N

N

Analysis of some nonlocal models in population
dynamics

Julien Brasseur

» To cite this version:

Julien Brasseur. Analysis of some nonlocal models in population dynamics. Mathematics [math]. Aix
Marseille Université; Universita degli studi di Milano [Milano|, 2018. English. NNT': . tel-02791451

HAL Id: tel-02791451
https://hal.inrae.fr /tel-02791451
Submitted on 5 Jun 2020

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.inrae.fr/tel-02791451
https://hal.archives-ouvertes.fr

archives-ouvertes

Analysis of some nonlocal models in population

dynamics

Julien Brasseur

» To cite this version:

Julien Brasseur. Analysis of some nonlocal models in population dynamics. Functional Analysis
[math.FA]. Université d’Aix-Marseille (AMU), 2018. English. <tel-01871676>

HAL Id: tel-01871676
https://tel.archives-ouvertes.fr/tel-01871676

Submitted on 11 Sep 2018

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://tel.archives-ouvertes.fr/tel-01871676
https://hal.archives-ouvertes.fr

Aix--Marseille
universite

SCIENCE & IMPACT @ i

/ AIX-MARSEILLE UNIVERSITE
Ecole doctorale en Mathématiques et Informatique de Marseille ED184
Institut de Mathématiques de Marseille

&

UNIVERSITA DEGLI STUDI DI MILANO
Scuola di Dottorato in Scienze Matematiche
Dipartimento di Matematica Federigo Enriques

Analysis of some nonlocal models in
population dynamics

THESE DE DOCTORAT
JULIEN BRASSEUR

These présentée pour obtenir le grade universitaire de Docteur en Mathématiques et
soutenue le 06/09/2018 devant le jury composé de :

Augusto PONCE Université Catholique de Louvain Rapporteur
Massimiliano MORINI  Universita di Parma Rapporteur

Henri BERESTYCKI  EHESS Examinateur
Serena DIPIERRO Universita degli studi di Milano  Examinatrice
Liviu IGNAT Institutul Simion Stoilow Examinateur
Jérome COVILLE INRA Avignon Directeur de these
Francois HAMEL Université d’Aix-Marseille Directeur de these

Enrico VALDINOCI Universita degli studi di Milano  Directeur de these

Numéro national de these/suffixe local : 2017AIXM0001/001ED62






Analysis of some nonlocal models in
population dynamics

Julien BRASSEUR

August 24, 2018






Abstract

This thesis is mainly devoted to the mathematical analysis of some nonlocal models
arising in population dynamics. In general, the study of these models meets with
numerous difficulties owing to the lack of compactness and of regularizing effects. In
this respect, their analysis requires new tools, both theoretical and qualitative. We
present several results in this direction.

In the first part, we develop a functional analytic toolbox which allows one to han-
dle some quantities arising in the study of these models. In the first place, we extend
the characterization of Sobolev spaces due to Bourgain, Brezis and Mironescu to low
regularity function spaces of Besov type. This results in a new theoretical framework
that is more adapted to the study of some nonlocal equations of Fisher-KPP type.
In the second place, we study the regularity of the restrictions of these functions to
hyperplanes. We prove that, for a large class of Besov spaces, a surprising loss of
regularity occurs. Moreover, we obtain an optimal characterization of the regularity
of these restrictions in terms of spaces of so-called “generalized smoothness”.

In the second part, we study qualitative properties of solutions to some nonlocal
reaction-diffusion equations set in (possibly) heterogeneous domains. In collabora-
tion with J. Coville, F. Hamel and E. Valdinoci, we consider the case of a perforated
domain which consists of the Euclidean space to which a compact set, called an “ob-
stacle”, is removed. When the latter is convex (or close to being convex), we prove
that the solutions are necessarily constant. In a joint work with J. Coville, we study
in greater detail the influence of the geometry of the obstacle on the classification of
the solutions. Using tools of the type of those developed in the first part of this the-
sis, we construct a family of counterexamples when the obstacle is no longer convex.
Lastly, in a work in collaboration with S. Dipierro, we study qualitative properties
of solutions to nonlinear elliptic systems in variational form. We establish various
monotonicity results in a fairly general setting that covers both local and fractional
operators.

Keywords: nonlocal reaction-diffusion equations, rigidity results, Besov spaces, cal-
culus of variations, perforated domains, function space theory.






Résumé

Cette these est consacrée principalement a I’analyse mathématique de modeles non-
locaux issus de la dynamique des populations. En général, I’étude de ces modeles se
heurte a de nombreuses difficultés dues a ’absence de compacité et d’effets régula-
risants. A ce titre, leur analyse requiert de nouveaux outils tant théoriques que
qualitatifs. Nous présentons des résultats recouvrant ces deux aspects.

Dans une premiere partie, nous développons une “boite a outils” destinée a
traiter certaines quantités récurrentes dans I’étude de ces modeles. En premier lieu,
nous étendons la caractérisation des espaces de Sobolev due a Bourgain, Brezis et
Mironescu a des espaces de fonctions moins réguliers de type Besov, offrant ainsi un
cadre théorique plus adapté a I’étude de certaines équations du type Fisher-KPP. En
second lieu, nous étudions la régularité de ces fonctions par restriction sur des hyper-
plans. Nous montrons que, pour une large classe d’espaces de Besov, une surprenante
perte de régularité a lieu. En outre, nous obtenons une caractérisation optimale de
la régularité de ces restrictions via des espaces dits a “régularité généralisée”.

Dans une seconde partie, nous nous intéressons aux propriétés qualitatives des
solutions d’équations de réaction-diffusion non-locales posées dans des domaines pos-
siblement hétérogenes. En collaboration avec J. Coville, F. Hamel et E. Valdinoci,
nous considérons le cas d'un domaine perforé consistant en I’espace euclidien privé
d’un ensemble compact appelé “obstacle”. Lorsque ce dernier est convexe (ou presque
convexe), nous montrons que les solutions sont nécessairement constantes. Dans un
travail conjoint avec J. Coville, nous étudions plus en détail 'influence de la géométrie
de I'obstacle sur la classification des solutions. En utilisant des outils du type de ceux
développés dans la premiere partie de cette these, nous construisons une famille de
contre-exemples lorsque 'obstacle n’est plus convexe. Enfin, dans un travail en col-
laboration avec S. Dipierro, nous étudions les propriétés qualitatives des solutions
de systemes d’équations elliptiques non-linéaires sous forme variationnelle. Nous y
démontrons plusieurs résultats de monotonicité dans un cadre tres général qui couvre
a la fois le cas des opérateurs locaux et fractionnaires.

Mots-clés : équations de réaction-diffusion non-locales, résultats de rigidité, espaces
de Besov, calcul des variations, domaines perforés, théorie des fonctions.
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Introduction

1 Foreword

Over past decades, it has become clear that some phenomena in population dynamics
cannot be described by local equations. Inter alia, the experimental data have shown
that the dispersal of biological populations often presents “nonlocal features”. This
has led mathematicians and biologists to consider nonlocal models. But if they
share some resemblances with the classical models, their treatment is often a delicate
matter. In general, these models enjoy neither good compactness properties nor good
regularizing effects. To make matters worse, there may not even be such thing as
(fractional) Sobolev spaces to cope with situations where they would be the natural
tool to use. The usual techniques of proof are therefore more complex to implement.
One thus expects new approaches to be helpful to handle these issues.

This thesis is intended as a contribution in this direction and, more generally,
to the field of nonlocal equations. Of course, this is a very wide topic and we will
broach only a small part of it. We will be primarily interested in equations involving
a ‘nonlocal diffusion term” and a “nonlinear reaction term”.

This manuscript consists of two parts which have different styles. In Part I, we
address functional analytic issues and we provide new results regarding smoothness
and function spaces in connection with nonlocal equations; whereas, in Part II, we
study qualitative properties of solutions to some nonlocal reaction-diffusion problems,
with special emphasis on rigidity results.

The motivation of this thesis and the outline of our main contributions are ex-
plained in greater details in the next two sections.

2 State of art

2.1 A brief history of population dynamics

Before going to the heart of this thesis, it is worth taking a small walk through history.
As a matter of fact, population dynamics is a much older topic than usually thought.
The very first to show preoccupations of this kind was Plato (ca. 427-347 BC) in his
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Laws (Népov in Greek). In the fifth book of this monumental essay, he wondered what
should be the optimal organization of a city-state in order for it to remain stable
over the course of time. Although this might seem quite remote from population
dynamics, he raised there important questions on the relationship of the population
to the environment. Based on both ecological and governance grounds, he argued
that the total number of citizens should be kept constant equal to 5,040 because it
can be divided into many lesser parts which should, in his view, be very convenient to
optimize both the organization of the polis and the demographic needs.! To maintain
this number constant he also pointed out the need for a demographic legislation,
foreshadowing Malthusian ideas on demography.?

It is striking to see that Plato, 2,400 years ago, already foresaw the importance
of population dynamics and the possibility of a mathematical approach (although
rather fancy?®) to address the problem!

More than 1,500 years later, Fibonacci (1175-1250) in his 1202 book Liber Abaci
introduced the famous sequence named after him. What is however less known, is
that it was introduced to solve a problem which one would nowadays call a typical
problem in population dynamics. Here is an English translation of the original
statement (in Latin) of the problem:

A certain man had one pair of rabbits together in a certain enclosed place.
One wishes to know how many are created from the pair in one year when
it is the nature of them in a single month to bear another pair and in the
second month those born to bear also.

Interestingly enough, the solution to this problem, the Fibonacci sequence (F},)n>o,
grows like ¢"/v/5 as n — oo, where ¢ = (1 + +/5)/2 is the golden ratio (see e.g.
[149, Theorem 12, p.27]). In other words, it involves an exponential growth of the
population. In a certain sense — that will be made clear in the next page — this

L“We must fix at the right total the number of citizens; next, we must agree about the distribution
of them, into how many sections, and each of what size they are to be divided; and among these
sections we must distribute, as equally as we can, both the land and the houses. [...] Of land we
need as much as is capable of supporting so many inhabitants of temperate habits. [...] The number
5,040 is here chosen because, for a number of moderate size, it has the greatest possible number of
divisors (59), including all the digits from 1 to 10. [...] And in order that these things may remain
in this state forever, these further rules must be observed: the number of hearths, as now appointed
by us, must remain unchanged, and must never become either more or less.” Plato, Laws, Book V.

2“The magistrates [...] shall consider how to deal with the excess or deficiency in families, and
contrive means as best they can to secure that the 5,040 households shall remain unaltered. There
are many contrivances possible: where the fertility is great, there are methods of inhibition, and
contrariwise there are methods of encouraging and stimulating the birth-rate, by means of honours
and dishonours.” Plato, op. cit.

31t is also amusing to notice that 7! = 1x2x 3 x4 x5 x 6 x 7 = 5,040 which suggests an influence
of Pythagoreanism.
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feature somehow instates the Fibonacci sequence as a forerunner of some discoveries
which would play an important role in the establishment of population dynamics.

But modern population dynamics really start to expand from the seminal work of
Malthus (1766-1834). In his celebrated Essay on the Principle of Population (1798),
he developed what is now regarded as the “first principle” of population dynamics.
In substance, it says that

1. all life forms have a propensity to exponential population growth when the

resources are abundant;*

2. the population growth is limited by the availability of the resources.’

This amounts to say that, for a population with unlimited resources, the size u(t) of
the population at time ¢ is given by u(t) = uge*’, where g is the initial population
size and A > 0 is the growth rate of the population. In other words, u obeys

{ W(t) = Au(t) fort >0,
u(0) =u

(2.1)

This is known as the Malthusian growth model.

However, this model is generally unrealistic: it does not take into account the
competition between individuals for the resource, which thereby yields exponential
growth of the population. A couple of decades later, Verhulst [146] (1804-1849),
inspired by the work of Malthus, proposed a new model that adjusted (2.1) to take
into account the resource limitation phenomenon. This model, known as the logistic
growth model, takes the form

u'(t) = Au(t) (1 — @) , (2.2)
where A > 0 is the growth rate of the population and x > 0 is a constant correspond-
ing to the maximum population size of the species that the environment can sustain
indefinitely given the availability of the resource, called the carrying capacity. Of
course, if K — oo, then this boils down to the Malthusian growth model.

Equation (2.2) gives rise to an unstable equilibrium at 0 and a stable equilibrium
at k. Indeed, this is because u/(t) = 0 when wu(t) € {0,x} while ¥/ (¢) > 0 in
{0 <u < Kk} and ¥/(t) < 0 in {u > k}. Therefore, k attracts any function starting
from u(0) € (0,x). That is, u(t) — k as ¢ — oo. For this reason, the nonlinear
function of u on the right-hand side of (2.2) is sometimes referred to as monostable.

4“Population, when unchecked, increases in a geometrical ratio. [...] Taking the population of
the world at any number, a thousand millions, for instance, the human species would increase in
the ratio of 1, 2, 4, 8, 16, 32, 64, 128, 256, 512, etc.” Malthus, Essay on the Principle of Population.

5“The increase of population is necessarily limited by the means of subsistence”, Malthus, op.
cit.
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But the mathematical theory of population dynamics really took flight in the
1930’s.  Until then, investigations were based on the Malthusian principle (expo-
nential growth) and on the Verhulst model (logistic growth). Two fundamental
discoveries would change this old paradigm.

The first one is due to Allee (1885-1955). According to the Verhulst model,
the per capita growth rate of the population is all the greater when the population
is small. That is, the less individuals there are, the less mortality there is, as the
available resource per individual is higher. In his 1931 book Animal Aggregations: A
Study in General Sociology, Allee discovered that this might not always be the case.
Another phenomenon must be taken into account: cooperation between individuals.
He pointed out that

there is a positive correlation between population size and the individual
fitness (or per capita growth rate) of the population.

This is called the “Allee effect”, but some authors refer to it as the “second prin-
ciple” of population dynamics. It manifests through different mechanisms such as
mate limitation or cooperative feeding. Loosely speaking, the higher the population
size is, the more likely the individuals are to cooperate, which then results in a de-
mographic increase. Contrariwise, the lower the population size is, the less likely the
individuals are to cooperate, which then results in a demographic decrease. From the
mathematical point of view, this can be modelled by introducing a critical threshold
above which the population tends to increase and below which it tends to decrease.
It is usually translated into models of the type

u'(t) = Au(t) (1 — @) (u(t) —0), (2.3)
where A and x have the same meaning as in (2.2) and 6 > 0 is the critical size of the
population.

By contrast with the Verhulst model, there are now two stable equilibria at 0
and k, respectively, and an unstable equilibrium at #. For this reason, the nonlinear
function of u on the right-hand side of (2.3) is called bistable. This is indeed consis-
tent with Allee’s observations: if it holds that u(0) € (0,0), then, after some large
time, the population will decline to extinction, namely u(t) — 0 as t — oo. Con-
versely, if u(0) € (0, k), then the population will tend to reach the maximal amount
of individuals that the environment is able to sustain, namely u(t) — x as t — oco.

The second milestone in the history of population dynamics arose with the dis-
covery, in 1937, by Fisher [73] and, independently, by Kolmogorov, Petrovskii and
Piskunov [93] of the so-called Fisher-KPP equation:

% =pAu+ lu (1 — %) , (2.4)
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where p > 0 is a diffusion coefficient analogous to that used in physics. The principal
novelty of this model is that it takes into account the spatial interactions between
individuals. All the models considered hitherto were not spatialized, meaning that,
in each of the populations considered, each individual was assumed to interact with
all the other individuals. However, in most situations, the heterogeneity of the spa-
tial distribution cannot be neglected. The population size u(t) is thus not sufficiently
informative and one must look for its density u(t, z) instead. This difficulty is over-
come by considering that the movement of individuals is approximated by a random
motion which then results in a reaction-diffusion equation (see the next section for
more explanations).

Since these seminal works, much attention has been paid to models taking both
into account the diffusion of the species and general demographic variations, such as

‘2—? — Au+t f(u), (2.5)
where f is some nonlinear reaction term, see e.g. [6, 70, 102, 153, 154].

It is worth mentioning that, over the past century, equations of the type of (2.5)
have emerged from a number of seemingly remote areas, most notably in the study
of combustion phenomena and phase transitions in liquid crystals, superconductivity
and material sciences in general. In the latter case, one typically has

fX)=X(1-X%),

and (2.5) is then called the Allen-Cahn or Ginzburg-Landau equation (see e.g. [21,
22]). As a matter of fact, mechanistic models in ecology often intertwine with other
branches of natural sciences. Although the mathematical theories of the above-
mentioned fields are rather disjoint, the tools and methods developed for either one of
them often turn out to find applications in the other. These equations are customary
gathered together under the umbrella term “reaction-diffusion problems”.

We refer the interested reader to [10, 123, 148] (and references therein) for further
historical remarks and a comprehensive study of the above models.

2.2 From local to nonlocal models: towards a new paradigm

Since the seminal work of Fisher [73], Kolmogorov, Petrovskii and Piskunov [93], the
study of spatial distribution of individuals has become a fundamental cornerstone
of population dynamics. In fact, the patterns formed by the individuals at the
microscopic level can be shown to determine the diffusion at the macroscopic level.
Therefore a better knowledge of the former is expected to improve our understanding
of the latter. From our perspective, this means that one can recover the Fisher-
KPP equation starting from microscopic considerations only. Indeed, interpreting
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the trajectories of the individuals as realizations of a Lévy process (X;);0, we can
then consider its associated Feller semi-group (F;)i>o. In turn, this semi-group is
generated by an operator L given by
Pou(r) —u(x
Lu(z) = lim M
t—0t

This operator, called the infinitesimal generator of (P;);>o, describes the diffusion of
the species at the macroscopic level. Since diffusion is accompanied by demographic
variations, we then obtain — at least formally — an equation of the type

Ju
— = Lu+ f(u), 2.6

0 = Lut f() (2.6
where f is some nonlinear reaction term. If (X;);>o is a Brownian motion, then the
operator L boils down to the Laplacian, namely

1
Lu= §AU,

(see e.g. [5, Example 3.3.4, p.141]) and we recover essentially (2.4).

The recent development of GPS technologies has allowed the detailed tracking of
individuals within a given species. This has been the source of a new revolution in
the development of population dynamics and has shed new lights on how to describe
diffusion phenomena. If the collected sets of data highly support the assumption
that the trajectories follow Lévy processes (see e.g. [11, 12, 104, 121, 128]), it has
been observed that the Brownian motion does not always account for the patterns
formed by individuals. In particular, they may exhibit long-range jumps which are
not accounted by Brownian motions. In this case, dispersion can occur over large
distances and may exhibit “nonlocal features”.

From the PDE standpoint, this means that, depending on the specific behavior
one wishes to describe, different operators from the Laplacian may arise.

In the case of marine predators, the Brownian motion is relevant where prey
is abundant, but a Lévy type behavior occurs when prey is sparsely distributed
[80, 82, 122, 130]. In this situation, random patterns of individuals are best described
by processes with long-range jumps. Typical examples of such processes are a-stable
Lévy processes with 0 < a < 2. Although they are somehow related to the Brownian
motion (which may be seen as a 2-stable Lévy process) their infinitesimal generator
happen to be of a completely different nature. It is given by the singular integral

Lu(x) = —(=A)*?u(z) := C(N,a) p.v. /RN %dy, (2.7)

where C'(N, o) > 0 is a normalization constant and “p.v.” stands for the Cauchy prin-
cipal value (see e.g. [74, 113, 145]). This operator is called the fractional Laplacian.
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Another example of processes which arise in this situation are compound Poisson
processes. Their infinitesimal generator is, again, of a completely different nature.
Precisely, one has

Lue) = [ a=)u(y) ~ u()dy. (2.9

where J € L*(R") is a nonnegative kernel with J(z —y) encoding the probability to
jump from a location z to a location y (see e.g. [5, Example 3.3.7, p.141]).

What is here striking is that both (2.7) and (2.8) are nonlocal integral operators.®
This has strong consequences and induces strange and surprising phenomena.

To name only a few, Dipierro, Savin and Valdinoci [58] have shown that every
reasonably smooth function can be locally approximated by 5-harmonic functions,
i.e. such that (—A)*2y = 0. This highly contrasts with the rigidity of classical
harmonic functions and is a purely nonlocal feature. In the same vein, Cafferelli,
Dipierro and Valdinoci [44] proved that a similar “density result” holds with nonlocal
Fisher-KPP type equations of the form

% = —(=A)**u 4 u(o — u),

where ¢ is a function to be thought of as a resource producing a birth rate propor-
tional to it (see also [59]). This means that equations of the type of (2.6) may enjoy
very different properties depending on the type of diffusion considered.

The fractional Laplacian shares common features with the classical Laplacian. In
particular, compactness properties are preserved and the function spaces naturally
associated to it, although of a nonlocal nature, have similar properties. A result due
to Caffarelli and Silvestre [43] shows that it may even be localized by adding a new
variable.

By contrast with the fractional Laplacian, convolution operators of the type of
(2.8) lack of strong compactness properties which makes their analytical treatment
much more involved. In particular, there are no a priori regularity results in gen-
eral and no powerful functional analytic framework similar to that provided by the
(fractional) Sobolev spaces.

But the nonlocal setting presents a further difficulty. As a matter of fact, bound-
ary value problems, for both (2.7) and (2.8), cannot be handled in the same way as
in the local case because of the contribution of the diffusion coming from outside
the domain. Moreover, if various results are known for general equations of the type

6Tt is worth pointing out that the equation that was actually derived by Kolmogorov, Petrovskii
and Piskunov in [93] was a nonlocal equation of the type of (2.6) with L of the form (2.8) (see [93,
Formula (7.32), p.174]). In fact, the local equation (2.4) was obtained as a sort of approximation
using a formal Taylor expansion, which suggests that nonlocal equations are natural in this context.
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of (2.6) in the whole space RV (see e.g. [13, 45, 50, 69, 155]), numerous questions
remain open when it comes to heterogeneous domains. Such problems are a major
issue in population dynamics. In this regard, let us quote Turchin [144] who, in his
1998 monograph Quantitative Analysis of Movement, wrote that

“the spatial dimension and, in particular, the interplay between environ-
mental heterogeneity and individual movement, is an extremely impor-
tant aspect of ecological dynamics.”

The purpose of this thesis is to study some of these nonlocal features, especially
those arising when considering operators of convolution type as in (2.8).

3 Contributions

The topics addressed in this thesis are quite different from a chapter to another, with
the notable exception of Chapter 4 which can be seen as a follow-up to Chapter 3.
A significant part of this thesis is dedicated to the study of models of the type

Gt = [ I = )ity ~ ult. )y + flutt,o)

set in some domain 0 C R¥, albeit we sometimes emphasize more on the functional
analytic aspects behind it than on the equation itself. Some of our contributions are
thus of interest per se even outside the realm of population dynamics.

Our results sometimes overlap with other areas such as phase transitions in
physics and material sciences (in particular Chapter 5 and, to some extent, Chap-
ter 2). But, as pointed out at the end of Section 2.1 above, these topics are closely
related to population dynamics.

This thesis is divided into five (mutually independent) chapters, split into two
parts. The first part deals with regularity issues arising in nonlocal reaction-diffusion
problems. The second part is mainly concerned with qualitative properties of solu-
tions to some nonlocal problems with special emphasis on rigidity results. Possible
extensions of our results are briefly discussed at the end of the thesis.

We present below the content of each chapter and our main contributions.

3.1 A functional analytic toolbox

Part I contains two chapters which are adapted from the following papers:

x J. BRASSEUR: A Bourgain-Brezis-Mironescu characterization of higher
order Besov-Nikol’skii spaces, Ann. Inst. Fourier (2017), (forthcoming).

x J. BRASSEUR: On restrictions of Besov functions, Nonlinear Anal. 170
(2018), p. 197-225.
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3.1.1 A Bourgain-Brezis-Mironescu characterization of Besov-Nikol’skii spaces

In Chapter 1, we study a problem in functional analysis that emerges in the study
of some nonlocal Fisher-KPP type equations. Precisely, we consider the equation

gim(JE fu(z) — u(@) + u@)(a(@) —u(z)) =0 in RY, (3.1)

where ¢ > 0, m € [0,2], u is the density of a given population, J.(z) := ELNJ(f),
with J € CN LYRY), is a symmetric positive dispersal kernel with unit mass having
finite m-th order moment, and a € C?(R") is a function satisfying

limsup a(z) < 0.

|z|—o00

The parameter ¢ is a measure of the spread of dispersal of the species and 1/&™
is a rate of dispersal which arises when considering a “cost function” (see [16]).

As an example, one may think of a population of trees producing and dispersing
seeds. Several dispersal strategies are then possible: either it disperses few seeds
but over large distances (¢ > 1) or it disperses many of them but over smaller
distances (¢ < 1). The parameter m measures the influence of the cost function on
the different possible strategies.

Studying persistence of the population amounts to seeking for a positive solution

o (3.1). Of particular interest is the asymptotic behavior of solutions, which allows
to determine whether one of the extreme strategies (¢ < 1 or e > 1) yield persistence
or extinction. But if we have a clear picture when € — oo (see [16, Theorems 1.3
and 1.4]) it is only poorly understood when ¢ — 07 and 0 < m < 2.

The best result in this direction is due to Berestycki, Coville and Vo [16]. They
have proved that if J behaves sufficiently well, for example if it is compactly sup-
ported with J(0) > 0, and if a is such that max{a,0} # 0, then, when ¢ — 07,
us converges pointwise almost everywhere to some non-negative bounded function v
satisfying

v(z)(a(r) —v(z)) =0 in RY. (3.2)

Unfortunately, this equation admits infinitely many solutions, so one cannot directly
infer a persistence strategy for that case.
However, it is known that solutions to (3.1) satisfy

_ 2
/ / pe(x — ) [ue () — e (y)| dedy < C forall e >0, (3.3)
RN JRN |z — y[™

where p.(2) = e ™|z|"J.(2), see [16, Lemma 5.1(ii)]. This inequality is in fact the
key tool which allows to handle the case m = 2. Indeed, (3.3) together with the
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recent characterization of Sobolev spaces derived by Bourgain, Brezis, Mironescu
[27] and Ponce [118] implies that (u.).s¢ is relatively compact in L2 _(RY) and that
it converges along a subsequence to some function v satisfying

_ 2
lim / / pe(z — y)dedy <C
e—0t RN JRN |I' — y|2

which, by the result of Bourgain et al. [27, Theorem 2], is equivalent to saying that
v belongs to the Sobolev space H*(RY™). Then, relying on standard elliptic theory,
it can be shown that v is the unique nontrivial solution of

BAv(x) +v(x)(a(z) —v(z) =0,

where 5 > 0 is some constant depending on N and J.

Unfortunately, there is no such characterization when 0 < m < 2, which prevents
from using this strategy. Whence, a detailed study of functionals of the type of (3.3)
is needed. This is the main purpose of Chapter 1.

More precisely, given s € (0,1] and p € [1,00), we study the properties of func-
tions f € LP(RY) satisfying

/ / pg(x—y)wd dy<C ase— 0%, (3.4)

where (p.).»0 C L'(R") is a standard sequence of mollifiers, i.e. such that

[ p. >0 ae. inRY for any € > 0,

< /RN p:(z)dz =1 for any ¢ > 0, (3.5)

lim pe(2)dz =0 for all § > 0.

+
L e—0 |Z‘25

In their paper, Berestycki et al. [16] were expecting (3.4) with 0 < s < 1 to
provide a description of fractional Sobolev spaces. However, the underlying space
happens to be of a different nature. Precisely, we show that it coincides with the
so-called Besov-Nikol'skii space By . (RY) (see Definition 3.3) provided that (p:)-»o
satisfies

pe(2) = %\/ p ( ) for some p € L*(RY). (3.6)

That is, we prove the following

THEOREM — Let s € (0,1) and p € [1,00). Let (p:)eso C LY(RY) be a sequence
of radial functions satisfying (3.5) and (3.6). Then, f € LP(RY) satisfies (3.4) if,
and only if, f € BS (RY). Moreover,

p N B |f) fy)P
5 @ igg/RN/RNpgx Pa— A DI dedy.



The main difficulty in establishing this result is that the techniques of proof used
in [27, 33, 118] to handle the case of Sobolev spaces do not adapt. There are at least
two reasons for this: on the one hand, many properties of the growth rate which
arises in (3.4) when s = 1 are lost in the fractional case s € (0,1) and, on the other
hand, smooth functions are not dense in B;OO(]RN ). To cope with this, we develop a
new strategy relying essentially on elementary arguments.

Further, we prove that an important property does no longer hold: compactness.
When s = 1, it is known that any bounded sequence (f.).so C LP(RY) satisfying

/ / pe($ — y)|fe(I) - fs(y)|pdxdy <C ase— 0+7
RN JRN |z —ylP

z =yl
must be relatively compact in L (RY) provided that (p.).~o satisfies some mild

symmetry properties (see e.g. [27, 118]).
We show that, surprisingly, this does not extend to the fractional setting.

THEOREM — Let s € (0,1) andp € [1,00). Let (p:)e>0 be a sequence of mollifiers
of the form (1.8) with p € L*(RY) satisfying

/ p(2)]2P1=9)dz < oo.
RN

Then, there exists a bounded sequence (f.).so C LP(RY) satisfying

/ / pz—:(x — y)lfa(x) - fa(y”pdxdy <C ase— O+’
RN JRN

[z — y|*P

but which is not relatively compact in L¥ (RY).

Chapter 1 is in fact concerned with more general functionals than (3.4). Beyond
theoretical interest, this extra degree of generality allows one to handle both the
(delicate) case p = oo and the higher order case s > 1 (see Theorem 2.3). A
remarkable consequence of this is that it enables to derive new characterizations
for both Lipschitz and Zygmund-Hélder spaces (see Theorem 2.5). So that, in the
end, we obtain a unified approach for representing as diverse scales as Sobolev, BV,
Lipschitz, Besov-Nikol’skii and Zygmund-Holder spaces.

On another note, we exhibit several consequences of our results which allow to
clarify the relationship between the usual Besov spaces B;q(RN ) with ¢ < oo and
the Nikol’skii spaces B;OO(RN), see in particular Examples 2.10, 2.11 and 2.19.

Chapter 1 contains several other results with different flavors. In particular, we
extend the by-now celebrated limiting embedding:

¢ fllzony ~ lim (1= )9 f |l @) for 1< p.g < oo,
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to the Lipschitz case p = oo (see Theorem 2.12). In the same vein, we investigate
the analogue of this for Besov-Nikol’skii spaces. Namely, we ask wether it holds that

1/q
sup (s—r - (RN,
0<TI<38( ) HfHBp,q(R )
yields a equivalent semi-norm on Bj (RY). It turns out that this is not true (see
Theorem 2.14) which suggests that, differently from the integer order case, the re-
striction to (3.6) in Theorem 3.1 cannot be removed.

3.1.2  On restrictions of Besov functions

Chapter 2 is certainly our most theoretical contribution. There, we study the
“restriction property” in the context of Besov spaces B;,Q(RN ). Function spaces
X (RY) having this property are those which admit that

f(,y) € X(RY) for ae. y € RN

whenever f € X(RY). This property, which holds true on the vast majority of
functions spaces, plays a fundamental role in lifting theory and, by extension, in
some reaction-diffusion problems of Ginzburg-Landau type, see [27, 108].

With moderate work, it can be shown to hold in BS (RY) whenever ¢ < p in the
whole range of relevant parameters, that is: 0 < ¢ < p < oo and s > 0, where

1
Jp::N(]—)—l) .
+

We prove that this is no longer the case when p < q.
Namely, we obtain the following

THEOREM — Let N > 2,1 <d< N,0<p<gq<ooandlets > o, Then,
there exists a function f € Bj (RY) such that

s (md N-d
f,y) & B, (RY) forae yeRY"

This result is doubly surprising since it has no comparable antecedents and be-
cause Besov spaces are mere microscopic modifications of fractional Sobolev spaces
which are known to satisfy this property.

Our construction is nontrivial and requires advanced decomposition techniques,
most notably subatomic decompositions.

One of the major property of these spaces (and what makes them so useful) is
that they embed in nice spaces. This is particularly relevant for applications as it
allows to grasp some additional regularity. For example, the standard embedding
theorem (which holds independently of the value of q) says that

B (RY) — A*P(RY), (3.7)
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where A*P(RY) stands for
% (RY), BMO(RY) and L¥#>(RM),

when respectively sp > N, sp = N and sp < N (the precise definitions will be given
in Chapter 2, see Definition 2.19). In particular, since Bs (RY) enjoys the restriction
property when ¢ < p, it is easily seen that

f(,y) € ASP(RY)  for ae. y € RV~ (3.8)

whenever f € By (RY). It is quite natural to ask wether (3.8) still holds when p < q.
But we prove that even this weaker property fails.

THEOREM — Let N > 2,1 <d< N,0<p<gq<ooandlets> o, Then,
there exists a function f € Bs (RY) such that

f(,y) & A*P(RY)  for a.e. y € RV

Furthermore, we establish a positive result about the regularity of these restric-
tions. Precisely, we exhibit a function space X (RY) that is intermediate between
B3 (RY) and By (RY) for all 0 < s’ < s and such that

vfe B, RY), f(,y) € XRY) forae yeRY

This space X is a so-called Besov space of generalized smoothness, usually denoted by
Bz(,‘fq’\ll) (we refer to Definition 2.11 for the definition of these spaces). In this setting, s
remains the dominant smoothness parameter and W is a positive function of log-type,
called admissible, which allows encoding more general types of smoothness.

Of course, this depends on the interplay between ¥ and the parameters p and gq.
We prove that restrictions of Besov functions to almost every hyperplanes belong to

the space BY5")(R?), whenever
D> w2 < oo, (3.9)
Jj=0

:%(resp.xzpifq:oo).

THEOREM — Let N 22,1 <d<N,0<p<qg<oo,s>o0,andlet ¥V be an
admissible function satisfying (3.9). Suppose that f € BS (RY). Then,

where y

s, ¥ d N—d
f(y) € BEY(RY)  for ae. y € RN

We also prove that the condition (3.9) is optimal, at least when ¢ = co. When
q < 00, it still can be shown to be sharp but under the additional requirement that

1 U(t)
< —  where ¢, = sup log, ——=, 3.10
X Coo 0<t1<)1 &2 (t?) 310)
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and y is as in (3.9). In other words, we arrive at a sharp characterization of the
aforementioned loss of regularity.

THEOREM — Let N 22,1 <d< N,0<p<gq<o0,s>o,andlet ¥ be
an admissible function that does not satisfy (3.9). If ¢ < oo and V¥ is increasing
suppose, in addition, that (3.10) holds true. Then, there is a function f € B;’q(RN)
such that

fly) ¢ Bzgféq’) (RY)  for a.e. y € RN

In the course of Chapter 2 we also establish the analogue of the above results in
the setting of Besov spaces of generalized smoothness. This is of independent interest
given their relevance in stochastic calculus and in the theory of pseudo-differential
operators (where they appear in a natural way), see e.g. [1, 85, 99, 101, 126].

