what general logic we can

understand them.

The growth rate effects of proteins are related to various relevant questions:

1. Understanding protein usage and protein levels in naturally evolved cells. What is the best expression level for

each protein in wild-type cells (e.g. the titration levels that maximize the functions in Figure 11.1)? And what are

the conditions under which each single protein should be expressed?

2. Understanding selection pressures on protein levels, which shape evolution. How do deviations from the op-

timal protein levels affect the fitness objective? For example, in Figure 11.1, how strongly do the curves decrease

when deviating from the optimal point? Knowing the curvature, we can get an idea about the cost of fluctuations

and, therefore, flexibility in protein expression.

3. Expressing heterologous pathways in cells in biotechnology. Optimal choices of protein levels are also impor-

tant for biotechnology. Optimizing protein levels for maximal production of valuable compounds or for maximal

growth rates (e.g., by expression via controllable gene promoters) is a relevant biotechnological task and an exam-

ple of cellular economics. Whenever proteins are expressed artificially, it is important to understand–and possibly

limit–the effects on cell growth. A large growth deficit will slow down the reproduction of the cells and, there-

fore, total production. Moreover, a lower growth rate may lead to evolutionary selection against the engineered

strain: mutants with disabled heterologous genes may experience lower growth defects and therefore take over

the population by outcompeting the engineered cells.

But the question remains: How do these protein/growth curves arise? What determines their shape, and how do they

differ between proteins? In this chapter, we consider the growth rate effects of proteins in detail.

Following the economic perspective of this book, our main focus is not on how protein levels are regulated in cells

but on how they contribute to the cell’s functioning. That is, we do not inquire about the mechanistic causes but

about the incentives for increasing or decreasing a protein level. There are several reasons for looking at cells in this

way. First, if there is an evolutionary selection for high growth rates, the resulting regulatory systems will support
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optimal ”expression programs”. Second, even if we don’t fully understand how regulation systems function, we may

use optimality principles as a way out, hoping that they can serve as a good approximation.

11.1.2 Protein cost and benefit

The curves in Figure 11.1 may look simple, but they may reflect complex rearrangements in the entire cell. Protein

production is a complex process that involves transcription, translation, modifications, and transport and depends on

various other processes. When protein levels change, all these processes may be adapted, the demand for ribosomes

changes, and metabolic production fluxes may be rerouted. Proteins typically serve a specific function, and changing

their abundance perturbs this function, too. Moreover, there are various indirect effects; for example, due to the

competition for cellular space, which is crowded with other proteins, membranes, polymers, and small molecules

(see Section 2.6.1). Mechanistically, these cell-wide rearrangements depend on regulatory mechanisms and impact

the allocation of resources. Accordingly, there are two different ways to describe this reallocation in models: either

physically – that is, as resulting from regulation mechanisms – or based on optimality principles. Our models from

previous chapters can be used to predict such rearrangements.

One way to describe the effects of protein levels on cell growth is to assume that each protein has a benefit and a

cost. On the one hand, we assume that a protein contributes to the functioning of the cell and that its presence has

a positive effect on growth. On the other hand, protein production and maintenance require resources, which puts

a burden on cell growth. These resources include precursors, energy, and labor time of the biosynthesis machinery.

Furthermore, packing the cellular volume with more proteins would decrease the diffusion rate of small molecules

in the cell (slowing down metabolism as a whole), which means that the space proteins occupy is yet another limited

resource. The more abundant a protein is in a cell, the less space and material remains for other molecules that also

perform important functions.

Below, we assume that any protein in a cell has a cost and that protein expressionmust be justified by a benefit, or the

protein will not be expressed. At the optimal expression level, cost and benefit must be “balanced” such that any small

changes in protein levels are fitness-neutral; that is, their additional costs and benefits cancel out. In principle, such

costs and benefits can be studied by controlling the abundance of a protein via an external regulator, for example a

compound that can activate the protein’s gene promoter, andmeasuring the resulting cell growth rate (Fig. 11.3(A). An

“idle” protein, which provides no benefit to the cell in the current conditions, will only contribute a cost. The lower its

expression level, the faster the cell will grow and the optimal growth rate is reached when the protein is not expressed

at all (Fig. 11.3(B)). In the case of a “useful” protein, there is also a benefit; when the expression level becomes very

small, the benefit will show a sharp drop, with leads to an optimumat some intermediate expression level (Fig. 11.3(A)).

Following this idea, and using such experimental data, we may split a protein’s growth effects into separate cost and

benefit terms, hoping to understand each of these terms through simple considerations about the enzyme’s physical

properties such as its mass, size, or efficiency.

Notions of protein costs and benefits can be defined in different ways, depending on their purpose:

1. Empirical definition and measurements. A common operational definition is based on experiments in which the

expression level of a protein is externally controlled, and the resulting changes in cell growth rate are measured.

By comparing experiments in which beneficial and costly effects are varied, one can try to disentangle them to

better understand what causes them in the cell.

2. Model simulations. Instead of real experiments, we may also perform computer experiments based on models.

The models described in the previous chapters 7 and 10 allow us to simulate the change in enzyme levels and

compute the resulting achievable growth rate.

3. Theoretical definition and calculation. Aside from numerical calculations, mathematical models can help us un-

derstand general principles (see box “Qualities of a model” in 5). If we made a model and know what assumptions

went into it, we can understand it more easily than a real cell. Some model properties can be analyzed without

simulations: metabolic control analysis, for example, can reveal general principles of optimal enzyme allocation

and how it should be adapted upon an external change.
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Figure 11.3: Quantification of protein/growth rate effects – (A) An externally controlled expression of a

protein (with expression level e) influences the cell growth rate µ. (B) Forced expression of an idle protein

decreases the growth rate. In wild-type cells under a selection for growth, such a protein should not

be expressed. At small expression levels, the growth rate decreases approximately linearly (first-order

effect). (C) In the case of a beneficial protein, the growth rate becomes maximal at some intermediate

expression level, and small variations around this level make the growth rate decrease. The right branch

of the curve (in pink) is a ”trade-off branch” where increasing the protein expression will decrease the

growth rate, implying a trade-off between protein expression and cell growth. Near the optimal point, the

curve can be approximated by a quadratic curve (second-order effect). In the optimal point the curve has

a zero slope, and small increases or decreases of the protein level would leave the growth rate almost

unchanged (compare Figure 11.1).

In all three cases, the aim is to split cell-wide fitness effects into simple cost and benefit contributions attributed

to a single protein. To justify this splitting, we often need to assume that protein changes are small compared to

the entire proteome. This allows us, in many cases, to model protein costs and benefits using linear or quadratic

approximations.

In Section 11.2 of this chapter, we consider cell growth as an example objective and describe how the influence of

protein expression can be measured. You can find more details about experimental methods in the appendix. In

Section 11.3, we introduce a simple cost/benefit model for a single enzyme; we then apply it to the Lac operon in

E. coli, for which protein costs and benefits have been measured (Section 11.4). Finally, we discuss some general

principles relating empirical costs and benefits to (direct or indirect) mechanistic causes, show how protein/growth

curves can be predicted using themodels discussed earlier in the book (Section 11.5), and ask how protein expression

is regulated mechanistically and how this may lead to growth-optimal states (Section 11.6).

11.2 Protein levels and growth rate: mechanisms and observations

11.2.1 Protein production and the necessary resources

To understand how protein levels affect cell fitness, we first need to know the steps in protein production and the

necessary resources. The amino acid sequence information for making a protein is (usually) encoded in DNA. DNA

is transcribed to messenger RNA (mRNA) and then translated to protein. These processes require three basic ingre-

dients: precursors, molecular machines that assemble these precursors, and energy to power these processes. The

precursors for transcription are nucleotides, and for translation amino acids. These can be synthesized by the cell

itself or be taken up from the medium. Transcription and translation are catalyzed by large molecular machines, such

as RNA polymerases and ribosomes. Finally, these machines require energy in the form of ATP or GTP that the cell

must produce (Figure 11.4).

Overall, protein translation is themost costly process. It consumes about four ATPmolecules per amino acid, whereas

transcription uses about two ATP molecules per nucleotide (BNID 105375). Additionally, the catalysts involved in

translation are larger; in bacteria, ribosomes are 2700 kDa (BNID 100118), compared to polymerases with 480 kDa

https://bionumbers.hms.harvard.edu/bionumber.aspx?id=105375&ver=0&trm=105375&org=
https://bionumbers.hms.harvard.edu/bionumber.aspx?id=100118&ver=10&trm=100118&org=
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Figure 11.4: Steps in making a protein (see also Box 2.A in Chapter 2) – 1. Transcription: DNA is tran-

scribed to mRNA by RNA polymerase, which requires nucleotides (NT) and energy (typically ATP or GTP). 2.

Translation: mRNA is translated into a protein by the ribosome, using amino acids (AA) and energy. These

processes are constrained by the available space and require additional indirect costs, as the molecular

machines catalyzing these processes need to be synthesized by the same processes, necessitating even

more machines. After the protein is made, it can be beneficial for the cell or cause additional costs (e.g.

costs of folding and degradation of misfolded proteins, membrane stress, by-product accumulation), de-

pending on the type of protein and environmental conditions. For more background about biological

machines and enzymes, see Chapter 2.

(BNID 104925) . Furthermore, an mRNA molecule is used to make multiple proteins. Due to these cost differences,

the translation machinery occupies a larger portion of the cell’s proteome than transcription machinery (roughly 5-10

times larger in E. coli, see proteomaps.net [7]).

All of these processes contribute to the overall cost of protein production, with synthesis costs primarily determined

by protein size. However, synthesis alone does not account for the full energetic burden. Proteins often require

additional steps such as chaperone-assisted folding, post-translational modifications, or transport to specific cellular

compartments, each of which consumes extra energy. In some cases, proteins can also impose toxic effects that fur-

ther increase cellular energy demands. For instance, microbial production of biofuels can disrupt membrane fluidity

and permeability, leading to the leakage of essential molecules such as ATP and ions [8].

Additionally, weneed to consider that tomakemoreprotein, a cell also needsmoremolecularmachines, which, in turn,

requires evenmore molecular machines to synthesize themselves. However, the space in the cell is limited. In fact, as

we have seen in Chapter 2, the protein content per cell is quite constant across conditions, but the relative composition

changes. This means that to make more of one protein, the cell needs to reduce the amount of other (potentially

beneficial) proteins – which can reduce growth. The limited space does not only apply to the cell as a whole but also

to cellular substructures. For example, the abundance of membrane proteins is limited by the membrane area, and

the abundance of mitochondrial enzymes is limited by the mitochondrial volume.

11.2.2 Cell-wide effects of protein expression: costs and benefits via different routes

To understand how a single protein can affect cell growth, we need to trace its effects on other processes in the cell. A

change in a single protein level may imply – that is, either cause or require – rearrangements in the entire proteome. If

the total protein amount in a cell were constant, then increasing the level of one proteinwould cause the levels of other

proteins to decrease, with secondary effects elsewhere in the cell. In contrast, if the total protein amount can vary, an

increased protein level may lead to an increase in the total protein amount, which entails adjustments in the protein

production machinery (polymerases, ribosomes, available charged tRNA). This, in turn, has cell-wide effects. In both

https://bionumbers.hms.harvard.edu/bionumber.aspx?id=104925&ver=10&trm=rna+polymerase+mass+coli&org=
https://proteomaps.net/


Protein levels and growth rate: mechanisms and observations 7

Experimental methods 11.A Challenges in quantifying protein expression

To quantify the fitness effects of a protein in real cells, one may enforce changes in protein levels and plot

these levels against the resulting changes in growth rate. However, in experiments we cannot control protein

concentrations directly. To vary it indirectly, we can modulate gene copy number, transcription, or translation,

for example, by titrating an inducer (e.g., IPTG with lac promoter) or using promoters with different strengths.

The inducer concentration or promoter activity is then used as the input variable for cost and benefit calcula-

tions [2]. However, these measurable variables may not correspond exactly to protein concentrations because

multiple processes contribute to the final protein levels. These processes can become saturated or affected by

regulation [9], and these effects are gene-specific [10]. There are also cases in which gene expression correlates

with inducer concentration at the population level, but individual cells show “all-or-none” expression. This

means that instead of each cell gradually increasing expression, only the proportion of fully induced cells rises

[11], so the cell models used in this chapter would not even apply.

So how can we make sure that our calculations are done with accurate protein amounts? One solution is to

measure the absolute level of our protein, for example with quantitative mass spectrometry. However, these

methods are technically challenging–the measurement errors are large and vary between proteins [9]. An al-

ternative is to measure relative protein expression, for example using gel electrophoresis as done by Dekel and

Alon [12] (see Section 11.4).

cases, if a change in protein levels affects the growth rate, this will entail various other adjustments (e.g. changes in

ribosome numbers, with all kinds of secondary effects). To describe the cost of a protein, including all these effects

as “baggage costs” or opportunity costs of the protein, we usually assume that these costs are comparable between

proteins and we can approximate them by empirical or heuristic protein cost functions.

To see how protein expression affects cell growth, we need to consider the different ways in which a protein – by

its presence or changes in abundance – influences the rest of the cell. If we consider a cell as a whole and zoom in

on a single protein species, we notice a number of direct connections between the protein and other cell processes.

These “direct routes of action” concern (1) How the protein is made, including the need for resources such as amino

acids, energy carried by ATP, molecular machines (including ribosomes and chaperones), and mRNA templates. In

eukaryotes, transporting proteins to the right place in the cell may require transporters and larger infrastructures,

such as the endoplasmic reticulum. (2) The space that the protein occupies (thus reducing the available space for

other cell components). (3) Running costs, for example, ATP consumption in the case of ion transporters or flagellar

proteins. (4) The protein’s direct function, for instance, is the catalysis of a metabolic reaction.

It is through these connections that our protein influences other parts of the cell. One way to predict how these

influences play out when it comes to cell growth is to use detailed whole-cell models. But how can we understand

these effects intuitively, and how can we relate them to cost and benefit terms? A changing protein level will change all

the direct demands (for example, ribosome demand and space demand). To describe these demands, we now make

a simplifying assumption. While different proteins require resources in different amounts, e.g. due to their different

molecule sizes, the way in which these resource demands affect the cell (e.g. by higher ensuing ribosome demands)

do not depend on the type of protein. If this is true, then knowing the cost factors of one protein will also tell us about

the cost factors of other proteins. Hence, the costs of proteins are assumed to depend only on general factors such

as protein size, composition, lifetime, or localization. On the benefit side, unlike protein costs, protein functions differ

largely between different proteins (for example, among the thousands of proteins in a cell, only one may be able to

catalyze some specific reaction) – with important consequences for the entire cell!

In practice, it is common to summarize all cost factors of a protein into one cost term associated with the required

resources and proportional to the protein’s abundance, and to describe the protein’s function by one protein-specific

benefit term.
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Figure 11.5: Optimal enzyme level in a metabolic reaction – (A) The enzyme influences the pathway flux via

its catalyzing reaction. All other enzyme levels are fixed. In an optimality problem, we define cell fitness

as a difference between a benefit proportional to the pathway flux and a cost proportional to the enzyme

level. Internal metabolites are shown in yellow, external metabolites are shown in orange. (B) Cost (red)

and benefit (blue) as functions of the enzyme level. The point of maximal fitness (benefit minus cost) is

marked by an orange star. (C) The fitness, as a function of the enzyme level, has an optimumpoint in which

the curve has a vanishing slope. Like in Figure 11.3, the trade-off branch of the curve is marked in pink.

(D) The derivatives of cost and benefit functions, as functions of the enzyme level, are called marginal cost

and benefit. At the optimal point, marginal cost and benefit must be equal. We can already see this in (B),

where the slopes are equal at the optimal point.

11.3 Cost-benefit balance for an enzyme level

If expressing a protein causes costs and benefits in the cell, then how can we find the “sweet spot”, the expression

level where fitness is maximized? And how will this optimal value change when external conditions are changing?

When external conditions are changing and make a protein more beneficial, it stands to reason that the cell should

have more of it. But why exactly? And how are greater advantage and greater quantity related? A way to think

about this is “marginal economics”, that is, considering the costs and benefits of small changes around a given state of

interest. The optimal point, where any change decreases the fitness, is also a point in which very small changes have

no fitness effect: since the slope of the curve is zero, moving a bit to the left or right will lead to almost no change

in the growth rate. We can also see this from the protein/growth curves in Figure 11.1. How is this related to costs

and benefits? If the fitness function is benefit-cost difference, then its slope (called “marginal fitness” is the difference

between the slopes of the benefit and cost curves, called marginal benefit and cost. In the optimal point, where the

slope of the fitness function must be zero, marginal cost and benefit cancel out: this is what we mean by saying that

“cost and benefit are in balance” (see Box ??). In this logic, the “sweet spot” is a point where an infinitesimal change

would have equal cost and benefit effects, so at this point there is no incentive to increase or decrease the enzyme

level.

11.3.1 Cost-benefit balance of a metabolic enzyme – a simple additive model

To see a concrete example, let us consider ametabolic pathway containing an adjustable enzyme as shown in Fig. 11.5

(A) and assume that the enzyme level is optimized [13]. We further assume that the pathway contributes to cell fitness

in two ways, described by separate fitness terms. The benefit term B depends on the pathway flux J , while the cost

term depends on the total pathway enzyme etot, and the fitness is given by the differenceF = B−H = bJ J−γ etot

with constant prefactors bJ and γ. The cost H is proportional to the enzyme level and may represent opportunity

costs of the enzyme due to its ribosome and space demand. Note that fitness is measured here in arbitrary units,
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Figure 11.6: Changing the balance between cost and benefit shifts the optimal protein expression level –

In the cost-benefit model from Figure 11.5 (A), we decrease the benefit weight, leading to lower optimal

expression levels (B) and eventually to a zero expression (C).

while the units of the coefficients bJ and γ must be such that the cost and benefit functions have the same unit. For

example, if the cost function denotes enzyme mass concentrations (with γ, in this case, being the enzyme molecular

mass), then bJ must represent the benefit measured as an enzyme mass concentration per flux.

How can we find the optimal enzyme level, and how will this optimum change as external conditions are changing?

We treat our enzyme level e as a choice variable, keep all other enzyme levels constant and ignore their constant cost,

and write the fitness as a function of our enzyme level alone:

F (e) = bJ J(e)︸ ︷︷ ︸
B(e)

− γ e︸︷︷︸
H(e)

. (11.1)

In a simple kinetic model, the flux J(e) will vary between 0 (at e = 0) and some maximal value v∞ (at e → ∞), which

depends on the other enzyme levels. To obtain mathematical conditions for an optimal enzyme level e, we first

consider a case in which the optimal enzyme level is larger than 0. In this case, the derivative dF/de must vanish in

the optimum point, so our protein must have a marginal fitness of zero. This means that the slopes of the cost curve

B(e) and benefit curvesH(e), called marginal cost and benefit, must balance out:

∂B

∂e︸︷︷︸
bJ

∂J
∂e

= ∂H

∂e︸︷︷︸
γ

, (11.2)

This optimality criterion holds for any curve shapes, for other types of choice variables aside from protein levels, and

also in other types of model (e.g. where benefits emerge from a complex cell model, with an unknown, but mathe-

matically defined dependence on some choice variables).