These results may find applications in lifting theory and in the study of some
turbulence phenomena in fluid mechanics, where the need for this type of property
recently appeared, see [86] and references therein. Also, they suggest an implicit link
with other results related to fractal geometry and may lead to further developments
in this direction, see [9, 60, 61].

3.2 Rigidity results

Part II contains three chapters which are adapted from the following papers:

x J. BRASSEUR, J. CovILLE, F. HAMEL & E. VALDINOCI: Liouville
type results for a nonlocal obstacle problem, hal-01672149 (2017).

x J. BRASSEUR & J. COVILLE: A counterexample to the Liouville prop-
erty of some nonlocal problems, hal-01769598 (2018).

x J. BRASSEUR & S. DIPIERRO: Some monotonicity results for general
systems of nonlinear elliptic PDEs, J. Diff. Equations 261 (2016), no. 5,
p. 2854-2880.

3.2.1  Liouville type results for a nonlocal obstacle problem

Chapter 3 is a work in collaboration with J. Coville, F. Hamel and E. Valdinoci.
To a certain extent, it may be seen as a contribution towards the following problem:

how does the geometry of the environment affects the evolution of a
population with nonlocal dispersal?

(3.11)

The focus here is on perforated domains, that is when the environment possesses some
inaccessible regions. To be more specific, Chapter 3 is concerned with qualitative
properties of solutions to nonlocal reaction-diffusion equations of the form

Lu+ f(u) =0 in R\ K, (3.12)
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where K C RY is a compact “obstacle”, L is the nonlocal operator given by
Luw)i= [ o= )uly) - u()d (313
RN\ K

and f € C*(]0,1]) is a bistable nonlinearity. To clarify the ideas, suppose that
f(u) = Au(l —u)(u — 0) for some 6 € (0,1) and A > 0.

Before we go any further, some comments are in order. This problem may be thought
of as a nonlocal version of

{ Au+ f(u) =0 in RV\ K,

3.14
Vu-v=0 onJK, ( )

where v is the outward unit vector normal to K (assuming that K is smooth enough).

The local problem (3.14) was first studied by Berestycki, Hamel and Matano in
[17]. There, it is shown that there exist an entire solution u(¢,x) to the parabolic
problem

@:Au—i—f(u) in R x RV \ K,

ot (3.15)
Vu-v=0 onR x 0K,

satisfying 0 < u(t,z) < 1 for all (¢,x) € R x RN\ K, and a classical solution ue(z)
to the elliptic problem

Atge + fltse) =0 in RN\ K,
Vius -v=0 on JK,
O0<ue <1 in m,

Uso(z) = 1 as |z| = +o0.

(3.16)

This latter solution is obtained as the large-time limit of u(¢, x) in the sense that
u(t, r) = us(x) as t — oo locally uniformly in x € RN \ K.

Moreover, this result is independent of the geometry of K. Of course, this does not
mean that the geometry does not play a role: its influence is encoded in the stationary
solution u.,. Berestycki et al. proved that if the obstacle K satisfies some “good”
geometrical properties, for example if K is starshaped, then the solution u., to (3.16)
must be identically equal to 1 in the whole set RN \ K (see [17, Theorem 6.1]). Per
contra, if K is no longer starshaped but merely simply connected, they show that
this Liouville type property may fail.
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If we interpret u as the density of a population with bistable growth this means
that, after some large time, whether the population tends to occupy the whole space
depends on the geometry of K.

In Chapter 3, we deal with qualitative properties of solutions to equation (3.12),
together with some asymptotic limiting conditions at infinity similar to those ap-
pearing in (3.16). Namely, we will be concerned with solutions to

Lu+ f(u) =0 in RV \ K,
0<u<l inRY\ K, (3.17)
u(x) =1 as |z| = +oo.

By analogy, it is natural to expect the influence of the environment in the nonlocal
setting to be encoded by (3.17). Therefore, a first step towards answering (3.11) lies
in the study of solutions to (3.17).

The goal of Chapter 3 is to find geometrical conditions on K ensuring that the

solutions to (3.17) are identically equal to 1 in the whole set RV \ K.
We show that this holds true whenever K is convex.

THEOREM — Let K C RY be a compact convex set and let u € C(RN \ K, [0, 1])
be a function satisfying

{ Lu+ f(u) <0 in RN\ K,

3.18
u(x) -1 as |z] — +o0. (3.18)

Then, v =1 in RNV \ K.

Whereas the solutions to (3.16) are automatically classical C* solutions (by stan-
dard elliptic theory), there is, in general, no smoothing effect for (3.18) and the
solutions may even not be continuous at all. This is the reason why we require some
a priori continuity.

Nonetheless, if we ask for a solution instead of a super-solution, we prove that it
is possible to get rid of this a priori assumption provided that the nonlinearity does
not vary “too much”. Precisely,

THEOREM — Let K C RY be a compact convex set. Suppose that

1
I[I(l)aﬁif/ <3 (3.19)

Let v : RN\ K — [0, 1] be a measurable function satisfying

Lu+ f(u) =0 ae in RN\ K,
u(z) =1 as |z] - +o0.

Then, u =1 a.e. in RN \ K.
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We prove several improvement of these results. In particular, we prove that
when J is compactly supported and square integrable, then the requirement on the
asymptotic behavior of u can be weakened to

sup u =1,
RN\ K
which is even stronger than what is known in the local case (see Theorem 2.4).
Chapter 3 also contains a “robustness” result. Namely, we prove that if a compact
set K is sufficiently close to a compact convex set (in the C%“ topology), then the
Liouville property still holds (see Theorem 2.6). In fact, this result is a sort of
dichotomy: if the Liouville property can be shown to hold for a given set K, then it
still holds for all compact sets sufficiently close it (in the C%* topology).
Our results are mainly based on sub- and super-solutions techniques and, to this
end, we prove various comparison principles which are of independent interest (see
Lemmata 4.1, 4.2 and 4.3).

3.2.2 A counterexample to the Liouville property of some nonlocal problems

Chapter 4 is a work in collaboration with J. Coville. It is meant as a follow-up
to Chapter 3, although it may be read independently. The purpose here is to better
pinpoint the geometrical conditions under which the Liouville property established
at the previous chapter remains valid. An angle of this question consists in finding
an obstacle K for which it does not hold. Chapter 4 provides an answer to this
question. Precisely, we establish the following

THEOREM — There are (non-starshaped) simply connected compact obstacles
K and data f and J for which problem

Lu+ f(u) =0 in RN\ K,
u(z) > 1 as |z| = o0,

has a solution u € C(RN \ K, [0,1]) which is not identically equal to 1 in RN \ K.

The main difficulty in our construction lies in the lack of compactness. We
show how to circumvent this difficulty relying on the Bourgain-Brezis-Mironescu
characterization of Sobolev spaces. This enables us to obtain a priori estimates
which allow the use of variational methods.

Remarkably, our construction is flexible enough to handle broader classes of non-
local operators where the dispersal process need not be isotropic but instead depends
on the geodesic distance between points in RV \ K. For example, we prove that the
same result holds when L is replaced by

L) = [ Tl ) wty) )y (3.20)
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where dg(-,-) is the geodesic distance on RV \ K and J e Li .(0,00) is a locally
integrable kernel such that

sup / j(dg(x,y))dy < 00.
RN\ K

z€RN\K

Operators of the type of (3.20) are actually of interest in their own right. They
give an alternative way to describe the evolution of individuals in a heterogeneous
medium which, in some situations, may be regarded as more realistic. Their most
interesting feature is that the individuals can no longer travel through the obstacle:
they are compelled to bypass it as if it were a material obstacle.

3.2.3  Some monotonicity results for general systems of nonlinear elliptic PDEs

Chapter 5 is a work in collaboration with S. Dipierro. It is concerned with
symmetry and monotonicity properties of general systems of nonlinear elliptic partial
differential equations. Although the topic is rather old, recent years have seen a
renewed interest in these questions. A typical example which has raised a lot of
attention is:

Au = uv?,
Av = vu?, (3.21)
u,v > 0.

This system emerges in the study of phase separation phenomena for Bose-Einstein
condensates with multiple states. A natural question to ask is:

under which conditions do w and v enjoy monotonicity properties? (3.22)

Such rigidity property plays an important role in the study of (3.21), inter alia, it
allows the classification of solutions. In this perspective, it is also of interest to ask
for De Giorgi type results. For example:

under which conditions are u and v one-dimensional? (3.23)

Some answers to (3.22) and (3.23) are known, see for example [18, 20, 62, 152].

However, if (3.21) has a relatively “simple” form, things can get significantly
tougher when considering more general nonlinearities and (possibly anomalous) dif-
fusion processes. For example, one may want to address similar questions for systems
of the form:

(3.24)
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where s1, 89 € (0,1] and Fy, Fy are the derivatives with respect to the first and the
second variable, respectively, of some function F' € C11(R?). Systems of the type
of (3.24) have recently been investigated (see e.g. [133, 134, 147, 152]) and some
symmetry results have been obtained under various assumptions (see e.g. [56, 67]).

The purpose of Chapter 5 is to find a method providing an answer to (3.22) and
(3.23) in a general setting (including (3.21) and (3.24) as particular cases).

Precisely, the goal of Chapter 5 is to show that minima and stable solutions of
general energy functionals of the form

éa(u,v):/F(Vu, Vo, u,v, x)dz,
Q

enjoy some monotonicity properties, under an assumption on the growth at infinity
of the energy, which we call the “stability inequality” (see (3.26) below).

This setting allows not only to handle systems with general nonlinearities, but
also with quite general diffusion operators, possibly of degenerate type. The most
distinguished examples are the p-Laplacian and the mean curvature operator. By
the Caffarelli-Silvestre extension theorem [43], this covers also fractional (and, hence,
nonlocal) operators such as the fractional Laplacian.

The usual approach to obtain such rigidity results is to apply some stability
inequality to a cut-off function. But this approach is generally difficult to implement
because it requires to work with the precise form of the energy (which can be quite
complicated).

Our strategy, inspired by [124, 125], relies on a completely different argument.
Loosely speaking, it consists in comparing the energies of (u,v) and a perturbed
translation of itself. Then, using the stability inequality and a contradiction ar-
gument, we can prove that the solutions indeed enjoy some rigidity properties. In
doing so, we do not need to work with the precise form of the potential ' and we
can therefore deal with general energy functionals.

Our working hypotheses are the following. First, we assume that both the domain
) and the potential F' are invariant under translation in the ey-direction, namely

Q=7 xR for some ¥ C RNV
and F' does not depend on the xy-coordinate. We also suppose that
F = F(p1,p, 21, 20,7') € C(R*N x R? x ¥), (3.25)

and that F is C? and convex with respect to the first two variables. Also, we
assume that there exists a constant C' > 0 such that, for any pi,ps, q1, ¢ € RY
with |g1] < |p1 - en|/4 and |q2| < |ps - en|/4, it holds that

|Fp1p1(pl + q1, P2, 21, 22,$/)| < Cle1p1 (p17p27 21, 227$,)|7
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|Fp2p2(P17P2 + q2, 21, 22, 90/)| < C|Fp2p2(]?17p27 21, 22,$,)|,
| Fpips (D1 + 1,02 + @o, 21, 22, )| < C|Epips (P15 D2, 21, 29,2

Notice that these assumptions are fairly general and apply, in particular, to (3.21)
and (3.24).

The first result of Chapter 5 deals with minimizers. Namely, we obtain the
following

THEOREM — Let u,v € C*(Q) be such that (u,v) is a minimizer of & and that
the growth condition

/ |Fp1p1||vu|2 + |Fp2p2||vv|2 + |Fp1p2||VU||VU| dz 5 R2> (3.26)
QNBRr

is satisfied for large enough R > 0, where the derivatives of F' are evaluated at
(Vu, Vv, u,v,2"). Then, u and v are monotone on each line in the ey-direction, i.e.,
for any x € Q, either un(x+tey) = 0 or uy(x+tey) < 0, and either vy (x+tey) = 0
orvy(z +tey) <0, for any t € R. In particular, u and v are one-dimensional.

Moreover, we show that a similar result holds for stable solutions up to a slight
additional regularity requirement on F' and (u,v).

THEOREM — Suppose that F' € C3*(R?*"N x R? x ¥). Let (u,v) be such that
either u,v € C%*(Q) are convex or u,v € C'(2). Moreover, suppose that (u,v) is a
stable solution of &, and that the growth condition (3.26) holds true. Then, u and v
are monotone in the ey-direction, i.e. either uy > 0 or uy < 0 and either vy = 0 or
UN < 0 in €.

The results contained in Chapter 5 are, in fact, slightly more general. They still
hold when replacing the notions of stable and minimal solutions by weaker ones.
Indeed, we prove that it suffices to consider minimizers and stable solutions among
the class of functions which are obtained by piecewise Lipschitz deformations in the
en-direction (see Theorems 1.5 and 1.10).

Several applications of our results are presented at the end of Chapter 5.
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Part 1

A functional analytic toolbox






Chapter 1

A Bourgain-Brezis-Mironescu
characterization of higher order
Besov-Nikol’skii spaces

This chapter is inspired by the paper [28], accepted for publication
in Annales de I'Institut Fourier.

1 Introduction

1.1 A brief state of art

Let (p:)eso € LY(RY) be a sequence of mollifiers, i.e. a sequence satisfying

p- >0 a.e. in RY for any € > 0,
/RN pe(2)dz =1 for any € > 0, (1.1)

lim p(2)dz =0 for all § > 0.

+
L e—0 |Z‘25

Let M € N*, 1 < p < oo and s € (0, M]. We are interested in the properties of
functions f € LP(RY) satisfying
A]V[ p
/ pe(h)w / de dh < C ase— 0%, (1.2)
RN v |hJP
where w : Ry — R, is an increasing, concave function and A} f(x) stands for the
usual M-th order forward difference of f given by
M Y
A f(a) 1= 3 (~1)M (j >f(rc L hj), wheRY, (13)

=0
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The assumptions on w will be made precise later on.

Functionals of the type of (1.2) were initially introduced by Bourgain, Brezis and
Mironescu [27, 33] to obtain a new characterization of the Sobolev space W1P(RY).
Namely, for M = s =1 and w(t) = t, (1.2) reads

/ / |f z4h) = f(x)|pd$dh <C ase— 0, (1.4)
N JrN ||

and the result of Bourgain, Brezis and Mironescu states that, any f € LP(RY)
satisfying (1.4) belongs to the Sobolev space WP(RY) if 1 < p < oo, or to BV (RY)
if p =1, provided (p.).~o is radial. More precisely, they have shown that

lim / / pa(h)|f(x+h)_f(x)’pdl‘dh:K NvaHLp RN
RN JRN AP

e—0t

where

Kyx = / o ePd AN Vo), ee SV
SN-1
As a result, they were able to establish the following limiting embedding

T (1= )l oy = K IV 1y (15)

Since this work, numerous new characterizations of the Sobolev spaces W*?(RY) or
BV (RY) have been obtained [24, 25, 54, 68, 118, 119, 131] and various asymptotic
formulae characterizing the Sobolev norms in terms of fractional norms have been
derived [89, 94, 105, 142]. For instance, Maz'ya and Shaposhnikova [105] obtained
the counterpart of (1.5) in the critical case r — 07, that is

géﬂ TPy ey = 20N F I 7oy,

whenever f € (J,_,., W"(R") and where oy stands for the superficial measure of
the unit sphere SV—!

Also, let us mention the work of Ponce [119] who was the first to obtain a charac-
terization of the space BV (R”) in terms of a class of functions in L'(RY) satisfying

/]RN /RN pe(h) Q (|f(x il }|lf)L|_ f($>|> dedh < C ase— 0T, (1.6)

under suitable growth assumptions on € C(Ry, R ).

More recently, such type of characterizations were extended by Borghol [25],
Bojarski, Thnatsyeva, Kinnunen [24] and Ferreira, Kreisbeck and Ribeiro [68], who
considered the cases 1 < p < oo in higher order Sobolev spaces. Typically, in [68] it
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is shown that the spaces W*P(RY), with p € (1,00) and k € N*, can be characterized
by quantities of the type

[ [ oo (101 1, .

where 2 : R, — R, is an increasing, convex function such that
mltp g Q(t) < mgt”,
for all t > 0 and some positive constants 0 < m; < mo.

To our knowledge, very few is known in the case 0 < s < M. Nonetheless, recent
works of Lamy and Mironescu [98] suggest a connection between expressions of the
type of (1.2) and Besov spaces. In [98], the authors prove the following

THEOREM 1.1 (Lamy, Mironescu, [98]). — Let s > 0, p,q € [1,00] and let
(pe)eso C LY(RYN) satisfying (1.1) and such that
(h) L h fi c L'(RY) (1.8)
.(h)=—p| — | for some . .
p il p

Then,

(1.9)

1
10y sy + | 15 = Pl

La((0,1),%)

The converse of this holds under some additional moment condition on p (see
(98] for further details). In fact, the case ¢ = oo is not properly stated nor explicitly
proven in [98]. To fill this gap, we shall give some additional details at the end of the
chapter. A consequence of this, which has not been noticed in [98], is the following

PROPOSITION 1.2. — Let s € (0,1), p € [1,00) and (p.)e=o C L'(RY) satisfying
(1.1) and (1.8). Then, the following statements are equivalent:
(i) f € By (RY),
(ii) f € LP(RY) satisfies

p
/ / |f x+|};b)| 1)l dzdh < C ase —07. (1.10)
RN JRN
Moreover,
|fx+h) f(z)P
dxdh. 1.11
1A, ey ~ IF11% RN)+523)131 /RN/RN e T (1.11)
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It is worth noticing that, by contrast with the representation of B;’OO(RN ) ob-
tained in [98], no moment condition on p. is needed. Moreover, since p. does not
need to be radial, some directions may be privileged, yet with no impact on the
resulting norm. This is in clear contrast with the case s = 1 (see also [46, Remark
10] or [119, Corollary 3, p.232]).

This sheds new lights on how to describe smoothness and could be of potential
interest in some problems of the calculus of variations and in the study of some
integro-differential equations (see e.g. [2, 8, 16, 76, 77, 135]).

Also, in view of Proposition 1.2, it is natural to ask for corresponding assertions of
(1.6) and (1.7) in the framework of the fractional Besov-Nikol'skii spaces B} (R"Y).
For example: what can be said about the limiting behavior of (1.10) when ¢ — 077
Can one describe higher order Besov-Nikol’skii spaces via expressions of the type
(1.2)7 It is the main concern of this chapter to deal with these issues.

1.2 Main Motivation

This work originates in a problem raised in [16]. Consider the heterogeneous Fisher-
KPP equation:

aim(J€ su(z) —u(z)) + flz,u) =0, u=u, zeRY, >0, (1.12)

where m € [0,2], u is the density of a given population, J.(z) := ELNJ(E), with
J € C'N LYRY) a symmetric positive dispersal kernel with unit mass and having
finite m-th order moment, and f € CL*(R¥*1) is a heterogeneous KPP type non-

linearity, that is:

f(-,0) =0,
for all z € RY, f(x,s)/s is decreasing with respect to s € (0, c0),
there exists S(x) € C(RY) N L>®(RY) such that f(-,S(+)) < 0.

For the sake of simplicity, we restrict our attention to non-linearities of the form

f(z,s) = s(a(x) —s), with limsup a(z) < 0.

|z|—o0

Roughly speaking, f models the growth rate of the population and J the probability
to jump from one location to another. The parameter ¢ is a measure of the spread
of dispersal of the species. The scaling term aim can be interpreted as the rate of
dispersal of the species. It arises when considering a cost function (see [16, Section
2] for a more detailed explanation on the matter). Consider for instance a tree pro-
ducing and dispersing seeds. Then, ¢ < 1 represents a strategy where the dispersal

rate is large but the seeds are spread over smaller distances, and £ > 1 represents
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the opposite strategy (i.e. smaller dispersal rate but the seeds are spread over larger
distances). As for the parameter m, it measures the influence of the cost function
on the different strategies.

Existence of positive solutions to (1.12) is naturally expected to provide a persis-
tence criteria for the population under consideration. Nonetheless, if the asymptotic
behavior of solutions to (1.12) is quite well understood when ¢ — oo (see [16]), it is
not the case when € — 0" and 0 < m < 2. Berestycki et al. [16] were able to prove
the following result.

THEOREM 1.3 (Berestycki, Coville, Vo, [16]). — Assume that J is compactly
supported with J(0) > 0, that m € (0,2), that max{a,0} # 0 and that a € C*(RY).
Then, when € — 07, the solution u. of (1.12) converges almost everywhere to some
non-negative bounded function v satisfying

v(x)(a(r) —v(z)) =0 in RY. (1.13)

Unfortunately, equation (1.13) admits infinitely many solutions, so it may hap-
pen that v = 0 (extinction) or that v = a,1x for some compact K C supp(ay)
(persistence in a given area of the ecological niche). Whence, one cannot directly
infer a persistence strategy for that case.

However, it is known that solutions to (1.12), when they exist, satisfy

_ 2
/ / pe(x —y) [uc(@) = ue(y)] dedy < C forall e >0, (1.14)
RN JRN |z —y[™

with p.(z) = e7|z|"J.(z) a smooth mollifier satisfying (1.1) (see [16, Lemma 5.1(ii)]
for a proof).

To quote Berestycki et al.: “If for the case m = 2 we could rely on elliptic
regularity and the new description of Sobolev spaces developed in Bourgain et al.
[27], Brezis [33], Ponce [118, 119] to get some compactness, this characterization
does not allow us to treat the case m < 2. We believe that a new characterization of
fractional Sobolev spaces in the spirit of the work of Bourgain, Brezis and Mironescu
[27, 33] will be helpful to resolve this issue.”

This motivates the study of general classes of functions of the type of (1.2), in
particular the forthcoming Theorems 2.3 and 2.15.

1.3 Comments

If (1.10) is very similar to (1.4), the underlying spaces, W'*(R") and B (RY), are
very different in nature and one has to cope with some technicalities. Among others,
it is not clear anymore whether the limit of (1.10) as ¢ — 07 exists nor, even if it
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does, whether it provides an equivalent semi-norm. In the integer order case, things
are not too controversial in the sense that

A fll e T
IV fllLr @y ~ limsup M = M‘

1.15
|h =50 |h| h£0 |h| (1.15)

(see e.g. [142] or Lemma 7.1), while the counterpart of (1.15) in the fractional case
s € (0,1) is not true in general. Indeed, every nontrivial function f € C>®(RY)
satisfies
ALl 1ALl 2oy

R A
whenever s € (0,1), p € [1,00]. Finiteness of either or both the two first terms in the
left-hand side of (1.16) equally describes Bj (R in the sense that they define the
same set of functions. But the respective (semi-)norms induced by these quantities
are not equivalent (see Section 5). For these reasons, at some places, it will be more
convenient to state our results in terms of suprema as in (1.11) instead of limits.

On the other hand, smooth functions are not dense in B;’OO(RN ), so that the
arguments used in the integer case do not simply adapt. We show how to do this
in a way that allows, not only to give a meaning, but also to handle the tricky case
p = oo in both the integer and the fractional case, using only elementary arguments.
Also, in the particular case where p is radially symmetric, we improve (1.11) to a semi-
norm equivalence at all orders s > 0. More general quantities are also investigated
as well as compactness in the case of a sequence (f.).~o C LP(RY).

At the end, this yields a common nonlocal description for the Besov-Nikol’skii
spaces By (RY), the Hélder-Zygmund spaces €*(R"), the BV (RY) space, the
Sobolev spaces WHP(RY) and the Lipschitz space C%(RY). As a by-product, we
obtain new characterizations for these spaces and a new limiting embedding between
Lipschitz and Besov spaces which extends the previous known results.

2 Main results

2.1 A new characterization of Besov-Nikol’skii spaces
To state our results, we shall introduce some notations and terminology.

DEFINITION 2.1. — A function w : R, — R, is said to be roughly subadditive
if there exists a constant A > 0 such that,

w(ts +t2) < A{w(t) +w(ta)},

for every ti,ty € R,. If A =1, then we say that w is subadditive.
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To shorten our statements, it will be more convenient to call Cj,. the set of all
continuous, increasing functions w : [0,00) — [0, 00) satisfying w(0) = 0 and

lim w(t) = oo.
t—00

Also, we set

Cl = {w € Ciye such that w is roughly subadditive}.

mc

Remark 2.2. — Observe that if wy, ws € C , then w; owy € CF

mc? mc’

Typical examples of functions in C; are:

(i) wi(t) =1t with a > 0, (ili) ws(t) = ttanh(t),
(i) wo(t) = In(1 +1), (iv) wy(t) = arsinh(t), ...
More generally, if w € Ci, is concave, then w € C (see e.g. [36, Theorem 5]).

mc
As indicated by the example of t* with « > 1, Cf_ contains also some convex
functions as long as they do not increase too fast. Indeed, a direct computation
shows that if w : [0,00) — [0, 00) is a continuous, convex function with w(0) = 0 and
if w(2t) < Kk w(t), for all t > 0 and some constant x > 0 (independent of ¢), then
w e Cf..

Our first result reads as follows

THEOREM 2.3. — Let M € N*, s € (0, M) and p € [1,00]. Let w € C;. and

(pe)es0 C L'(RY) be a sequence of radial functions satisfying (1.1) and (1.8). Then,
the following statements are equivalent:

(i) f € By (RY),
(ii) f € LP(RY) is such that

AMFll 1
/ pe(h) w (m) dh < C ase— 0", (2.1)
RV |h[*
Moreover,
AR fllor@y
w ([f]Bgoo(RN)> ~ Sup/ p=(h) w (h—s() dh.
’ e>0 JRN |h‘
Remark 2.4. — 1t is noteworthy that the assumptions of Theorem 2.3 are some-

how self-improving. For example, if w € Cj,. is such that
w<w<aw ae in RY,

for some w, w € C;f and ay,ay > 0, then w still characterizes B;,OO(RN). Note also

that the Jensen inequality allows to extend this result to convex w € Ci,..
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Moreover, the conclusion of Theorem 2.3 still holds under the slightly weaker
assumption that (p.).so C L'(RY) satisfies (1.1) and (1.8) with p € L'(R") such
that there exists a number 6 > 0 and a nonnegative radial function ¢ with p > ¢
a.e. in Bs and [ ¢ > 0.

Also, when 1 < p < oo, the fact that w € C}f_ allows one to replace (2.1) by

/R pelh) w ( /R L (%) dx) dn, (2.2)

for any continuously increasing €2 : R, — R, with (0) = 0 and
mat? < Q(t) < maot?, (2.3)
for all £ > 0 and some 0 < m; < ma.
By the same token, we obtain the following counterpart for the Lipschitz space.

THEOREM 2.5. — Let w € Cif. and (p.).>0 C L*(RY) be a sequence of radial

functions satisfying (1.1) and (1.8). Then, the following statements are equivalent:
(i) f e CO(RY),
(i) f € L*(R") is such that

/ pe(h) w (Hf( ) ’;’f”LOO(RN)> dh < C ase— 0",
RN

Moreover,

w ([f]co,l(RN)) ~ limsup / Pa(h) w (Hf( + h) - f”LOO(]RN)) dh.
RN Id

e—0t

In fact, our proof also allows to cover first order Sobolev spaces. For example, in
view of (2.2), we have the

THEOREM 2.6. — Let 1 < p < oo, (w,Q) € Cf . x Ciye with Q satisfying (2.3)

and (p.)eso C LY(RY) be a sequence of radial functions satisfying (1.1) and (1.8).
Then, the following statements are equivalent:

(i) f € WHP(RY) (resp. f € BV(RY) ifp=1),
(ii) f € LP(RY) is such that

/ pg(h)w(/ Q(’f<x+h)_f<x)’>dx) dh < C ase— 0%,
RN RN ]
Moreover,

o (19 ) ~ s [ oo ([ o (PR 0y an 2

e—0t
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Note that the limit superior in the right-hand side of (2.4) may not necessarily
coincide with the limit inferior, depending on the choices of w and (2.

Remark 2.7. — If w(t) = t and 2 is convex, then the corresponding assertion still
holds in higher order Sobolev spaces, see [68] for a proof.

Here are some straightforward consequences of Theorem 2.3.

Example 2.8. — Let M € N*, s € (0, M) and J € LY(RY) be a radial function
such that

J = / J(2)|z|*dh < 0o for some 1 < g < 0.
RN

Then, choosing

sq
pe(h) = 20,
and w(t) = t? we obtain
1 1/q
g~ s (5 [ LIS nan) @3

Remark 2.9. — Notice that the quantity (1.14) appearing in the study of the
nonlocal Fisher-KPP equation (1.12) can be seen as a particular case of (2.5).

Other choices of p. highlight interesting links with the more classical Besov spaces
B (RY) with 1 < ¢ < oo (see Definition 3.3 on Section 3 for the definition of these
spaces).

Example 2.10. — Given 1 < g < oo, the choice w(t) = t9 and

1
pe(h) = CIrl™ Lcaey([R]), (2.6)

where C' = oy In(2), yields

M |2 1/q
[f]Bs )y ~ sup / = fHL—p(RN)dh .
poee e>0 e<|h|<2e |h|[Ntsa

Example 2.11. — Given 1 < g < oo, the choice w(t) = t? and

1 (s —r)q
O-N&-(s—r)q ‘h‘N—(S—T)

p=(h) = 7 Loo([hl),

for some r € (0, s), gives

/q
_ /e |AM £ !
~1/q (S T‘) / h LP(RN)
q [flgs _®ny ~sup ——— ———————~dh )
p’OO( ) " |h|<e |h|N+rq

e>0 o
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2.2 Limits of Besov norms

Following the original result of Bourgain, Brezis and Mironescu in [27]; Karadzhov,
Milman, Xiao [89] and Triebel [142] proved the following limiting embedding

qil/qHVfHLp(RN) ~ rl—if{l* (1-— T)l/q[f]Bqu(RN) for 1 < p,q < . (2.7)

See e.g. [142] where higher order derivatives are also studied.

The counterpart of Example 2.11 for the Lipschitz space leads one to ask wether
(2.7) still holds in the critical case p = oo (recall W1>(RY) is the same as C%H(RY)).
However, because of the restriction to (1.8) in Theorem 2.5 one cannot directly infer
that this is the case. In addition, spaces of the type WH>*(R") or BS, (RY) do not
admit spaces such as C°(R”) as dense subset (they are not even separable) and
they inherit from the “bad” properties of L°>°(R"). This makes the validity of (2.7)
in the case p = oo rather unclear.

We prove that a weaker version of (2.7) still holds when p = co.

THEOREM 2.12. — Let q € [1,00) and assume f € L®(R") is such that

lim sup (1 — r)"9|| f| By, (RN) < OO. (2.8)
r—1- “
Then, f € C%(RYN). Moreover,
q_l/q[f]covl(RN) ~ lim sup (1 - r)l/quHBgqu(RN)- (2-9)

r—1-

Remark 2.13. — Due to the lack of continuity of the translations in L>®(RY) it
is not clear wether the limsup in (2.8) (resp. in (2.9)) can be replaced by a lim inf.

The proof can be carried out using subadditivity and monotonicity arguments via
an improvement of the Chebychev inequality due to Bourgain, Brezis and Mironescu
[27] together with Theorem 2.3.

However, in the fractional case, one lose the aforementioned monotonicity and
the arguments fail. In view of Example 2.11 and €*(RY) = BS, (R") it is natural
to ask wether or not the counterpart holds for BS  (R").

Using subatomic decompositions we were able to show that this is not the case.

THEOREM 2.14. — Let s > 0, p € [1,00) and ¢q € [1,00). Then, there exists a
function f € LP(RN)\ B  (RY) such that

sup (s — T)l/q||f||B;q(RN) < 0.
0<r<s ’
Here, “(|f||B; ,&~)” stands for the By (RV)-norm of f in the sense of subatomic
decomposition theory (see Definition 4.2 below).
In particular, this suggests that the restriction to (1.8) in Theorems 1.2 and 2.3
(and actually also in (1.9) when ¢ = c0) is not far from being optimal.
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2.3 A non-compactness result

In the integer case s = 1, it is known that any bounded sequence (f.).~o C LP(RY)
satisfying

p
// @ 20 = JOP G h <0 ase - 0t
RN JRN |hlP

must be relatively compact in L} (RY) provided (p.).o is a suitable sequence of
mollifiers (e.g. nonincreasing if N = 1 [27] or radially symmetric if N > 2 [118]).

Per contra, we show that this phenomenon does not extend to s € R, \ N, at
least if p. exhibits a reasonable decay at infinity.

THEOREM 2.15. — Let M € N*, s € (0,M) and p € [1,00). Let (p.)eso be
a sequence of mollifiers of the form (1.8) with p € L'(RY) satisfying the moment
condition

/ p(2)]2PM=9dz < 0.
RN

Then, there exists a bounded sequence (f.).-o C LP(RY) satisfying

M
/ / A fe(o )|ddh <C ase— 0",
RN JRN |h[*P

but which is not relatively compact in L¥ (RY).

Remark 2.16. — In some particular cases it is possible to get rid of assumption
(1.8). For instance, if the p.’s are non-increasing and supported in some ball of the
form B,. for all € > 0 and some r > 0, then the result still holds. Notice also that
the conclusion of Theorem 2.15 still holds for slightly more general functionals in the
spirit of (2.1) with, say, w = |-|*?, Q = |-]?, for any ¢ > 1.

In the same vein, we obtain the following

THEOREM 2.17. — Let s > 0, p € [1,00) and q € [1,00). Then, there exists a
bounded sequence (f.).~o C LP(RY) satisfying

: q
hiiljp el fel By Ny < 00 (2.10)

but which is not relatively compact in L¥ (RY).
The subscript “x” in (2.10) means that the B, °-norm of f. is calculated using

(|s] + 1)-th order finite differences (according to Definition 3.3). This is no longer
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true if, instead, we use smaller order differences. For example, if (f.).~o is bounded
in LP(RY), then

lim sup €| f-
e—0*t

||€V175,p(RN) < OO)

implies that (f.).~o is relatively compact in L (RY), while

lim sup e|| f2||”

- <0
e—0+ B;é,pe (RN)* ’

does not. Evidently, this restriction is immaterial if 0 < s ¢ N.

2.4 An approximation criteria

It is well-known that neither C3°(RY) nor .#(R") are dense in Bj (R"). If the
question of how to approximate a given f € B;}Q(RN ) in a “suitable manner” has
already been well-studied (see e.g. [95, 114, 132]), to the author’s knowledge it
seems, however, that no criterion to recognize a function f € B;OO(]RN ) which can
be approximated by smooth functions in its natural (strong) topology is available in
the literature.

An interesting consequence of (the proof of) Theorem 2.3 is that it gives such a
criterion.