Howwill an optimal enzyme level change as conditions are changing? For example, how should it change if an enzyme

remains equally costly, but becomes less beneficial? In our model, let us assume that the benefit function is scaled

down by a tunable factor while the cost function remains unchanged. When the original optimal enzyme level e∗

is positive, rescaling our benefit function changes its relative weight compared to the cost term: the shape of the

fitness function changes and the optimum enzyme level shifts to the left (see Figure 11.6). The more we decrease

the benefit, the lower the optimum level will be, until the optimum level hits 0. If we further decrease the benefit

weight, the slope of the fitness function at zero expression becomes negative, and expressing the enzyme would not

pay off anymore. Since enzyme levels cannot be negative, we obtain a boundary optimum at e = 0. When we give

the benefit function a weight of 0 (assuming that the pathway flux does not contribute to the cell’s benefit at all), we

obtain an “idle” protein, which has a cost, but no benefit. According to our optimality model, such proteins should not

be expressed. An example of an idle protein is the Green Fluorescent Protein (GFP), which is sometimes cloned into

cells for measurement purposes and puts a burden on the cell [14].

Even if our cost-benefit model is simple and the cost and benefit functions may seem a bit arbitrary, the model shows

the logic behind optimal protein levels and behind optimal parameter choices in general. An example concerns opti-
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Biology box 11.B Genetic tug-of-war

Throughout the chapter, we mostly present simple examples involving the expression of one protein at a time.

However, in nature, the situation is often more complex. To illustrate a system with two proteins, Moriya et

al. [15] introduced an innovative method called “genetic tug-of-war”. In this method, two genes were placed on

a plasmid: one encoding a beneficial protein absent in the yeast strain (a leucine synthesis gene) and another

encoding a target protein with an unknown benefit (a protein native to yeast). The plasmid was inserted into

cells, which were then grown in a leucine-free medium for a few hours, allowing the cells to reach an optimal

plasmid copy number.

Leu− cells

plasmid

Leu native

proteins

encoded

by plasmid

growth rate fitness effect

plasmid copy number

Leu plasmid

Leu + Native plasmid

Leu

native

sum

A “tug-of-war” occurs because both proteins impose a cost, driving the optimal plasmid copy number down,

while their (potential) benefits push it upward. Although each protein might have its own optimal copy number,

both genes will have the same number of copies because they are on the same plasmid. As a result, the cell

must reach a “compromise” where the combined costs and benefits of both proteins balance out. The leucine

gene always provides a significant benefit, resulting in a high optimal copy number. In contrast, the benefit of

the target gene varies and can even be zero, as these genes are already present in the yeast cell, and further

overexpression may only increase costs without adding benefit.

So what did this experiments reveal about the proteins in question? Bymeasuring the final plasmid copy number

and comparing it to a control plasmid containing only the beneficial gene, the researchers could infer the ef-

fects of the target proteins. Low copy numbers suggested that wild-type levels were already optimal and that

overexpression was harmful. Higher copy numbers indicated robustness to overexpression, while cases where

the copy number exceeded the control highlighted a growth advantage provided by the target protein.

mal plasmid copy numbers in yeast cells, which depend on tunable cellular costs and benefits of the plasmid. This

artificial systems was called “genetic tug-of-war” because of the cost and benefit functions “pulling” the plasmid num-

ber towards lower or higher values (see Box 11.B).

11.4 Cost and benefit of the lactose utilization system in E. coli

We now demonstrate the theoretical concepts from the previous sections with a canonical example for analyzing the

cost and benefit of expressing a single gene, the Lac operon system in E. coli (see Box 11.C). The lactose utilization

system, encoded by this operon, is a set of proteins that allows the cell to take up and metabolize lactose and is

only expressed when lactose is present in the environment. In their pioneering paper from 2005, Dekel and Alon
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Biology box 11.C The Lac operon

The lactose utilization system and its regulation was the first genetic regulatory mechanism to be studied and

characterized, and won François Jacob and Jacques Monod the Nobel prize in 1965. Denoted the Lac operon,

this section of E. coli’s genome contains three genes: lacY, lacZ, and lacA. Together, they encode the proteins that

are responsible for the transport andmetabolism of lactose. The Lac operon is preceded by another related one

containing the lacI gene, which encodes a transcription factor called the lac repressor.

lacI lacZ lacY lacA

regulatory region Lac operon

(DNA double-helix not for scale)

In the absence of lactose, the lac repressor blocks the transcription of the Lac operon genes, and thus decreases

the levels of the enzymes and transport proteins that enable the cell to consume lactose. This allows the cell to

divert its resources away from these proteins as they do not contribute to growth and, therefore, fitness. When

lactose appears in the environment of the cell, some fraction of it is converted to allolactose (by a side activity

of β-galactosidase). Allolactose then binds to lacI and induces a conformational change that prevents it from

binding DNA, alleviating the inhibition and initiating the transcription of the Lac operon genes.

[12] performed a series of experiments to isolate the cost and benefit of genes in this operon, and to fit the missing

parameters for their model.

For measuring cost, Dekel and Alon [12] designed an experiment where the benefit of the expression is zero, by

growing the cells in defined glycerol medium lacking any lactose. Under these conditions, expressing the Lac operon

has no benefit. Then, in order to alter the expression level, IPTG (isopropyl β-D-1-thiogalactopyranoside) was added

at varying concentrations to the media. IPTG is a molecular mimic of allolactose, and similarly binds lacI to alleviate

its repression of the Lac operon. However, unlike lactose and allolactose, IPTG cannot be metabolized by the cell and

therefore provides no growth benefits. The growth rate of the cells in every condition was compared to the growth

rate without IPTG, and the relative reduction in growth was defined as the cost (η). In order to quantify the textitlac

expression, Dekel and Alon [12] used a standard assay for measuring β-galactosidase (lacZ) activity based on the

optical readout of a colorful substrate, as well as SDS gel electropherosis. These results are shown in Figure 11.7A.

It was clear from the data that the cost is a non-linear function of the expression level. However, lacking a mechanistic

model for this, a heuristic cost function was employed in order to fit the empirical data:

η(Z) = η◦ ·

(
Z

ZWT

)
1 −

(
Z

ZWT

)
/M

(11.3)

where Z is the expression level of the Lac proteins and ZWT is their fully induced expression level in the wild-type

strain. η◦ andM are fitting parameters and, as can be seen in Figure 11.7A, this cost function can be fitted well to

the measured data using these values: η◦ = 2% ± 0.3%,M = 1.8 ± 0.3. Interestingly, the cost for the unrepressed
expression level of the wild-type cells was found to be η(ZWT) = η◦/(1 − 1/M) ≈ 4.5%.

To verify that this cost function remains relevant also after evolving the cells, Dekel and Alon [12] measured the lacZ

expression and growth rate of strains that were evolved under constant concentrations of lactose (0.2 mM and 5mM)

for more than 400 generations. Indeed, the expression of the Lac operon changed, as well as the growth rate in the

defined glycerol medium. However, the relationship between them remained the same (i.e. still roughly following

Eq. (11.3)).

Next, Dekel and Alon [12] turned to quantify the benefit function, basing their model on the known transport and

catabolism kinetics of the Lac system, i.e. assuming that the increase in growth rate (B) is proportional to the rate of



12 Benefit and cost of a protein

(A) (B)

0 0.5 1 1.50%

2%

4%

6%

8%

Relative lac expression (Z/ZWT)

C
o
st
,
η
(r
e
la
ti
v
e
g
ro
w
th

ra
te

re
d
u
ct
io
n
)

wild-type

evolved

cost function

10−4 10−3 10−2 10−1 100 101 102

−10%

0%

10%

20%

η(ZWT)

δ

L = KY

External lactose concentration (L) in mM

R
e
la
ti
v
e
g
ro
w
th

ra
te

d
iff
e
re
n
ce

Figure 11.7: (A) Lac operon cost function Eq. (11.3), with parameters η◦ = 0.02, M = 1.8 fitted to empirical

data – Wild-type E. coli (dark blue points) was grown in defined glycerol medium with varying amounts of

IPTG. The cost (η) is defined as the relative reduction in growth rate compared to no-IPTG conditions. The

x-axis is the ratio of protein level to the fully induced wild-type protein level (Z/ZWT). Also shown are the

costs and Lac expression levels of strains evolved at 0.2 mM or 5 mM lactose (cyan points). (B) Growth

rate effects of lac proteins as a function of lactose concentration – The data points (dark blue) represent

cells growing at saturating levels of IPTG and varying concentrations of lactose. The growth rate difference

(y-axis) is relative to cells growing without IPTG nor lactose. Here it is modeled as a benefit-cost difference.

The value indicated as η(ZWT) is the cost of the fully induced lac system at zero lactose, and δ is the benefit
of lac induction at saturating lactose levels. The light blue line follows Eq. (11.5) with parameter values

KY = 0.4 mM, δ = 17%, and Z = ZWT. Note that KY represents the lactose concentration where LacY

is half-saturated and therefore corresponds to the midpoint between the minimum and maximum of the

benefit function, i.e. δ/2 − η(ZWT).

lactose use, and follows the following function:

B(Z,L) = δ · Z

ZWT

· L

KY + L
(11.4)

where L is the concentration of lactose in the cell,KY is the Michaelis-Menten constant of LacY, Z is the LacZ protein

level (i.e., as before, representing the Lac operon expression level), and δ is the relative growth advantage per LacZ

molecule at saturating lactose concentration. KY is known to be 0.4 mM from biochemical assays of LacY. Based

on the kinetic parameters for both LacY and LacZ, when the Lac operon is fully induced and the lactose levels are

saturating, growth rate should increase by 17% relative to conditions with no lactose (but when still fully expressing

the Lac proteins). This means that we can use δ = 17%.

It is difficult to create conditions where a protein brings a benefit, but has no cost at all. So, in order to see if the benefit

function can fit experimental data,media containing saturating IPTG levels (constant cost) anddifferent concentrations

of lactose (varying benefits) was used. Since IPTGwas saturating, the added lactose would not increase the expression

of the Lac operon any further. As before, the relative change in growth rate was measured and compared to the

no-IPTG no-lactose condition. According to the cost/benefit model, the relative change should follow the following

function:

g(Z,L) = B(Z,L) − η(Z) = δ · Z

ZWT

· L

KY + L︸ ︷︷ ︸
benefit

− η◦ ·

(
Z

ZWT

)
1 −

(
Z

ZWT

)
/M︸ ︷︷ ︸

cost

. (11.5)
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Figure 11.8: (A) Predicted relative growth rate of cells as a function of Lac protein expression – The relative

growth rate difference, i.e. benefit minus cost, is shown for different concentrations of lactose (L), accord-
ing to Eq. (11.5). The dashed black line represents the set of points with optimized expression for a range

of lactose concentrations, following Eq. (11.6). The model predicts that over the course of evolution, the

expression will be tuned to this value for every given lactose concentration. (B) Adapted LacZ activity of

cells in serial dilution experiments – The evolved Lac operon expression level relative to wild-type cells is

plotted here as a function of lactose concentration,L, present in themedium throughout the serial dilution

experiment. The red line indicates the theoretical prediction of the optimal expression level (Eq. (11.6)).

Note that when there is close to no lactose in the medium, the relative growth rate will be a negative number since

the cells grow slower due to the extra cost of expressing the Lac operon when IPTG is present, i.e. of the unrepressed

expression level of the wild-type cells: g(ZWT, 0) = −η(ZWT) ≈ −4.5%. In general, plotting the measured data next

to the predictions based on Eq. (11.5), we see that the fit is quite good – Figure 11.7B.

Now, having a fully parameterized cost/benefit function, the optimal induction level (Z) can be expressed as a function

of the lactose concentration (L), i.e. by finding the value of Z/ZWT that satisfies ∂g/∂Z = 0:

∂g

∂Z
= 1
ZWT

[
δ

L

KY + L
− η◦ ·

(
1 −

(
Z

ZWT

)
/M
)−2

]
∂g

∂Z

∣∣∣
Z∗

= 0 ⇒ Z∗

ZWT

= M

(
1 −

√
η◦

δ
·

√
1 + KY

L

)
.

(11.6)

Note that, when L ≤ L◦ ≡ KY /(δ/η◦ − 1) then the value of Z∗ in the above equation is negative. Therefore, the

optimal lac expression level for lactose concentrations lower than the critical value, L◦, is zero.

We can see in Figure 11.8A examples for the relative growth rate difference (g) as a function of Z for several levels

of lactose, and what the optimal expression level is, based on the above solution. As expected, at the critical concen-

tration of L◦ the function is monotonically decreasing. In other words, the external lactose concentration must be

higher than L◦ in order for the benefit to outweigh the cost, otherwise the cells are better off ignoring the lactose.

We can further define L∗ as the concentration of lactose that would be optimal for a given LacZ expression level Z.

This can be easily done by solving Eq. (11.6) for L:

L∗ = KY

δ
η◦

(
1 −

(
Z

ZWT

)
/M
)2 − 1

(11.7)
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and plugging in the values we obtained previously (KY = 0.4 mM, δ = 17%, η◦ = 2% andM = 1.8) we get that

L∗ ≈ 0.6 mM, and L◦ = 0.053 mM. Indeed, as can be seen in Figure 11.8A, the optimum of the L = 0.6 mM line

(dark blue) is reached approximately at Z/ZWT = 1.

Finally, Dekel and Alon [12] tested whether cells growing for many generations in a constant environment with a

specific concentration of lactose would evolve to optimize their expression of the Lac operon. The cells were grown

in 10 mL cultures with a defined minimal medium, supplemented with lactose as the sole carbon source at varying

concentration. Whenever the cells reached a high optical density, they were diluted by a 100-fold into a new shake

flask with the same medium. After many rounds of serial dilution, equivalent to 400-500 generations, the cells were

isolated and the activity of LacZ was measured for each lineage. Figure 11.8B shows the final LacZ activity for each

evolutionary condition (L). Also here, the predicted optimal expression based on Eq. (11.6) matches the measured

data.

11.5 Proteins and growth: insights from constraint-based models

11.5.1 How do protein costs arise in a cell?

We saw how a protein’s effects on cell growth can be described by effective cost and benefit functions. In a simple

example, we assumed that the metabolic flux in a pathway contributes to cell growth, while enzyme expression con-

tributes negatively, and we described these effects by simple cost and benefit functions. Similar costs and benefits

can be defined based on experiments in which protein expression is controlled from the outside and the resulting

changes in cell growth are measured. But what do these cost and benefit functions mean, and how do they arise from

biochemical processes and economic compromises in cells?

Empirical protein cost functions describe overall effects quite well, but they do not tell us what is happening in a cell.

First, they cannot describe how enzyme costs arise precisely and what are the proteomic rearrangements behind

them. Second, they do not capture the detailed competition for resources (e.g. for individual amino acids or trace ele-

ments), and how this competition plays out between proteins of different size and composition. And third, assuming

that costs and benefits can be clearly separated is a strong assumption. In reality, changes in protein expression have

all kinds of effects, and it may be impossible to distinguish between benefits and costs at all – there will only be some

overall effect on growth.

To better understand what “protein cost” even means, and how growth rate deficits come about, we turn to cell-wide

rearrangements of resources as described by whole-cell models. In such models, we can change protein levels at will

and predict the effects on growth without assuming cost or benefit functions a priori. Studying suchmodels can teach

us how protein-specific and network-wide aspects of protein costs are related, how optimal protein levels depend on

external conditions and biochemical details of cells, and how strongly the growth rate decreases when expression

levels deviate from these optimal values.

11.5.2 Predicting the effects of protein levels on growth in whole-cell models

In the previous chapters, you saw cell models that–in principle–can predict protein levels that maximize cell growth.

We can also use them to predict growth-rate effects of changes in protein levels. Let us have a look at some of these

predictions. For simplicity, we consider linear resource allocation models, that is, models in which all rate laws are

approximated by vl = el κl with constant enzyme efficiencies1 κl. In such models, a protein has two direct effects.

First, it occupies a part the protein budget (described, for example, by a density constraint in the model) and thereby

decreases the budget for other proteins and, in particular, for ribosomes. Second, if the protein is ametabolic enzyme,

increasing its amount will allow the cell to increase metabolic fluxes and therefore precursor production. Both effects

are indirect andmay involve rearrangements of the proteome and of metabolic fluxes. In a cell model, these opposite

effects require a best compromise, which can be determine in models by maximizing the growth rate. By screening

the possible enzyme levels, we obtain curves relating enzyme levels to growth rates as in Figure 11.1.

1In kinetic models (e.g. as described in chapter 6), the κl values would be variable and dependent on metabolite levels. This

would change the results, but here we assume that linear models capture the most important effects, including rearrangements of

the proteome.
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Figure 11.9: Protein/growth curves obtained from constraint-based metabolic models (schematic exam-

ple) – A constraint-based metabolic model with fluxes and enzyme levels as variables defines a solution

space, given by a high-dimensional polytope. By projecting the polytope onto a plane spanned by a pro-

tein level of interest and biomass rate, we obtain a feasible set in protein/biomass space. If the original

problem is a Linear Programming (LP) problem, this set is a convex polygon. Its silhouette curve defines

the biomass/enzyme curve. In models with a fixed total protein amount, the biomass rate per protein

amount can serve as a proxy for the cell growth rate (see Chapter 7). The plots show, schematically, an

idle protein (A) and a useful enzyme (B), where the optimum point is marked by an orange star. Trade-off

branches, where higher protein levels imply lower growth rates, are marked in pink.

In practice, for constraint-based cell models the way to obtain such curves is always the same. A constraint-based

model consists of a set of equalities and inequalities that define a set of solutions, each corresponding to a possible

cell state with a certain cell growth rate and a certain expression level of the protein in question. By projecting this

high-dimensional set onto a plane spanned by these two variables , we obtain a 2-dimensional set of possible pro-

tein/growth rate pairs. We may now assume that the cell, for each protein level, realizes the maximal possible growth

rate. The resulting cell states will lie on the upper boundary of this set (see Fig. 11.9), a simple prediction of the curves

in Figure 11.3.

If ourmodel is linear, the projected set is a convex polygon, with a bounding curve consisting of straight lines as shown

in Figure 11.9. For an idle protein, the curve starts at amaximum at zero expression and decreasesmonotonically. For

a useful protein, for example a metabolic enzyme used in the current conditions, the curve has a maximum at some

positive expression level. In both cases, the decreasing part of the curve can be seen as a Pareto front describing a

trade-off between our protein level and cell growth. In the case of a ”useful protein”, the curve has also an increasing

branch on the left, describing a “win-win” situation in which higher enzyme levels allow for higher growth rates.

11.5.3 Minimal models trading metabolism against protein production

As a simple example, we consider a variant of the first cell model in Chapter 8 (Section 8.3). Metabolism and protein

production are described by two overall reactions:

EXT v1(e1)−−−−→ PRE v2(e2)−−−−→ MAC (11.8)

The first reaction converts external metabolites (EXT) into precursors (PRE) and is catalyzed by an effective “metabolic

enzyme” E1 representing all metabolic enzymes in the cell. The second reaction converts the precursors into macro-

molecules (MAC) and is catalyzed by the “effective ribosome” E2, representing ribosomes, chaperones, tRNA, RNA

polymerases and other machines, which we assume to act in fixed proportions. For simplicity, we denote both types

of machines as ”enzymes”, even if ribosomes are actually RNA-protein complexes; and for a first simple model, we

assume that the catalyzed reaction rates vi depend linearly on the enzyme levels (v1 = κ1 e1 and v2 = κ2 e2, with

constant efficiencies κl). To relate the enzyme levels to the cell growth rate µ, we assume each of the reaction rates

limits cell growth. This means that in optimal states the two rates must be equal (v1 = v2) because otherwise, one

of them would be higher than necessary and protein would be wasted. Hence, a steady state is already guaranteed

without any further constraints. Assuming a fixed protein budget, we put a bound etot = ptot − q on the sum of
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Figure 11.10: Aminimal cellmodel can predict simple protein/growth curves – (A)Modelwith two reactions,

catalyzed by two machines called ”metabolic enzymes” and ”effective ribosome”. Each of the fluxes limits

the cell growth rate, while the enzyme levels are limited by a fixed total protein budget. The ”Q sector” is

occupied by proteins that, in themodel, do not contribute to growth. Another sector can be occupied by an

”idle” protein pwith no function in the cell. (B) According to Eq. (11.9), the reaction rates depend linearly on
enzyme levels, and the growth rate µ is limited by the minimum of the two rates, so the achievable growth

rate µ depends on e1 and e2. (C) Due to the protein bound, the solution space becomes a tetrahedron.