COROLLARY 2.18. — Let M € N*, s € (0, M), p € [1,00). Let (p:)e=0 C L*(RY)
be a sequence of radial functions satisfying (1.1) and (1.8), and let w € C; .. Then,
the following statements are equivalent:

(i) f € LP(RY) is such that

AM )
lim po(h) w <M> dh =0,

e=0t JpN |h|5
(i) f € Bs (RY) and there exists (fn)nz0 C C¢°(RY) such that

1f = fal

A noteworthy consequence of Corollary 2.18 is the following

By . (RN) — 0 asn — oo.

Example 2.19. — Let s € (0,1) and p € [1,00). Then, with the choice (2.6) and
w(t) = t? we find that condition (ii) above is equivalent to

lim/ / ) = WP g, — o,
e=0F JRrN e<|z—y|<2e |I— | tep
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or, more generally, to

lim
e—0% e<|h|<2e

in the higher order case.

In Sections 3 and 4 we detail all our notations and useful definitions. In Section
5, we show some preliminary estimates which aims to simultaneously open the way
to Corollary 2.18 and to explain why it is more convenient to represent B;’OO(RN )
in terms of the supremum of (2.1) rather than in terms of its limits. Section 6 is
devoted to the proof of Theorem 2.3 and Section 7 to that of Theorems 2.5, 2.6, and
2.12. In Section 8 we establish Theorem 2.14. In Section 9, we prove Theorems 2.15
and 2.17. Finally, in the Appendix, we discuss Proposition 1.2.

3 Notations and definitions
Throughout this chapter we will make use of the following notations.

S¥=1: is the unit sphere of RV;
N1 s the (N — 1)-dimensional Hausdorff measure;
|K| : is the Lebesgue measure of the set K;
1x : is the characteristic function of the set K;
Bpr : is the ball of radius R > 0 centered at the origin;
Bg(x) : s the ball of radius R > 0 centered at z € RY;
7, © is the translation operator 7, f(z) = f(x + h), z,h € RY;
f*g: 1isthe convolution of f and g;
< : is the “approximatively-less-than” symbol: a < b < a < Cb;
~ : is the equivalence symbol: a ~ b < a <band b < a;
fA : is the integral mean symbol: fA f= ﬁ fA I

We denote by LP(RY) the Lebesgue space of (equivalence classes of) functions
for which the p-th power of the absolute value is Lebesgue integrable (resp. essen-
tially bounded functions when p = co); by C°(R”) the space of smooth compactly
supported functions; by .7 (RY) the Schwartz space of rapidly decaying functions;
and, by ./(R¥), its dual, the space of tempered distributions. The Lipschitz space
CYL(RY) is the space of functions f € L>°(RY) for which the semi-norm

7- - oo
[f]COJ(]RN) = su H hf fHL (RN)

, 3.1
o Y (3.1)

is finite. The space C%(RY) is a Banach space for the norm

[l corgny = [l ooy + [flco @y -
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The number (3.1) is called the Lipschitz constant of f. For the sake of clarity, we
recall some further definitions.

DEFINITION 3.1. — Let p € [1,00) and k € N*. The k-th order Sobolev space
WHkP(RN) is defined as the closure of C*°(RY) under the norm

1/p
lheroieny = Ul + (3 1D )

1<k

DEFINITION 3.2. — The space of functions of bounded variation, denoted by
BV (RY), is the space of all f € L*(RY) such that

oy =swp{ [ fa)divolo)dr: o € CHEY), ollmgen) <1} < o
R
naturally endowed with the norm

I fllBv@eyy = | fllzr@yy + [f]Bv @

DEFINITION 3.3. — Let M € N*, s € (0, M) and p,q € [1,00]|. The Besov space
Bs (RY) consists of all functions f € LP(RY) such that

dh \ 7
. M q
i ) = ( /.1 f||Lp(RN)—‘h‘N+sq) < oo, (32)
which, in the case ¢ = 00, is to be understood as

IAY fll e
[f]Bgoo(lRN) ‘= sup h—s() < 00,
’ heRN\{0} |h|

where A} f is given by (1.3). The space B (RY) is naturally endowed with the
norm

11155 &y = [ fllzoeny + [f]Bs, &)

(M)

Bs (RN’ then

Remark 3.4. — Of course, if one denotes the semi-norm (3.2) by [f]
for Mla M2 € N* with Ml < M2 and s € (O,Ml) it holds

M- M:
15y ~ L1552

(similarly when ¢ = 00), so that the definition above is indeed consistent. We refer
to [136] (e.g. estimate (45) on p.99) or Lemma 6.3 for further details.
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Remark 3.5. — The integral in (3.2) can be indifferently replaced by an integral
over {|h| < &} for any § > 0, or on the whole RY since the singular part in & in the
integral arises when h is close to zero, while the integral on {|h| > J} can always be
dominated by the LP-norm of f.

Of special interest are the cases ¢ = p, p = oo and/or ¢ = oo. The fractional
Sobolev spaces W*P(RY) (sometimes also called Slobodeckij, Gagliardo, or Aron-
szajn spaces) is defined by W*P(RY) = Bs (RV) for s ¢ N. In this context, the
semi-norm (3.2) when s € (0, 1) is often referred to as the Gagliardo semi-norm.

When g = oo, the space B, (RY) is called the Nikol’skii space. This scale gives
another interesting way to measure the convergence rate of the translate of a given
function to itself. It is well-known that, for any p,q € [1,00) and s > 0,

s N s N
‘Bp,q(]R )%Bp,oo(R )7

where “—” stands for the continuous imbedding symbol. We refer to [129, 138] for
a proof of this fact. When p = ¢ = oo, then the space BS,  (R") coincides with the
Holder-Zygmund space ¢°(RY).

Moreover, by contrast with W#?P(RY) (see e.g. [72] for a simple proof of this fact)
or, more generally, with the spaces Bs (RY) with p,q € (1,00), neither C°(RY)
nor .7 (RY) are dense in Bj (RY), see e.g. [138, Theorem 2.3.2 (a), p.172]. The
Nikol’skii spaces are Banach spaces but, unlike, say, W*P(RY) with 1 < p < oo,
neither reflexive [138, Remark 2, p.199] nor separable [138, Theorem 2.11.2 (d),
p.237].

4 Subatomic decompositions

There exists many ways to decompose a function f € Bs (RY) into “building blocks”.
The theory of subatomic (or quarkonial) decompositions developed by Triebel in
[137, 139] is one of them of particular interest because, unlike related decompositions
of atomic or, say, Littlewood-Paley type, it yields a decomposition of any function
f € B; (RY) on a suitable system of functions which is independent of f and the
resulting coefficients are linearly dependent on f. In such a framework, the search for
a function amounts, roughly speaking, to seeking for a discrete sequence of numbers.
For the convenience of the reader we recall some basic definitions.

DEFINITION 4.1. — Let v > 0, m € Z" and ¢ € C*(R") be a non-negative
function with supp(t)) C By for some r > 0 and

> Yr—k)=1, ifzeR"

kezZN
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Let Q,.,» be the cube of sides parallel to the coordinate axis with side-length 27" and
centered at 27m. Let s € R, 1 < p < 00, B € NV and

V() = aP(z) = 2 e ().
Then,
(Bqu)ym(z) = 2_”(5_%)w5(2”x —m), z¢eRY,
is called an (s, p)-p-quark relative to Q, .

DEFINITION 4.2. — Let s > 0, 1 < p,q < oo and (Bqu),., be (s,p)-B-quarks
according to Definition 2.4. Let o > r where r has the same meaning as in Definition
24. ForallA={X}, € C: (v,m, ) € Nx ZN x NV} we set

a/p\ 1/q
lapg = sup 2@'ﬁ'(z(Z|Af,m|p) ) |
BENN

v20 “mezZN

with obvious modification if p = oo and/or ¢ = o0
We call B (RY) the collection of all f € .'(R") which can be represented as

= > Z > N (Ba)ym(2), (4.1)

BENN v=0 mezZN

endowed with the norm

£ 1B ) = inf [[Allgp.g; (4.2)

where the infinimum is taken over all admissible representations (4.1).
The standard fact of subatomic decompositions states as follows

THEOREM 4.3. — Let s > 0 and 1 < p,q < oo. Then, (4.2) does not depend
upon the choice of ¢ nor on v, and B;q(RN ) is a Banach space which coincides with
the space Bj (RY) introduced in Definition 3.3. Moreover,

~y ~ || f]

We refer to [139] and references therein for a proof of this. In fact, there are
optimal subatomic coefficients, i.e. coefficients AJ, (f) realizing the infinimum in
(4.2) and which can be obtained as a dual pairing of the form (f, ¥5:2) 5/ » where
(Whe) c (RY) is an appropriate sequence of functions. We refer to [139] for
further details.

Bj 4 (RN)-
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5 The space N*(RY)

The aim of this section is twofold. On the one hand, we point out that, even though
the spaces B;,OO(RN ) can be characterized as limits superior (see Proposition 5.2
below), it does not yield an equivalent norm (as it does for the Sobolev spaces
WHP(RY) with p > 1, see e.g. Lemma 7.1). As will become clear in the next section,
this is the reason why B;OO(RN ) is more conveniently described as the supremum
of (2.1) rather than as its limit superior. On the other hand, we provide some
preliminary results towards Corollary 2.18. For simplicity, we consider only first
order differences A} f = 7, f — f but all the results of this section also hold for higher
order differences.

For the sake of convenience, we define a “new” function space which, in fact, is
merely another way to look at the Nikol’skii space B;,OO(RN ) as shown hereafter.

DEFINITION 5.1. — Let s € (0,1) and p € [1,00]. Then, the space N*P(RY)
consists of all functions f € LP(RY) such that

T f —
[f]N&p(RN) — lim sup ” hf fHLp(RN)
|h|—0 |h|®

It is endowed with the following norm:

[ £l vsw@ny = | fllzo@yy + [fnsw@yy-
In addition, we also define
NEP(RY) = {f € N*P(RY) ¢ [f]yer(en) = 0}.
As expected, we have the
PROPOSITION 5.2. — Let s € (0,1) and p € [1,00]. Then,
s Ny __ S, N
By (RY) = N*P(RY).

Remark 5.3. — The equality here holds in the sense of sets: the topology of
both are not precisely equivalent as shown below. In fact, “[-|ys»@n~)” is a quite
crude way to characterize the Nikol’skii space. For these reasons (and in order not to
mix with both topologies) we shall write By (RY) = (B5 (RY), |||

N*P(RY) = (B oo RY), ||| yo.p (@)

Proof. — Let f € B; (RY). Then, for all § > 0, we have

Bz,oo(RN)) and

I = flsy o rnd = Floes)

heRN\ {0} |hls " 0<lhi<s |h®

[f]Bg,oo(]RN) =
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Letting § — 07, we get

. 170 f — fllo@y
133 ) 2 limm sup Ik L = [flwer@ny, (5.1)
H

and so f € N*P(R"Y). Conversely, let f € N*P(RY). Then, for all n > 0 there is a
do > 0 such that for all § € (0,0y) we have

|70 f = [l Lo
|h|S &) [f]NSvP(RN) <.

0<|h|<é
Now fix such n and §. By the triangle inequality we obtain

|7 f — f”LP(RN)
0<|h|<d ’h’s

N+ [flnsr@yy < 00.

On the other hand,

| 7nf — fHLP(RN)
s<lhl |h®

2
< §||f\|Lp(RN) < 0.

Therefore, f € By  (RY). O
PROPOSITION 5.4. — Let s € (0,1) and p € (1,00]. Then,
Wh(RY) ¢ NyP(RY) and BV(RY) ¢ Ng'(RY).
Proof. — First, let f € WIP(RY) (resp. f € BV(RY) if p=1). Then,

ITnf — fllLe@y
|hls

LRV ey, YR €RY.

Taking the limit superior as |h| — 0 gives f € NyP(RY). O

PROPOSITION 5.5. — Let s € (0,1), p € [1,00) and N*?(RY) denote the closure
of C2®(RY) in N*P(RY). Then,

Ns,p(RN) _ N;IJ(RN).
In particular, NJ*(RY) is a closed subspace of N*P(RY).
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Proof. — “C”: By definition, C2° (RN) is dense in N*2(RY), whence the inclu-
sion N*P(RY) C NyP(RY) is straightforward.

“D7: Let f € NgP(RY) and let (f,)nz0 C C°(RY) be such that
If = fullLe@yy — 0 as n — oo.

Then, clearly,

If = fal

Nsp(RN) 1= Hf — anLp(RN) + [f — fn]NSaP(]RN)
< ||f - anLP(RN) + [f]Nsvp(RN) + [fn]N&P(]RN)
= |f = fallryy = 0 asn — oo.

Whence, f € N*?(RY). Moreover, the map
O: f € N**(RY) = [flnsr@v)
is continuous. Therefore NyP(RY) = ©71({0}) is closed in N*P(RY). O

PROPOSITION 5.6. — Let s € (0,1), p € [1,00) and ]%}é,oo(RN) (resp. N*P(RN))
denote the closure of C3*(RY) in Bs (RY) (resp. N*?(R")). Then,

f e N*P(RY) if, and only if, f€ B3 _(RY).
Proof. — Let f € N*2(RY) and (f,)ns0 C C°(RY) be such that
fun— f in N*P(RY) as n — oo.
Thus, for all n > 0 there exists ng = ng(n) = 0 and dy = dp(n) > 0 such that

IALf = fo)ll Loy
Ih|<5 |h|®

n}no, o€ (0,50) -

Now, fix such 7, § and ng. On the other hand, for all n > 0 and all 6 > 0 there is a
ny = ny(n,d) = 0 such that

AL, = fu)l o)

Ih|>6 |hls

n=n -

Indeed, this is because

IALf = fu)ll o)
h|>6 ||

2
< ﬁ”f — [ulle@yy = 0 as n — oo.
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Therefore, for all n > max{ng, ni},

1AL = f)ll e @)
h+£0 ||

Summing up, we find that, for all n > 0, there exists M > 0 such that
nzM — [f - fn]Bg’oo(RN) <n.
Thus, f € BE;OO(RN).

Conversely, let f € é;’m(RN) and (fn)ns0 C C°(RY) be such that f, — f in
Bs (RY). Using (5.1) we find

[flnsw@yy < Uf = falnver@yy + [folvor@y)
[f - fn]NS»P(RN)

[f = falBy @ny = 0 asn — oo.

N

Thus f € N?(RN). O

6 Characterization of Besov-Nikol’skii spaces

6.1 Preliminary

For the sake of clarity we shall introduce the following short notation

AM p(RN
Do(pe, [) = /RN pe(h) w (%) dh.

First, an easy observation.

PROPOSITION 6.1. — Let M € N*, s > 0, p € [1,00] and (p:)e>0 be a sequence
of mollifiers. Assume w € C;! .. Then,
AM
limsup Z,(ps, f) < w limsupm ,
e—0t |h|4)0 |h'|8

and

AM
sup -@u.J(pEJ f) < w (SUp M) .
e>0 ;s |h|s

58



Proof. — Let i > 0 be any fixed number. Then, we have

HA%fHLP(RN))
D(pe, ) = . (h — =) dh.
(pe, f) (/0<|h|<n+/|h|>n) pelh) ( ||

On the one hand,

AM p(RN
/ p-(h) w (M) dh
0<|h|<n ‘h‘s

AM £,
< sup w(—” n Sl (RN)>/ p(h)dh
0<|h|<n |hs 0<|hl<n

(HAthHLP(]RN)>
w| — L)

S ochi I

0<|hl<n

On the other hand, since w is non-decreasing

AM D 2M D
|h|>n |h| n |k|>n

—50 ase—0".

Therefore,
AM £, AME|
limsup/ pe(h) w (M) dh < sup W <H n Sl (RN)) .
e—0T RN |h|5 0<|hl<n |h|s

Taking now the limit as n — 0" and using w € C;. we obtain

: : IAY fll o @)
limsup Z,(pe, f) < w | limsup —————= | .
e—s0+ |h|—0 |h|®

The remaining inequality follows by a direct application of Holder’s inequality. [

Here is another estimate we shall need.
LEMMA 6.2. — Let p € [1,00], M € N*, hy,hy € RN and h = hy + hy. Then,
TARM Fll oy S NAR Fllzo@ey + 1A 1l o),
for all f € LP(RY).

This is essentially covered by [136, Estimate (16), p.112] but, for the sake of
completeness, we choose to provide the details.
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Proof. — Let f € (RY). Since translations 7, f have Fourier transform ey,
the Fourier transform of AM f writes

FIO = o) Y (]J”) (LM

And so, by applying the binomial formula and taking the inverse Fourier transform
of the result one gets

AMF=Z (e =M.

Now let hy, hy € RY and h = hy + hy. Notice that we have

€ 1 = gihi(eihz€ 1) 4 eih€
Let P € C[X,Y] be the polynomial defined by

PX,)Y)= (XY —1)+ (X —1))*.
By the binomial formula one may find @, Q- € C[X, Y] such that

P(X,Y) = (X = )MQu(X,Y) + XM (Y — )M Qy(X, V).
This holds for any X,Y € C. In particular
(€€ — 1)2M = (i€ _ )M, (i€ eihz€) | oMb (giha€ )M (gl gihat)

~

Multiplying this equality by f(£) and taking the inverse Fourier transform of the
result, we obtain:

M
ANMf =771 [Z ap (e — DM FF(-+ khy + ehz)]]

k=0
M
+ 7! [Z B ™M (e — )M F[F(- + ki + M] |
k£=0

where ay and Sy ¢ are the respective coefficients of ()1 and Q2. Otherwise said,

M M
NMF =" e AN (- Akhy + Cha) + ) BreAMF (- 4k + M)hy + Lhy).
k,0=0 k,0=0

We therefore obtain that, for each f € (RY)
IARY fll sy < C (IAY Fll sy + AR fll o) s

for some constant C' > 0 depending only on M, Q; and Q5. Since .#(RY) is dense
in LP(RY) for p < oo the result follows for every f € LP(RY). When p = oo, the
above still holds in the .%’ sense and, thus, extends to L>(RY) as well. O
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Also, we recall the following well-known fact.

LEMMA 6.3. — Let M € N*, s € (0, M) and f € LP(R"). Then,

HA%JC”LP(RN) HA}QLMfHLP(RN)

< C(s, M)su , 6.1
T e T o1
for some constant C(s, M) > 0 depending only on s and M. Similarly,
AM v A2M v
lim sup M < C(s, M) lim sup 1807 Sl ®Y). (6.2)
|B]—0 |hl* |h|—0 |hl®

This is a consequence of [136, Estimate (45), p.99], but the proof being very short
we chose to provide all the details.

Proof. — Let f € LP(RY) and P € C[X] be the unique polynomial such that

X +1

PX)(X-1)=1- (T>M (6.3)

Note that P exists because X — 1 is a divisor of the right-hand side of (6.3). In
particular, we have that

1
:2—M

(X —1)M (X2 =M+ (X - )M P(X).

Hence, for every h, & € RY we have

) 1 . . )
(ezh{ . 1)M — 2_M(6z2h-§ o 1)M + (6zh~f o 1)M+1P(€lh'§).

Whence, reasoning as in Lemma 6.2, we obtain
1
AV f(z) = Q—MAQ,{ (z) + AhMH(Z apf(x + hé)),
lel

for some finite set of indices L. C N and coefficients a, depending on P. Thus, for
every s € (0, M), h # 0 and f € LP(RY) it holds,

1AW f ey _ 1 \IA%f\ILp<RN>+C 1AL fll oy
|h[* T 2Mes [2h]* |h[*

We obtain that

(1_ 1 ) 1A fll Lo @) <C sup IANH fll Lo )
2M=5 ) hto |hl* T ho |hl®

Therefore (6.1) follows by induction. The proof of (6.2) is similar. O
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6.2 Proof of Theorem 2.3
Let M € N*, s >0, p € [1,00], w € Cf_ and (p.)co be as in Theorem 2.3. Here

mc

again, we will make use of the short notation
1AV Il e
Do(pe, f) ;:/ p=(h) w (hT() dh.
RV ||

In addition, we call M(RY) the set of mollifiers (p.).~o C L'(RY) satisfying (1.8)
for some p € L'(RY) such that there exists a number § > 0 and a nonnegative,
nondecreasing, radial function ¥ € C(R") with

p(h) > W(h) for a.e. h € Bs and / v > 0. (6.4)

Bsa
Note that, by Proposition 6.1, we only need to establish a one-sided inequality.
We begin with a few preliminary facts (Claim A and Claim B) showing that the
proof of Theorem 2.3 reduces to the case where (p.).-o € IM(RY).
CrAamM A.— It is enough to establish Theorem 2.3 for radial p’s such that

ess;nfp > 0, (6.5)

for some annulus </ C RN centered at zero.

Proof of Claim A. — Let p € L'(R") be a nonnegative radial function with unit

mass. Then, there is a nonnegative function p € L (Ry) with p(z) = p(|z]). In

particular, we may find some 0 < ¢; < ¢ such that

/02 5(6)d6 > 0.

C1

Let 0 < 6y < 1 be such that ¢; > 26y and let p* be the radial function given by

1 1
p*(2) = c][ p(02)df = C][ p(0]z))dd  for z € RY,

90 90

cma-uw([2)

Notice that, by the Fubini theorem, p* € L'(R") and p* has unit mass. Indeed, this

is because
C 1 C L d6
"l 22 o) 1_90/90/RNp< 2)dz 1—90/90 o~
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Furthermore, one easily checks that p* satisfies (6.5). Indeed, we have

1 dé Cto c2
essinf p*(z) = ess inf / ~9—2—/ p(6)dé > 0.
|Z|€|:C2,%] g ( ) 1- 90 |z\€[cg,;—é] 6o|z| p( )|Z| Cl<1 - 60) p< )

Cc1
On the other hand, we have
p(0-) = H’Nps/g < 95Np5/9 for any 0 € [0, 1].

Hence,

1

L9 ) = F Dp 00, HAO<EGY s Dlpgo S (66)

C 0o 0o<0<1

Assuming that Theorem 2.3 holds for mollifiers with p satisfying (6.5), we finally
obtain

w ([f]B;,OO(RN)) S sup Zu(p-, ).

e>0

Thus, the claim follows. m
CraM B.— Tt is enough to establish Theorem 2.3 for (p.).o € M(RY).

Proof of Claim B. — Let p € L*(R") be a nonnegative radial function with unit
mass. Then, there is a nonnegative function p € L _(R,) with p(z) = p(|z]). On
account of Claim A, we may assume that there are some 0 < r; < ry and some a > 0
with

p(t) = al(y, () = V(t) forae. t>0.

If i < 22, then (pc)eso € M(RY) and the claim is trivial. Hence, we may assume

that r; > 7. To show that the latter case reduces to the former, we simply clip

together rescaled copies of ¥ as follows. For any j > 0, define

g = . and Wy, (t) :=0;"¥ 0]
J

Observe that, by construction, 6; — 0 as j — oo and
0<--- < 0j+17’1 < 9j+17“2 :9]‘7”1 < ejTQ < 0 K 017“2 =7 <7y

Thus, the supports of the Wy ’s are mutually disjoint and they form a countable
partition of [0,75]. Now take an integer k € N such that




By construction, this guarantees that 6, < % and, in turn, that

,
supp(Wy, ) C [0, 32} )

In particular, we have

k
T2
{g, 7"2) - U supp (Yo, ).

=0
Fix such a k € N and set J = [0, k]. Then, the function

t):=> Wy (t), fort=>0,

jeJ
is bounded and
L *
|:€27 7”2) C supp(n®) C [0, r2].
Moreover, n* satisfies the following monotonicity property:

T
n*(t1) = n*(t2) = o whenever T <t <ty <7y

Thus, there is a nondecreasing function ®* € C(R,) with
ro/4
n* > ®* a.e. in [0, 7] and / d*(¢) N tdt > 0. (6.7)
0

Indeed, it suffices to take e.g.

(1) = 22 (t - %) 122,00 (1).

See Figure 1.1 for a visual evidence. Now, set

1 * 1 * *
O(x) = ECID (|z]) and n(z):= P (|z|) where ¢ ::/ n*(|x])dx
By,
By construction, n € L*(RY) and 7 has unit mass. Moreover, by (6.7), we have
n>® ae. in B,, and / d > 0.

Br2/4

Whence, (1.).50 € M(RY). On the other hand,

o 1) = Du(Vo,e (1), £) <D Dulpoye. f). (6.8)

JjeJ jeJ
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r9/5 o o
Figure 1.1. Construction of n* and ®*.

Hence, one obtains

sup Z,(ne, f) < ﬂ sup Z.,(pe, f)-

e>0 C >0

Assuming that Theorem 2.3 holds for mollifiers belonging to M(RY), we finally
obtain

w (Iflsg.en)) S 5D Zulpes )

e>0

Thus, the claim follows. m
Remark 6.4. — By (6.6) and (6.8) we also have that
AM £l o
w | lim sup m < limsup Z,(pe, f),
|h|—0 |h|S e—0t

holds for any radial (p.).s¢ satisfying (1.1) and (1.8) whenever it holds for any (p.):~0
belonging to M (RY).

We may now complete the proof of Theorem 2.3.
Step 1: case M =1 and s € (0,1).

Let p € [1,00], (pe)eso € M(RY), w € Cf_ and f € LP(RY) satisfying (2.1). Let

h € RY (to be fixed later) and let z € RY. Then, we have
mf = =mf = f+7(menf = ). (6.9)
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This implies
170 f = fllee@yy <7 f = flloo@yy + | 7e=nf = flle@y). (6.10)
Now, choose z € Bj(h). Then, since z and z — h belong to By, it comes

LIS = flleewy) o 7= f — fllzr@yy N | 7eenf — fllr@m
2 |hls h |2[* |z — hl*

(6.11)

Since w is roughly subadditive, there exists a constant A, > 0 depending only on w
and such that, for every x,y € Ry,

w(z +y) < Ay {w() +w(y)}- (6.12)

Remark 6.5. — Note that (6.12) implies w(2z) < 24,w(x) and, since w € C;

it is increasing, thus w(2°z) < 2A,w(z) for s < 1. Similarly, when s < M € N* one
has w(2°x) < (24,)Mw(z).

From (1.8), Remark 6.5 and since s < 1, using the short notation A} f = 7, f — f we
have

o (188 e _ (A o JAL ey
I E} 2= hF

! 1
< Ay {w (25m> T (25 ||Azhf||LP(RN))}

|| |z — Rl
Al D Al p
<oa {w (H szLs (]RN)) oy (H z—thLs(RN)) } (6.13)
2| |z — h|

Using (p:)es0 € M(RY) we know there exist a radially nondecreasing ¥ € C(RY)
and a number § > 0 such that

pe(2) =2 U (|z]) for a.e. z € B,y and all € > 0. (6.14)
As seen in Figure 1.2, we clearly have
U, (]z — h]) < V(|z]) forall h € B.sj2, 2 € Bjpjj2(h) and € > 0. (6.15)

Let h € B.s/». Multiplying (6.13) by V.(|z — h|) and using (6.14)-(6.15) we obtain

AI P
-y (1200

ALFll7» Al .
<242 {pa(Z) w (%) tpe(z—h) w (” Z|_zhi”ff|s(RN)) } |
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Figure 1.2. Spatial conditions on A and z.

and this holds for all h € B.s); and a.e. z € Bjj2(h). So, taking |h| = de/2 and
integrating over z € Bjy2(h), yields:

Al p(RN Al (RN
Bypy/2(h) |2

Al »
+2AZ/ pe(z—h) w <H Luflo (RN)) ©
Bjy j2(h) |z = hl*

Al P
RN

|2°

where

C(V,0) = / V. (|z — hl)dz = / U(|z|)dz > 0.
Bin)2(h) Bs4

Whence,

HAifHLP(RN)) 4A2 / (IIAifHLP(RN))
w < < pe(2) w| ——— | d=z. 6.16
( I C(0,5) Jon "1 ER (6.16)

Passing to the limit superior as |h| — 0 in (6.16) it follows

4A2 ||A1f||LP(RN)
o) < b ) — 2 7| dz,
w([f]nsw@yy) (0. 9) liigpANp(z)w( BE > 2

67



where we used the continuity of w. This, together with Proposition 6.1 yields
. [AZF Nl e
w([f]nsw@ny) ~ lim sup/ pe(2) w (% dz. (6.17)
e—0t JRN ||
Similarly, taking the supremum over i # 0 in (6.16), we obtain

1ALl ey
w ([f]B;,OO(RN)) ~ sup /RN p=(h) w <%(R) dh.

e>0

Remark 6.6. — Estimate (6.17) together with Proposition 5.6 and Remark 6.4
prove Corollary 2.18 for 1 < p < oo and s € (0, 1) (recall we have assumed w(0) = 0).

Step 2: case M > 2 and s € (0, M).

The assumption s € (0, 1) being artificial (by Remark 6.5) the above still holds
for general s > 0. In particular, replacing (6.10) by the estimate of Lemma 6.2, for
f € LP(RY), one obtains

A2M o(RN
w(” W fllee )> <C’(M,p,w)/

|| RN

AM p N
A2 fllr(m )) d. (6.18)

|2

pe(2) w (

for any s € (0, M). Taking the supremum over € > 0 (i.e. over |h| > 0) and recalling
that w is a continuous, non-decreasing function, we find that

AM Fl
w (U]B;S;,OO(RN)) < sup /RN pe(2) w (M) dz.

e>0 |Z’s

This is because the space BS (R") with s € (0, M) is characterized by finite differ-
ences of order M, i.e.

AR Fllor vy
s ~ \V/ OM
e

Indeed, recall Lemma 6.3 and [|AM f|| oy < C(M)|| AN fll 2o @n)-

Remark 6.7. — As above, we still have

AMF o
w (hm sup M) ~ limsup Z,(p., f)-

|h|—0 |h|® e—0+
So that Corollary 2.18 follows in that case too.
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Remark 6.8. — Note that, when (p.)cso € MM(RY) (with corresponding ¥ and
9), we have actually proved a stronger estimate than needed. Indeed, we have shown
that for any h € RV \ {0}, s € (0,1], p € [1,00] and (p.)es0 € M(RY) it holds

A fllze( =i
y (W@) < C(T, 6, Aw)/ Pe(in)(2) w (m) 4
RN

||
where ¢(t) = 2 and A, is as in Definition 2.1.
Step 3: proof of Remark 2.4.

Let 1 <p<oo,wecCh

mc

IAM ()| 1A AN ey
o( Lo (P )dx)W(ml T

JAYFI,
we )

and Q € Cj, satisfying (2.3). Then, we have

> K1<m17Aw)W(

where Kj(mq, A,) > 0 and A, > 0 is a number such that w satisfies the condition
of Definition 2.1 with A = A,. Similarly, for some Ky(ms, A,,) > 0,

AV f() -
W (/RN Q ( |h|5 ) dl‘) < KQ(mz,Aw)w (—|h|8p .

Now, since @ = w o |-| lies in C; . (by Remark 2.2) we obtain the desired claim, i.e.
that

o (g ) ~ s [ ot ([ o (BRI ac)an

The remaining claims of Remark 2.4 follow by a similar argument of comparison.

7 Characterization of Sobolev and BV spaces

We begin with a preliminary result.

LEMMA 7.1. — Let p € [1,00], f € LP(RY) and let

o 184 ey
h#0 Al
If A is finite, then,
Al e
A 1oy M )
[h|—0 |h|
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Although our argument is much simpler, a proof of a similar result (involving
moduli of continuity) may be found in [142]. However, the argument in [142] heavily
relies on the continuity of [|A} f|| s~y and, thus, does not cover the case p = oc.
We show that, in fact, it is enough to ask only for some kind of subadditivity.

Proof. — Let f € LP(RY), 1 < p < oo. For any t € R, define

F(t) :== sup ) 1AL fll Lo ).

oeSN—

Clearly, F' is measurable. Now, let t1,t, € R. Specializing (6.10) in h = (t; + t2)o
and z = t,0, for some o € SN, yields

HA;’(t1+t2)fHLP(RN) < HAzljtlfHLP(]RN) + ‘|A£at2fHLP(RN) < F(tl) + F(t2>'

Consequently, F'(t; +t2) < F(t1) + F(t2) for all ¢1,t, € R. Whence, F': R — [0, 00)
is a measurable, subadditive function. Now suppose that

F(t
A= SupL < Q.
>0

Then, by the limit theorem of subadditive functions [96, Theorem 16.3.3, p.467],

Al D
A — lim F(t) ~ lim 1A flz ®Y)

t—0t t—=0F ;egN-1 t

This proves the lemma. O]

7.1 Proofs of Theorems 2.5 and 2.6

Proof. — The proof follows from a straightforward adaptation of the proof of
Theorem 2.3 in the case M = 1 and s € (0,1) with Lemma 7.1 and the fact that,
using for example [27, Theorem 2, Theorem 3],

-+ h) = fll»
V fll @~y ~ lim sup 1 £( ) = fllr@y)
RY)

, 7.1
s 7 (71)

for all 1 < p < oo (when p = 1 the left-hand side of (7.1) is to be understood in the
BV-sense, i.e. as the total mass of the Radon measure V f).

The case p = oo follows from the arguments above and the definition of the
Lipschitz semi-norm. O
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7.2 A limiting embedding between Lipschitz and Besov spaces

This subsection is devoted to the proof of Theorem 2.12. To this end, we recall
the following improvement of the Chebychev inequality due to Bourgain, Brezis and
Mironescu [27].

LEMMA 7.2 (Bourgain, Brezis, Mironescu, [27]). — Let g,h : (0,0) — R,. As-
sume that g(t) < g(t/2) for all t € (0,9) and that h is non-increasing. Then, for
some constant C' = C(N) > 0,

é é é
5N/ tng(t)dt/ tNlh(t)dtgc/ N g(t)h(t)dt.
0 0 0

We are now ready to prove Theorem 2.12.

Proof of Theorem 2.12. — Let q € [1,00) and let (p.)-c0,1] be defined by

1 1-¢
pe(t) == B :Nj Lo (t) forallee (0,1] and all ¢ > 0.
Note that
o 1
/0 O = o forall e € (0.1), (7.2)

In addition, we also set

h
ne(h) =N O,y % 1p.(h) foralle € (0,1] and all h € RY,

where C5 > 0 is a constant such that 7. has unit mass for each . Notice that
(n2)es0 C LY(RY) is a sequence of radial functions satisfying (1.1) and (1.8). In
particular, by Theorem 2.5, we know that

. AR | oo )
[fleoawyy S limsup [ n.(h) ——F——dh. (7.3)

e—0t |h|
Next, for every t > 0, define
F(O) = [ 1AL ™o,
gN-1
By the triangle inequality we have F'(2t) < 2F(t) so that if we let
(1)
g(t) = —
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we have g(t) < g(t¢/2). In these notations, we have the identity:

JALF | o .
/ pe( I TR an / N, (£)g(t)dl.

Invoking Lemma 7.2 and (7.2) we deduce that, for every ¢ € (0, 1],
Al - € €
[ BTz o [P ar [0 g
g 0 0

:][ HA}LfHLDO(]RN)dh
. A

>e ! AL | oo vy d i
B.