Projecting it to the e1/µ plane yields a triangle (right) whose boundary is a piecewise linear protein/growth

line. The curve consists of two straight lines with a maximum point in between. (D) For an idle protein,

adding the protein level p to the Q sector and thereby decreasing the available enzyme budget leads to

a single decreasing line with an optimum at zero expression, and zero cell growth where the idle protein

takes up the entire available protein budget. If protein level and cell growth are seen as simultaneous

optimization objectives, the falling part of the boundaries in (C) and (D) (marked in blue) forms a Pareto

front.

enzyme levels, which leads to a trade-off between e1 and e2. Here ptot is the total protein budget and q is the size of

the ”Q sector” of other, non-modeled proteins in the cell. Altogether, our model contains the variables v1, v2, e1, e2, µ
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and the parameters κl, etot, and q. Its feasible states must satisfy the constraints

µ ≤ min(v1, v2)

v1 = κ1 e1

v2 = κ2 e2

e1 + e2 + q ≤ ptot.

(11.9)

For each choice of parameter values (ptot, q, κ1, κ2), the constraints define a range of possible states (µ, v1, v2, e1, e2)
(see Figure 11.10). The model (11.9) resembles the first model in Section 8.3 in Chapter 8 with two main differences.

First, the cell growth rate is not directly given by the reaction rates, but only limited by them: (µ ≤ v1 and µ ≤ v2).

Second, we do not explicitly require a steady state; but since non-steady states with v1 6= v2 are suboptimal, the

model predictions will be equivalent. As shown in Figure 11.10, the constraints (11.9) define a feasible polytope in the

space spanned by e1, e2, andµ. The projection to the e1/µ plane yields a feasible triangle with a single growth-optimal

point (see Figure 11.10(B)).

What can we learn from this model? To simulate the expression of an idle protein, we assume that its abundance

p adds to the Q sector, thus decreasing the remaining budget for e1 and e2 (straight line in Figure 11.10(D)). In our

model (11.9), the model variables µ, v1, v2, e1 and e2 scale proportionally: therefore, a decrease of the available

enzyme budget e1 + e2 = ptot − q leads to a proportional decrease of the growth rate. With an idle protein adding

to the Q sector, the growth rate changes as

µ ∼ etot

ptot − q
= ptot − q − p

ptot − q
= 1 − p

ptot − q
. (11.10)

or

µ = µ0

[
1 − p

ptot − q

]
. (11.11)

This means that the protein/cost curve is a falling straight line that hits 0 where p = ptot − q, that is, where the

idle protein takes up all the available protein budget, and no budget is left for the enzymes. In summary, our model

predicts that useful proteins that contribute to the “metabolic enzyme” pool have a growth curve with an optimum at

a positive enzyme level. Idle proteins, in contrast, reduce the protein budget and therefore growth. The predictions

assume a reallocation of protein resources between metabolism and translation, but they do not describe individual

proteins with individual costs and benefits. To describe this, more detailed models are needed.

11.5.4 Flux-balance models with enzyme constraints

Our simple model (11.8) predicts simple protein/growth curves, but it cannot describe metabolic enzymes individu-

ally. However, we can easily expand it by replacing the “effective metabolic reaction” by a metabolic network. We

obtain more detailed protein sector models, as in Constrained Allocation FBA (CAFBA) [16], an FBA model with en-

zyme constraints and a ribosome sector (see chapter 5). In such models, fluxes satisfy mass balance (N v = 0),
catalytic constraints vi = κi ei, and maybe heuristic flux bounds (e.g. positivity constraints vi ≥ 0, after reorienting
the reactions to impose realistic flux directions). We further assume a limited enzyme budget

∑
l
el ≤ etot and treat

the biomass flux vBM (or a similar flux objective B = bJ · v) as the objective.

Putting all this together, we can compute growth-optimal states. How will changes in enzyme parameters, such as

catalytic rate kapp or molecule size, change the predicted growth rate? In FBA with enzyme constraints, each enzyme

has two direct effects. On the one hand it catalyzes a flux v; on the other hand it occupies a part of the protein budget.

In optimal states, the effect on the flux must be beneficial (i.e. the flux vi must have a positive marginal effect on the

biomass rate, because otherwise the enzymewould not be expressed), and using the protein budget is costly (because

of opportunity costs). We can now treat the enzyme level as a tunable parameter, optimize all other model variables,

and compute the growth rate. By screening a range of enzyme levels, we obtain a parameter/growth curve, the upper

line of the feasible set. At the optimal enzyme level, we obtain the optimal overall biomass/enzyme productivity–that

is, the biomass production per enzyme–which can be translated into a predicted cell growth rate (see Chapter 7).
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While FBA-like models are more detailed than our previous minimal model, the procedure for computing protein/-

growth curves remains exactly the same. In the space of model variables, the model constraints define a polytope

of valid states. Projecting this polytope onto a plane spanned by protein level and biomass rate leads to a feasible

polygon. Its silhouette line describes the maximal possible biomass rate, satisfying all the model constraints, as a

function of the protein level (see Figure 11.9).

Qualitatively, the lines look like the curves in Fig. 11.5 or in the previous simple model. For idle proteins (or enzymes

that do not contribute to a cost-efficient metabolic strategy in the given conditions), the line is strictly decreasing, with

a maximum at zero expression. For useful proteins, the line has a maximum at a finite (non-zero) expression level.

11.5.5 Complex whole-cell models

Resource Balance Analysis (RBA) models (see chapter 10) are even more realistic than FBA. RBA models can describe

macromolecular processes in great detail. Instead of assuming a given biomass composition, they optimize it together

with the metabolic state, requiring that metabolism supplies all the precursors for macromolecules, which in turn are

needed to produce other macromolecules or catalyze metabolic reactions. Hence, metabolism and macromolecule

synthesis depend on each other and form a big feedback loop. Mathematically, possible cell states can be described in

a space with the growth rate as one dimension and all other cell variables (fluxes and macromolecule concentrations)

as the other dimensions. For each given growth rate, these other variables must satisfy linear constraints based on

physical laws. Therefore, the space of valid cell states consists of high-dimensional polytopes, ”stacked” along an extra,

continuous growth rate dimension.

To obtain protein/growth curves, we proceed as before: we project the set of feasible states (including the growth rate

µ as one of the variables) onto a plane spanned by µ and the protein level in question. Themain technical difference is

that nowweneed to screen possible growth rate anddetermine, for each growth rate, a lower andupper bound for our

protein level (where all other variables can be adjusted). However, just like before the silhouette line of the projected

set yields the protein/growth rate curve (see Figure 11.11). Unlike in FBA, our model contains nonlinear dilution rates

of macromolecules and, possibly, growth rate-dependent parameters, vdil = µ cmacromol, so the silhouette lines may

be curved.

Similar to flux variability analysis in FBA (see chapter 5), we may run a “resource variability analysis” to explore the

allowed region and to compute the Pareto front (Figure 11.11). At each given growth rate (shown in a normalized form,

as a relative fitness), a machine or a single protein can show a range of possible expression levels. At the maximum

growth rate, this range will usually shrink to a point. To interpret the plot, it is good to remember that there is no

fundamental difference between “variability analysis” and “multi-objective optimization”. If a machine concentration

x and the cellular growth rate are seen as objectives to be maximized, the boundary line yields a protein/growth

curve as in Figure 11.1, and the part on the right can be seen as a Pareto front. In constraint-based models, the

”objectives” (such as growth rate) and “model variables” (such as protein amounts) are not fundamentally different

types of variables, but part of a large set of variables thatmutually constrain each other. ”Multi-objective optimization”

is just a way to describe these effective constraints, and to present it as a trade-off between the two variables.

So if we aim at predicting protein/growth curves, what dowe gain by using RBAmodels? Like in FBAmodels, producing

a useless protein will make the growth rate decrease, while for useful proteins, any deviation from its optimal, positive

amount decreases the fitness. However, compared to FBA, the predictions account for more subtle effects and more

complex adaptations of the cell, including changes in biomass composition. Unlike in FBA, varying protein levels

will change the demands for biomass precursors, and therefore the required metabolic fluxes–which in turn lead to

changing enzyme demands. For example, using proteins that contain trace elements such as metal ions will increase

the demand for these ions. In contrast, when these ions are scarce, this has two different effects. First, it leads to

a reallocation of protein towards pathways that scavenge these trace elements. But in addition, if ions are costly to

obtain, the expression levels of the ion-containing proteins may be decreased. The logic may also hold for nitrogen.

Under low-nitrogen conditions in the environment, a simulated cell may both increase nitrogen import and decrease

the use of proteins with a high nitrogen content. Hence, metabolic production and protein usage are tightly entangled

via biochemical processes and cellular economics, and all this is reflected in the predicted protein/growth curves.
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Figure 11.11: Protein expression and growth rate effects predicted by a Resource Balance Analysis (RBA)

model – Protein/growth curves for ATP synthase and ribosomes were computed by resource variability

analysis in a genome-scale RBA model of B. subtilis bacteria [17]. Cell growth, normalized to the maxi-

mal possible growth rate (and called ”relative fitness”) is shown on the x-axis and protein abundances are

shown on the y-axis. The feasible sets were computed via resource variability analysis, similar to flux vari-

ability analysis in FBA (see chapter 5) and indicate the achievableminimal andmaximal values of ribosome

and ATP synthase expression, assuming possible rearrangements of all cellular variables. The maximal ri-

bosome amount decreases at higher growth rates, indicating a trade-off between ribosome amount and

cell growth (similar for ATP synthase). Figure redrawn from [18].