Al oo N
Z/ Us(h>” hf‘||hL| ®) 4

Whence, using (7.3), we come up with

HA}LJC”LOO(RN) dh.

[fleormyy S limsup/ p:(|h]) 7]

e—0t

Now, use the Jensen inequality to deduce that

AR e e
[f]qCO,l(RN) ,S 1imsup/ p6(|h|)—(R)dh

e—0t |h|q

AL o o
< limsup ¢ 5/ IR TLRRY) gy,
~ 6—>0+p ( < |h|N+q—£

[vyaie
< limsup 6/ M ERRY) g,
RN

0+ || NFae

Define o € (1 — ¢, 1) by the relation & = ¢(1 — o). Then,
[0 @ny S limj}p 4(1 = 0)[f1pg, )

The converse of this is covered by Proposition 6.1. [

8 A non-limiting embedding theorem

This section is devoted to the proof of Theorem 2.14. The idea of the proof is very
similar to that of Theorem 4.4 (ii) on p.36 in [136] (see in particular pp.39-40 there).
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Nevertheless, we choose to give more details in order to make the dependence of the
constants involved on s, p and ¢ as explicit as possible.
We will need some preliminary estimates.

LEMMA 8.1. — Let (u;);50 be the sequence defined by

Lk if j = 2% for some k € N
T 0 else

Then, (u;);>0 ¢ (>°(N) and

sup 522 Fuy <

e>0 >0

eln(2)

Proof. — Let € > 0 and set

— ZgQ_j‘Euj = 282_2%/{.

=0 k>0

Using the (trivial) estimate e ® < 1/(ex), we have 277 < 1/(exIn(2)). Thus,

eln ZkQ '

Recalling the well-known identity >~ kx* = 2/(1 — x)? (for 0 < 2 < 1), we finally
obtain

A, < 2 .

eln(2)
Since this holds for every £ > 0, we obtain the desired claim. O
LEMMA 8.2. — Let M € N* and (ug)r>1 be a sequence of non-negative numbers.

Let ¢ € C°(R) be such that 1 is not a polynomial of degree less than or equal to
M — 1, and such that

supp(y)) C [-n,n] for some n > 1,

and setf(xh =S <m1 —2(M + n)k:) ) (:rN —2(M + n)k> .

Then, for any fixed j > 1, we have

sup (AN fl|ogany > cu27 v

s <lhl<gz

for some constant ¢ > 0 depending only on N, p, M and 1.
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Proof. — We begin with the case N = 1. Fix any j > 1 and let |h| < . Let
us set .
z;:=2(M+mn)j and R;:=277(M +n).

Since supp(¢)) C [—n,n] and |h| < 277, for any ¢ € [0, M], we have

4 Oh — 1 4 4
x € supp Y (%) S ax+hl e [xj — 7;2’7,:1,3- —1-772’]]
S [ — ht —n277 —hf—l—nQ‘j} =: By;.
And, clearly
" —_— "L‘ .
supp (Aﬁdw ( 2_jj)> C U By ;.
£€]0,M]
Thus,
AMy, (i C_R.op 4+ R = B
supp | Ay ¥ 9= C [z, i, x5 + Ry = B
Furthermore,

, 1
Rji1+ Ry =277(M + 1) <1 + 5) <2(M + 1) =z — Ty,

and so, the #;’s are mutually disjoint. Therefore, given any fixed j > 1 and € > 0 a
small parameter less than R;, we have

Z%AM ( xk)
k>1 Lr(R)
Tj+e
> [ [Smare ()
Ti=€ 1 k>1
Tjt+e T
P M J
[ e (52)
Tj—€

o ope/2T J
a2 [ A, )P

—e/273

p

1A Iy =

p

dx

p

dx

Whence, writing K; := By—; \ By-¢+1) for j > 0 we have

3
Sup ||AMf||Lp(]R > uf 277 sup |A%2,j¢(x)|?’dx
he heK; J —¢

= cZul277,
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where

€ 1/p
. — . (M.p ) = sup (/rA%wuqu .

1<kt

Since € > 0 is an arbitrary small parameter and v is not a polynomial of degree less
than or equal to M — 1, we may find a number ¢y > 0 such that c., > 0.

The proof when N > 2 follows by a straightforward adaptation of the case N =1
using the product structure ¢ (zy)...¢¥(xy) and Fubini’s theorem which gives the

result with ¢ = cé\g. O

We are now ready to prove Theorem 2.14.

Proof of Theorem 2.14. — Let M &€ N* be such that s € (0, M) and let u; be the
sequence of Lemma 8.1. Also, we choose ¢ € C>°(R”) such that

supp(¢) C By and Z Y(r —m) =1 for any z € RY.

mezZN

In addition, we suppose that 1 has the product structure

U(x) =V (zy)...V(zN),

for some ¥ € C°(R) different from a polynomial of degree less than or equal to
M — 1. Then, we set

mj=2(M+2)j1€Z" with1:=(1,..,1) € Z",
and we define

fl@) =Y /1279 (2 (- my)
j>1
= Z (u;/q2_j€)2_j(s_5_%)@/}(2j(x —m;)).

Jj=1

where x € RY. It follows from Definition 2.4 that
N
=)

)

can be interpreted as (s — ¢, p)-0-quarks. Accordingly, by Definition 4.2, we have
that

ellf]

?3;,;;(RN) S¢ Z (2_j6“31'/q)q-

j=z1
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Using Lemma 8.1 we obtain that

2¢~1
8||f||q s—(RN) < m < 00, Ve € (O, S).

In particular, recalling Theorem 4.3, f € LP(RY). Also, for all j > 1, we write
K= {270%) < |n| < 277},
Recall that

Hf”Bs (RN) ™~ ||fHL1’(RN) + sup 27° sup HA%JCHLP(RN);
j=1 hEKj

is an equivalent norm on B  (RY) (this is a discretized version of Theorem 2.5.12
on p.110 in [136]). Using this together with Lemma 8.2 we get

1/q

1l ey > supul/? = oc.
j=1
Here ¢ = ¢(N,p, M, 1) > 0. Thus f ¢ B;’OO(RN). This completes the proof. ]

9 Non-compactness results

This section is devoted to the proofs of Theorem 2.15 and Theorem 2.17. We begin
with the former one.

Proof of Theorem 2.15. — For simplicity, we replace ¢ > 0 by 1/n with n > 1
and write p, instead of p;/,. We write

r=(rq,..,25) €RY,
y = (21,...,on_1) € RN,

and, for all n > 1, we let

M—s

M-—s
fal@) = n ¥ @05 ay) o(y),
for some arbitrary ® € C2°(R) and ¢ € C°(RN™!) (if N =1, replace ¢ by 1) with

maX{”‘I)HWMm(R)a HSOHWMm(RN—l)} < Co. (9.1)

Note that f,, — 0 a.e. in RY. Further, from Fubini’s theorem we infer that

[ ntaras= ([ lewray) (27 [ 1065 sordoy )
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= llelzs@n-1y 1 ®N7e @ = Ci-
On the one hand, we observe that (9.1) gives
D fall?, vy > 1 for each o = (a1, ...,an_1,0) € NV with |a] < M
While, on the other hand, for all j € [1, M],

‘an :

J
Oxy

(Z\J s) ip
=n HSOHLP RN-1)

)|pdl‘N

Lr(RN)
A2
=n M ||90HL,, RN-1) [ HLP(]R)

SN pHSDHLp RN-1) H[[llaﬁ]] (R 170 (R)*

Whence, using the product structure of f, we get

sup ||D“f, < Con™M=%  forallnp > 1.

HLP ]RN)
la|l<M

Moreover, for all h # 0, it holds

AN full}ny < BIMP sup [ D full}, @y < CalA|MPn=oP,
|a|<M
Then,
AM
[ B qsan s [ oo
RN JRN |h|8p RN
= [ oI -oan
]RN
We thus conclude that
AM
/ / | fn(@)I” —h 2 daedh < O3 for any n > 1.
RN JRW TR
Yet, (fn)n>1 is not relatively compact in L (RY). O

The proof of Theorem 2.17 is as follows.

Proof of Theorem 2.17. — The proof in this case is very similar to that of The-
orem 2.15. We let M € N*, s € (0, M) and pick a slightly different sequence of
functions, for example

fa(x) =03 &(nvzy) p(y),
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where 0 < v < %, ® € C°(R) and ¢ € C(RN~1). Also, we set
1
n(h) = ————+1 hl).
p ( ) nUN’h’Nfl/" (0,1)(| |)

As above, one has

[ fulleeyy = 1P| o) 1]l Lo v-1) and |s|urﬂ>JIID“fnlle<Rw>,€n”-
al<

Whence, we arrive at

A]\4f‘7’1 p
Bl Bl

[
_ - ! dr
| @) F1/n)

n’ < 1
14+ (M —s)gn ~ nlod’

Since 0 < v < %, we obtain

AN falle,
/ pn(h) | |h|[§ CN| h<C foralln>1.
B1

However, (f,)n>1 is not relatively compact in L (RY). O

Appendix

In [98], Lamy and Mironescu proved the

THEOREM 9.1 (Lamy, Mironescu, [98]). — Let s > 0, p € [1,00) and (p:)e>0
satisfying (1.1) and (1.8). Then,

||P *f—fHL RN
HfHBSOO(RN S Il ey + sup z by

9.2
€€(0,1) €® ( )

Since Theorem 9.1 is not properly stated in [98] nor its proof, we shall give a brief
sketch of the proof in order to justify that their result indeed applies to the scale
B: __(RM).

p,00

Sketch of the proof. — It is well-known that each tempered distribution f €
S'(RM) can be decomposed as

f = ija (93)

j=0

where fo = f*(, fi=f*pu-, =1, and (,p € F(RY) are functions satisfying
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(i) supp(g) C By and EE 1 in a neighborhood of By,

(i) @ = G2 — ¢ with & = ¢(-/2) — ¢ and supp(p) C By \ B1.
where the subscript ¢ means k= p(-/k) and @ stands for the Fourier transform of
¢ (similarly for ¢). Formula (9.3) is called the Littlewood-Paley decomposition of f.
Furthermore, it is known that each function in B;OO(RN ) is a tempered distribution,
so that this decomposition makes sense here and may even serve to formulate an
equivalent norm on this space via the formula

1155 ey ~ sup 27N fill Lo ey.
]/
To see that Theorem 9.1 holds it suffices to discretize the last term on the right-hand
side of (9.2) as

sup  sup 27°||f — f % pa-ic|| pory).
ce(1/2,1) j=0
At this stage, all the estimates obtained in [98] directly apply because it is the terms
|f;|| L»(mry Which are estimated there (and not their sum nor their integral) in terms
of the quantity || f — f * po—ic||Lr(mr)- H

Using this result, Proposition 1.2 can be proved by arguing as follows.

Proof of Proposition 1.2. — Suppose without loss of generality that the p.’s are
compactly supported and that supp(p) C By. Also, up to replace p. by M,

we can always assume that each p. is even. Then, by the Jensen inequality,

lpe * f = @y 1

£sp 8sp pe(h) [f(x —h) = f(x)|dh| dz

//pg SLCEDES I
RN J B.

(@ +h) = fl@)]”
é/RN/EpE(h) G dhdzx.

Whence,
pe* [ = fllLn h) — P
€(0,1) eP 56(0 1) JRNY RN |h[P

And so, by Theorem 9.1, f € B;OO(RN ). The proof when p is not compactly sup-
ported follows by a simple comparison argument: cutting off p as p := pl g, for some
R > 0 with |Bg Nsupp(p)| > 0, we clearly have p > p and (1.10) implies that the
same property holds for p instead of p (up to some multiplicative factor ||p||.1(5,) to
make p. a sequence of mollifiers), i.e. that f € B (R"Y). O
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Chapter 2

On restrictions of Besov functions

This chapter is inspired by the paper [29], published in Nonlinear Analysis.

1 Introduction

In this chapter, we address the following question: given a function f € B;’q(RN ),
what can be said about the smoothness of f(-,y) for a.e. y € RVN=4 ?

In order to formulate this as a meaningful question, one is naturally led to restrict
oneself to 1 <d < N, 0 <p,q < oo and s > o,, where

ap:N(%—1>+, (1.1)

since otherwise f € B;Q(RN ) need not be a regular distribution.
Let us begin with a simple observation. If f € LP(RY) for some 0 < p < oo, then

f(,y) € LP(RY)  for ae. y € RV,

This is a straightforward consequence of Fubini’s theorem. Using similar Fubini-type
arguments, one can show that, if f € WP(RY) for some 0 < p < oo and 0, < s ¢ N,
then we have f(-,y) € W*P(R?) for a.e. y € RV"¢. We say that these spaces have
the restriction property.

Unlike their cousins, the Triebel-Lizorkin spaces F;CI(RN ), Besov spaces do not
enjoy the Fubini property unless p = ¢, that is

Bﬁ,q(R) ‘ LP(RNfl) ’

N
Z H“f(l‘l, sy L1y 7y Ljfly e 7'IN)|
j=1
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is an equivalent quasi-norm on B;)q(RN ) if, and only if, p = ¢; while the counterpart
for 5 (RY) holds for any given values of p and ¢ where it makes sense (see [139,
Theorem 4.4, p.36] for a proof). In particular, Bj (RY) and F$ (RY) have the
restriction property. It is natural to ask wether or not this feature holds in By (R")
for an arbitrary g # p.

Let us recall some known facts.

FACT 1.1. — Let N >2,1<d < N,0<¢<p<oo,s>o,and f € B (RV).
Then, it holds that

s d N—d
f(,y) € B, (RY) forae yeRY

(A proof of a slightly more general result will be given in the sequel, see Propo-
sition 5.1.)

In fact, there is a weaker version of Fact 1.1, which shows that this stays “almost”
true when p < ¢. This can be stated as follows

FACT 12. — Let N >2,1<d<N,0<p<q<oo,s>o,and f € B; (RV).
Then, it holds that

ﬂ ]Rd for a.e. y € RN74.

s'<s

See e.g. [86, Theorem 1] or [9, Theorem 1.1].

Mironescu [107] suggested that it might be possible to construct a counterexample
to Fact 1.1 when p < ¢q. We prove that this is indeed the case. This is quite
remarkable since, to our knowledge, the list of properties of the spaces B, , where ¢
plays a crucial role is rather short.

Our first result is the following

THEOREM 1.3. — Let N 22,1 <d< N,0<p<qg<ooandlets> o, Then,
there exists a function f € Bs (RY) such that

s d N—-d
f(,y) & By  (RY) forae yeR"

Remark 1.4. — Note that this is actually stronger than what we initially asked
for, since B, , — B, .,

Remark 1.5. — We were informed that, concomitant to our work, a version of
Theorem 1.3 for N = 2 and p > 1 was proved by Mironescu, Russ and Sire in [108].
We present another proof independent of it with different techniques. In fact, we
will even prove a generalized version of Theorem 1.3 that incorporates other related
function spaces (see Theorem 6.1) which is of independent interest.
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Despite the negative conclusion of Theorem 1.3, one may ask if something weaker
than Fact 1.1 still holds when p < ¢. For example, by standard embeddings, we know
that

s N s, N
By (RY) — A*P(R™) for any 0 < g < o0,

where A*P(RY) stands for
C* % (RY), BMO(RY) and L¥ > (RY), (1.2)

when respectively sp > N, sp = N and sp < N (see Subsection 2.3). In particular,
we may infer from Fact 1.1 that if ¢ < p, then for every f € B;,q(RN ) it holds

f(,y) € ASP(RY) for ae. y € RV~

It is tempting to ask wether the same is true when p < ¢. But, as it turns out,
even this fails to hold. This is the content of our next result.

THEOREM 1.6. — Let N 22,1 <d< N,0<p<qg<ooandlets> o, Then,
there exists a function f € Bj (RY) such that

f(,y) & A*P(RY)  for a.e. y € RV,

It is nonetheless possible to refine the conclusions of Fact 1.2 and Theorem 1.3.
We find that a natural way to characterize such restrictions is to look at a more
general scale of functions known as Besov spaces of generalized smoothness, denoted
by Bl(f(}\y) (RY) (see Definition 2.11). This type of spaces was first introduced by
the Russian school in the mid-seventies (see e.g. [88, 97, 103]) and was shown to be
useful in various problems ranging from Black-Scholes equations [126] to the study of
pseudo-differential operators [1, 85, 99, 101]. A comprehensive state of art covering
both old and recent material can be found in [65]. Several versions of these spaces
were studied in the literature, from different points of view and different degrees of
generality. We choose to follow the point of view initiated by Edmunds and Triebel
in [60] (see also [48, 61, 100, 111, 139]), which seems better suited to our purposes.
Here, s remains the dominant smoothness parameter and W is a positive function of
log-type called admissible (see Definition 2.9). That admissible function is a finer
tuning that allows encoding more general types of smoothness. The simplest example
is the function ¥ = 1 for which one has B,(,i}qj)(]RN ) = B; (RY).

More generally, the spaces B]gi}\p)(RN ) are intercalated scales between Bj ¢(R")
and Bst¢(R"). For example: if W is increasing, then we have

B: (RY) — B&Y(RN) — B (RY)  for every s < s,

see [111, Proposition 1.9(vi)].

83



We prove that restrictions of Besov functions to almost every hyperplanes belong
to BI();S(}\II)(Rd), whenever W satisfies the following growth condition

D> WX < o, (1.3)

j=0

WithX:% (resp. x = p if ¢ = o0).

More precisely, we prove the following

THEOREM 1.7. — Let N 22,1 <d<N,0<p<qg<00,s>o0,andlet V be
an admissible function satisfying (1.3). Suppose that f € B;q(]RN ). Then,

s, d N—d
f(y) € BEY(RY)  for ae. y € RN

It turns out that the condition (1.3) on ¥ in Theorem 1.7 is optimal, at least when
g = oo. In other words, we obtain a sharp characterization of the aforementioned
loss of regularity.

THEOREM 1.8. — Let N > 2, 1<d< N,0<p<q<o00,s>o,andlet ¥
be an admissible function that does not satisfy (1.3). If ¢ < oo and ¥ is increasing
suppose, in addition, that

qp 1 Wt

—— < — where ¢y = sup log, ——. 1.4
=P Cx ooy o2 U (t?) (14)

Then, there is a function f € B;,q(RN) such that
f(y) ¢ BED(RY  for ae. y € RV,

Remark 1.9. — Notice that condition (1.4) is sufficient and also not far from being
necessary to ensure that (1.3) does not hold, as it happens that for some particular
choices of W, (1.3) is equivalent to - > L.

o0

A fine consequence of Theorem 1.7 is that it provides a substitute for A%?(R<)
when p < ¢ (in Theorem 1.6), which could be of interest in some applications (see
e.g. [27, 108]). For example, if sp > d, p < ¢ and (1.3) is satisfied, then by Theorem
1.7 and [40, Proposition 3.4] we have

Vfe B (RY), f(,y) e C(s_%ﬂj)(Rd) for a.e. y € RV ™4,

where C(“%)(RY) is the generalized Holder space B (R%) (see Remark 2.21 below).

Remark 1.10. — It is actually possible to formulate Theorems 1.7 and 1.8 in terms
of the space By, ) (R?) introduced by Ansorena and Blasco in [3, 4], even though their
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results do not allow to handle higher orders s > 1 and neither the case 0 < p < 1
nor 0 < g < 1. Nevertheless, this is merely another side of the same coin and we
wish to avoid unnecessary complications. Beyond technical matters, our approach is
motivated by the relevance of the scale B,(fq’ql) (R9) in physical problems and in fractal
geometry (see e.g. [60, 61, 111, 137, 139]).

In the course of the chapter we will also address the corresponding problem with
f € BSY (RY) instead of f € Bs (RY) which is of independent interest. In fact, as
we will show, our techniques allow to extend Theorems 1.3, 1.7 and 1.8 to this gener-
alized setting with almost no modifications, see Theorems 6.1, 7.1, 7.2 and Remark
7.3.

Chapter 2 is organized as follows. In the forthcoming Section 2 we recall some
useful definitions and results related to Besov spaces. In Section 3, we give some
preliminary results on sequences which will be needed for our purposes. In Section
4, we establish some general estimates within the framework of subatomic decom-
positions and, in Section 5, we use these estimates to prove a generalization of Fact
1.1 which will be used to prove Theorem 1.7. In Section 6, we prove at a stroke
Theorems 1.3 and 1.6 using the results collected at Section 3. Finally, in Section 7,
we prove Theorems 1.7 and 1.8.

2 Notations and definitions

For the convenience of the reader, we specify below some notations used all along
this chapter.

As usual, R denotes the set of all real numbers, C the set of all complex numbers
and Z the collection of all integers. The set of all nonnegative integers {0,1,2, ...}
will be denoted by N, and the set of all positive integers {1, 2, ...} will be denoted by
N*.

The N-dimensional real Euclidean space will be denoted by RY. Similarly, NV
(resp. Z") stands for the lattice of all points m = (my,...,my) € RY with m; € N
(resp. m; € Z).

Given a real number z € R we denote by |z] its integral part and by =, its
positive part max{0,z}. By analogy, we write R, := {z; : x € R}.

The cardinal of a discrete set E C Z will be denoted by #FE. Given two integers
a,b € Z with a < b we denote by [a, b] the set of all integers belonging to the segment
line [a, b], namely

[a,b] := [a,b] N Z.

We will sometimes make use of the approximatively-less-than symbol “<”, that
is we write a < b for a < C'b where C' > 0 is a constant independent of a and b.
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Similarly, @ 2 b means that b < a. Also, we write a ~ b whenever @ < b and b < a.

We will denote by £y the N-dimensional Lebesgue measure and by By the N-
dimensional ball of radius R > 0 centered at zero.

The characteristic function of a set £ C RY will be denoted by 1.

We recall that a quasi-norm is similar to a norm in that it satisfies the norm
axioms, except that the triangle inequality is replaced by

|z + vyl < K(||z|| + |lyl]|]) for some K > 0.

Given two quasi-normed spaces (A, ||| ,) and (B, |||z), we say that A — B
when A C B with continuous embedding, i.e. when

Iflls S Iflla forall fe A

Further, we denote by (?(N), 0 < p < oo, the space of sequences u = (u;);0 such

that
1/p
[ullery := (Z |Uj|p> < 00,

J=0
and by ¢°°(N) the space of bounded sequences.
As usual, .7 (R”) denotes the (Schwartz) space of rapidly decaying functions and
Z'(RY) its dual, the space of tempered distributions.
Given 0 < p < oo, we denote by LP(RY) the space of measurable functions f in
RY for which the p-th power of the absolute value is Lebesgue integrable (resp. f is
essentially bounded when p = o), endowed with the quasi-norm

| fll o @y == (/RN

(resp. the essential sup-norm when p = o0).
We collect below the different representations of Besov spaces which will be in
use in this chapter.

1/p
ﬂ@wm) |

2.1 Classical Besov spaces

Perhaps the simplest (and the most intuitive) way to define Besov spaces is through
finite differences. This can be done as follows.

Let f be a function in RY. Given M € N* and h € RV, let
- M
A1) = Y0 () s v
=0

be the iterated difference operator.
Within these notations, Besov spaces can be defined as follows.
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DEFINITION 2.1. — Let M € N*,0 < p,q < oo and s € (0, M) with s > o, where
o, is given by (1.1). The Besov space B;yq(]RN ) consists of all functions f € LP(RY)
such that

o dh 1/q
. gy = AMpa S ) o,
ooy = (I M e

which, in the case ¢ = oo, is to be understood as

AR Il Loy
[f1B; @~y == sup hT()
Ihl<1 Id

The space B (R") is naturally endowed with the quasi-norm

/]

Remark 2.2. — Different choices of M in (2.1) yield equivalent quasi-norms.

By @) = | fllo@ny + [f]Bs, &Y)- (2.1)

Remark 2.3. — If p,q > 1, then |-

or 0 < g < 1, then the triangle inequality is no longer satisfied and it is only a quasi-
norm. Nevertheless, we have the following useful inequality

« () 1S anorm. However, if either 0 < p < 1
By 4(RY)

1/n
1F + gllng ) < (10 amy + ol any)

where 7 := min{1, p, ¢}, which compensates the absence of a triangle inequality.

For our purposes, we shall require a more abstract apparatus which will be pro-
vided by the so-called subatomjc (or quarkonial) decompositions. This provides a
way to decompose any f € B (]RN ) along elementary building blocks (essentially
made up of a single function mdependent of f) and to, somehow, reduce it to a
sequence of numbers (depending linearly on f). This type of decomposition first
appeared in the monograph [137] of Triebel and was further developed in [139] (see
also [84, 92, 112, 140]). We outline below the basics of the theory.

Given v € N and m € Z", we denote by Q,,,, C RY the cube with sides parallel
to the coordinate axis, centered at 27”m and with side-length 27".

DEFINITION 2.4. — Let ¢ € C*°(RY) be a nonnegative function with

supp(¢) C {y e RV : [y| < 2"},
for some r > 0 and

Z@/)(x—k)zl for any x € RY.

kezZN
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Let s > 0,0 < p < oo, 8€NY and ¢?(z) = 2°¢(z). Then, forv € N and m € Z~,
the function

(Bqu)ym(z) == 270 wﬁ(2”3: —m) forx € RY, (2.2)
is called an (s, p)-p-quark relative to the cube Q.
Remark 2.5. — When p = 0o, (2.2) means (8qu),,(z) := 2775 (2"z — m).

DEFINITION 2.6. — Given 0 < p, g < 0o, we define b, , as the space of sequences
A = (Avm)vz0mezny such that

0 a/p\ 1/a
I\, = (Z( > IAV,mlp) ) < oo.

v=0 “mezN
For the sake of convenience we will make use of the following notations
A={N:B8eN"} with )\ﬁ:{)\fimec:(u,m)ENxZN}.
Then, we have the

THEOREM 2.7. — Let 0 < p,q < o0, s > 0, and (Bqu),, be (s,p)-B-quarks
according to Definition 2.4. Let ¢ > r (where r has the same meaning as in Definition
2.4). Then, B; (RY) coincides with the collection of all f € .#/(R") which can be

represented as

C S S A (B, 2.3

BENN v=0 mezN
where \? € b, , is a sequence such that

| Mllby.q,0 := sup QQ‘ﬁ‘\]A’BHbM < 0.
BENN

Moreover,

1905, ~ 30 Al (2.4)
where the infimum is taken over all admissible representations (2.3). In addition,
the right hand side of (2.4) is independent of the choice of 1 and o > r.

An elegant proof of this result may be found in [137, Section 14.15, pp.101-104]
(see also [139, Theorem 2.9, p.15]).

Remark 2.8. — It is known that, given f € B (R") and a fixed ¢ > r, there
is a decomposition \? vm (depending on the choice of (Bqu),.m and p) realizing the
infimum in (2.4) and which is said to be an optimal subatomic decomposition of f.
We refer to [139] (especially Corollary 2.12 on p.23) for further details.
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2.2 Besov spaces of generalized smoothness

Before we define what we mean by “Besov space of generalized smoothness”, we first
introduce some necessary definitions.

DEFINITION 2.9. — A real function ¥ on the interval (0, 1] is called admissible
if it is positive and monotone on (0, 1], and if

W(279) ~ W(27%) for any j € N,
Example 2.10. — Let 0 < ¢ < 1 and b € R. Then,
U(z) :=|log,(cx)|® for z € (0,1],
is an example of admissible function. Another example is
U (z) := (log, |logy(cz)|)?  for z € (0,1].

Roughly speaking, admissible functions are functions having at most logarithmic
growth or decay near zero. They may be seen as particular cases of a class of functions
introduced by Karamata in the mid-thirties [91, 90] known as slowly varying functions
(see e.g. [23, Definition 1.2.1, p.6] and also [34, Section 3, p.226] where the reader
may find a discussion on how these two notions relate to each other as well as various
examples and references).

We refer the interested reader to [111, 139] for a detailed review of the properties
of admissible functions.

DEFINITION 2.11. — Let M € N*, 0 < p,q < o0, s € (0, M) with s > 0, and let

U be an admissible function. The Besov space of generalized smoothness B,(,i}qj) (RY)
consists of all functions f € LP(RY) such that

1/q
1
W(t)?
I M riq
lpgm @y = ( /0 sup 1AL FI o) Jreg dt) < o0,
which, in the case ¢ = 0o, is to be understood as

[f]B;?g,f)(RN) = sup t*U(t) sup | Al r@yy < o0

0<t<1 h|<t
The space B,(,,S,;‘I})(RN ) is naturally endowed with the quasi-norm
11l g ey = I ey + L] pgeon vy (2.5)
Remark 2.12. — Different choices of M in (2.5) yield equivalent quasi-norms.
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Remark 2.13. — Observe that, by taking ¥ = 1, we recover the usual Besov
spaces, that is we have

Bg ((RN);

HfHB;:;;U(RN) ~ Hf’
see [136, Theorem 2.5.12, p.110] for a proof of this.

Remark 2.14. — As already mentioned in the introduction, these spaces were in-
troduced by Triebel and Edmunds in [60, 61] to study some fractal pseudo-differential
operators, but the first comprehensive studies go back to Moura [111] (see also
(35, 40, 39, 81, 92, 140, 141]). In the literature these spaces are usually defined
from the Fourier-analytical point of view (e.g. in [111, 139]) but, as shown in [81,
Theorem 2.5, p.161], the two approaches are equivalent.

Remark 2.15. — Notice that, here as well, the triangle inequality fails to hold
when either 0 < p < 1 or 0 < g < 1, but, in virtue of the Aoki-Rolewicz lemma,
we have the same kind of compensation as in the classical case, see [87, Lemma 1.1,

p.3]. That is, there exists n € (0, 1] and an equivalent quasi-norm H’HB(S,\I’)(RN) . with
D,q )

1/
n
1F + 9l < (11 gy + I )

A fine property of these spaces is that they admit subatomic decompositions. In
fact, it suffices to modify the definition of (s, p)-8-quarks to this generalized setting
in the following way.

DEFINITION 2.16. — Let r, ¢ and ¥® with B € NV be as in Definition 2.4. Let
s >0 and 0 < p < o0. Let U be an admissible function. Then, in generalization of
2.2),

(Bqu)ym(z) = 2_"(8_%)\11(2_”)_11#5(2”x —m) forzeRY,
is called an (s, p, V)-B-quark.

Then, we have the following

THEOREM 2.17. — Let 0 < p,q < 00, s > 0, and ¥ be an admissible function.
Let (Bqu),.m be (s,p, ¥)-B-quarks accordmg to Definition 2.16. Let o > r (where r
has the same meaning as in Definition 2.16). Then, B,(fg,\lj) (R™) coincides with the

collection of all f € ./(RY) which can be represented as

= > Z > N (Ba)ym (), (2.6)

BENN v=0 mezZN
where \° € b, is a sequence such that

A lle

p,q:Q

;= sup 29‘5‘”)\5”%@ < 00.
BENN
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Moreover,

/]

B;7q(RN) ~ (1§16f) |’>\||bp,Q1Q7 (27)

where the infimum is taken over all admissible representations (2.6). In addition,
the right hand side of (2.7) is independent of the choice of 1 and ¢ > r.

This result can be found in [111, Theorem 1.23, pp.35-36] (see also [92, Theorem
10, p.284)).

Remark 2.18. — The counterpart of Remark 2.8 for Bzgi’,\l/) (RM) remains valid,
see [111, Remark 1.26, p.48].

2.3 Related spaces and embeddings

Let us now say a brief word about embeddings. Given a locally integrable function
fin RY and a set B C RY having finite nonzero Lebesgue measure, we let

fo=f 10ty =5z [ .

be the average of f on B.
Moreover, we denote by f*: R, — R, the decreasing rearrangement of f, given
by

fr@) :=inf {A >0 pp(N) <t}
for all t > 0, where
pr(A) =Ly ({m c RY:|f(z)] > )\}) ,
is the so-called distribution function of f.

DEFINITION 2.19. — Let s > 0 and 0 < p < .
(i) The Zygmund-Hoélder space C*(R") is the Besov space B3,  (RY).

(ii) The space of functions of bounded mean oscillation, denoted by BMO(RY),
consists of all locally integrable functions f such that

1/ lsmo@~) == sup ][ |f () = [l de < oo, (2.8)
B JB

where the supremum in (2.8) is taken over all balls B C RY.

(iii) The weak LP-space, denoted by LP>°(RY), consists of all measurable functions
f such that

£ 1| ooy == sup Y7 f*(t) < oo,
>0

where f* is the decreasing rearrangement of f.
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Let us now state the following

THEOREM 2.20 (Sobolev embedding theorem for B, ). — Let 0 < p,q < oo and
let s > 0,. Then, the following hold true:

(i) if sp> N, then BS (RN) — C* 7 (RY);
(ii) if sp = N, then By (RY) < BMO(R");
(iii) if sp < N, then B: (RY) — L¥-5(RY).
In particular, By (RY) < A*?(RY) where A*?(R") is as in (1.2).

Proof. — The cases (i), (ii) and (iii) are respectively covered by [136, Formula
(12), p.131], [108, Lemma 6.5] and [117, Théoréme 8.1, p.301]. O

Remark 2.21. — Let us briefly mention that a corresponding result holds for the
spaces B,(,i}qj) (RY). As already mentioned in the introduction, the space B,(,i}qj)(RN ) is
embedded in a generalized version of the Holder space when sp > N. When sp < N,
it is shown in [40] that B (RY) embeds in a weighted version of L%’W(RN ).
Yet, when sp = N, the corresponding substitute for BMO does not seem to have
been clearly identified nor considered in the literature, see however [39, 78, 79, 110]
where some partial results are given.

3 Preliminaries

In this section, we study the properties of some discrete sequences which will play an
important role in the sequel. More precisely, we will be interested in the convergence
of series of the type

Zij‘j,ij‘ for x > 0,

>0

where A = () 1); k>0 is an element of some Besov sequence space, say, by , with ¢ > 1.

3.1 Some technical lemmata
Let us start with a famous result due to Cauchy.

THEOREM 3.1 (Cauchy’s condensation test). — Let A € £}(N) be a nonnegative,
nonincreasing sequence. Then,

DD a0 <2> N

Jj=1 J=0 Jj=1
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Remark 3.2. — The monotonicity assumption on A is central here. Indeed, there
exist nonnegative sequences A € ¢*(N) which are not nonincreasing and such that
> 20 27 \y; = 0o. Take for example:

v 1/k? if j =2% and k # 0,
) 279 else.

Then, clearly, A € (}(N). However, 27\y; = 3—; when j > 1, so that (2/)y;) ;50 ¢ ¢*(N).