11.6 Protein and growth: insights from mechanistic models

In this section, we stop taking for granted some of our previously made assumptions – most prominently, the notion

that protein expression is optimal due to having been shaped by evolution – and consider the regulatory mechanisms

actually making the cell behave according to them.

Why should we now start questioning our notions? All models used by us throughout this chapter to understand the

effects of protein expression rely on constraints, which define the set of possible cell states and thus the set of cell

behaviors realistically achievable in real life. However, not all constraints are of the same nature. Some stem from the

first principles of molecular biology, such as the non-negativity of concentrations or mass conservation constraints

in FBA and RBA. Others, rather than addressing the question of what rules the cellmust obey, focus on how the cell

tends to behave. Such constraints are called “phenomenological” since they capture commonly observed phenomena

without a fundamental explanation. An instance of this is the assumption of linear correlation between the cell’s

growth rate and its overall ribosome abundance (protein synthesis budget) often made in minimal constraint-based

models [19], which reflects the trends observed in experimental data. In this vein, optimality may be considered the

ultimate phenomenological constraint, with frameworks like FBA and RBA relying on it to predict the cell’s state simply

because growth rate maximization is often observed in nature.

However, in some cases, these phenomenological constraints may be invalid, as no inherent properties of the cell

prevent their violation. Looking at the effects of protein expression in particular, at high protein production rates,

the relationship between the ‘useless’ protein mass fraction and the growth rate deviates from the straight line [20]

predicted by minimal constraint-based models [19] (e.g. the upper boundary in Figure 11.12D) . Moreover, the regu-

lation of certain metabolic proteins’ expression in E. coli has been experimentally determined to be suboptimal [21].

Suboptimal scenarios may also arise – and be particularly common – when we engineer cells with synthetic proteins,

as the cell, by definition, has not had time to evolve and optimize their expression.
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Figure 11.12: Experimentally measured synthetic protein mass fractions in the cell plotted against cell

growth rates relative to cells expressing no useless protein (data taken from [20]). The red line represents

the linear dependency observed in Figure 11.10 and derived from a mechanistic model in Box 11.D. At

higher mass fractions, this linear relation is in practice violated, with costs growing superlinearly, due to

the phenomena neglected by the mechanistic model.

Since phenomenological constraints can sometimes be misleading, instead of enforcing commonly observed cell be-

haviors (which often means best-possible behaviors), it can be useful to ask: “what are the actual cellular regulation

mechanisms enabling these phenomena?” To tackle this question, we can use mechanistic ordinary differential equa-

tion (ODE) models, which capture the dynamics of different cellular variables. These models still use ‘first-principle’

constraints (like the laws of enzyme kinetics), but bake them into the form of the differential equations rather than

enforce them explicitly. The equations also incorporate the terms for particular molecular regulation mechanisms

believed to make the cell closely (but possibly not perfectly) adhere to the phenomenological constraints. Due to the

complexity of living systems, such ODE models are usually coarse-grained, with each variable describing the average

dynamics of multiple biomolecules with similar functions and properties. The degree of this coarse-graining can be

varied based on the desired level of detail and accuracy, as well as the scenario considered.

In many cases, mechanistic models reproduce constraint-based modeling predictions, either by simulation or analyti-

cally. The latter involves solving amodel for the steady state (i.e. setting all ODEs to zero) and rearranging the terms of

the equations. For example, models based on the Flux-Parity Regulation theory [20, 22], which capture the regulation

of ribosomes by the ppGpp signaling molecule, whose abundance is proportional to the ratio between charged and

uncharged tRNA concentrations, algebraically yield the same linear relation between useless protein expression and

its cost to the cell (see Box 11.D and Figure 11.12).

In more detailed models, besides drawing from the ribosomal budget, protein expression is assumed to have positive

and negative effects on other aspects of cellular functioning, such as its ATP and amino acid consumption and syn-

thesis, all captured by different parameters. Varying these parameters individually and in conjunction yields different

curve shapes, which can be compared to experimentally observed trends. This may help to deduce how exactly a

given protein favors and hinders growth by looking at this protein’s cost-benefit curves [23].

What if predictions from an ODE model disagree with reality, in the same way that constraint-based models’ phe-

nomenological constraints are sometimes violated? As discussed in Chapter 12, such observations provide valuable

information, revealing that there is a regulatory mechanism or a biomolecular reaction currently overlooked by us.

Namely, for the cost of expressing the LacZ or ∆tufB proteins, experimental measurements diverged significantly

from the predictions obtained by simulating a mechanistic cell model from [23]. This discrepancy, however, was re-

moved by redefining the protein degradation rate, changing it from a simple linear relationship to a Hill formula. The

non-linearity was explained by noting that bacterial proteases primarily degrade misfolded proteins; hence, the need

to model the dynamics of protein folding and its dependence on the overall protein expression levels.
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Box 11.D Deriving the cost of useless protein expression

To derive a mathematical expression for the cost of expressing a protein without any beneficial influence on

cell growth, we start by defining a simple mechanistic E. coli cell model from first principles, which is given by

Ordinary Differential Equations (11.12) and proteome allocation relations from Equations (11.13). The model

captures the total protein biomass of a growing cell population (M ) and the uncharged and aminoacylated tRNA

concentrations per cell (Tu and Tc, respectively). The fractions of the cell’s proteome taken up by the ribosomal

proteins, carbon metabolism proteins, housekeeping proteins (native proteins not in the two previous sectors)

and the useless protein are respectively denoted as φr, φa, φq and φx. The ODEs below reflect the following

modeling assumptions, which have been informed by experimental studies [22, 20]:

◦ The total protein mass density per unit cell volume,M , is constant, so the rate of the tRNA species’ dilution

due to cell growth (i.e. volume expansion) equals the rate of biomass increase λ. This also means that the

protein mass fractions are proportional to protein concentrations per unit cell volume.

◦ tRNA aminoacylation, consuming uncharged and producing charged tRNAs, is catalyzed bymetabolic proteins

(hence its dependence on φa). Similarly, translation (and thus protein biomass synthesis) is catalyzed by

ribosomes and depends on the abundance of aminoacyl-tRNAs. Each reaction’s rate exhibits a Michaelis-

Menten dependence on the concentration of its precursor.

◦ The signaling molecule ppGpp, whose level is given by the ratio of charged and uncharged tRNA abundances,

controls proteome allocation between ribosomal and metabolic gene. This is captured by a Hill function.

◦ The rate of RNA transcription, including that for tRNAs, is proportional to the cell’s growth rate.

dM

dt
= γTc

Ktrans + Tc
φrM = λM

dTc

dt
= νTu

Kaa + Tu
φa − γTc

Ktrans + Tc
φr − λTc

dTu

dt
= ψ(Tc/Tu)
KppGpp + Tc/Tu

· λ− νTu

Kaa + Tu
φa + γTc

Ktrans + Tc
φr − λTu (11.12)

where φq = const, φx = const,

φr = (1 − φq − φx) · Tc/Tu

KppGpp + Tc/Tu
, φa = (1 − φq − φx) · KppGpp

KppGpp + Tc/Tu
(11.13)

For a cell in the steady state, tRNA concentrations are in equilibrium. Taking dTc
dt

= 0 and dTu
dt

= 0 and sub-

stituting the definitions from Equation (11.13), we can observe that all φx-dependent terms cancel out. Hence,

charged and uncharged tRNA abundances in the steady state are predicted to be unaffected by the useless pro-

tein’s expression. Then, the steady-state cost of having the useless protein occupy the fraction φ′
x of the cell’s

proteome can be found according to Equation (11.14), where we use the fact that the φx-independent tRNA

abundances Tu and Tc are the identical in the numerator and the denominator of the fraction.

η(φ′
x) = λ(φx = 0) − λ(φx = φ′

x)
λ(φx = 0) = 1 −

γTc
Ktrans+Tc

· (1 − φq − φ′
x) · Tc/Tu

KppGpp+Tc/Tu

γTc
Ktrans+Tc

· (1 − φq − 0) · Tc/Tu
KppGpp+Tc/Tu

⇔

⇔ η(φ′
x) = 1 − 1 − φq − φ′

x

1 − φq − 0 = φ′
x

1 − φq
(11.14)

This linear increase in costs as the useless protein’s abundance in the cell increases is likewise predicted by the

constraint-based model in Section 11.5.3. In the present case, however, we made no assumption of optimality

but rather considered the experimentally determined growth regulation mechanisms via ppGpp signaling. This

relation is also concordant with experimental data (see Figure 11.12) for sufficiently low φx values. Greater

useless protein abundances, which yield a significant divergence from this law, are theorized to activate the

cellular stress response mechanisms neglected by the simple cell model in Equations (11.12)–(11.13) [22].

11.7 Concluding remarks

Any process in the cell can be viewed through the lens of its effect on the cell’s fitness under given environmental

conditions. By “fitness” we usually mean the efficiency with which the cell can increase its biomass – that is, the rate

of cell growth. Furthermore, growth can easily be related to fluxes of matter in metabolic models we often use for

predictions, . Considering growth rates also facilitates the economic analogy between a company’s drive to increase its

market value and the cell’s incentive to build up biomass. This is the view we have adopted in this chapter; however,
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protein’s fitness and cost and (B) are usually assumed to be driven to an optimum by evolution. The pink

part of the curve is a trade-off branch, where higher protein expression leads to lower cell growth (fitness).

considerations would be similar for other proxy variables capturing a cell’s fitness. A process of prime importance for

cell growth is protein expression, since proteins enable the majority of metabolic reactions and comprise the greatest

share of the cell’s biomass, while their synthesis consumes most of the cellular energy (i.e. ATP molecules) and other

resources. In this chapter, therefore, we discussed the question: how to determine the fitness effects of expressing

a given protein? This consideration is crucial for predicting the cell’s metabolic regulation and understanding how it

has evolved, as well as for engineering the expression of heterologous proteins in cells to be optimal.