A simple consequence of Cauchy’s condensation test is the following

LEMMA 3.3. — Let A € (*(N) be a nonnegative, nonincreasing sequence. Then,
ZQj)\Lgm < ¢o(x) Z A; for any xz > 0,
=0 jz1

where ¢(x) := i (U100 (%) + (1 — logg [2]) 10,1 (2)).
Proof. — Let k € N and 2F < o < 25!, Then, by Cauchy’s condensation test
. . - . - . 4
Z?/\L?m‘i < ZZJ/\QHJ' =2 kZQJ)\Qj <2 kZQJ/\Qj < ;Zx\j.
j=0 j=0 Jj=k j=0 j=1
In like manner, for 2=*+1) <z < 2%, we have
D 2 Njia) K3 PN gy =28 N T 20 K2R+ 1) D20y
§=0 7=0 j=—k—1 j=0
Finally, invoking again Cauchy’s condensation test, we have
‘ 4
Z VN i) < 22k + 1) Z Aj < — (1= logy () Z Aj.
j=0 =1 J=1
This completes the proof. O

In some sense, this “functional version” of Cauchy’s condensation test may be
generalized to sequences which are not necessarily nonincreasing.
Indeed, one can show that

gl({l‘ eR,: 22]")\[2”” = —i—OO}) =0,
j=0

whenever A € ¢}(N). This is due to the fact that fP-spaces can be seen as “amalgams”
of LP(1,2) and a weighted version of 7.
More precisely, we have
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LEMMA 3.4. — Let 0 < p < oo and let A\ € (P(N). Then,

(50) ([, gomors)

j=1 ]>0
Proof. — Tt suffices to assume p = 1 and that X is nonnegative. Then,
1 1 k
o dYoooN= ][ Aapdo = o [ Aparyy2°dy = / A2ty Ay,
2k<j<2k+l [2k72k+1] [ } [172]

which yields
)EED DD SIETED SE) (I PRTEEY BN O PSR TE
JEN* KEN 2k <j<ok+1 keN (1,2] (1.2] \ pen
The proof is complete. O
We now establish a technical inequality which will be needed in the sequel.

LEMMA 3.5. — Let N > 1 and 0 < p < co. Let A = ()\] k) (,B.k)ENxNN xnN - be a
sequence such that the partial sequences ()\ﬁk)keNN belong to (P(NY) for all (j,0) €
N x N¥. Then, for any positive (a;);0 € (*(N) there exists C = C(\,a, N,d) > 0
such that for any (j, 3) € N x NV,

o max{ L, |67}
2NN, P < C >IN,
& keNN

holds for a.e. x = (xy,...,xy) € [1,2]" where
[Zz] = ([221], ..., [2en]) € NV,
Proof. — For the sake of convenience, we use the following notations

Uip(x) = 2NN, [P and U9F =~ 2P
keNN
We have to prove that

max{1, ||}
@

Ujp(z) < C Ui,

for a.e. x € [1,2]Y and any (j, 3) € N x N¥. By iterated applications of Lemma 3.4,
we have

/uw U, p(z)dz < UPP. (3.1)
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Now, define

1 N+1 )
D4 := {x € [1,2Y : Uy p(a) > XL 18 }U]’B}.
@;
Then, applying Markov’s inequality and using (3.1), we have

Q5
max{1, |3V}

Zn(Tjp) < for any (j,3) € N x N,

In turn, this gives

Z Z,,%N(ang) < oQ.

BENN j=0

Therefore, we can apply the Borel-Cantelli lemma and deduce that there exists
Jo, Bo = 0 such that

Uj75<x) < Uj767

max{1, |5]"*'}
Qj

for any j > jo and/or |3] > By and a.e. x € [1,2]N. On the other hand, for any

Jj < jo and |B| < By we have

U () < 20V max(1, ||V 1} 22050 8 726,
J

This completes the proof. n

3.2 Some useful sequences

We now construct some key sequences which will be at the heart of the proofs of
Theorems 1.3, 1.6 and 1.8.

LEMMA 3.6. — There exists a sequence (()r=0 C Ry satisfying

1
sup Z (e < 1, (3.2)

720 21 k< 2d+1

and such that

sup (loiy) = 00 for all x € [1,2). (3.3)
j=0
Proof. — Let us first construct an auxiliary sequence satisfying (3.2).
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i

j =1 G22207774 T,

3—4 ...... V/A////AT4

j=6 % 15

Figure 2.1. Construction of the first terms of ((x)>o0.
The hatched zone corresponds to the values of x for which (|94
takes nonzero values.

Let (Ax)r=0 be a sequence such that \g = A\; = 0 and such that, for any j > 1,

the LQJ—]J first terms of the sequence (A1, )x>0 on the discrete interval [27, 271 — 1] have

value 7 and the remaining terms are all equal to zero. Then, for any 7 > 1, we have

= — < 1.

1 5 NP ALY R ESe B i5
2 " 2 2i

20 <k<27+1

For the sake of convenience, we set
T; == [27,27*" —1] for any j > 0.

We will construct a sequence (()r=0 satisfying both (3.2) and (3.3) by rearranging the
terms of (Ag)r=0. To this end, we follow the following procedure. For k € [0,2% — 1]
we impose (, = . For j = 3, we shift the values of (A;)g>o on T3 in such a way that
the smallest € [1,2) such that (|3, is nonzero coincides with the limit superior of
the set of all z € [1,2) such that (|2, is nonzero. For j = 4, we shift the values of
(Ak)k=0 on Ty in such a way that the smallest x € [1,2] such that (|21, is nonzero
coincides with the limit superior of the set of all z € [1,2) such that (|23 is nonzero,
and so on. When the range of nonzero terms has reached the last term on 7} for
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some j > 1, we start again from T};; and set ¢, = Ay on Tj;;, and we repeat the
above procedure. See Figure 2.1 for a visual illustration.

If, for some j > 0, it happens that the above shifting of the A;’s on T} exceeds
T}, then we shift the A\;’s on T in such a way that the limit superior of the set of all
x € [1,2] for which (|2, is nonzero coincides with z = 2.

Note that this procedure is well-defined because the proportion of nonzero terms
on each T} is 277 LQJ—]J which has a divergent series thus allowing us to fill as much
“space” as needed.

Then, by construction, for any x € [1,2) there are infinitely many values of j > 0
such that (i, = j. Consequently, (3.3) holds. Moreover, (3.2) is trivially satisfied.

This completes the proof. O

As an immediate corollary, we have

COROLLARY 3.7. — Let 0 < p < ¢q < oo. Then, there exists a sequence

(Njk)ikso C Ry satisfying
a/p\ 1/4
(Z(Zn) ) <=

Jj20 k=0
(with the usual modification if ¢ = 00) and such that

sup 2j/p/\j,L2ij =oo forallx €[l,2).
Jj=0

Remark 3.8. — By “usual modification if ¢ = 00” we mean that, when ¢ = oo,
the quasi-norm |||y = (3250 |*)"/? is replaced by ||| jee vy = SUD;2g |-

Proof. — When ¢ = oo, it suffices to set

(3.4)

. 2P i W k< 2911,
o 0 otherwise,

where ((x)r=0 is the sequence constructed at Lemma 3.6.
When ¢ < oo, we simply replace ((x)k>0 in (3.4) by (&)k=0 Where
& = j_\/ng for any k € [27, 27t — 1] with j > 1,
and & = & = 0. Then, we obtain

26,54 50

Jj=1 27 k<291 Jj=1

S

q/p
=S @ <Y Vi<

21<k<2i+1 jz1
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Moreover, by construction of ((x)x>0, for any = € [1,2), there is a countably infinite
set J, C N such that (9j,) = j for any j € J,. In particular,

§l2iz) = J¢ forany j € J, and x € [1,2),

where a =1 — /p/q > 0. Thus,

sup 27 )\J |27z = SUP §l2iz) = sup j* = oo for any z € [1,2),
§=0 720 Jj€Jx

which is what we had to show. O

We conclude this section by a weighted version of Corollary 3.7.

LEMMA 3.9. — Let 0 < p < q < 00. Let ¥ be an admissible function that does
not satisfy (1.3). If ¢ < oo and V¥ is increasing assume, in addition, that

qp 1

q—Dp coo’

where ¢, is as in Theorem 1.8. Then, there exists a sequence (\;x);xr>0 C Ry such
that

(X(2 Aik)q/p) Ve (35)

=0 k=0

(with the usual modification if ¢ = c0) and

1/q
<Z 231’)\;1 1270 ¥ _j)q) =o00 forallx € [l,2), (3.6)

j=20
(with the usual modification if ¢ = 00).

Proof. — The proof is essentially the same as in the unweighted case with minor
changes that we shall now detail.

Let us begin with the case ¢ = oo. Let ; := W(277)P. Since 8; > 0 and
(B;)0 ¢ ¢*(N) we may find another positive sequence (7;);=0 which has a divergent
series and such that

bi — 00 as j — 00,
i
i.e. (7;)j=0 diverges slower than (/3;);s0. Take, for example
Bi
V= =",
k=0 B
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see e.g. [7]. Note that 0 < 7; < 1 for all j > 0. Let (gx)r=0 be a sequence such
that oo = 01 = 0 and such that, for any j > 1, the [27~;] first terms of the sequence
(or)k=0 on the discrete interval T} := [27, 277! — 1] have value % and the remaining
terms are all equal to zero. Then, for any 7 > 1, we have

1 1 1 j
| bt H0 40 G2y
2 o= 2 T

27 <k<2i+1

Now, since the proportion of nonzero terms on each Tj is 277|2/,] which has a
divergent series, we may apply to (9;);>0 the same rearrangement as in the proof of
Lemma 3.6. That is, we can construct a sequence (0j);>0 such that

1

% Z op <1 forallj >0,

27 Lk<2i+1

and for any x € [1,2) there is a countably infinite set J, C N such that

J
Bj0l2iz) = & = Zﬁk for all j € Jg,

J k=0
i.e. we have
J
* : o
SUp 3j0]5;,) = lim > B, = o0.
3=0 jets k=0

Therefore, letting
279/ ()P if 20 L ko< 27
Nk =

0 otherwise,

we obtain a sequence satisfying both (3.5) and (3.6).

Let us now prove the lemma when ¢ < oo. Notice that if ¥ is either constant
or decreasing there is nothing to prove since the result is a consequence of Corollary
3.7. Hence, we may assume that ¥ is increasing. By our assumptions, we have

1 B 1
—log, =L < oo < —,
P By X
which implies that
B < 2P By; < - < 2KPBy . for any k € N. (3.7)
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By Cauchy’s condensation test, we have

23 577 2 Y2857 > g7 Y 2100 — oo

>0 20 520

Thus, we may infer as above that the following positive sequence has divergent series:

q
- B
V= ——
J q—p
k=0 Pk
Notice that 7; < 1/(j+1). Now define (7;) ;50 by 7; := 7;/5;. Since 2P < j*P[3;
for any j > 1 (by (3.7) and the monotonicity of ;), our assumptions on y and ce
then imply

Coo /
SO <l Z q/p+z 200
J q/p g ja(1/p—coo) '
7=0 ]>1 7>1
The conclusion now follows by letting XM = 7‘]-1/ PXjx where )\ is the sequence

constructed above with 7; instead of v;. Indeed, we have
o\ a/p

S(Th) <<,

j20 N k>0 >0

and, for each = € [1,2), there is a countably infinite set J, C N such that

29‘/1’Xj,pmﬁ}/p = 2i/p le/p (&

> 279/P =1 for any j € J,.
Vi

Therefore, (21‘/1’}3.7 |272] 5;/”)3-20 ¢ (1(N). This completes the proof. O

4 General estimates

Throughout this section we will write z € RY as x = (x1,...,zx) = (2/,2") with
7' € RY 2" € RV~ and, similarly, m = (m/,m”) € ZV and B8 = (8, ") € N¥. Also,
we set

2 = {0, 1}V,
Let ¢ € Cg°(RY, [0, 1]) be such that supp(x)) C By and that

27"(57%)@05(2% —m),
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are (s, p)-f-quarks. Also, we assume that 1) has the product structure

V(xy, .o, on) = U(x1) . Y(TN). (4.1)

Let ¢ > 0 and f € Bs (RY). Then, by Theorem 2.7, there are coefficients A, such
that

= D030 Y N2 - m). (42
BENN v=0 mezZN
We can further assume that

oy~ s 29 (555 13P) " (4.3

v=20 NmezN

i.e. that AJ, = A (f) is an optimal subatomic decomposition of f. Note, however,
that the optimality of the decomposition A5, (f) depends on the choice of ¢ > 0
(this can be seen from [139, Corollary 2.12, p.23]). Of course, by Theorem 2.7, we
still have

q/p\ 1/q
o S s 2 (S (O Weal) )
BeN

v20 “mezZN
for any positive ¢’ # p. Using (4.1) and (4.3), we can decompose f(-,z”) as
S5 S S e
v=0 g/eNd m/czd
where we have set
o)y =2 ST ST N e (2 ). (4.4)
ﬂ”GNN*d m!ezZN—d
Then, defining
a/p\ 1/4
" |
J2 (A, 2") == sup 2¢lF] (Z( Z |b ) ) : (4.5)
p'eNd v20 “m/ezd

we obtain

[MCES]

B;’q(]Rd S ng(A, I//).

In fact, we also have

1 (2"

) S T2 2, (4.6)

5 a(RY) ~ Ypg
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for any ¢’ > 0. For the sake of convenience, we introduce some further notations.
Given any 0 € ¥, we set

N—d

b'fﬂi,f/()\,x”) =2"" Z |>\f,m’,L2Vatd+1j+6d+1,...,L2VzNJ+6N|7 (4.7)
B"EeNN—d
, q/p\ 1/q
JeS(N,2') = sup zgﬁ’l(z( Z |bf};§,(/\,x”)|p> ) . (4.8)
prend v=20 “m/ezd

Notice that since supp(y?) C B;, we have
VP2 —m") £0 = my; € {2, [2%x;) + 1} foralli € [d+1,N].
And so, using (4.4) and (4.5), we can derive the following bounds
e < SO,
59
and
<) TN ) (4.9)
59

for some ¢ > 0 depending only on #%, p and q.

As a consequence of (4.6) and (4.9), to estimate || f(-,2")| p;  (re) from above one
only needs to estimate the terms (4.8) from above, for each § € 2.

Within these notations, we have the following

LEMMA 4.1. — Let N 22,0 <p,g< 00,0 € P and 0 < ¢ < gy. Then, with
the notations above

q/p\ 1/q
JEAN ") < sup 2@0'5|(Z( Z Wj?m,,W,,MPQV(N—CD) ) :

BeNN V>0 N rezd
for a.e. " € RN~ (with the usual modification if p = oo and/or q¢ = cc), where
12°2" | 46 = (|2"Tasr | + Ogir, ..., |2%2n] + Oy) € ZV 4,
Proof. — Suppose first that p, ¢ < oo. For simplicity, we will write
my,s o= [2"2"| + 6.
Using (4.7) and (4.8) we get

p a/p\ 1/q
) |8’ B v(N—d
e < o 2 (S (S (50 W) 20) )

B'eNd =0 m/ezd B eNN—d
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Write AJ = 272IAS and let a := gy — ¢. Then,
90'IB ||/\I3m| — 98 \—@o|5I|A§’m’ < Q—a\ﬂ\’AfiM < 9—alf ||A§,m|'

Hence, by Holder’s inequality we have

s , P a/p\ 1/q
oS s (X (X (X 2 I l) 207) )

BleNd

v>0 m/GZd ,BHGNN d
. a/p\ 1/q
// V(N —
<Hopsp (S (X sup 27N, o) )
,B’ENd V>0 mGZd ﬁ”ENN d

where we have used the notation
Z 2~ for o > 0.
BneNNfd

Since the (P spaces are increasing with p, by successive applications of the Holder
inequality, we have

a/p\ 1/4
Jﬁ’éé()\,x”) S Kgje sup (Z( Z 956" Z ‘Aum s |p2VN d)) )

B’GNd

v20 greNN—d m/€zd
a q
_ "
Ka/zKp/p sup < sup 27PilF E |AVm s [pov(N= d)
4 d N—d
preN preN m/ €z

Z |Al/m - |p2V(N d)

4 /1 eNd 1 eNN—d
B'eN o B"EN m'ezd

(= )
= KooK o Lp sup ( sup 279il8" ( ) )
a // q/p

Ka/gK 1/p sup ( Z 9—4%18" ( Z |Aym e, |p2u (N— d)) )

& p’eNd v>0 greNN—d m!'eZd
— 1/p —q18"] pov(N—d
ST D DIERLLD DI (O DR
ﬁ//eNN—d v=>0 m/eZd
1/p 1/q pov(N—d) o
Ka/ZK K sSup Z Z |Aym’ m’5| 2
5€NN v=>0 m/€Zd ’

Letting K, p 4 = Ka/gKl/pK /7 and recalling )\ff’m = 2*9°|B‘A5m we get

a/p\ 1/4
JEL (A 2") < Kapg sup 2@0'/3'(2( D Ny P27 d>) ) |

N
peN v=0 m/ ez

which is the desired estimate. The proof when p = co and/or ¢ = oo is similar but
technically simpler. O
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Remark 4.2. — Of course, when p = oo, the term “2"(N=97” disappears (recall

Remark 2.5) so that, in this case, Fact 1.1 follows directly from the above lemma.

Remark 4.3. — The same kind of estimate holds in the setting of Besov spaces
of generalized smoothness. That is, given a function f € B (]RN ) decomposed as

above by (4.2) with (4.1) and (4.3), we can estimate the Bz(qul)(]Rd)—quaSknorm of
its restrictions to almost every hyperplanes f(-,x”) exactly in the same fashion. It
suffices to replace the (s,p)-f-quarks (8qu),,, in the decomposition of f(-,z”) by
U(27)"Y(Bqu),, in order to get (s, p, ¥)-B-quarks. From here, we can reproduce
the same reasoning as in Lemma 4.1 with ¥(27")XJ  instead of AJ, and we obtain

1ot e oy S Y T2 (A, 2")

5eg
with
~ 5 Nd a/p\ 1/q
" —v V(N—
30 (A, 2") = sup 29°5|(Z (\11(2 )P Z Ay 2van 16172 ( )) ) :
BENN v=0 m’€Z4

Similarly, given a function f € BSS"(RY), we can estimate the BS5" (RY)-quasi-

norm of its restrictions f(-,2”) in the same spirit. This is done up to a slight modifi-
cation in the discussion above. It suffices to multiply the (s, p)-S-quarks considered
above by a factor of ¥(27)~! and to take nym, the optimal subatomic decomposition
of f € BSY (RM) with respect to these new quarks. Then, the By (RM)-quasi-
norm of f and the BS;") (RY)-quasi-norm of its restrictions f(-,2") satisfy the same
relations as when ¥ = 1 with nfm instead of )\fim. That is, we still have

a/p\ 1/q
. ~ 9016l B |p
HfHB](J,(’Z\P)(RN) ;elg?v Z Z ‘ny,m| )

v=20 “mezZN

and

||f( ||B(S ) (Rd) ~ Z JQO, n,x a

0€D
where g, 0o > 0 and J2°(n, ") is as in (4.8).

5 The case ¢ <p

This section is concerned with Fact 1.1 (Fact 1.2 being only a consequence of Theorem
1.7).  We will use subatomic decompositions together with the estimate given at
Lemma 4.1 to get the following generalization of Fact 1.1.
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PROPOSITION 5.1. — Let N > <d<N,0<g<p<ooands>o, LetW¥
be an admissible function. Let K C RN i be a compact set and let f € Bpquj) (RM).
Then, it holds that

1/q
(/ Hf B(s W) Rd)dx//) < CHfHBI(,i}\II)(RN)’

for some constant C' = C(K, N,d,p,q) > 0 (with the usual modification if ¢ = cc).

Proof. — Without loss of generality, we may consider the case K = [1,2]Y~4 only
(the general case follows from standard scaling arguments). Also, we can suppose
that p < oo since otherwise, when p = 0o, the desired result is a simple consequence
of Lemma 4.1 (recall Remark 4.2). Let us first prove Lemma 5.1 for ¥ = 1 (it will
be clear at the end why this is enough to deduce the general case).

Let f € B;’q(RN). Given the (s, p)-8-quarks (Squ), ., and ¢ > r defined at Section
4 welet AJ = A2 (f) be the corresponding optimal subatomic decomposition. In

particular
S Y Y Y A
BENN v=0 mezZN
with
a/p\ 1/q
g oy ~ s 229 (32 (50 ) )
PeN v20 “MmezZN

By the discussion in Section 4, we have that

1o s ey S D T2 (N 2" (5.1)

02

for all o’ € (0, ), where Jﬁlé‘s()\,m”) is given by (4.8). Define

1/p
Vm”:_(Z|1/mm” ) :

m/€Z4

In particular,

a/p\ 1/q
JBN) ™ sup 29ﬂ|<2( Z \A’Sm,,]p> > :
B K

v>0 m!'eZN~—d

Then, the conclusion of Lemma 4.1 rewrites

Jlf:’g()\ . )q < sup 920q|B| ZQWI AE,L2”$”J+5|Q

BeNN V>0

for all § € 9,
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and some gy € (¢, 0). Integration over [1,2]V=? yields

L 1) " 18] Vq
Is = /[172]N deQq (A, 2")9dx </ sup 291 ZQ

[1,2]V—d BeENN V>0

< Z 290q|5|2/ 5L2”x”j+6’quﬂ'

BeENN v=0 N

P |A1/ L2V ”J-HS‘ d.f[,'”

Now, we observe that

q/p

A sl f < (D) AT
v,|272" | +6 v 2841 ag g [ +0g 1, (2PN | +oN

keNN—d

Hence, using the fact that ¢ < p and applying N — d times Lemma 3.4, we get

Is < Z 9004|8| Z ( Z k;+6|p) ur

BENN v>20 \geNN-d
qa/p
< Z 2(00=0)dlfl gy 9ealdl Z( Z Vk+5|p)
BENN PENN v20 N keNN-—d
5 a/p
= K, N4 SUp 904l8| Z ( Z |Au,k+5|p)
BENN v>0 \ geNN-—d

BENN e

Thus, recalling (5.1), we arrive at

(/H G,

1/q
Rd)dx") < 73, -

Now, having in mind Remark 4.3, we can reproduce exactly the same proof when

U £ 1 with almost no modifications. This completes the proof.

6 The case p < ¢

In this section we prove, at a stroke, Theorem 1.3 and Theorem 1.6. As will become

clear, the proof of Theorem 1.6 will easily follow from that of Theorem 1.3.
Let us begin with the following more general result:

THEOREM 6.1. — Let N >22,1<d<N,0<p<qg<ooands>o, LetV be

an admissible function. Then, there exists a function f € B;,‘fq’\p) (RYN) such that

f(-,2") ¢ BED(RY) for a.e. 2’ € RV
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Proof. — We will essentially follow two steps.
Step 1: cased = N — 1.

We will construct a function satisfying the requirements of Theorem 6.1 (and
hence of Theorem 1.3) via its subatomic coefficients.

Let ¥ be an admissible function. Let 0 < p < ¢ < 00, s > 0,, M = |s] + 1 and
let (Ajk)jk=0 € b4 be the sequence constructed at Corollary 3.7.

Also, we let 1 € C>®(RY) be a function such that

supp(y)) C [-2,2]Y, inf ¥(2) >0 and Z Y(-—m)=1. (6.1)

2€[0,1]V ez

In addition, we will suppose that 1 has the product structure
U(x) =P(xq) ... (). (6.2)
Notice that such a 1 always exists.! Then, we define

Fa) =33 A2t w(e) !

720 k>0 (6.3)
X (27 (x1—Cnif)) o (2 (w1~ Crrd) ) (22 n —k),
where Cyy = 2(M + 2). It follows from Definition 2.16 that

W(Q_j>—12fj(sf%)¢(2jx — m) for x € RN,

with ‘ ‘
m = (Cy2'j,..., O27j, k) € ZV,

can be interpreted as (s, p, V)-0-quarks relative to the cube @), ,,. Consequently, by
Theorem 2.17 and Corollary 3.7, we have

a/p\ 1/4
g e (S (ZH) ) <oe
J20 k=0

(modification if ¢ = c0). Therefore, f € BS3"Y (RY). In particular, the sum in the
right-hand side of (6.3) converges in LP(RY) and is unconditionally convergent for

'Here is an example. Let u(t) := e‘l/tz]l(o,oo)(t) (extended by 0 in (—o00,0]) and let v(t) =
u(l 4 t)u(l —t). Then,

is a smooth function satisfying (6.1) and (6.2).
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a.e. * € RY (notice the terms involved are all nonnegative) and, by Fubini, f(-, zy)
also converges in LP(RN~1) for a.e. 2 € R. Thus, letting

Aj(oy) =) N2 PP ay — k),

k>0

we may rewrite (6.3) as

f(z' zy) ZA (wn) 277w ) (2 (@) — Coig)) (2 (@y—1 — Card))-

>0
Notice that assumption (6.1) implies that there is a ¢y > 0 such that
V(xy — |2an]) = >0 forall zy € [1,2] and j > 0.
In particular, we have
Aj(Tn) = co N 2iay 2077 (6.4)
Now, for all j > 0, we write
K;:={heRN"1: 270D L |p| < 277}, (6.5)

By [28, Lemma 8.2] (in fact in [28] it is implicitly supposed that 1 < p < oo but the
proof still works when 0 < p < 1) and (6.4), we have

sup | A f(an) o1y = 2770 (277) T A (a)
hGKj
> 27027 T 2PN i) (6.6)
for any j > 0 and some ¢ > 0 independent of j. Recall that

||g||Bz<fég’)(RN71) ~ ||g||LP(RN*1) + sup QjS‘I’(Q_j) sSup ||AhMg||LP(]RN*1)a
: j>1 hekK;

is an equivalent quasi-norm on B,Ei;f ) (RYN=1) (this is a discretized version of Definition
2.11). This together with (6.6) and Corollary 3.7 gives

£, xN)HB(s‘P)(RN H R sup 29/P)\; 1nigy =00 for ae. zy € [1,2)].
]/

Therefore, f(-,zx) ¢ BSa2) (RV-1) for a.e. zy € [1,2].

We will show that one can construct a function satisfying the requirements of The-
orem 6.1 by considering a weighted sum of translates of the function f constructed
above. To this end, we let

fild',xy) = f(@', oy +1) forleZ,
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and we define
g = ZQ_Illfl.
lez
Then, by the triangle inequality for Besov quasi-norms, we have

90y < D227 il s ey < all o0 vy < 01
' l€Z

for some 0 < n < 1. Hence, g € B(S ) (RY). To complete the proof we need to show
that

g(-,zNn) & B;fg)(RN’l) for a.e. xy € R. (6.7)

Let m € Z. Then, by the triangle inequality for Besov quasi-norms we have

2_n‘m‘Hfm( IN)”B(@\I/)(]RN 1) ”g( xN)”B“‘I’) (RN-1) +Z2 n|l|||fl( xN)||B(g\I/) (RN-1)
l#m

+ ey sup i) 17, (68)
l#m P,

< Hg("‘TN)HZﬁ;E”

(®N-1) (®N-1)°

Clearly, the left-hand side of (6.8) is infinite for a.e. zy € [1 —m,2 —m]. Thus, to
prove (6.7), one only needs to make sure that the last term on the right-hand side of
(6.8) is finite for a.e. zx € [1 —m,2 —m]. For it, we notice that, by construction, it
is necessary to have

j=1 and 27 <k <27, (6.9)

for \;x # 0 to hold. In particular, Ag = 0 and A;(zx) consists only in finitely many
terms for a.e. xx € R. In addition, by our assumptions on the support of ¢, we have

Y(2xy — k) # 0 provided
k

TN — =

1-j
5 <277, (6.10)

By (6.9) and (6.10), we deduce that if ) € R\ [1,2], then there are only finitely
many values of j > 1 such that A;(zy) # 0. In particular,

floany+1) € B;fg)(RN_l) for a.e. xy € [1,2] and all I € Z \ {0}. (6.11)
Moreover, a consequence of (6.9) and (6.10) is that
j=>1 and zy €supp(;) = 1-2"7 <oy <2427
In turn, this implies that the support of A; is included in [0, 3]. Therefore,
f(oan+1) =0 forae xy €[1,2] and all [ € Z with || > 2. (6.12)
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Hence, by (6.11) and (6.12), we infer that

max I fi(-, xN)HBI(;g.}’)(RNA) < oo forae zy€ll,2]

In like manner, for every m € Z, we have

max I fi(- ’xN>||B,(,f£>(RN—1) < oo forae zy€[l—m,2—m)]

This proves the theorem for d = N — 1.
Step 2: case 1 <d < N — 1.

By the above, we know that Theorem 1.3 holds for any N > 2and d =N —1. In
particular, there exists a function f € BS5") (R4H1) such that f(-, z441) € By (R9)
for a.e. rqy; € R. Now, pick a function w € . (RY¥=471) with w > 0 on RY~4~1 and
set

g(x) =g(x1,...,zn) = f(T1, ..., Ty Tap1)W(Tgso, ..., TN).

It is standard that g € LP(RY) where p := max{1,p}. Then, letting M = [s| + 1
and using [136, Formula (16), p.112], we have that

sup ||A}2LMg||LP(RN) < ||f||LP(Rd+1) sup ||A%w||Lp(RN—d—1)
|h|<t |h|<t

+ ||w||LP(1RN—d+1) sup ||A£/’[f||LP(Rd+1)7
[h|<t

for any h = (W', 1) € RN \ {0} with b/ = (hy, ..., hgy1) and h” = (hgia, ..., hy). In
particular, recalling Remark 2.12, we see that this implies

HgHBsé‘I’)(RN) S HfHLP(Rd'*‘l)HwHBéi}‘I’)(RNfdfl) + HwHLP(RN_d_l)HfHBZ(f&‘m(Rdel)'

Hence, g € B,(,i}qj)(RN ). Moreover, it is easily seen that

g('axd-i-lv 7$N) = f<'7xd+l)w($d+27 .- ajN) ¢ B (=2 (Rd)
for a.e. (zg11,-..,2n) € RV=4 This completes the proof. O

The function we have constructed above (in the proof of Theorem 6.1) turns out
to verify the conclusion of Theorem 1.6.

Proof of Theorem 1.6. — For simplicity, we outline the proof for N = 2 and
d = 1 only (the general case follows from the same arguments as above). Let f be
the function constructed in the proof of Theorem 6.1 with ¥ = 1, namely

f(z1,22) == ZA (9)27 i) @Z)(Q](zl Cuj)),

7=0
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with ' A
Aj(wa) == Ajp2Pp(2wy — k),

k=0

where 1, Cy and (A ) k=0 are as in the proof of Theorem 6.1. Clearly,

a/p\ 1/q
mae <e(X (X)) <

Jj=0 k>0

1.f]

Hence, f € B;,Q(R2). We now distinguish the cases sp > 1, sp =1 and sp < 1.
Step 1: case sp > 1.

This case works as in Theorem 6.1. Indeed, by the supports of the functions
involved, we have for a.e. 25 € [1,2],

_1 j
C75) sup [|AN (-, @) | Loy 2 5P 27PN, 1934, = 00,
EKJ‘ 320

. -~ j
1£( ’x2>Hcs‘%(R) sup 2

j=0
where K is given by (6.5). We may now conclude as in the proof of Theorem 6.1.
Step 2: case sp = 1.

It suffices to notice that, for any k£ > 0, we have

C]\/[k+2_k C]\/[k+2_k
IfCalmom > . |f () - S w)]ds) ds
C]\/[k‘—2_k C]\/[k‘—2_k
Cark+2—F Cak+27F . ]
- f S A f [ - Cu)) — w2~ Cug)]ds| .

C]\/Ik‘—Q_k ]20 CMk’—Q_k

Hence, by the support of the functions involved we deduce that

“f('v 902)||BMO(R)
C]\qk+2_k C]\/[k+2_k
> Ap(x2) ][ ][ [0(2F(z — Cwk)) — (28(2 — Ownk))]dz| da
C[\{k*Q_k C]\{k*Q_k

dz > dAg(x9).

][ [(z) — (2)] dz

1

= Ap(z2) ][11

Therefore, we have

1f(-, 2z2) |IBMO®R) 2 su%)) Aj(xg) = sug) 2j/p)\j’L2jx2J =00 forae. zy€[l,2].
> >

Thus, we may again conclude as in the proof of Theorem 6.1.
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Step 3: case sp < 1.

p

Define r := :
o

and rewrite f as
o m) =Y ej(wa) 277 f(1),
j=0
where we have set f;(z1) := ¥(2/(z1 — Cyj)) and
Cj (1'2) = 2—j(s—%) 27]'/7“ Z )\jﬁ@/}(zsz — k)
k>0

Since the f;’s have mutually disjoint support we find that
FComa) (1) = ¢j(w2) 277 f1 () for any ¢ > 0 and j >0,
Moreover, it is easy to see that fF(t) = ¢*(2/t). In turn, this implies that

1FCz2)llree @y > () 27 sup t7%(27t) = cj(w) [Yllree @) 2 27PNy 2700
>

Hence, for a.e. 25 € [1,2],

1f (o) || ooy 2 up 217X} 123s) = 00.

This completes the proof. O

7 Characterization of restrictions of Besov func-
tions

In this section, we prove that Besov spaces of generalized smoothness are the natural
scale in which to look for restrictions of Besov functions. More precisely, we will
prove Theorems 1.7 and 1.8. We present several results, with different assumptions
and different controls on the norm of f(-,z").

Let us begin with the following

THEOREM 7.1. — Let N 22,1 <d<N,0<p<qg<ooandlets> o, Let
K C RY=? be a compact set. Let ® and ¥ be two admissible functions such that

D B2V) PR < o (7.1)

Jj=0

112



Let f € B,gif)) (RY). Then, there exists a constant C' > 0 such that
G ey < Ol gy for ace. a” € K.

Moreover, the constant C' is independent of x” but may depend on f, K, N, d, p, q,
® and V.

Proof. — Let us first suppose that ¢ < oo and that ® = 1. Without loss of
generality we may take K = [1,2]V~¢ the general case being only a matter of
scaling. Here again, we use the following short notation

12°2" | = (|2"2441], -, [272N]) € NV
Let f € B (]RN ) and write its subatomic decomposition as
=22 2 Mm(Bawum(@),

BENN v20 mezZN

where the (s,p)-f-quarks (Squ),,, are as in Section 4 and XJ, = AJ_(f) is the
optimal subatomic decomposition of f, i.e. such that

£ 1155, @) ~ sup 29°1[A°l,, .. (7.2)
BeENN

Let € > 0 be small. Rewriting f as in the discussion at Section 4 and using Lemma
4.1 together with Remark 4.3 we have

12 Mg gy S D Jpa™ 2, (7.3)
0ED
where
a/p\ 1/q
To—¢,0 L — v(N—d —v B
Jliqa ()\,J)”) = SUIJ)V 2(9 €)1l (Z (2 ( )\II(Q )p Z |>\I/,m’,|_2”:t”]+5|p> ) .
peN v=0 m/eZ

By Lemma 3.5, we know that for any positive sequence (o, ),>o € ¢}(N) there is a
constant C' = C(\, a, N, d) > 0 such that

omax 1 BN dtl
v(N—d) Z |)\ e //J+5|p { ’ | } Z |>\

m/ezZd mezZN

for a.e. 2” € [1,2]Y~% and any (v, 3) € N x NV, In particular, we have

- 1 Y (2-v)P a/p\ 1/4q
Jzﬁ”;e"s(/\,x ) < sup 20—l max{l |5|N - }<Z (% Z |/\5,m|p) > .