As we saw in this chapter, it is useful to separately consider the protein’s positive and negative contributions to the

growth rate – that is, its benefit and cost to the cell – and represent the protein’s overall fitness effects as the dif-

ference of these terms (see Figure 11.13). This (artificial, rather than inherently physical) distinction allows one to

draw parallels with economics, in which any activity’s ultimate profitability for a company is calculated by subtracting

the costs of undertaking it from its contribution to the revenue. The possibility of defining the overall effect as a

linear difference is a simplifying assumption we make; however, it is justifiable by taking a linear approximation when

operating with small variations in gene expression and is a natural property of certain metabolic models, such as

those in which the cell’s overall protein abundance is fixed. In other cases, a linear relationship can be obtained by

redefining the fitness function, e.g. taking a logarithm of the ratio between themetabolic flux facilitated by the enzyme

(its benefit) and its total amount (proportional to its cost) yields a difference between log-terms. Another convenient

assumption is that the protein’s abundance is the sole argument of the cost and benefit functions, which makes the

effects of disparate proteins comparable to each other.

A protein’s costs and benefit may be understood as purely empirical values relating the observed protein levels, var-

ied by the experimentalist, to the cell’s growth rates as measured using techniques discussed in the appendix. This

approach is illustrated by the Lac operon case study, where first the cost is established in an experiment in which the

protein of interest is rendered useless to the cell (by not having the enzyme’s substrate present). Afterward, the ben-

efit is determined by observing changes in cell growth for fixed protein expression levels with known costs. However,

costs and benefits can also be treated more mechanistically by considering how they arise. Namely, benefits stem
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from proteins carrying out their biological functions. Meanwhile, expressing a given protein has direct “opportunity”

costs – that is, different resources required for its synthesis and the space it occupies in the cell’s proteome are un-

available for other proteins that are potentially necessary for growth. Moreover, changes in a protein’s expression

bring about global changes in the highly interconnected cellular metabolic network. Most prominently, increasing a

protein’s production raises demand for the cell’s expression machinery, and increasing ribosome expression to meet

this demand will itself consume more resources. Such effects may be called indirect costs, or “baggage”. Defining

mathematical models with different cost and benefit relations built in – potentially dependent on a given protein’s

molecular properties and enzyme efficiency – and comparing their predictions with experimental data can elucidate

the fitness effects of expressing the protein.

Appreciating the costs and benefits of protein expression can help us understand how the cell manages its proteins

and the evolutionary pressures that have shaped this behavior. If we assume that evolution drives a protein’s ex-

pression towards enabling optimal fitness, its level can be predicted by retrieving a “sweet spot” between its cost and

benefit. At this point, marginal (i.e. per one additional unit of protein produced) costs and benefits must cancel each

other out, so that neither lowering nor increasing expression can improve fitness. Since costs per unit protein always

increase, the existence of such an optimal level is conditional on the marginal benefits being positive. At the same

time, to have an optimal protein level which is finite, protein expression must be constrained or must bring about

diminishing returns as it increases further and further.

Nonetheless, care must be taken when applying the cost-benefit paradigm described in this chapter. Namely, opti-

mization of gene expression formaximumfitness ismerely an assumption backed by the fact that fastest-reproducing

cells are usually favored by evolution. Hence, some proteins’ expression may be near-optimal in some conditions but

still be found away from the supposed “sweet spot” in others. To explain this, one can considermodels which explicitly

incorporate the mechanisms of gene regulation, as well as protein expression and processing, noting which modeling

assumptions produce good agreement with experimental data.

Non-optimality may be particularly likely when the cell is engineered with synthetic genes encoding new proteins

whose expression, unlike that of the cell’s natural genes, has not yet been optimized by evolution. However, if proteins’

fitness effects are studied and incorporated into models, their predictions can help to achieve such synthetic protein

expression that cell population growth or production of desired compounds are maximized [22, 24].

An important caveat in all the above considerations is that costs and benefits are highly context-dependent. For in-

stance, while almost any increase in a protein’s expression in E. coli (which we focus on here) involves an observable

cost, the same may not always be true for other organisms, such as S. cerevisiae [5, 6] or B. subtilis [17]. This is likely

to stem from the fact that, depending on the conditions, some cells do not optimize their protein expression for max-

imum instantaneous growth, but rather maintain spare protein synthesis capacity to ensure adaptability to changing

circumstances [25, 26, 18]. Within the cell, context-dependence may arise if the protein of interest operates in a com-

plex with other proteins or is part of a metabolic pathway. Namely, for the latter, the expressed protein’s fitness

effects depend not only on substrate concentrations, but also on the levels of other proteins in the same pathway,

which may determine whether upregulating the protein has positive marginal benefits by boosting the biomass flux

or whether the entire pathway is too wasteful and the protein always has negative fitness effects.
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Problems

Problem 11.1 Cost-benefit model for a metabolic enzyme

Maximize the fitness function Eq. (11.1) with a benefit function given by the pathway fluxB(e) = v(e) = vmax
e

e+a

with constant parameters vmax and a, and without a prefactor bJ and an enzyme level e ≥ 0. Show that your

solution is a maximum (not just an extremum). Under what conditions (that is, for what parameter choices) will the

enzyme be expressed (that is, have a non-zero expression level)?

Problem 11.2 Smooth enzyme-growth functions

The constraint-based models discussed in Section 11.5 predict piecewise linear protein-growth curves. Explain (in

words) why in reality, the corresponding curves will be smooth instead of being piecewise linear.

Appendix sections

11.8 Measuring the fitness effects of protein expression

In order to quantify the fitness effects of protein expression, several different techniques or their combinations can

be used. This is done by either measuring the growth rates and protein expression levels in the same method, or

separately on the same cell culture. As expected, the growth rate measurement methods used vary depending on

the cell type or the organism in question, and the protein quantity measurement approach depends on the specific

protein of interest. Here, we will briefly review the most commonly used methods in literature.

11.8.1 Growth rates

Measuring growth rates of cells takes the form ofmeasuring the number of cells or the amount of biomass at different

time-points of a growing culture. Samples taken at these time-points are quantified for cell numbers, total cell volume,

or biomass, either directly or those values estimating indirectly.

The most direct cell counting method for growth rate determination is live microscopy, where a dilute culture of

growing cells is placed in a soft-agar pad or a microfluidics chip for direct observation and recording under a micro-

scope. The snapshot images can later be processed using automated image analysis to obtain growth in cell size and

cell numbers over time.

For direct counting of viable cell numbers, a widely used technique is the counting of colony forming units (CFU),

which involves spreading a fixed volume of the culture on agar plates, and counting the number of colonies after

a period of incubation. Although technically simple, it is a labour-intensive and time-consuming method, requiring

incubation periods ranging from hours to days, depending on the organism.

More high-throughput methods of cell counting often involve passing a diluted suspension of cells through a counting

chamber that counts the passing particles based on some physical property: the ability to generate a resistive pulse

(Coulter counter) or light scattering (flow cytometer). Events recorded over time can then be used to count the

number of cells in a fixed volume of the culture. These methods usually count all cells (dead or alive), but can be

adapted with suitable dyes to only count living cells.

Among the indirect cell countingmethods, themost commonly used is turbidimetry that involves using a spectropho-

tometer tomeasure the optical density (OD) of amicrobial cell culture at a specificwavelength, typically 600 nm (OD600),

as the light passes through a unit path length (1 cm) of the suspended cells. The more the number of cells in a given

volume, the more they scatter light, resulting in increased turbidity that can be measured as OD. By measuring OD

of a growing culture at several time-points the rate of growth of the cells can be determined. Measurements can be

automated using a 96-well or 384-well plate reader that records OD at regular programmed intervals. Although OD is
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often used as an indirect measure of cell density (numbers in a unit volume), it better estimates the total cell volume

in a given volume of cell culture.

Cell biomass is another common method used to determine microbial growth. As the name indicates, this method

involves concentration of the cell mass in a known volume of culture, and measuring its weight. In many applications,

the concentrated mass is dried before weighing to obtain the dry cell weight. By taking cell biomass from cultures at

different time-points the growth rate of the culture can be determined. Thismethod can be less sensitive for detecting

small changes. Therefore, it is only preferred for cells (like filamentous fungi) that don’t stay uniformly resuspended

in culture.

For determining growth rates of several different types of cells in a mixed culture, pooled sequencing based growth

assays have recently emerged. These involve collecting samples of the mixed culture at different time-points and

freezing them down. DNA from the frozen cells can then be sequenced to determine the amount of DNA of each cell-

type to obtain relative cell numbers. Using spike-in controls, the relative numbers can be converted to their absolute

equivalents. The sequence determination is done using microarray chips or next-generation sequencing (NGS). By

tracking the change in the cell numbers over time, growth rates of individual cell-types in a co-culture can be deter-

mined.

11.8.2 Protein expression

Several different methods can be employed to measure protein expression in cells. Most of these methods quantify

the protein amount, rather than its rate of expression. However, if the methods are sufficiently high throughput,

time-course snapshots of the protein amounts can help us rebuild the expression kinetics. Quantification methods

also vary in whether they measure the total protein amounts, or the amounts of a specific protein in the cell.

Antibody-based methods are probably the oldest of protein quantification methods that measure the amounts of a

specific protein. ELISA (enzyme linked immunosorbent assay) andWestern blotting are the most common examples.

These rely on the ability of antibodies to specifically bind the protein of interest and produce an output proportional to

the amount of protein. The type of output producedmay vary depending on the antibody used: colour, luminescence,

or fluorescence, and the methods have to be carefully calibrated to get the protein numbers required.

Spectroscopic and fluorescence quantificationmethods are some of the easiest methods for protein quantification,

and are therefore used widely. Bulk estimates of protein amounts can be made by measuring absorbance in the

UV spectrum (280 nm wavelength), or chemical treatment of proteins to convert their amounts to a coloured output

(for example, folin phenol to obtain blue colour). Similar approaches can be used to quantify specific proteins by

activity assays for enzymes that are capable of converting colourless compounds to coloured ones (for example,

LacZ converts ONPG to a yellow product), which can then be measured spectroscopically. If the protein of interest is

naturally fluorescent (like GFP), its amounts can be determined by directlymeasuring fluorescence in a plate reader or

aflow cytometer. Alternatively, non-fluorescent proteins can be fusedwith fluorescent protein tags for quantification.