BENN v>0 meZN
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Now, by assumption (7.1), we can choose «, = W(27")P. Therefore, recalling (7.3),
we have

" (e-)8] S Y
Hf(?x )“Bl(ié‘l’)(Rd) ~ ﬁsup 2 max{l ‘ﬁl Z Z |/\1/m|

v>20 “MmezZN

a/p\ 1/q
<sp (S (S wr) )

v20 NmezN

Finally, recalling (7.2), we have
||f(7 ZB”) HB;fgI‘I')(Rd) S

The proof when ¢ = oo and/or ® # 1 is similar (recall Remark 4.3). It this latter
case, one only have to adjust the (s, p)-8-quarks by a factor of ®(27)~! and to replace
A by 5., the optimal decomposition of f € BY®(RYN) along these (s, p, ®)-f3-
quarks. Then, as in Remark 4.3, it suffices to replace ¥(27")AJ in the estimate (7.3)
of ||f(',ZL‘//)||BI(js(,1\p)(Rd by ¥(2~ )/CID( “)n5,, and the same proof yields the desired

conclusion. O

By, ®y) forae € [1,2]V 4

We carry on with the following generalization of Theorem 1.7.

THEOREM 7.2. — Let N 23, 1<d< N,0<r<p<gq<oo,s>o,andlet
X = qq_—rr (resp. x =1 if ¢ = 00). Let ® and ¥ be two admissible functions such that

D (27) XWX < o (7.4)

Jj=0

Let K C RV~ be a compact set and suppose that f € B}ff’) (RY). Then,

1/r
(/w* HQMWMQ < Nl oy

for some constant C' = C'(K, N,d,p,q, ®, V) > 0.

Proof. — By Holder’s inequality, the definition of the norms involved and our
assumptions on s, p, ¢, 7, Y, we see that (7.4) implies that BS;™ (RY) ¢ BS&Y (RY)
continuously, i.e.

1/x
”fHBI(,'?;\I’)(RN X (ZCI) X\I/ 2” ]> > Hf”Bfff)(RN)'

j>0

Using now Proposition 5.1, we obtain the desired conclusion. O

114



We now prove Theorem 1.8.

Proof of Theorem 1.8. — The proof works exactly as in Theorem 1.3 and, here
again, it suffices to prove the result for N > 2, d = N — 1. We prove the case
N = 2 only but the general case N > 2 is similar. Let (\;);x=0 be the sequence
constructed at Lemma 3.9. Let M € N* with s < M. We consider the following
function

Flan, ) =D X2 D@ (@) — )@ — k),

§>0 k>0

where 1 and C); are as in the proof of Theorem 1.3. There, we have shown that

/]

(thus implying f € B; (R?)) and

Bs ,(&2) < c[[Allb,

sup | AL 22)|liomy = €277 27PN, o1y,
hGKj

for any j > 0 and a.e. x5 € [1,2], where K is as in (6.5). From this it follows that

2].8\1’(27]') sup HA%f(, xQ)HLp(R) } C\IJ(Qij)Qj/p)\j’LQjmJ.
hek;
Now, by Lemma 3.9 and since

1/q
oy ~ oo + (3 20027y s sup 4] Yollb )

7=0

is an equivalent quasi-norm on B,(,Z\I')(R), we have f € Bj (R?) and f(-,z;) ¢

BSY(R) for ae. a5 € [1,2]. Then, arguing exactly as in Theorem 1.3, we obtain a
function satisfying the requirements of Theorem 1.8. This completes the proof. [

Remark 7.3. — This can be generalized in the spirit of Theorem 7.1. Indeed,
repeating the arguments of the proof of Theorem 6.1, we can prove that if (7.4) is
violated, then there is a function f € BI(;Z}@) (R™) such that f(-,2") ¢ Bf,féqj) (R%) for
a.e. 7" € RN~-4,
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Part 11

Rigidity results






Chapter 3

Liouville type results for a
nonlocal obstacle problem

This chapter is inspired by the paper [31] written in collaboration
with J. Coville, F. Hamel and E. Valdinoci.

1 Introduction

A classical topic in applied analysis consists in the study of diffusive processes in
media with an obstacle: roughly speaking, a dispersal follows a Brownian motion in
an environment that possess an inaccessible region. At the level of partial differential
equations, this translates into a reaction-diffusion equation that is defined outside a
set K, which acts as an impenetrable obstacle and along which Neumann conditions
are prescribed.

One of the cornerstones in the study of these processes lies in suitable rigidity
results of Liouville-type, which allow the classification of stationary solutions, at least
under some geometric assumption on the obstacle K.

In this chapter, we will study a nonlocal version of a diffusion equation and
provide a series of Liouville-type results (whose precise statements will be given in
Section 2). Not only the results obtained have a theoretical interest in the devel-
opment of the theory of nonlocal equations, but they also possess several potential
applications (especially in mathematical biology, where the dispersal of biological
populations often presents nonlocal features, see e.g. formula (1) in [49], or in [19]).

Concretely, we will suppose that the diffusion operator arises by convolution with
an integrable kernel and we will show that solutions of bistable stationary equations
with fixed behavior at infinity are necessarily constant, at least when the obstacle
is convex or “close to being convex” (we also observe that similar rigidity results do
not hold in general for nonconvex obstacles).
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Interestingly, in the nonlocal case, the boundary conditions along the obstacle do
not need to be prescribed a priori (differently from the classical case).

In addition, the nonlocal operator that we consider here is not “regularizing”,
so some care is needed in our case to deal with a possible lack of regularity of the
solutions.

We now provide the detailed mathematical description of the problem that we
take into account.

1.1 A nonlocal obstacle problem

Throughout this chapter, K denotes a compact set of RY with N > 2, and |-| denotes
the Euclidean norm in RY. We are interested in qualitative properties of bounded
solutions to the following nonlocal semilinear equation

Lu+ f(u) =0 inRV\K, (1.1)

where L is the nonlocal diffusion operator given by
Lu(w)i= [ = y)uly) - ul@)dy (12)
RN\ K

The kernel J € L'(RY) is a radially symmetric non-negative function with unit mass
and f is a C! “bistable” nonlinearity (precise assumptions on f and J will be given
later on).

This problem may be thought of (see the next page for more explanations) as a
nonlocal version of the following problem

{ Au+ f(u) =0 in RV\ K,

1.3
Vu-v=0 onJK, (13)

where v is the outward unit vector normal to K, assuming for (1.4) that K is smooth
enough. For problem (1.4) with the local diffusion operator Au, it was shown in [17]
that there exist a time-global classical solution u(t, z) to the parabolic problem

@:Aujtf(u) in R xRN\ K,

ot (1.4)
Vu-v=0 onR x 0K,

satisfying 0 < u(t,z) < 1 for all (t,z) € R x RN \ K, and a classical solution s ()
to the elliptic problem
Atse + fluse) =0 in RN\ K,
Vig - v =0 on JK,
0< U <1 inRV\K,
Uso(x) = 1 as |z| = +o0.

(1.5)
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The function u,, is a stationary solution of (1.4) and it is actually obtained as the
large time limit of wu(t,x), in the sense that u(t,z) — us(x) as t — +oo locally
uniformly in x € RV \ K. Under some geometric conditions on K (e.g. if K is
starshaped or directionally convex, see [17] for precise assumptions) it is shown in [17,
Theorems 6.1 and 6.4] that solutions to (1.5) are actually identically equal to 1 in the
whole set RNV \ K. This Liouville property shows that the solutions wu(t, z) of (1.4)
constructed in [17] then satisfy

u(t,z) — 1 locally uniformly in z € RN \ K. (1.6)
t——+00

To some extent, this result can be given an ecological interpretation. Consider a
population with trajectories describing a Brownian motion in an environment con-
sisting of the whole space RY with a compact obstacle K, and suppose that f rep-
resents the demographic rate of the population. Then, the solution u(t,z) to (1.4)
can be understood as the density of the population at time ¢ and location x. In this
context, (1.6) means that, at large time, the population tends to occupy the whole

space.
Assuming now that the trajectories follow, say, a compound Poisson process, then
the diffusion phenomena are better described by a convolution-type operator such

as (1.2). The reaction-diffusion equation 2 = Awu + f(u) is then replaced by the
equation

0

5 = Lu+ f(w)

with the nonlocal dispersion operator L, see [69, 83]. In this chapter, we deal with
qualitative properties of the stationary solutions of equation (1.1), together with
some asymptotic limiting conditions at infinity similar to those appearing in (1.5).
Namely, we will be mainly concerned with solutions of

Lu+ f(u) =0 in RV \ K,
0<u<1l inRV\K, (1.7)
u(z) = 1 as || — +oo.

It is expected that (1.5) and (1.7) share some common properties. One of the
goals of the present chapter is, as for (1.5), to find some geometric conditions on K
which guarantee that the solutions u to (1.7) are identically equal to 1. Moreover,
as in [26] for (1.5), we will also show the robustness of the Liouville type results
for (1.7).

We notice however that, whereas the solutions of (1.5) are automatically classical
C? solutions in RV \ K if the boundary K is smooth enough (by standard interior
and boundary elliptic estimates), there is in general no smoothing effect for the
nonlocal problems (1.1) or (1.7). The solutions u may even not be continuous in
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general. Yet some regularity results (uniform or Holder continuity) will be shown here
under additional assumptions on the data J and f. Actually, one of the difficulties
and novelties of this chapter, as compared to [17], is to deal with this a priori lack
of regularity in general.

We observe also that, in (1.1) or (1.7), we do not ask for any additional boundary
condition on K. To understand why this is so, let us give some heuristic motivation.
First of all, the most intuitive nonlocal counterpart of (1.5) would be to replace Au
in (1.5) by L.u with & > 0 small, where

- 1 -
Lou(x) = — Je(x —y)(uly) — u(x))dy,
)= gz [, = 9)0) ~ )y

and J.(z) = e NJ(e712), J being a radially symmetric kernel with

8= (2N)! /RN ()] Pd.

In other words, the nonlocal dispersion operator Lu in (1.1) or (1.7) would be re-
placed by L.u and the kernel J would be given by (8¢2)~'J.. Furthermore, us-
ing for example [27], the associated energy of (1.7), with L. in place of L, can be
thought of as an approximation of that of (1.5) (see [2] and also [16, 19, 83] where
similar quantities are considered in a biological framework). Now, to see how the
Neumann boundary condition in (1.5) can be recovered from (1.1) or (1.7) with L.
as € — 07, let us consider for simplicity the case where K is of class C' with unit
normal v and the bounded function u is of class C'(RYN \ K) and is extended as a
CH(RY) function still denoted by u. Formula (1.1) then also holds by continuity in
RN\ K and, for every z,y € RV \ K, there exists a point ¢,, € [z,y] such that
u(y) — u(z) = Vu(egyy) - (y — x). It follows that, for every z € RV \ K,

_ 1 7 (e — ) Vule. ). =T
) =gz [ e =) V)

~

where J.(z) = e NJ(e7'z) and J(z) = J(2)|z|. Then, for all z € K, a formal
computation leads to
y—1

yVu(z)-v = lim Jo(z —y) Vu(Cay) -

e—0t RN\ K |y — (L’| e—0t

where v = (1/2) [on J(2)|z1|dz > 0. Hence, Vu - v = 0 on 0K and (1.7) is then a
reasonable nonlocal counterpart for (1.5). The above calculation justifies, at least
formally, why no additional boundary condition on 0K is required in (1.1) or (1.7).
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1.2 General assumptions, notations and definitions

Let us now specify the detailed assumptions made throughout the chapter. As al-
ready mentioned above, we suppose that f is of “bistable” type and J is a radially
symmetric kernel. More precisely, we will assume that

feci((o.1]), f(0)=0, f(1)<o0, (1.8)

J € L'(RY) is a non-negative, radially symmetric kernel with unit mass,
there are 0 < 71 < rp such that J(z) > 0 for a.e. z with r; < |z| < 7o,

(1.9)
and there exists a function ¢ € C(R) satisfying
Jixgp—o+ f(¢) 20inR, (1.10)
¢ is increasing in R, ¢(—o00) =0, ¢(+00) =1, '

where J; € L'(R) is the non-negative even function with unit mass given for a.e.
r € R by

Jl(ZU) = /N 1J($ay27"' 7yN)dy2dyN
RN-—

We notice that, in addition to the first property in (1.9), the second one is imme-
diately fulfilled if J is assumed to be continuous. Moreover, we notice that con-
dition (1.10) implies immediately that 0 < ¢ < 1 in R. As is well-known (see
e.g. [13, 50]), condition (1.10) is satisfied if, in addition to (1.8) and (1.9), the fol-
lowing assumptions are made on f and J:

30.€(0,1), f(0) = f(6) = (1) =0, f<0in (0,6), f>0in(6,1)
1

[ 10 <o o0 <o f<iinp, 1)

/Jl(ac)\x|dx<+oo and J € WHYRM).

R

Let us also list in this subsection a few notations and definitions that will be used
all along the chapter:

|E| : is the Lebesgue measure of the measurable set E;

1z : is the characteristic function of the set E;

Bpr : is the open Euclidean ball of radius R > 0 centered at the origin;

Bg(z) : is the open Euclidean ball of radius R > 0 centered at x € RY;
@ (Ry, Ry) : is the open annulus Bpg, \ Bg, for 0 < Ry < Ry, by setting By = {0};
o (x, Ry, Re) : s the open annulus = + <7 (Ry, Ry);
g*x h : is the convolution of g and h;

is the positive part of g, i.e. g7 := max{0, g}.
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Given  C RY and p € [1, 00|, we denote by LP(£2) the Lebesgue space of (equiv-
alence classes of) measurable functions g for which the p-th power of the absolute
value is Lebesgue integrable when p < 0o (resp. essentially bounded when p = o).
When the context is clear, we will write ||g||, instead of ||g||zr(). Given a € (0, 1]
and p € [1,00], BS (RY) stands for the Nikol’skii space consisting in all measurable
functions g € LP(R”) such that

lg(-+h) — gll oy
[9]Bo__(mN) = sup EY) < oo
D, h+£0 |h|a

We note that, when p = oo, the space ng(RN ) coincides with the classical Holder
space CO*(RY). For aset E C RY and g: F — R, we set

X J—
[glcoa(my = sup Lg((jm
z€E,yeE, x#y |ZL‘ — y|

Let us finally recall some useful notions of regularity of a compact set K.

DEFINITION 1.1. — Let o € (0,1]. We say that a compact set K C RY has
C% boundary if there exist v > 0, p € N, p rotations (R;)1<i<p, of RN, p points
(2i)1<i<p of OK and p functions (¢;)1<i<p defined in the (N — 1)-dimensional ball
BNV = {2/ e RN || < r} of class CO*(BN~') and such that

oK = | Rz-({xN — u(); o' € Bﬁ“}), (1.12)
1<i<p
and
KN B,(z) = Ri({xN > i(a'); 7' € B,{V—l}) N B.(2), (1.13)
for every 1 < i < p.
DEFINITION 1.2. — Let a € (0,1], let K C RY be a compact convex set with

non-empty interior (OK is then automatically of class C%*) and let (K.)o<.<; C RY
be a family of compact, simply connected sets having C** boundary. We say that
(K.)o<e<1 is a family of C** deformations of K if the following conditions are fulfilled:

(i) K C K., C K, forall 0 <e; <&y < 1;

(i) K. — K ase ] 0in C%®, in the sense that there exist r > 0, p € N, p rotations
(R;)1<i<p of RN p points (2;)1<i<p of OK, p functions (1;)1<i<, and p families
of functions (;.)1<i<p o<e<1 Of class C%*(BN™') describing 0K and 0K, as
in (1.12) and (1.13) above, and such that

[¥i = Yiellcowpy-1y =0 ase |0, forevery 1 <i<p.
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2 Main results

The Liouville property for the local problem (1.5) says that u = 1 in RV \ K under
some geometric conditions on K, in particular when K is convex, see [17]. When the
obstacle K is convex, we prove that this Liouville property still holds for (1.7) with
the nonlocal operator L. We will actually prove several results, which correspond to
various assumptions on the solutions v and the data f and J. We will also show the
robustness of the Liouville type property with respect to small deformations of the
obstacle K. The assumptions (1.8), (1.9) and (1.10) will be common assumptions of
almost all results. In some statements, assumption (1.10) is replaced by the stronger
assumption (1.11).

2.1 A first rough Liouville type result

Under rather mild additional assumptions on K, we first state a “rough” Liouville

type property for the solutions of (1.7), if f is assumed to be non-negative on the
range of u.

PROPOSITION 2.1. — Let K C RY be a compact set such that RY \ K is con-
nected. Assume that f € C'([0,1]) and J satisfies (1.9). Let € [0,1) and assume
that f >0 in [0,1]. Let u: RN\ K — [0, 1] be a continuous solution of

Lu+ f(u)=0 in RN\ K, 2.1)
u(z) =1 as |z| = +oo. '
Then, w =1 in RV \ K.
One of the main goals of the chapter is to understand under which conditions
on K this Liouville type property still holds or does not hold when u ranges in the
whole interval [0, 1].

2.2 Liouville type properties for convex obstacles

Our first main theorem is the following result dealing with continuous super-solutions
to L(u) + f(u) = 0 ranging in [0, 1].

THEOREM 2.2. — Let K C R be a compact convex set. Assume (1.8), (1.9),
(1.10) and let
uwe CRN\K,[0,1]), (2.2)
be a function satisfying
{ Lu+ f(u) <0 in RN\ K,

2.3
u(x) -1 as |z| = 4o0. 23)
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Then, u=1in RN \ K.

If we ask for a solution of (1.7) instead of a super-solution, it turns out that the
regularity or limiting conditions required on w to obtain a Liouville type result can
be considerably weakened, by strengthening the assumptions made on f and/or J.

Firstly, the continuity assumption (2.2) can be relaxed provided the nonlinearity
does not vary too much. More precisely, we will prove the following result.

THEOREM 2.3. — Let K C RY be a compact convex set. Assume (1.8), (1.9),
(1.10) and suppose that
1
<o 2.4
B <2 e

Let u : RN \ K — [0,1] be a measurable function satisfying

Lu+ f(u) =0 ae in RV\ K,
u(z) =1 as |z|] = +oo.

Then, u =1 a.e. in RN \ K.

Secondly, assuming that f and J satisfy (1.11) instead of (1.10), that J € L*(RY)
and is compactly supported, and that f does not vary too much or u is a priori
uniformly continuous, then the assumptions on the asymptotic behaviour of u at
infinity can be noticeably weakened. More precisely, the following result holds.

THEOREM 2.4. — Let K C RY be a compact convex set and assume that f and
J satisty (1.8), (1.9) and (1.11). Assume further that J is compactly supported and
J e L2(RY). If u: RN\ K — [0,1] is uniformly continuous in RN \ K and obeys

Lu+ f(u) = 0 in RV \ K,

sup u = 1,
RN\ K

(2.5)

then w = 1 in RN\ K. Similarly, if (2.4) holds and if u : RN \ K — [0,1] is a
measurable function satisfying

Lu+ f(u) = 0 ae. in RV\ K,

esssup u = 1, (2.6)
RN\K
then u =1 a.e. in RV \ K.
Remark 2.5. — Condition (2.4) ensures that u actually has a uniformly contin-

uous representative in RV \ K (see Lemma 2.2 and Remark 3.3). However, if u is
already known to be uniformly continuous, then Theorem 2.4 provides the same
conclusion without assumption (2.4) (see Lemma 7.2 for further details).
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2.3 Robustness of the Liouville property for nearly convex
obstacles K

Under some flatness assumptions on f, and following a line of ideas in [26], it turns
out that the Liouville property is still available under small Holder perturbations of
a given convex obstacle K. Namely, the following result holds.

THEOREM 2.6. — Let a € (0,1], let K C RY be a compact convex set with
non-empty interior and let (K.)o<c<1 be a family of C** deformations of K. As-
sume (1.8), (1.9), (1.11) and suppose that J € B{(R") and

/ . .
ﬁﬁ?f <Og£1ﬁﬁg§QHJtv—‘ﬂhuwwKa-

For 0 < e < 1, let L. be the operator given by, for every v € L*(RN \ K,),
La@) = [ I 9)(ely) - o(@)dy.
RN\K.

Then there exists g € (0,1] such that for all € € (0,g0] the unique measurable
solution u, of
Loue + f(u.) =0 a.e in RV \ K,
0<u. <1 ae in RV\ K, (2.7)
us(r) =1 as |z|] - +o0,
isu. =1 a.e. in RV \ K.

Remark 2.7. — It should be noted that the monotonicity assumption (i) in Defi-
nition 1.2 has been made for simplicity and is not necessary for our purposes. More-
over, the conclusion of Theorem 2.6 remains true whenever (K. )o<.<1 is a family of
C% deformations of any compact set K for which the conclusion of Theorem 2.3
is valid. Since there exist some smooth, compact, non-convex and simply connected
sets which are C%* close to a smooth, compact and convex set, Theorem 2.6 im-
plies that the Liouville property holds for some smooth, compact and non-convex
obstacles, and then also for their C%® perturbations. Finally, we conjecture that the
Liouville property of Theorem 2.3 holds for any starshaped compact obstacle as well.

However, as in the local case (see [17, Theorem 6.5]), the above Liouville type
properties cannot be expected for general obstacles. For example, one can easily
find counterexamples if K is no longer simply connected. Take for instance K =
/(1,2) = B, \ B; and suppose that J is supported in Bijs. Then, the function u
defined by

{1 if z € RN\ By,
u(z) = _ —
0 ifxe By,

is a continuous solution of (1.1). Yet, u is not identically 1 in the whole set RY \ K.
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Outline of the chapter. The following first sections are concerned with general
results on the solutions to problems (1.1) or (1.7). Namely, in Section 3, we show
that the solutions are uniformly continuous, more precisely they have a uniformly
continuous representative, if rather mild assumptions are made on f. In Section 4,
we give several comparison principles that fit our purposes. We then use these
comparison principles in Section 5 to construct a radially symmetric lower bound for
the solutions. In Section 6, we study an auxiliary problem which will enable us to
pave the way towards the proof of Theorem 2.4. The remaining part of the chapter
is devoted to the proofs of our main results. In Section 7, we prove, at a stroke,
Theorems 2.2 and 2.3, and with more work we show how to relax the assumptions on u
when the kernel J is compactly supported, that is we prove Theorem 2.4. In Section 8,
as a preliminary result we prove the rough Liouville-type result Proposition 2.1 and
then we establish our robustness result Theorem 2.6.

3 Some auxiliary regularity results

Throughout this section, K is any compact subset of RY, f is any C*(R) function,
and J is any L'(RY) non-negative and radially symmetric kernel with unit mass.
For z € RN, we write

s [ T

Notice that _¢# is a uniformly continuous function in RY. In the sequel, for any
0 > 0, we will denote K the closed thickening of K with width ¢, defined by

Ks := K + B;.

We now prove that, when J is compactly supported and f’ is not too large in
[0,1], then the measurable solutions u to (1.7) are continuous far away from the
obstacle.

LEMMA 3.1. — Suppose that K C RY is a compact set and that J is supported
in the ball By for some 6 > 0. Suppose that

"< 1. 3.1
max f (31)

Let u € L*(RN \ K, [0,1]) be a solution of Lu+ f(u) =0 a.e. in RV \ K. Then u is
uniformly continuous in RN \ Ky, in the sense that u has a representative in its class
of equivalence that is uniformly continuous in RN \ K. If, in addition, J € Bﬁoo(RN)

for some a € (0,1], then u € C**(RN \ Ks) and (1 — maxpy) f')[u]
s )

CO,O&(]RN\K(S) <
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Proof. — For every z and y in RY \ Kj, we have

Lu(z) — Lu(y) = / w(z)(J(z —z) = J(y — 2))dz

RN\ K

—u(x) /RN\K J(x — z)dz + u(y) /}RN\K J(y — 2)dz

—  J(@)ulz) + 7 ()uly) + / u(2) (J(z - 2) - J(y — 2))d=.

RN\K

Since J has unit mass and is supported in By, we get that #(z) = Z(y) = L.
Therefore,

Lu(z) — Lu(y) + u(z) — u(y) = /RN\K u(z)(J(z —2) — J(y — 2))d=.

Now, remember that u is a solution to Lu + f(u) = 0 a.e. in RN\ K. In
particular, there exists a measurable negligible set E such that Lu(z) + f(u(z)) =0
(and u(z) € [0,1]) for all z € RY \ (K U E). Hence, letting

g(t) ==t — f(t),

for ¢ € [0,1], we obtain that

9@4@)—gW@OﬁiéNw@@ﬂJ@F%)—J@—ZDdZZﬁﬂ%y% (3.2)
for all z,y € RV \ (KsUE). Notice that, since J € L'(RY) and u € L>®(R"Y \ K), the
function h defined by the right-hand side of the previous equation can actually be
defined in RY x RY and it is uniformly continuous in RY x RY. Furthermore, by (3.1),
the function g € C'([0, 1]) is such that ¢’ > 0 in [0, 1]. Tt is then a C' diffeomorphism
from [0, 1] to [g(0), g(1)] = [=f(0),1 — f(1)]. Let us denote g~! : [g(0), g(1)] — [0, 1]
its reciprocal.
Fix yo € RV \ (K5 U E). For every z € RV \ (K5 U E), (3.2) yields

9(u(yo)) + h(z,y0) = g(u(z)) € [9(0), g(1)].

Since the function z — g(u(yo)) + h(z, yo) is continuous (in the whole RY) and since
FE is negligible, it follows that g(u(yo)) + h(z,y0) € [9(0),g(1)] for all z € RN \ K
(since any point of the open set RY \ Kj is the limit of a sequence of points in
RN\ (K5 U E)). Define now

u(z) = g (9(ulyo)) + bz, y0)) for z € RN\ K.
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By (3.2), one has & = w in R \ (K5 U E). Furthermore, u is uniformly continuous
in RV \ K owing to its definition, since h is uniformly continuous in RY x RY and
g~' is C! hence Lipschitz continuous in [g(0), g(1)].

Even if it means redefining u by u in RN \ Ky, it follows that w is uniformly
continuous in RV \ K and that (3.2) holds, by continuity, for all z,y € RV \ K;. In
particular, since 0 < u < 1in RY \ K, we get that

Va,y € RVA\ K5, [g(u(@)) — g(u@)] < I+ 2 —y) = J@m). (3:3)

Finally, if J € B (RY) with o € (0, 1], then (3.3) yields g(u) € C**(RN \ Ks) and

J(-+h)—J
[g(u)]coﬁa(m) < su 1€ ) HLl(RN)

— J a .
h#0 |h|> g .m)

Since maxiy(o),41) |(¢7")"] < (1 — maxpy f)~" and 0 < u < 1, one concludes that
u e CO’Q(RN \ K(;) and (1 — maX[O’l] f,) [u]COva(iRN\K(;) g [J]Bf"oo(RN)' D

We now establish a regularity result for v in the whole set RN \ K for flatter

nonlinearities.

LEMMA 3.2. — Suppose that K C RY is a compact set and that

"< inf 3.4
[ .
Let u € L>(RN\ K, [0, 1]) be a solution of Lu+ f(u) = 0 a.e. in R¥\ K. Then, u can

be redefined up to a negligible set and extended as a uniformly continuous function
in RN\ K. If, in addition, J € B (R"Y) for some a € (0, 1], then u € C**(RN \ K)

and
<R%%“\f1< S et ) [l g iy < 211 )
Remark 3.3. — In the case of a compact convex obstacle K, then the conclusion
of Lemma 2.2 still holds if (2.5) is replaced by
1
!

< —-.

w5

Indeed, # > 1/2 in RN \ K when K is convex (remember also that J is always
assumed to be a non-negative radially symmetric kernel with unit mass). The bound
1/2 is somehow optimal, since K can be as large as desired, still in the class of
compact convex sets. However, this bound deteriorates considerably if K is only
starshaped, as the infimum of # in RY \ K can become arbitrarily small. Roughly
speaking, the less convex the obstacle K, the flatter the nonlinearity f needs to be
to insure (2.5) and the interior continuity of the solution u.
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Proof of Lemma 2.2. — Reasoning exactly as in the proof of Lemma 3.1, there
exists a measurable negligible set E such that

Va,y € RV\(KUE), G(z,u(@)) = Gly,uly)) = Mz,y), (3.5)

where h(z,y) is defined in (3.2) (remember also that A is uniformly continuous in
RN x RY) and

G(z,s) = Z(x)s— f(s) for (z,5) € RY x[0,1].

By (2.5) and the continuity of ¢, the function G is such that J,G(x,s) > 0 for all
(r,5) € RN\ K x [0, 1]. For every x € RN \ K, the function G(z,-) is then a C! dif-
feomorphism from [0, 1] to [G(z,0), G(x,1)]. Let us denote H, : [G(z,0),G(z,1)] —
[0, 1] its reciprocal, that is, H,(G(x,t)) =t for all z € RN \ K and ¢ € [0, 1].

Fix yo € RV \ (K U E). For every z € RV \ (K U E), (3.5) yields

G(yo, u(yo)) + h(z,y0) = G(z,u(x)) € [G(z,0), G(z, 1)].

Since the function x — G (yo, u(yo)) + h(x, y0) is continuous (in the whole space RY),
since G is itself continuous in RY x [0,1] and since E is negligible, it follows that
G(yo,u(yo)) + h(z,y0) € [G(x,0),G(z,1)] for all z in the open set RV \ K. Define
now

u(z) = Hy(G(yo, w(yo)) + h(z,y0)) for z € RN\ K.

By (3.5), one has & = w in RV \ (K U E). Furthermore, @ is continuous in RV \ K
owing to its definition, since h is continuous in RY x RY and (z,s) — H,(s) is
continuous in the set {(z,s) € RN \ K x R; s € [G(x,0), G(z,1)]}. Even if it means
redefining v by @ in RY \ K and extending it by @ in RN \ K, it follows that u is
continuous in RN \ K and that (3.5) holds, by continuity, for all x, y in the open set
RY \ K and then in RV \ K. In particular, since 0 < u < 1 in RY \ K, we get that

Va,y e RVA K, |G(z, u(2))) = Gy, uly)| < [J(+2 —y) = Jlp@y.  (3.6)

Finally, define

= inf — >0
TS TR

the positivity of S resulting from (2.5). From (3.6) together with the definition of G
and the inequalities 0 < u < 1 in RV \ K| one infers that, for all z,y € RN \ K,

|7 (@) (u(x) = uly)) — (f(u(z)) = f(u(y)))]
1T(+ 2 —y) = Tll@y) + July) (F (@) = 7 ()]

<
L2+ 2 —y) = Jp@ny.
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It follows from the mean value theorem and the above definition of 5 that
Blu(z) —u(y) <2|J(+z—y) = Jlpgy),

for all z,y € RN\ K. In particular, the function w is uniformly continuous in
RN\ K. Furthermore, if J € B{ (R") for some « € (0,1], then v € C**(RN \ K)
and [ [u]co,a(m) < 2[J]pe_(mn)- The proof of Lemma 2.2 is thereby complete. [J

4 Comparison principles

In this section, we collect some comparison principles that fit for our purposes.
Throughout this section, K is any compact subset of RY  f is any C*(R) func-
tion, and J is any L'(RY) non-negative and radially symmetric kernel with unit
mass.

We start with a weak maximum principle.

LEMMA 4.1 (Weak maximum principle). — Assume that
f' < —cyin [1 — ¢y, +00), for some ¢y >0, ¢; > 0. (4.1)

Let H C RY be an open affine half-space such that K C H® = RN \ H. Let
u,v € L®°(RN \ K) be such that

u, veC(H), (4.2)
and —
il (43)

Assume also that

u>1—c inH, (4.4)
that
lim sup (v(z) — u(z)) <0, (4.5)
|z|—+o0
and that
v<u ae in H\ K. (4.6)

Then, v < u a.e. in RV \ K.

Proof. — We let w := v —u. We want to prove that w < 0 a.e. in RN\ K.
From (4.6), we only have to show that w < 0 in H (remember that from (4.2) both
functions u and v are assumed to be continuous in H). We argue by contradiction and
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we suppose that supz w > 0. Then, thanks to (4.6), one has Supgn g W = supgw >0
and there exists a sequence () ey in H such that

lim w(z;) = sup w > 0.
J=rtoo RN\K

It follows then from (4.5) that the sequence () ey is bounded. Thus, up to extrac-
tion of a subsequence, there exists a point £ € H such that z; = = as j — +o0,
hence w(z) = lim;_, o w(z;) > 0 by (4.2). As a consequence, (4.3) yields

Lw(z) = Lo(z) — Lu(z) > —f(v(7)) + f(u(Z))

1
=—w(z) [ f(tv(z)+ (1 —t)u(z))dt. (4.7)

0
Moreover, combining (4.4) and w(Z) > 0, we obtain that v(Z) = w(Z) + u(z) >
u(Z) = 1 — ¢, and so tv(z) + (1 — t)u(z) > 1 — ¢ for all ¢ € [0,1]. From this
and (4.1), we conclude that f/(tv(z) + (1 — t)u(z)) < —c; < 0 for all ¢ € [0,1]. This

inequality, together with w(z) > 0, yields

—u(@) [ (@) + (1= u@)dt >0

By inserting this information into (4.7), we get Lw(Z) > 0. That is, recalling (1.2)
and the nonnegativity of J,

0 < Lu(z) = / J( — ) (w(y) - w(z))dy

RN\ K
:/ J(i:—y)(w(y)— sup w)dyéO.
RN\ K RN\K
This is a contradiction, and so the desired result is established. O

The next lemma is concerned with a strong maximum principle.

LEMMA 4.2 (Strong maximum principle). — Assume that J satisfies (1.9), with
0 <r <71y Let HC RY be an open affine half-space such that K C H¢. Let
u,v € L°(RY \ K) satisfy (4.2) and (4.3). Assume also that

v<u ae inRY\K, (4.8)
and that there exists T € H such that v(Z) = u(¥). Then,

v=u ae in(H+B,)\K.

133



Proof. — Welet w := v—u. Notice that w(Z) = 0. As a consequence, using (4.3),
we can write

Luw () = Lo(r) — Lu(z) > = f(v(7)) + f(u(Z)) = 0.

On the other hand, w(y) < 0 = w(z) for a.e. y € RY \ K, thanks to (4.8), and
therefore

Lu(z) = / J(z — y)(w(y) — w(z))dy < 0.

Hence, Lw(z) = 0 and
0= J(Z—y)(w(ly) —w(@))dy = J(T —y)w(y)dy.
L)~y = [ G e

From our assumptions, we have w < 0 a.e. in RV \ K. Accordingly, since J is such
that J > 0 a.e. in the annulus <7 (1, r2) from the general assumption (1.9), it follows
that

w(r) =0 ie. v(r)=u(x) forae x€ . (T,r,r) NRY\ K.

In particular, since u and v are continuous in H and H C RV \ K, we get that
v(z) = u(z) forall v € o (z,ry,19) N H =: Q(Z).

Applying the same arguments as above to the new set of contact points ;(z) we
obtain that v(z) = u(z) for all * € & (1,71,72) N H and for all 71 € Q;(Z). As a
consequence, v(z) = u(x) for all x € B,(z) N H with pu := ry — 7. Iterating this
procedure over again implies that v(x) = u(z) for each z in By, (Z) N H and so on in
By, (z) N H for any k € N. Hence, v =u in H.

Therefore, as in the beginning of the proof, it follows that Lw(x) = 0 for all
r € H and

v=u ae. in (H+(r,r))N(RY\K)=(H+B,)\K.
The proof of Lemma 4.2 is thereby complete. n

Finally, we derive a sweeping-type result in the spirit of Serrin’s sweeping the-
orem [127] (see also [106], and page 29 in [120] for a very clear explanation of the
method).

LEMMA 4.3 (Sweeping principle). — Assume that J satisfies (1.9), with 0 <
ry < ro. Let g : R — R be a continuous function, let a,b, s1, o, S3, 54 be some real
numbers such that a < b and 9 < 51 < 89 < 3 < 84. Let u € C(o/(s1, 84)) satisty

/ﬁ( | J(x —y)u(y)dy — u(z) + g(u(x)) <0 for all x € o/(s1,84), (4.9)
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and

/ J(z —y)u(y)dy — u(z) + g(u(x)) <0 for all x € o/(s, s3). (4.10)
,%(81,54)
Let (w-)-¢jap) be a continuous family in C(47 (s, s4)) such that
/ J(z —y)w-(y)dy — w-(z) + g(w.(x)) =0 for all x € o (s1,84). (4.11)
o7 (81,84)

Assume further that there exists 79 € |a,b] such that w,, < w in @/(s1,54). Then
w, < u in 9 (sy,84) for every T € [a, b].

Proof. — Let us define ¥ C [a, b] to be the following set:
Y= {7’ € [a,b]; w, <wuin %(31,54)}.

To prove the theorem, we will show that > is a non-empty open and closed set
relatively to [a,b]. It will then follow that ¥ = [a, b] and the theorem will be proved.
First of all, by definition, X is a closed subset of [a, b] and 7y € 3. To finish our proof,
it remains to show that 3 is an open set relatively to [a, b]. So let us pick 7 € ¥. We
have w, < u in &7 (s1, s4). By continuity of v and w, in the compact set o7 (s1, s4),

either max;—~(w- — u) < 0 or there exists z € @ (s1, 54) such that w(z) = u(z).

In the latter case, using w, < u in &7 (sy, s4) together with (4.9) and (4.11) at the
point z, we get that

0 < / J(z - y)(uly) — w(4))dy <O.
o7 (81,84)

Using the continuity of both w and w, and the fact that J > 0 a.e. in &/ (ry,72)
for some 0 < 1 < ry by (1.9), it follows that w, = w in &/ (z,r1,re) N o7 (s1, S4)
(which is nonempty since 5 < $1) and then w, = w in &7 (2/,ry,re) N &/ (s1,84) for
all 2/ € &/ (z,r1,r2) N &/(s1,54). In particular, it is easy to see that there exists
r > 0 such that w, = u in B,(z) N 47 (s1, s4). As a consequence, the non-empty set
{z € o(s1,51); wr(x) =u(x)} is both (obviously) closed and open relatively to the

(connected) set 7 (sq,s4) and it is thus equal to o7 (s1, s4). In other words, w, = u
in @7(s1,s4), hence

/Q{( | J(x —y)u(y)dy —u(z) + g(u(z)) =0 for all z € & (s1, 54),

contradicting (4.10) in &/ (s3, s3). Therefore, we must have max ;- —~(w, — u) <O0.
Since w, is continuous with respect to 7 in the uniform norm, there exists § > 0 such
that w < win &/ (sq, s4) for all 7 € (1—9, 7+0)N[a, b]. Hence, (1—39,7+0)N[a,b] C
¥, which shows that ¥ is open relatively to [a, b]. O
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Remark 4.4. — The previous arguments immediately show that, when r; = 0
in (1.9), the sweeping principle holds in any compact connected set F. Namely, if
J satisfies (1.9) with r; = 0, if u € C(F) satisfies (4.9) with F' instead of &7(s1, s4)
and the strict inequality somewhere in F', if (w;)-¢[q,4) is a continuous family in C(F)

satisfying (4.11) with F' instead of 27 (s1, s4) and if w,, < u in F for some 7y € [a, b],
then w, < u in F for every 7 € [a, b].

5 Construction of radially symmetric lower bounds

In this section, we derive a first lower bound on continuous non-negative super-
solutions u of (2.3) that we constantly use along this chapter. Throughout this
section, K is any compact subset of RY, f is any C'(R) function, and J is any
L'(RY) non-negative and radially symmetric kernel with unit mass. We recall that
Ji is the non-negative even L!'(R) kernel with unit mass defined for a.e. y; € R by

J1<y1> = /N J(yl,yQ,"' 7yN) dy2 dyN7
RN-1

and that assumption (1.10) means the existence of a continuous increasing function
¢ : R — (0,1) such that

/le(T —0)(¢(0) — o(1))do + f(é(7)) = 0 for all 7€ R,
d(—00) =0, ¢(+00) = 1.

(5.1)

Then, for such ¢, we establish the following lemma:

LEMMA 5.1. — Assume that f and J satisfy (4.1) and (1.10), let v € (0,1] and
let w e C(RN\ K, [v,1]) be a function satisfying (2.3). Then, there exists ro > 0
such that

o(|z| —ro) <wu(z) forallz € RN\ K.

Proof. — Since u(z) — 1 as |z|] — 400, there exists Ry > 0 so large that
K C Bg, and u > 1 — ¢y in RN\ Bg,, where ¢y > 0 is given in (4.1). By (5.1), there
exists A > 0 such that ¢ < 7 in (—oo, —A]. Define

T0:R0+A>0,

and let us check that the conclusion of Lemma 5.1 holds with this real number r.
Let e be any unit vector of RY | that is, e € B = S¥~!. For r € R, let ¢, be
the function defined by

Pre(z) == ¢(e-x —71) for x € RV,
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where e - x stands for the standard inner product in RY. Let (ey,---,exn) be the
canonical basis of RV and let Z be a rotation such that e = Ze;. Set now ¢; := Ze;
for all i € {2,---,N} and, for x, y € RY and r € R, let us define 2* = z — re,
y* =y —re and

X = (le"’,XN) = (:E*-e,x*-'evg,---,x*-é“N) _ %,1 *’
Y = (1/1’..~ ,YN) — (y* . e)y* .’é”2,.” 7,y>(< ."é’N) — %_1y*

Since .J is rotationally invariant, we deduce from (5.1) that, for all z € RY and r € R,

LRNqbr,e(x) = / J(I - y)(¢r,e(y) - ¢r,e(x))dy

_ / L(X1 — YD) (6(Y1) — 6(X1))dY;
> —F(6(X)) = —F(6lx - € — 1)) = — f(6re(2)). (5.2)

Set H, := {x € RY; z-e > Ry} (notice that H,N K = (). We remark that, if r > ry
and z € HS \ K, then

¢r,e(x) - ¢<$ € — T’) < ¢(RO - TO) = ¢(_A) < v < U(ZL‘)
Furthermore, if 7 > 7y, y € K and z € H,, then y-e —r < |y| — 7 < Ry — r and
Gre(®) =¢(x-e—1) 2 d(Ro—71) =2 d(y-e—1) = ¢re(y).

Accordingly, by (5.2) and the definition of H,, for any r > ro and x € H,,

Lyo(a) = Landrela) — /K J(& = 1) (Gre(y) — bre(@)dy > —f(6re(z)).  (5.3)

Consequently, we can exploit the weak comparison principle of Lemma 4.1 (used here
with H = H, C RY \ K and v = ¢,,.) and deduce that

Oz - e =710) = Iroe(r) < ulw),

for every x € RY \ K and also for every x € RV \ K by continuity. This inequality
holds for every e € 9By, while 7y > 0 does not depend on e. In particular, taking
into account the possible choice of e = z/|z| if x # 0 (and any e € 9By if x = 0), we
conclude that

o(|z| —ro) Swu(r) forallz e RN\ K.

This proves Lemma 5.1. O
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Remark 5.2. — If RN \ K is connected, if f(0) > 0 and if J satisfies (1.9)
with 7 = 0 (for instance, if J is continuous at the origin with J(0) > 0), then
Lemma 5.1 holds with v = 0. Indeed, these additional assumptions imply that
infgaxy g u > 0. If not, then by continuity of u and the limiting conditions in (2.3),

there exists zog € RN \ K such that u(xg) = 0. Thus, by (2.3) and f(0) > 0,

0> Lu(zy) = / J(0 — y)(uly) — ulzo))dy,

RN\ K

and u(y) = u(zg) = 0 for all y € B,,(x¢) N RN\ K. Therefore, u(y) = 0 for all
y € RV \ K by repeating this argument and by connectedness of RY \ K. This
contradicts the limit u(y) — 1 as |y| — +oo. Finally, infgx\gu > 0 and the
conclusion of Lemma 5.1 holds.

6 Construction of solutions in large balls

We recall that Br(z) denotes the open Euclidean ball of RY centered at z € RY and
of radius R > 0, and that Bgr = Bg(0). Throughout this section we suppose that
f and J satisfy (1.8), (1.9) and (1.11). Here, for any R > 0 large enough and any
xo € RY, we will construct and study the properties of positive continuous solutions
of the following auxiliary problem

Lha@ov)(x) —v(z) + f(v(x)) =0 for x € Bgr(xo), (6.1)

where

Loyl = [ ERCEEIn (62)

Besides the own interest of (6.1), the properties of some particular solutions v of (6.1)
are essential in the proof of Theorem 2.4, as they will provide key estimates ensuring
to derive the asymptotic behaviour of the solutions w of (2.5) or (2.6). So in Sec-
tions 6.1 and 6.2, our main concern will be to establish, for any zo € RY and R > 0
large enough, the existence of a positive maximal solution v,, r to (6.1), such that
Vgo.r — 1 locally uniformly in RY as R — +o00. Based on the construction of these
solutions in closed balls Br(zy), we will next show in Section 6.3 the existence of
continuous and compactly supported sub-solutions in R¥.

6.1 Existence of a positive solution in Bp(z)

This section is devoted to the proof of the existence of a positive continuous solution
of (6.1) in Bgr(zo), for any R > 0 large enough and any z, € RV,
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LEMMA 6.1. — Assume that f and J satisfy (1.8), (1.9) and (1.11). Assume
further that J is compactly supported and J € L?*(RY). Then there exists dy =
do(f,J) > 0 such that for every oy € RN and R > dy, problem (6.1) admits a
positive continuous solution v : Br(zo) — (0,1) such that maxg, v > 0, where
0 € (0,1) is defined in (1.11).

Proof. — Let zy € RY be fixed, let also Ry > 0 be fixed (independently of )
such that
supp(J) C Bg,,

and pick any R > R;. To construct a solution, we adapt the strategy used in [47]
for the construction of a solution of a local reaction-diffusion equation. The proof is
divided into three main steps.

Step 1: definition and elementary properties of an energy functional &

In the proof of Lemma 6.1, let us extend f by f'(1)(s — 1) for s > 1 and by
—f(—s) for s <0 and denote f this extension. Now, define

t ~
:/ f(s)ds fort € R, c(x) ::1—/ J(x —y)dy €10,1] for z € RY,
0 Br(z0)

and consider the following energy functional

/BR o / = ptuty) = ute)dedy

t3 ) comi@ar= [ Fua

defined for u € L*(Bg(w)). Since J € L'(RY), & is well defined in L?*(Bgr(x0)).
Moreover, using the definition of F' and the oddness of f, we have

Fu(x))dx = F(lu(z)|)dx, 6.4
/B L Fu() / R (6.4)

for any u € L?(Bg(xp)), while elementary computations yield

:——/BM/BM (z — y)ulz)u(y)dady

2 /BR(xo) wi(e)ds - /BR(xo) Flu(z))de.

From the last two formulas, one infers that, for any u € L*(Bgr(xy)),

S =—5 [ [ Iyl
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1

* 5 /BR(xo) |u<x)| e /BR(IO) F(|U(x)|)dx s éa<u>

To complete Step 1, let us check that the functional & is bounded from below in
L?(Bg(zo)). From (1.11) and (6.4), the definition of F' and f, and since f(s) < 0

for s > 1, we see that, for any u € L*(Bgr(xy)),

min{1,|u(z)|} _ 1
/ F(u(x))dr < / / f(s)ds < RN|Bl\/ f(s)d
Br(zo) Bpg(zo) J0 0

where |B;| denotes the Lebesgue measure of the unit ball. Setting

1
Co = |B1|/ f(s)ds >0,
0
we thus get that
&(u) = —CoRN  for any u € L*(Bg(x0)).
Hence, the quantity

v = inf  &(u),

UEL2(BR(930))

is finite.

Step 2: the infimum of & in L?(Bg(x)) is achieved

(6.6)

(6.7)

We shall now see that v is achieved for some v € L*(Bg(z)). So, let (uy)nen be
a minimising sequence. From the inequality & (|u|) < &(u), we may assume without

loss of generality that the functions u,, are all non-negative.

Let us first check that the sequence (u,)nen is bounded in L?(Bg(xg)). To do so,
we recall the definition (6.2) of £5, () and we notice that the principal eigenvalue
Ap of the operator £, () —Id is negative (see for example [2, 15, 51, 75] for a precise

definition of A\, and some of its properties) and satisfies

A= if o &(p),

||<P||L2(BR(IO)):1

where

Sor=g | e e ey [ e

Br(zo)
As a consequence, from (6.6), we get
)\p

E(uy) = —— u?(r)de — CoRY,
2 J Br(xo)
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for all n € N. Therefore the sequence (u,)nen is bounded in L?(Bg(xg)) since it
is a minimising sequence and since A\, < 0. Up to extraction of a subsequence,
the sequence (u,)neny converges weakly in L*(Bg(zy)) to a non-negative function
v € L?(Bgr(x0)).
We actually claim that
E(v) = 1. (6.8)

Due to the lack of compactness in this non-local minimisation problem, we cannot
expect to get a strong convergence in L?*(Bg(zo)) for the minimising subsequence
and therefore passing to the limit in the energy (6.3) is not immediate. To overcome
this difficulty, let us observe that by introducing the function

_ 2

Glt) = [ (s = Fsds = 5 = Fl)

we get from (6.5) that, for any n € N,

1
st)==3 [ [ e pum@un@dedy [ G,
2 Br(zo) ¥ Br(zo) Br(zo)
and therefore

S =) =5 [ [ sa =yl @uns) - oe()ldsdy

2 JBr(wo) J Br(o) (6.9)

[ [Glun@) - Glo@)ds,
Br(zo)

Observe that the double integral in the right-hand side of (6.9) can be rewritten as

m@ﬂ@ﬁéﬂmg@w—wuamuawdﬂm
:L%mﬂaw(émmJW—wmaw—www@dx
+ /B ey ( /B RCE y)un(x)da:> dy.

Using Lebesgue’s dominated convergence theorem, together with the assumption
J € L*(RY) and the L*(Bgr(zo)) weak convergence of the sequence (uy)nen, it is
easy to see that

lim / / J(z — y)un(x)u, (y)dedy :/ / J(z — y)v(z)v(y)dzdy,
"7 ) Br(xo)J Br(o) Br(zo)J Br(zo)
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and therefore

) 1
lim —= /BR(IO) /BR(IO) J(z — y)[un(z)un(y) — v(z)v(y)]dedy = 0. (6.10)

n—-+oo 2

On the other hand, since f'(s) < 1 for all s € R (by assumption), the function G is
convex and, for all n € N, we get

/ (G lun()) — Glo)(@))dz > / G (0(a)) () — v(x)]dz.
Br(zo)

Br(zo)

From the definition of G and f, together with the fact that v € L2(Bg(1)), we infer
that G'(v) € L*(Bgr(xo)). Using the L?*(Bg(xg)) weak convergence of (u,)nen to v,
it follows that
lim inf [G(un(z)) — G(v(x))]dz > 0. (6.11)
n—+o0o Br(zo)
Thus passing to the limit in (6.9), and using (6.10) and (6.11), we obtain y—&(v) > 0.
Together with the definition (6.7) of 7, this shows that v is a minimiser of the energy
&, that is, (6.8) holds.

Step 3: v is a continuous positive solution u of (6.1)

We first show in this step that v is a solution to (6.1) with f instead of f.
From (6.8), v is a critical point of & and in particular, it follows from the formula-

tion (6.5) of & that v is a non-negative weak solution of Zp,uq)[v] —v + f(v) =0

in Bg(zo). Since all functions Zp,)[v], v and f(v) belong to L?(Bg(zg)), the

function v satisfies Zp, o) [v](x) — v(z) + f(v(x)) = 0 for a.e. & € Br(xo). Further-
more, since J € L*(R"), the Cauchy-Schwarz inequality implies that L, ,)[v] €
L>®(Bg(zp)). Therefore, since by (1.11) the function s — s — f(s) is a C'* diffeomor-
phism from R* onto R* and since v is non-negative, it follows from the equation
Lopy) V] —v—+ f(v) =0 a.e. in Bg(zy) that v € L>°(Bg(xo)). Thus by reproducing
the arguments of the proof of Lemma 3.1 we deduce that v has a representative, still
denoted by v, which is continuous in Bg(zg) and satisfies

LBa@o)V](@) —v(x) + f(v(x)) =0 for all x € Bg(xg). (6.12)

Remember now that, from (1.9), J > 0 a.e. in & (ry,ry) with 0 < r; < ry, and
that R > R; > ro > ry, with supp(J) C Bg,. As a consequence, if there exists a
point € Bg(zg) such that v(x) = 0, then, arguing as in the proof of the strong max-
imum principle (Lemma 4.2) or as in the proof of the sweeping principle (Lemma 4.3),
it follows that v = 0 in &7 (x,ry,72) N Br(zo), hence v = 0 in &7 (y,r1,72) N Br(zo)

for all y € & (x,r1,7m2) N Br(xo) and finally v = 0 in B,.(z) N Br(zo) for some r > 0.
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Therefore, the non-empty set {z € Bpr(zo); v(z) = 0} is both (obviously) closed
and open relatively to Br(zo) and is thus equal to Br(zg). As a consequence, either
v =0 in Bgr(zg) or v > 0 in Bg(zo).

In this paragraph, we prove that the solution v constructed is a solution of (6.1),
namely we just need to show that v < 1 in Bg(zg). To do so, define M =
maxg v > 0 and let Z € Bg(zo) be such that v(z) = M. Assume by con-

tradiction that M > 1. By evaluating (6.12) at  and using the definition of f, we
get that

/B =0y = Layiaglel) = M F00) > M

Since v < M in Bgr(xg), this leads to a contradiction. Hence M < 1 and thus v
is a non-negative continuous solution of (6.1) in Bg(zo). Furthermore, as for the
positivity of v, one gets that either v = 1 in Bgr(xg) or v < 1 in Bg(xg). The former
case is impossible since L, (z,)[v] #Z 1 in Br(xo) (indeed, fBR(fEO) J(z —y)dy < 1 for

all € 0Bg(z9)). Thus, 0 < v < 1 in Bg(x).

Finally, let us verify that the solution v constructed is not the trivial solution.
To do so, it is enough to show that &(v) # &(0) = 0. We claim that, for R > R
large enough, &(v) < 0. Indeed, let us consider the test function ¢ = 1pg, (4, €
L*(Bg(xg)). We have

/BR(%) /BR(% (z =) (¢(y) — () dady
Q/Bmo) (2)¢' (@ )dx_/BR(%)F(SD(ﬁ))dx
ZE/BM oz )dx—RN|Bl|/ £(s
/BR:co /RN\BNO (v —y)dedy — R |Bl|/ f(s

Since supp(J) C Bg,, the above equality yields

1
5(90)=—/ / J(z — y)dady — R \Bll/ f(s
2 J Br(zo)\Br_n, (z0) JRN\Br(0)

1

Thus, since fo s)ds > 0, there exists dy = do(J, ) € (R, +00), independent of z,
such that, for every R > dy, the right-hand side of the above inequality is negative
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and thus &(v) < &(p) < 0, which proves our claim. Furthermore, since 0 < v < 1in

Br(zo) and F < 0 in [0,6], one infers that maxg_v > 0, hence v > 0 in Bg(z)

(remember that v was either positive or identically equal to 0 in Bgr(zo)).

As a conclusion, for every R such that R > dy, there exists a solution v €
C(Bg(z0), (0,1)) to (6.1) with maxg v > 0. The point zo € RY being arbitrary
and the constant dy being independent of zy, the proof of Lemma 6.1 is thereby

complete. O

6.2 Existence and properties of the maximal solution in By(z)

Let us now look more closely at the properties of positive solutions of (6.1) and in
particular at the maximal solution, if any. To this end, let us in this subsection
extend continuously f by f’(1)(s — 1) for s > 1 and by 0 for s < 0. To simplify our
presentation let us still denote f this extension.

Let us first recall the notion of maximal solution for problem (6.1).

DEFINITION 6.2. — Let zg € RY and R > 0. A function v € C(Bg(x0),[0,1])
is called a maximal solution to (6.1) in Br(xzy) if any solution w € C(Bg(xy), [0,1])
satisfies w < v in Bgr(x).

The following lemma provides the existence and uniqueness of a maximal solution
to the problem (6.1) when R > 0 is large enough.

LEMMA 6.3. — Assume that f and J satisfy (1.8), (1.9) and (1.11). Assume
further that J is compactly supported and J € L?*(RY). Then there exists dy =
do(f,J) > 0, given as in Lemma 6.1, such that for every o € RY and R > d,
problem (6.1) admits a unique maximal solution v,, g in Br(xo) and vy, g satisfies
0< Vg, R < 1 in BR(JI(]).

Proof. — Let zo € RY be fixed and let R be fixed such that R > dy, where
do = do(f,J) > 0 is given in Lemma 6.1. We will check that the conclusion holds
with this quantity do. First of all, the uniqueness of the maximal solution in Bg(x),
if any, is a trivial consequence of its definition.

Let us then focus on the construction of a maximal solution. From Lemma 6.1,
there exists a solution v € C(Bg(xg),(0,1)) to (6.1). Now, remember that 1 is a
strict super-solution to (6.1). Therefore, since f is Lipschitz continuous, it follows
that we can construct a maximal solution v,, g € C(Bgr(z0), (0,1)) to (6.1) such that

0<v<vr <1 in Br(z),

by using standard monotone iterative scheme as in [51, Theorem A.1]. For the sake
of completeness, let us describe this scheme in the next paragraph.
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First, let us observe that, from the assumptions on .J, the linear operator Zp, ()
is a continuous operator in C'(Bgr(xg)). Next let us choose a real number k > 0 large
enough such that the function s — —ks — f(s) is decreasing in R. We can increase
further % if necessary to ensure that k& + 1 € p(Lp,(w)), Where p(ZLpp(z)) denotes
the resolvent of the operator £z, ). We note that, by this choice of k, the operator
LBr(zy) — (k+1) satisfies a comparison principle, in the sense that if w € C(Bg())
satisfies Zp,(z0)[w] — (k + 1)w > 0 in Br(xo) then w < 0 in Br(xo) (see [51, 53]).
Now, set vg = 1 and let v; € C(Bg(zo)) be the solution of the following linear
problem

Lr@ovi](r) — (K + Dvi(x) = —kvo(x) — f(vo(x)) for x € Br(wo).  (6.13)

The function v, is well defined, since by construction the continuous operator £/, (o) —
(k + 1) is invertible. We claim that v < v; < vy in Br(xp). Indeed, since v (< 1)

and vy = 1 are respectively a solution and a super-solution of (6.1), we have, for

r€B R(xg),

ZLig(ao) 01 = vol(2) = (k + 1)(v1(2)

1(#) = v0(7)) = =Ly [1](2) + 1,
L)1 = 0l(x) = (k+ 1) (0i(z) = v(2)) =

—kvo(z) — f(vo(x)) + kv(x) + f(v(x)).
Thus implying that

Lo [V1 = vo]() = (k + 1) (vi(x) — vo(2))

0,
Lo 1 = v](2) = (K +1)(v(2) —0(2)) <0

VAN

So, the inequality v < vy < wvg in Bg(zg) follows from the comparison principle
satisfied by the operator Zp,,) — (k + 1). In particular, 0 < v; < 1 in Bg(xo).
Now let vy € C(Bg(xg)) be the solution of (6.13) with v, instead of v; in the left-
hand side and v; instead of vy in the right-hand side. From the monotonicity of
s +— —ks — f(s) and from the comparison principle, we have v < vy < v; < v
in Br(zp). By induction, we can construct a non-increasing sequence of functions

(Un)nen in C(Bgr(xg)) satisfying v < v,41 < v, < vg in Br(x) and

ZLig(wo) Uns1]() = (K + Dvnya (v) = —kva(2) = f(on(w))  for z € Br(zo). (6.14)

Since the sequence is non-increasing and bounded from below, the quantity

Vg r(7) == iInf v,(z) = lim v,(z) € [v(x),1] (C (0,1])

neN n——4o00

is well defined for every x € Bg(xg). Moreover, by passing to the limit in the
equation (6.14) and using Lebesgue’s dominated convergence theorem, it follows
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that vy, g is a solution of (6.1). As in the proof of Lemma 3.1, we infer that v, r
is continuous in Bg(xy) and, as in the proof of Lemma 6.1, we get that v,, p < 1 in
Br(zg). To sum up, vy, g is a solution of (6.1) belonging to C'(Bg(xy), (0,1)).

We finally claim that v,, p is a maximal solution to (6.1). Indeed, let w €
C(Bg(z0), [0,1]) be any solution to (6.1). By replacing v with w in the arguments of
the previous paragraph and using the fact that the sequence (v, ),en is defined with
the same initial value vy = 1, we get that w < v, in Bg(xq) for every n € N, hence
w < Uy g in Br(x). The proof of Lemma 6.3 is thereby complete. n

The maximal solutions v,, r possess some important properties, in particular they
are monotone non-decreasing with respect to the domains.

LEMMA 6.4. — Let us assume that f and J satisfy (1.8), (1.9) and (1.11).
Assume further that J is compactly supported and J € L*(RY). Let dy = do(f, J) >
0 be given as in Lemmata 6.1 and 6.3. The following properties hold:

(i) for every x1, 2o € RY and dy < Ry < Ry such that By, (1) C Bg,(22), then

Vay By () < gy, (v)  for all x € B, (x1);

(i) for every zy € RN and R > dy, the function vy (- — o) defined in Bgr(z)
satisfies v p(- — To) = Vgo.r in Br(xo);
(iii) for every xo € RN and R > dy,

mMin Uz 4p = MAX Uy 2R-
Br(zo) Br(zo)

Proof. — The proof of (i) is straightforward. Indeed, let z1, 7o € RY and dy <
Ry < Ry be such that Bg, (21) C Bg,(x2). Recall from the proof of Lemma 6.3 that
Uzy.ry € C(Bpg,(22),(0,1)) can be defined as vy, g, = lim,, o vy, Where (vp,)nen is
the sequence of positive functions in C(Bg,(z2), (0, 1]) defined by induction by vy = 1
in Bg,(z2) and, for n € N,

XBRz(m)[vnH](x) — (k+ Dvpga(z) = —kv,(z) — f(va(z)) for x € Bg,(x2).

Here k > 0 is such that k + 1 € p(Zpy, x,)) and the function s — —ks — f(s) is
decreasing. By increasing £ if necessary we may assume that k£ + 1 € ,0((,2”532 (@2)) N
,0(,2”331 (z1))- Now observe that, for any n € N, v, satisfies

L, @) [Vns1](T) = (kK + 1) v (7) < —kv,(7) — f(va(x))  for x € Bg, (71), (6.15)

that is, the function v, is a super-solution to problem (6.14) in Bg, (z1). We claim
that, for every n € N,

Uy my () S v, (2) for all z € By, (7).
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To do so, we proceed by induction. By construction of v,, r, and the definition of
vy, we know that vy, g, () < vo(z) for all x € Bg,(z1). For n € N, assume that
Uz, r, (2) < vp(2x) for all x € By, (1), and let us prove that vy, g, (z) < v41(x) for
all z € Bg,(z1). Let w := vy, g, — Vpy1 in Bp, (21). From (6.15), since the function
s — —ks — f(s) is decreasing and v, g, () < v,(z) for all x € Bg, (x1), we see that
w satisfies

gBRl(xl)[w](l‘) - (k + l)w(x) > _kvazl,lﬁ (ZE) - f(vx1,R1<w)) + ]{J’Un(ZE) + f(?]n(l‘)) > 07

for € Bg,(z1). Since the operator Zp, () — (k + 1) satisfies the maximum

principle we then deduce that w < 0 in Bpg, (x1), that is, v, g, (x) < v,41(x) for all
x € Bpg,(z1). Therefore, for every x € Bg, (21), we have vy, g, (z) < limy,, 4o vp(2) =
Vg, Ry (x)

(ii) follows from the following observations. For any z, € RY, the function

vo.r(+ — x9) € C(Br(x),(0,1)) satisfies

gBR(zO)['UO,R(' — l‘o)](ZE) — ’U07R(2? — ZE()) + f(U07R($ — ZEQ)) = O fOI" all xr € BR(,CE()).

Therefore, by the maximality of vy, g, it follows that vo r(- — z0) < vy,r in Br(zo).
Similarly, one can show that v, (- + o) < vo g in Bp. Finally, vo.r(+ — %0) = Ugy.r
in Bgr(zo).

To prove (iii), we simply observe that, for any x; € Bag(xg), one has Byg(z1) C
Bur(xo) and, by (1), vzgar = Uz, 2r i Bag(x1). Property (ii) yields vy, 2r(- — (21 —
%)) = Vs 2r 10 Bag(xy), hence

Vo ar(T) = Vg or(x — (21 — 30))  for all x; € Bag(xg) and x € Bag(x1).

Now, since for every =,y € Bgr(xg) there exists (a unique) x1 € Byg(zg) such that
y=1x— (x; —x9) and x € Br(x1) C Bag(z1), the latter inequality implies that

Vo aR(T) 2 Vg 2r(T — (T1 — 20)) = Ve 2r(Y),

for all x,y € Bgr(zg), which completes the proof. O

We can now state our last property about the maximal solution.

LEMMA 6.5. — Let us assume that f and J satisfy (1.8), (1.9) and (1.11).
Assume further that J is compactly supported and J € L?>(RY). Then, for every
g € RN, v,y g — 1 as R — +oo locally uniformly in RV,

Proof. — Let 2y € RY be fixed. Consider any non-decreasing sequence (R, ),cn
in [dy, +00) and converging to +oo, where dy = dy(f, J) > 0 is given in Lemmata 6.1
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and 6.3 (we recall that dy > R;, where supp(J) C Bpg,). Thanks to part (i) of
Lemma 6.4, the sequence (vy g, )nen is non-decreasing, in the sense that vy, g, <
Uzo,R, 0 Br, (x0) for all n < p. Moreover, 0 < vy g, < 1in Bg, (o) for each n € N.
As a consequence, the sequence (v, g, Jnen converges pointwise in RY to a function
0 < v < 1 which, thanks to Lebesgue’s dominated convergence theorem, satisfies

J*0(z) —v(x) + f(v(x)) =0 for all z € RY, (6.16)

As in the proof of Lemma 3.1, the function v can be viewed as a uniformly continuous
function and therefore the limit v, r, — ¥ holds locally uniformly in R".

Consider now any r; € RY and any § € [dy, +0o0). We can then extract a
subsequence of (R,)nen that we still denote (R,)neny such that, for all n € N,
Bs(z1) C Bg,(z9) and R,y1 > 4R,. By Lemma 6.1 and parts (i) and (iii) of
Lemma 6.4, we get that

1> min vy g, ., =2 MN Vg g, = MIN Uy 4r, = MaAX Vg 2R, =
Bs(@1) By, (z0) Bry, (z0) Bry, (o)

(6.17)

-2 IMaX Uy g, = MaX Uy g, = MaX Uy 5 > 0.
Bgr,, (%0) Bj(x1) Bs(x1)

Taking the limit as n — +00 in the inequality

min vz g,,, = Max Uz R,
Bs(@1) Bs(@1)

we obtain that

min ¥ > max ?.
Bs(z1) Bs(z1)

Hence, v is equal to a constant C,, s in Bs(x;) and, thanks to (6.17), there holds
6 < C,, s < 1. Furthermore, since r; € RY is arbitrary, it follows that v is equal to
a constant C € (0,1] in RV,

Lastly, (6.16) yields f(C') = 0. Since f satisfies (1.11) and 0 < C < 1, we infer
that C' = 1. Therefore, o = 1 in R" and thus the sequence (v, g, Jnen converges to
1 locally uniformly in RY as n — +o0. Since the non-decreasing sequence (R,,)nen
converging to +o0o is arbitrary, and so is § € [dy, +00), it follows that v,, r converges
to 1 locally uniformly in RY as R — +oo. The proof of Lemma 6.5 is thereby
complete. O

6.3 Compactly supported continuous sub-solutions in RV

In this section, we construct compactly supported continuous sub-solutions from R¥
to [0, 1] of problems of the type (6.1). Such continuous sub-solutions will then serve
as a building block of some lower bounds in the proof of Theorem 2.4.
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Let us first introduce some useful notations. For o € RY, R > 0 and z € RY, let
Z...r(z) be the projection of z on the closed convex set Br(xo), that is, &, r(x) €
BR(I()) and

|z — Py .r(x)| = dist(z, Bgr(xp)) = min |z —y|.
yEBR(z0)

LEMMA 6.6. — Assume that f and J satisfy (1.8), (1.9) and (1.11). Assume
further that J is compactly supported and J € L*(RY). Let dy = do(f,J) > 0 be
given as in Lemmata 6.1 and 6.3 and, for any o € RN and R > d, let Ugo.R €
C(Bg(g),(0,1)) be the maximal solution of (6.1). Then there exists &g > 0 such
that, for any zo € RN, R > dy and ¢ € (0,d], the continuous function w, ps :
RY — [0,1) defined by

me,R,zS(x) = max {Uﬂ?o,R(’@wo,R(x)) - 571 |23 - gzwo,R(xNv 0}7 (618>

satisfies

/ I D s Y s (0) ) 20, (619)
B

z0)

J/

:gBR/ (zq) [wzo,R,tS](‘T)

for all z € RN and all R > R+ 6.