Similarly, if the protein of interest is luminescent (like luciferase), their amounts can be estimated by luminescence.

The advantage of a plate reader is that kinetic measurements of OD and fluorescence at fixed time intervals can be

used to measure the rates of protein expression and cell growth in the same experiment.

Mass spectrometry (MS) based methods are used to quantify amounts of all proteins in a sample by counting the

number of reads of short peptide signatures derived from their lysis products. MS is a highly specialised and high-

throughput method that normally quantifies the relative amounts of all proteins in a sample, but can be adapted for

absolute quantification.

Ribo-seq (or ribosome profiling) is a relatively new high-throughput method that can be used to measure protein

amounts in a cell by counting the number of ribosome-protected mRNA fragments in a sample. It relies on the ob-

servation that the amount of a protein in a cell is well correlated with the number of ribosomes translating its mRNA.

The method can be used to observe relative changes in protein expression, or it can be calibrated to obtain absolute

amounts.

Fluorescencemicroscopy is used to quantify the expression of fluorescent proteins in cells (or other proteins fused to

them). This can be done by analysing fixed samples taken at different time-points, or by tracking per cell fluorescence
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in livemicroscopy. Together with tracking of cell division, thismethod can be used tomeasure growth rate and protein

expression together.

Like fluorescencemicroscopy, Flow-seq is a method that can be used to track both the protein expression and growth

rates of cells together, typically used for pools of populations. Cells are first sorted into several fluorescence bins

using FACS, and the sub-populations sequenced to determine the number of cells of each type in each bin. The data

can then be processed to obtain the fluorescence levels from individual cell types. If coupled with samples collected

at different times, growth rates can also be calculated from changes in the population composition.

Pulsed-metabolic labelling of proteins is probably the most high-resolution method for determining the synthesis

rates of proteins, rather than protein amounts. It involves adding a labelled amino acid to growing cells at a given

time-point and then measuring the rate of incorporation of the amino acid to translating peptide chains in the cell by

mass spectrometry of timed samples.

11.8.3 RNA expression

The amounts of expressed proteins in a cell, and the mRNAs encoding for the protein are well correlated, at least for

native genes. This is due to a combination of the protecting effect of translating ribosomes on a transcript, thus in-

creasing the half-lives of translationmRNAs, and the RNAP and ribosome homeostasis operating in the cell. Therefore,

the amounts of mRNA of a given protein can often be taken as a proxy for the protein amounts.

Quantitative RT-PCR is the gold standard for measuring the relative or absolute amounts of a specific RNA sequence.

It involves reverse transcription of extracted cellular RNA to DNA, and then using a quantitative PCR to measure the

amounts of theDNAobtained. By taking appropriate cellular and spike-in controls, RNAamounts canbequite precisely

quantified.

RNAseq is now a widely used technique to measure the amounts of all RNAs in a cell. It involves RNA to DNA reverse

transcription, but the DNA is later sequenced using NGS sequencing. The number of reads obtained can then be used

to estimate the expression levels of all mRNAs.

11.8.4 Controlling expression levels

Varying the level of transcription

At the transcription step, gene expression can be tuned by using promoter sequences with different regulatory mech-

anisms and transcriptional strengths. These are controlled by the binding of various cellular transcription factors at or

near the promoter sequence in order to attract the RNA polymerase (RNAP) for transcription initiation. Depending on

the organism, the RNAP type in question, and the kind of regulation operating on the promoter, its length can range

from a few nucleotides (18 nt for T7 promoter) to over thousand nucleotides [27]. For genes required to be expressed

at all times, “constitutive” promoters are used. For genes whose expression needs to be regulated in response to an

inducer, promoters “inducible” by a small molecule, or another external input, may be used. Most commonly, pro-

moters of the desired strength and induction properties can be identified from a library of previously characterized

promoter libraries <ref>. However, it has recently been possible to predictively design synthetic promoter sequences

with a user-defined transcription strength for commonly used organisms in biotechnology [28, 29]. The ability to reg-

ulate transcription of multiple genes using different promoter strengths can be used to optimize the expression levels

of multiple enzymes in a metabolic pathway [30]. As already seen in the example above, overexpression by increas-

ing transcription can cause burden in the cell as the protein expression from the transcribed mRNA takes up cellular

resources.

Varying the level of translation

As with promoter-based transcriptional control, at the translation step gene expression can also be tuned by using

translation signals with different regulatory mechanisms and transcriptional strengths. These are controlled by the

binding of various cellular translation factors at or near the translation signal in order to attract the ribosome for
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translation initiation. Depending on the organism, the mechanisms used by the ribosome to identify the translation

initiation signal can vary significantly, which also affects the efficiency and dynamic range of translation regulation.

In eukaryotes, ribosomes typically bind the methylated guanosine cap at the 5’-end of the protein-coding mRNA and

then scan along the mRNA to identify the Kozak sequence and start codon for translation initiation <ref>. This scan-

ningmechanism is highly influenced by the secondary structure in the 5’-UTR of themRNA, especially around the start

codon. It also explains why most eukaryotic mRNAs only encode a single protein coding sequence (monocistronic).

Some eukaryotic viruses have mRNAs with several protein coding genes by bypassing the need for the 5’-cap bind-

ing and using instead an internal ribosome entry site (IRES) that mimics the 5’-cap, but can be present at internal

sites within the mRNA. In contrast, ribosomes in prokaryotes bind the mRNA via RNA:RNA interactions that stabi-

lize the ribosome onto the Shine-Dalgarno sequence within the ribosome binding site (RBS) in order to initiate the

translation process. Given the strong dependence of translation initiation on RNA secondary structure, and several

well-performing models available for its prediction, several tools have been developed to aid the bioengineer in de

novo design of translation signals for both eukaryotes and prokaryotes [31, 32]. Like transcription, translation can also

be controlled by small-molecule riboswitches, although the repertoire of such RNA aptamer-binding small molecules

is rather limited <ref>. Translation control is widely used by the bioengineer for optimization of multi-protein systems,

often with severe cellular burden observed for high translation rates [33, 34].

Varying a combination of transcription-translation levels

Protein expression is a multi-step process, and can therefore be controlled at one or more of the steps involved.

However, each step of biological information transfer has a different cost associated with it. According to one esti-

mate replication, transcription, and translation are associated with 0.23%, 3.93%, and 95.83% ATP costs in the cell,

respectively [35]. This is consistent with the observation that a cell has on average many more copies of proteins than

mRNAs, and many more mRNAs than DNA [36]. However, in natural systems the relationships between copy num-

bers of DNA, mRNA, and proteins are often complex and specific to the protein in question [9, 37, 38, 4], reflecting the

multi-objective nature of their optimisation over evolutionary time-scales. To gain additional insights into the expres-

sion burden of proteins while limiting the confounding regulatory and metabolic cross-talk with the chassis organism,

several works have studied engineered systems that use a combination of transcription and translation signals to

explore broad expression ranges [39, 40, 41].

Scott et al. established a phenomenological model to show how unnecessary protein expression reduces growth rate

by reducing the available resources for the production of ribosomal / metabolic proteins [19]. In work by Ceroni and

colleagues [39], the authors also found that overexpression of a protein by tuning transcription or translation results

in reduced growth rate as well as reduced expression capacity, measured as the expression levels of a constitutively

expressed “capacity monitor”. Importantly, they showed that shortly after induction high-RBS combinations were less

efficient than low-RBS combinations at producing the target protein. Using a ribosomal allocation model, the authors

found that for the same GFP expression levels, high transcription (strong promoter) and low translation (weak RBS)

results in higher efficiency of expression than the converse combination (weak promoter and high RBS).

However, a later study by Frumkin et al [40] found contradictory results. The authors constructed a library of 1̃4000

variants of GFP expressing constructs with a combination of constitutive promoters, RBSes, and GFP N-terminal se-

quences and measured the protein expression and growth rates of the library over 12 days. By analysing variants

expressing the same amount of GFP, they identified those that grew significantly better than expected had higher

“translation efficiency” (more proteins per mRNAmolecule), driven by a stronger RBS. This was confirmed by Cambray

and colleagues [41], who in an even larger study constructed and characterised a library of 244000 construct variants

using a design-of-experiments approach to explore the effect of 8 sequence features on protein expression. Their

results showed that for the most efficient trade-off between growth and protein production, the translation initiation

rate must be balanced with its translation elongation rate to achieve high translation efficiency. They found that for

similar protein expression levels, the lowest growth rate occurred in variants with the highest steady-state mRNA lev-

els, indicating non-productive ribosome sequestration in “underachiever” constructs due to poor initiation on several

copies of the mRNAs.
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Solutions to problems

Problem 11.1 (Cost-benefit model for a metabolic enzyme)

The derivatives of cost and benefit function (i.e. the marginal costs and benefits, as functions of e) read

dB
de = vmax a

(e+ a)2

dH
de = γ. (11.15)

For an extremal point, the two values must be equal. This yields

γ (e+ a)2 = vmax a

⇒ e = ±
√
vmax a

γ
− a =

(
±
√
vmax

a γ
− 1
)
a. (11.16)

To obtain a positive solution for e, we discard the negative solution and require that the expression in brackets must

be larger than 1, hence vmax/a > γ. This means that in the point e = 0, the slope of B(e) (given by vmax/a) must

be larger than the slope ofH(e) (given by γ). To prove that the extremum is an optimum, we need to show that the

curvature of F (e) is negative. SinceH(e) is linear, the fitness curvature is given by the second derivative of B(e)

d2v

de2 = vmax
−a 2 (e+ a)

(e+ a)4 = −2 vmax a

(e+ a)3 , (11.17)

which is negative for all positive e. This shows thatF = v−H is negatively curved. In the case that
∂(v−H)

∂e
is negative

at e = 0 (and negatively curved everywhere), it will have a negative slope at all points e > 0, so e = 0 must be the

maximum in this case.
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