Proof. — In view of (6.18), we see that, for every o € RN, R > dy and § > 0, the
function wy, g s is continuous RY, that 0 < wy, gs < 1 in RY, that wyy ps = vgor in
Br(zo) and that wy zs = 0 in RN \ Bris(zo).

We set g(s) .= s — f(s) for s € [0,1]. From (1.11), we see that

v = r[%lilr]lg’ > 0. (6.20)

We recall that, by (1.11), J is assumed to belong to W11(RY), and set

Jo =1 - (/RN VJ(2)] dz> o (6.21)

Let us now fix any 7o € RY, R > dy, § € (0,80) and let us check that (6.19) holds
for any R' > R + 9. Since both w,, s and J are non-negative and since wy, s = 0
in RV \ Br. (), recalling also that f(0) = 0 due to (1.11), we see that it is sufficient
to show (6.19) for x € Brys(xg). Furthermore, by monotonicity of the integral with
respect to R, it is enough to show (6.19) for R = R + 0.

For any x € Brys(xg), there holds

/ J(x — Y)W, rs(y)dy = / J(x — y)wyy,re(y)dy
Bpr+s(zo)

Br+s(z0)\Br(z0)
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4 / J(z = 9)ve 1 (y)dy.
Br(z0)

Therefore, it follows from the above equality and the definitions of v,, g and wy, gs

that, for € Br(xg),
/ J( — Y)Yt 5(0) Ayt s (x) + [ (130 15())
Brys(zo0)

= / J(x — y)way,rs(y)dy > 0.
Bprys(z0)\Br(zo)

To complete our proof, we have to show that the above inequality holds also for
x € Bris(xo) \ Br(xo). To this end, let us consider x € Brys(xo) \ Br(zo) and set

$(x) = Vg, R(Puo.r(x)) and 7(zx) := dist(z, Br(zo)) = |v — Pyy,r(x)| > 0,
that is, wy, ps(z) = max{s(z)—d'7(x),0}. From the nonnegativity of J and wy, rs

and the fact that w,, ps = vy.r in Br(zo), we have

/ (@ = y)wan s (5)dY — W mn (@) + F (w5 00 (7))
Brys(o)

2/3( J(2—y)Vgy.r(y)dy—max{s(z) =5 '7(z), 0} + f(max{s(z) -6 'r(z), 0}).

x0)
(6.22)
Now, two situations may occur: either s(z) < d~'7(z) (that is, w., rs(z) = 0), or
s(z) > 67 '7(x) (that is, wyy rs(x) > 0). In the first situation, we easily conclude
that

/ J(% = )t 15 (9) Ay 15 (2) + F (s s ()
Br+s(zo)
> / J(& — y)vs (y)dy > 0.
BR(.’II())

So let us now assume that s(z) > 6~ '7(z), that is,
0 < Way.rs(®) = s(z) — 67 '7(2) < 8(2) = Vay 1( Py r(2)) < 1. (6.23)

Let us rewrite the first integral in the right-hand side of (6.22) as

/ J(x — y)vzp r(y)dy = / [J(x —y) = J(Puo,r(x) — ¥)|Vag,r(y)dy
Br(zo)

Br(zo)

T / J( Py 1) — 9)van n(y)dy.
Br(zo)
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Since v, g solves (6.1) in Br(xg), since

Pro.r() € Br(zo) and s(x) = vag r(Pugr (1)),
and since J € WH1(RY), the above equality yields

/B ( )J(w — Y)ao,r(y)dy = s(x) — f(s(x)) —/ [ J(z = y) = J(Puor(2) — y)ldy.

Br(zo)

> 5(0) = f6le)) = [ 17— 9)=H(Pro (o) = )l

> s(x) — f(s(x)) — () X /RN |IVJ(2)|dz.

Combining now the above inequality with (6.22) and s(z) — ¢ '7(z) > 0, and us-
ing (4.38), (4.39) and (4.40), we get

/ (2 — )y s (9)dy — s s (@) + F(wny ns(2))
Bprys(zo)

> g(s(x)) — g(s(x) =0~ 7(x)) =0 ' 7(z) = (v~ — 70 )7(x) > 0.

This is the desired inequality and the proof of Lemma 6.6 is thereby complete. [

7 The case of convex obstacles: proofs of the main
Liouville type results

In this section, we prove our main results. We first consider in Section 7.1 the case
where J is a general kernel satisfying (1.9), namely we prove Theorems 2.2 and 2.3.
Once this is done, we consider in Section 7.2 kernels having compact support and
we prove Theorem 2.4. Section 7.3 is devoted to the proof of a lemma used in the
proof of Theorem 2.4. Throughout Section 7, we always assume that K is a compact
convex set and that f and J satisfy the conditions (1.8), (1.9) and (1.10).

7.1 General kernels: proofs of Theorems 2.2 and 2.3

Let us start our proof of Theorem 2.2 with the following simple observation.

LEMMA 7.1. — Let K C RY be a compact convex set and assume (1.8) and (1.9).
Let uw € C(RN\ K, [0, 1]) satisfy (2.3), that is,

Lu+ f(u) <0 in RV\ K, (7.1)

u(z) = 1 as |z| = 4o0. (7.2

Then there exists v € (0,1] such that vy < u < 1 in RN\ K.
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Proof. — We proceed by contradiction. Suppose that the conclusion does not
hold. Then, by continuity of u and (7.2), there exists a point o € RV \ K, such that
u(zg) = 0. Arguing as in the proof of the strong maximum principle (Lemma 4.2)
or in the proof of the sweeping principle (Lemma 4.3), we get that u = 0 in
o (xg,r1,79) N RN\ K| where 0 < r; < ro are given in (1.9), and then u = 0 in
o (x1,r1,79) NRN\ K for all 1 € o/ (xg,71,72) "RV \ K. Since K is convex, it
follows in particular that « = 0 in B,(z¢) NRN \ K for some r > 0. Finally, the non-
empty set {:U e RV\ K; u(z) = O} is both (obviously) closed and open relatively to

the connected set RV \ K. Hence u =0 in RV \ K, contradicting (7.2). O

We now turn to the proof of Theorem 2.2.

Proof of Theorem 2.2. — Let K, f, J and u be as in Theorem 2.2. Firstly, with-
out loss of generality, one can assume by (1.8) that f is extended to a C''(R) function
satisfying (4.1). Secondly, by (2.3) and the boundedness of K, there exists Ry > 0
large enough so that K C Br, and u > 1 — ¢y in RN \ Bg,, where ¢q > 0 is given
in (4.1).

We proceed the proof by contradiction, and suppose that

inf u<1. (7.3)
RN\ K

From (2.3) and (7.3), together with the continuity of u, there exists then xy € RN \ K
such that

u(xg) = RIIJ\}I\I}I{U €1[0,1).

We observe that, by Lemma 7.1, one has u(xg) > 0. Now, since K is convex, there
exists e € 0B; such that K C H¢, where H, is the open affine half-space defined by

H, ::x0+{x€RN; :L'-e>0}.
In light of assumption (1.10), there exists an increasing function ¢ € C'(R) such that

Jixg—¢+ f(¢) 20 inR,

Let us also define the function

QDT(JZ) = Qbr,e(x) = gb(m e — T), T RN7

and the following quantity
Ty ::inf{TE]R; gorguinRN\K}.
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From Lemmata 5.1 and 7.1, we know that r, € [—o0, ]|, where rq > 0 is given in
Lemma 5.1.
We claim that in fact
Ty = —00. (7.4)

The proof of (7.4) is by contradiction. We assume that r, € R. Then, there exists a
sequence (&) jen of positive real numbers such that ¢, . () = ¢(z-e—r.—¢;) < u()
for all z € RV \ K and ¢; — 0 as j — +oo. Thus passing to the limit as j — +o0,
we obtain that

or, () <u(z) forallz e RV\ K.

Let us denote H the open affine half-space
H:{xERN; x-e>R0}.

Notice that H N K = () and that u is well defined and continuous in H. We also
observe that, by construction,

sup ¢, < 1. (7.5)
HC
Two cases may occur.
Case 1: infye\ g (u — ¢y, ) > 0. In this situation, thanks to the uniform continuity
of ¢, there exists € > 0 such that

inf (u— ¢, _.) > 0.
HIP\K<“ Pro—c)

Now, we observe that u and ¢, _. satisfy

Lu+ f(u) <0 in H,
LQDT'*_E + f(go’f'*_g) 2 0 ln ﬁ (by (53))7
Uz, in H°\ K,

together with u > 1— ¢y in RV\Bg, D H and limyg| 400 u(z) = 1, while ¢,, _. < 1in
RY. Thus, by the weak maximum principle (Lemma 4.1) and the continuity of u and
Or,—e In RV \ K| we get that u > ¢,, . in RN \ K. This contradicts the minimality
of r, and therefore Case 1 is ruled out.

Case 2: infyex(u — ¢,,) = 0. In this situation, by (7.2) and (7.5), and by
continuity of u and ¢,,, there exists a point z € H¢\ K such that u(Z) = ¢,, (7).
Note that Z € H,, since otherwise Z € RY \ H,, namely 7 - e < 7 - ¢, and the chain
of inequalities
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leads to a contradiction. Therefore, we have ¢,, < u in RY \ K with equality at a
point z € R¥ \ K N H,. Since K C H¢ and ¢, and u satisfy respectively

it follows in particular from the strong maximum principle (Lemma 4.2) that ¢,, = u
in H,. Thus, for any et € dB; such that et - e = 0, one infers from (7.2) and the
definition of ¢, that

1= lim u(ze+tet) = lim @, (v +tet) = @, (w0) < 1.
t——+o0 t——+o0

This contradiction rules out Case 2 too.
Hence (7.4) holds true and as a consequence we have that ¢, < u in RV \ K for
any r € R. In particular, recalling that ¢(+o00) = 1, we get that

1> u(xg) =2 lim @.(z9) = lim ¢(zg-e—1)=1,
r——00

r——00

a contradiction. Therefore, (7.3) can not hold. In other words, ianu =1, ie.
u=11in RN \ K. The proof of Theorem 2.2 is thereby complete. ]

We observe that, by the same token, we obtain Theorem 2.3.

Proof of Theorem 2.3. — By Lemma 2.2, Remark 3.3 and our assumptions on f,
we know that w has a (uniformly) continuous representative u* € C(RN \ K) in its
class of equivalence and we can identify v with v*. The desired result now follows as
a consequence of Theorem 2.2. O

7.2 Compactly supported kernels: proof of Theorem 2.4

In this subsection we prove Theorem 2.4. That is, provided some additional as-
sumptions on f and J are satisfied, we show that the Liouville result obtained in
Theorem 2.2 holds true when the uniform limit of v as |z| — 400, namely condi-
tion (7.2), is replaced by the following weaker condition

esssup u = 1, (7.6)
RN\ K

where u : RN \ K — [0,1] is a measurable solution of Lu + f(u) =0 a.e. in RV \ K.
The condition (7.6) can be rewritten as

sup u =1, (7.7)
RN\K
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if u is already assumed to be uniformly continuous in RV \ K. Note that the extra
assumptions (2.4) made on f (namely f’ < 1/2 in [0, 1]) actually guarantees that u
has a uniformly continuous representative in its class of equivalence, as follows from
Lemma 2.2 and Remark 3.3. As a consequence, in the proof of Theorem 2.4 we can
assume without loss of generality that v : RN \ K — [0, 1] is uniformly continuous
and satisfies (7.7). Notice immediately that the same arguments as in the proof of
Lemma 7.1 imply that

u>0 in RV\ K. (7.8)

Otherwise u would be identically equal to 0 in RN \ K, contradicting the assump-
tion (7.7).
The key-point in the proof of Theorem 2.4 is the following lemma.

LEMMA 7.2. — Let K C RY be a compact set and assume that f and J satisfy
(1.8), (1.9) and (1.11). Assume further that J is compactly supported and J €
L*RY). Let u: RN\ K — [0,1] be a uniformly continuous solution of (2.5). Then,
u(z) — 1 as || — +oo.

The proof of Lemma 7.2 is postponed in Section 7.3. In this section, we complete
the proof of Theorem 2.4.

Proof of Theorem 2.4. — From the previous paragraphs, the function u can be
assumed to be uniformly continuous in RV \ K without loss of generality. Then, since
the condition (1.11), together with (1.8) and (1.9), implies the condition (1.10), the
assumptions of Theorem 2.2 are all fulfilled, thanks to Lemma 7.2. Therefore u = 1
in RV \ K, completing the proof of Theorem 2.4. ]

7.3 Proof of Lemma 7.2

This section is devoted to the proof of Lemma 7.2. It is divided into four main steps.
To prove Lemma 7.2, it suffices to show that for any € > 0 small enough there exists
R(e) > 0 such that u > 1 — ¢ in RV \ Bg(). To obtain such a lower bound, our
strategy relies on the existence of continuous families of continuous sub-solutions w,
which satisfy w, > 1 —¢ in By(z,) for some z, € RV (these sub-solutions are drawn
from Section 6.3). Then, we use the sweeping principle to propagate the lower bound
satisfied by the w,’s to a lower bound for w.

Step 1: the solution u is close to 1 in some large balls

In this step, we show that, for any € > 0, £ > 0, and R > 0, there exists a point
r* € RV \ K such that

lz*| > ¢, Bg(z*) CRY\ K, and u > 1—¢ in Bg(z*). (7.9)
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To do so, notice first that, from (2.5) and the continuity of v in RV \ K, two
situations may occur: namely, either there exists a sequence (z,,),en C RY \ K such
that

lim |z,| =400 and lim wu(z,)=1, (7.10)
n—+o0o n—+00
or there exists a point £ € RV \ K such that u(z) = 1. In the latter case, since
f(u(z)) = f(1) = 0, we get, as in the proof of Lemma 7.1, that v = 1 in RN \ K:
the claim (7.9) is therefore trivial in this case.

Thus, it suffices to treat the former case (7.10) only. Consider the functions wu,

defined in RV \ K — z,, by

up(z) = u(x + ).

Since w is uniformly continuous in RY \ K and since K is compact and lim,, o |2,,| =
+00, it follows that, for every r > 0, the functions u,’s, ranging in [0, 1], are de-
fined in B, for all n large enough and are uniformly equicontinuous in B,. From
Arzela-Ascoli theorem and the diagonal extraction process, there exists a continuous
function us, : RY — [0,1] such that, up to extraction of a subsequence, u, — U
locally uniformly in RY as n — 4o0. Furthermore, u,,(0) = 1 by (7.10). On the
other hand, the functions wu,’s satisfy

/(RN\K)_% J(x — y)un(y)dy — </(]RN\K)—xn J(x — y)dy> tn (@) + flun(z)) = 0,

for all z € RN\ K — x,,. Lebesgue’s dominated convergence theorem implies that
J % Uog — Uso + f(Usg) =0 in RV,

Since f(us(0)) = f(1) =0 and uy < 1in RY, we get as in the proof of Lemma 7.1
that 4. = 1 in RY. In particular, for any fixed € > 0, ¢ > 0, and R > 0, it follows
that, for every n € N large enough, there holds |z,| > ¢, Br(z,) C RY \ K and
u, = 1—¢in Bg, that is, u > 1 —¢ in Bg(z,). In other words, the claim (7.9) holds
with * = x,, and n large enough.

Step 2: a sub-solution in a ball

Fix € > 0 small enough so that f/ < 0 in [1 —¢,1], and let us now establish a
lower bound for u in a ball far away from K, by using a sub-solution drawn from
Section 6.3. We recall here that R; > 0 is such that supp(J) C Bg,.

We first claim that there exist z* € RV, 0 < R; < Rx < R and a function
w € C(RY,[0,1)) such that

[w]—w+f(w) = 0in RY, w>1—¢in By(z*), w=0in RY\ B, (z*).
(7.11)

{ Brii(z*) € R¥\Bg, € RNM\K, u>1—c¢in Bpy(z*),

Bpr41(z*)
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To show this claim, let Rx > max{l, R;} be such that K C Bg,. Then choose
R > max{Rg,dp} > 1 (dgiO is given as in Lemmata 6.1 and 6.3) such that the
maximal solution vy r € C(Bpg, (0,1)) to problem (6.1) in Bp satisfies

vor=>1—¢ in By, (7.12)

Note that such a real number R exists according to Lemmata 6.3 and 6.5. On the
one hand, as far as the first line in (7.11) is concerned, formula (7.9), applied here
with ¢ = R+ 1+ Rg > 0 and R+1 > 0 in place of R, yields the existence of 2* € RY
such that

|z*| > R+ 1+ Rk, (7.13)

(hence, Bry1(z*) C RY\ Bg, € RV\K) and
u>1—¢ in Bry(z*). (7.14)

Thanks to (7.12) and part (ii) of Lemma 6.4, the maximal solution

Uz R € C(BR(:E*)? (07 1))7
to problem (6.1) in Br(x*) satisfies v« g = 1 — € in By(2*). On the other hand, as
far as the second line in (7.11) is concerned, Lemma 6.6 provides the existence of a
function w € C(RY,[0,1)) such that

gBR+1(w*)[w] —w+ f(w) 2 0in RN: W = Vg R in BR('I*) ) Bl(ll*),

and w = 0 in RN \ Bg,1(z*). As a consequence, z*, Ry, R and w fulfill (7.11).
We then claim that
w<u in RY\ K. (7.15)

Since w = 0 in RY \ Bgyi(z*) and u > 0 in RV \ K, we only need to show that
w < uin Bpyq(z*) (C RN\ K). Denote

zi=w—u,
in Brii(z*) and assume that

max z = z(z) > 0,
Br1(z*)

for some z € Bgryi(z*). Since Bryi(2z*) C RV \ K and w and J are non-negative
with J having a unit mass in L*(RY), it follows from the equation Lu + f(u) = 0
satisfied by u in RV \ K that

L) [W](T) = w(@) + f(u(z)) < 0.
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Together with the first inequality of the second line of (7.11) applied at z, we get
that

gBR+1($*)[Z] (i') - Z(f) + f(w(j)) - f(u<i'>> P

0.
Since z < 2(Z) in Bgryi(z*), one has L, [2](Z) — 2() < 0. Furthermore,
remembering (7.14) and the choice of ¢, there holds 1 — ¢ < w(Z) = w(z) — 2(Z) <
w(Z) < land f' < 0in [1—e, 1], hence f(w(Z))—f(u(z)) < 0. This contradicts (7.16).
Therefore, maxg =y 2z < 0, that is, w < w in Bpryi(2z*) and then in RV \ K.

xT*

(7.16)

Step 3: a lower bound in annuli with large inner radii

Let us now construct some families of sub-solutions and exploit the sweeping

principle (Lemma 4.3) to get a lower bound of u in some annuli. To do so, let
€ RN, 0 < Ry < Rg < Rand w € C(RM,[0,1)) be as in (7.11). Consider any

orthonormal basis (eq,- - ,ex) of RY and, for 7 € [0, 27], let %, be the rotation of
angle 7 in the plane spanned by (e, ey) (that is, Z,e; = (cos7)e; + (sinT)es and
Hres = —(sinT)e; + (cosT)es) and leaving invariant the vectors eg, - -+, ey. We set

A= %<|Jf*‘ — R — 1, ’QJ*| + R+ 1) = B\$*|+R+1 \ B\LE*|—R—1'

From (7.11), note that A € RN\ Bg,, € RN¥\ K (hence, AN K = (). Now for each
7 € [0,27] and x € RN, we set

we(x) == w(Z%,x).

Thanks to the rotational invariance of J and A, and since Brii(2*) C A and both
J and w are non-negative, it follows from (7.11) that each function w, satisfies

2L, [w,] —w,; + flw,) >0 in RY.
On the other hand, it follows from (2.5) that the function u obeys
2, Jul(x)—u(x) + f(u(z))

— é o J(z — y)u(y)dy — u() (1 _ /R . JI(a — y)dy) <0,

for all x € RV \ K and therefore for all z € A In addition, thanks to positivity

of w in RV \ K (remember (7.8)) and the fact that J > 0 a.e. in &/ (ry,ry) with

0<r <ry <Ry < Rg <R (remember (1.9) and supp(J) C Bg,), one infers that

/ J(z—y)u(y)dy >0 for all x € A" := & (|a*|+R+1—ry, |2*|+R+1) (C A),
RN\ (KUA)

hence

L ul(x) —u(z) + f(u(z)) <0 forall z e A
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Sincew < uin A(C RN \ K) by (7.15) and o < Rg < |2*|—R—1by (7.13), it follows
from the sweeping principle (Lemma 4.3) applied to u, to the family (w;);cp,2- and
to

(s1,82,83,84) = (Jz*| = R—1,|z"| + R+ 1 —ro,|z"| + R+ 1,|z"|+ R+ 1),

that _
w, <u in A for every 7 € [0, 27]. (7.17)

Notice also (even if the following inequalities will not explicitly be used in the next
step) that, since w > 1 — ¢ in By(z*) by (7.11), the family of estimates in (7.17)
implies in particular that u > 1 — ¢ in (U, o, Bi1(%;'2*). Since the previous
arguments are independent of the choice of the orthonormal basis (ej,...,ey), we
also get that uw > 1 — ¢ in &7 (|o*| — 1, |z*| + 1).

Step 4: conclusion

Let us now finish our argument. To complete the proof of Lemma 7.2, we will
again construct an adequate family of sub-solutions and use the sweeping principle
to push further the estimates obtained in the previous step. To do so, pick some
p > 0 and consider the domain

A, =d(z"| —R—1,|z"|+ R+ 1+p),

where R > 0 is defined in Steps 2 and 3. From (7.11), we note that A, C RN\
Br, C RN\ K (hence, A,N K = (). Next, consider any rotation Z of R, let
e = z*/|z*| € OBy and, for each o € [0, p] and = € RY, denote

W, (z) :=w(Zzx—oe).

As in the previous step, from the rotational invariance of J and A,, and since
Bprii(z* 4+ oe) C A, for every o € [0,p] and both J and w are non-negative, it
follows from (7.11) that each function W, satisfies

L, Wol =Wy + f(W,) 20 in RY.
Similarly, it follows from (2.5) that the function u obeys
Z

u) —u+ f(u) <0 in RN\ K,
(and therefore in A,), while
L ] —u+ fu) <0 in (2" + R+ 14 p—ry 2’|+ R+ 1+p) (CA,).

From the inequality (7.17) of the previous step (which holds for every = € [0, 27]
and for every orthonormal basis (e, - ,en)), we have Wy < u in A and then in
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RN\ K (since Wy =0 in RM \ A and u > 0 in R¥ \ K. As a consequence, Wy < u
in A,. Finally, it follows from the sweeping principle (Lemma 4.3) applied to u, to
the family (W, )scp0,, and to

(s1,52,83,80) = (|27| = R=1,[2"| + R+ 1+ p—ro |2" [+ R+ 1+4p, 2"+ R+ 1+p),

that W, < uin A, for every o € [0,p]. Since w > 1 — ¢ in By(z*) by (7.11), we
obtain in particular that

u=zl—¢ in U By(%Z(z* + oe)).

o€l0,]

The previous arguments being independent of the choice of p > 0 and the rotation
Z of RN, we conclude that

u(x) > 1—¢ forall |z] > |z"| — 1.

Since € > 0 can be arbitrarily small, the proof of Lemma 7.2 is thereby complete.

8 The case of small perturbations of convex ob-
stacles

In this section, we explore further the validity of the Liouville Theorem 2.2 and
we prove Theorem 2.6, a kind of stability result for the Liouville property. In the
spirit of the results of Bouhours [26], we show that the Liouville property obtained
in Theorem 2.2 still holds true for small perturbations of convex obstacles, provided
some additional assumptions are made on f and J. To do so, we adapt to our problem
the arguments developed in [26] and, in particular, we will rely on the following

LEMMA 8.1. — Assume all hypotheses of Theorem 2.6. Then, for every ¢ € (0, 1),

there exists a real number Rs > 0 such that, for any ¢ € (0, 1] and any measurable
solution u. : RN \ K, — [0,1] of (2.7), there holds u.(z) > 1 — ¢ for a.e. |z| > Rs.

Before proving Lemma 8.1, let us first establish a preliminary “rough” Liouville-
type result, namely Proposition 2.1.

Proof of Proposition 2.1. — We recall that f € C'([0,1]), that J is assumed to
satisfy (1.9), that K is a compact set such that RY \ K is connected, and that
u: RN\ K — [0,1] is a continuous solution of (1.1) such that f > 0 on [6,1]. Let
us set

m = inf u € [6,1].
R\K
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Suppose, by contradiction, that m < 1. Let (x,),en € RV \ K be a sequence such
that u(x,) — m as n — 4o00. Since u(z) — 1 as |z| — +oo, the sequence (x,,),en is
bounded and, up to extraction of a subsequence, we may assume that it converges
to some = € RNV \ K. Evaluating the equation satisfied by u at z,, we obtain

[ e = i) (ue) — ulza)dy + fua) =0
RN\K
By assumption, f(u(z)) > 0 for all z € RN \ K and therefore

[ I = )aty) - ute))dy <0,

RN\ K

Since J € L'(RY) passing to the limit in the above inequality results in

0< [ @ y)aty) - mdy <o,

RN\K

Thus, arguing as in Section 4 and using (1.9) and the connectedness of RY \ K,
we obtain that u = m (< 1) in RV \ K. Since u(z) — 1 as |z| — +oo, we get a
contradiction. The proof of Proposition 2.1 is thereby complete. O

Let us now turn our attention to the proof of Lemma 8.1.

Proof of Lemma 8.1. — First of all, in virtue of Lemma 2.2, we know that, for
every ¢ € (0,1], every measurable solution u. : RV \ K. — [0,1] of (2.7) possesses a
Holder continuous representative uf € C%*(RN \ K.). Consequently, we are allowed
to identify u. with u?. For simplicity, we omit the superscript * and write simply u.
instead of u}.

Let us then continuously extend f by f/(0)s for s < 0 and by f’(1)(s — 1) for
s > 1 and still denote f this extension. We also observe that, since (K. )p<e<1 is a
family of (at least) C%* deformations of K in the sense of Definition 1.2, there exists
a real number Ry > 0 such that

K. C Bg, forall0<e<l. (8.1)

Notice now that it is sufficient to show the conclusion of Lemma 8.1 for § > 0
small enough. For any ¢ > 0 small enough, we are going to consider an auxiliary
problem whose solutions will provide an appropriate lower bound for u,., allowing us
to prove the desired uniform convergence as |r| — +o00. To this end, for § € (0, 1),
denote

_ _ f(1=14/2)
fs(s) = f(s) — f(1=6/2) for s € R, and s5:= W
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It is immediate to check that there exists d; € (0, 1) such that, for every § € (0, d;),
one has ss <0<1—-0/2<1and

fs<finR, fi=f<1/2inR,

f5(85> =0, fg(S(;) <0, f5(1 — (5/2) 0, f(;(l — 5/2 < 0, f

fs vanishes only once in (s5,1 — 6/2).

02 fi(r)dr > 0,

Using the results obtained in [13, 45, 50, 155, we know that, for every & € (0, ),
there exists a continuous function ¢s : R — (s5,1 — §/2) satisfying

Lrgs + f5(¢s) = J1 x s — ds + f5(ds) = 0 in R,
¢s is increasing in R,

ps(—00) = s5, ¢5(0) =0, ¢s(+00) =1-4/2.

Fix in the sequel any 6 € (0,6;), any € € (0,1] and any (Hodlder-continuous)
function u. : RV \ K. — [0, 1] solving (2.7). For A > 0, we let ®5 4 be the function
defined in RV by

5,4 (x) = ds(|z] — A).

We observe that, by construction, we have
Qs p,(x) <0< u. foral xe By, \ K.. (8.2)

Our aim is to extend the above relation to all # € RN \ Bg,. Since u.(z) — 1 as
|z| — 400, there exists R. > Ry such that u.(z) > max(1l — ¢, 1 — 6/2) for all
|z| > R. where ¢q > 0 is such that f* < 0 in [1 — ¢g,+00). Then, reasoning as in
Lemma 5.1 (or using directly that ®54 — s5 < 0 as A — +oo locally uniformly in
RY and @54 < 1 —4/2 < 1in RY), we obtain that, for some A, > 0,

(I)(;A Ue in RN \ K
Consequently, it makes sense to define
A* .= inf {A €ER; &54 <uein RN\KE} < A..

We claim that
A" < Ry, (8.3)

We argue by contradiction and assume that A* > Ry. From the definition of A* and
the continuity of ¢, we have

(I)(g A* UE in RN \ K (84)
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If mmm(uE — @5 4+) > 0, then from the uniform continuity of ¢s, there exists

7 > 0 small enough such that ®5 4+, < u. in Bg_ \ K.. On the other hand, ®5 4+, <
1—-6/2 < u. in RV \ Bg.. Hence, ®s54-_, < u. in RV \ K_, a contradiction with
the definition of A*. Therefore, minBR%\Kg(uE — @5 4+) = 0. Since u. and P; 4+ are

continuous, there exists zo € Bg, \ K. such that

(1)5714* ({Eo) = U¢ (ZE())

Since A* > Ry by assumption, it follows from (8.2) and the strict monotonicity of
;5 4 with respect to A that xo € B, \ Br,. Let us set ey = x/|zo| and define the
open affine half-space

H:={zeR"; z-e >Ry} (CRY\K,).
From (8.4) and the definition of ®; 4+, we have
uc(z) = p(z) := ¢s(x - eg — A*) for all z € RN \ K..
Reasoning as in Lemma 5.1 and recalling the assumptions on fs, we have that

Lou.+ f(u.) =0 in H,
Lo+ f(p) >0 in H (asin (5.3)),
u. > ¢ in RN\ K,
ue () = p(x) with zo € H.
Applying the strong maximum principle (Lemma 4.2) we obtain in particular that
ue = ¢ in H. This is impossible since u.(x) — 1 as |z| — +oo, while p < 1-§/2 < 1

in RY. As a consequence, the claim (8.3) holds true.
From (8.3) and the monotonicity of ®s 4 with respect to A, we then deduce that

(135730 < (D(S,A* < Ue in RN \ Ke'
Since € € (0,1] and u. : RN\ K. — [0, 1] solving (2.7) were arbitrary, since Ry > 0
verifying (8.1) was independent of €, and since ¢5(+00) = 1—0/2 > 1—46, the desired
conclusion follows. H

We are now ready to prove Theorem 2.6.

Proof of Theorem 2.6. — First of all, as in the proof of Lemma 8.1, it follows from
Lemma 2.2 that, for every ¢ € (0, 1], every measurable solution u. : RV \ K. — [0, 1]
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of (2.7) can be identified with its Holder continuous C%*(RN \ K_.) representative.
Furthermore, Lemma 2.2 yields

2[J]Bp &)

[UE]CU,Q(W) < A= " " 7
oiréilx@é%f\;(n 1 (z = )o@ sey) — max f

Note that A is independent of . In particular, for every €, € (0,1] and every R > Ry,
where Ry > 0 is chosen as in (8.1), the family (u.)p<c<e, is uniformly bounded in
C%*(Bgr \ K.,). Recalling that K, — K as ¢ — 0" in the C%“ sense, there exists
a sequence (£;);en € (0,1] converging to 07 and a function vy € CO*(RN \ K) such
that, for all R > Ry and 5 € (0, a),

||U£j — uOHCOvB(WKsj) — 0 as j — +00. (85)

Notice that 0 < up < 1in RV \ K. By Lemma 8.1 we know that u.(x) — 1 uniformly
in € > 0 as || - 400. Consequently,

up(z) = 1 as |z| = +oo. (8.6)
Now, we claim that
Lug(x) + f(up(x)) =0 in RV \ K, (8.7)

where L is given by (1.2). This can be seen as follows. First, fix « in the open set
R\ K and an integer jo large enough such that = € RV \ K., for all j > jo. Notice
that f(ue,(z)) = f(uo(z)) as j — 400 since f is continuous. Next, for all j > jo we
have

Lo (0) ~Lao(e) = [ =), —w0)) — o, —0) )]

[ I ) - ule)dy
Ko \K
For every R > Ry and j > jo, there holds

|Le,ue; (v) — Lug(z)] < 2/ J(m—y)dy—l—Q/ J(x—y)dy
Ko \K RY\Bp
Hllue, — uollzeBrvie,) + lue, (2) — uo(z)].

Since K., — K in the C%* sense and J € L'(R"), we have in particular that the
first term in the right-hand side converges to 0 as j — +o00. Recalling (8.5) and
letting first j — 400 and then R — 400, we find that

Le,uc; () — Lug(z) — 0 as j — +oo0.
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Therefore, (8.7) holds for all z € RV \ K and finally for all z € RV \ K by continuity
and boundedness of ug in RV \ K.

Remember now that vy, € C(RN \ K,[0,1]). By (8.6), (8.7) and Theorem 2.2,
we infer that ug = 1 in RV \ K. This also shows that the limit of the functions
U, is unique and, hence, u. — 1 as € — 07 in the sense of (8.5), not only along a
subsequence.

We conclude by contradiction. Suppose then that there exists countably infinitely
many numbers in (0, 1], which we label in decreasing order as (g;);en, such that

g; — 07 as j — +o00 and

VieN, Jz; e RV\ K., u,(r;) = min u., <1 (8.8)
RN\K-,

Note that this makes sense since, without loss of generality, we have identified
the functions u.; with their continuous representatives in RV \ K... We observe
that (1.11), (8.8) and Proposition 2.1 yield that

ue,(x;) <0 forall j € N,

Now, since the functions u., converge uniformly to 1 as |z| — 400 (by Lemma 8.1),
the sequence () en is bounded. Hence, up to extraction of a subsequence, we may
assume that x; — Z as j — +oo, for some £ € RV \ K. Furthermore, since the
functions u., converge to up =1 as j — +oc in the sense of (8.5), we obtain that

1>0>u, (xj>j:>m ug(T) = 1.
This is a contradiction. Therefore, there exists an g € (0, 1] such that u. = 1 in
RN\ K. for every € € (0,&0) and for every measurable solution u. : RV \ K. —
[0,1] of (2.7) (after identification with its continuous representative). The proof of
Theorem 2.6 is thereby complete. ]
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Chapter 4

A counterexample to the Liouville
property of some nonlocal
problems

This chapter is inspired by the paper [30] written in collaboration
with J. Coville.

1 Introduction

1.1 A nonlocal problem in heterogeneous media

Let K be a compact set of RY with N > 2, and let || be the Euclidean norm in RY.
We are interested in the qualitative properties of positive solutions u to the following
problem

Lu+ f(u) =0 in RN\ K,
0<u<1l inRVN\K, (1.1)
u(z) = 1 as |z| = +oo,

where f is a bistable nonlinearity with f(0) = f(1) = 0 and L is the nonlocal operator
Lu(w)i= [ I y)(aly) — u(@)dy. (12)
RN\ K

with J € L'(R") a non-negative kernel with unit mass. The precise assumptions on
f and J will be given later on.

This type of model naturally arises in the study of the behavior of particles
evolving in a heterogeneous medium. The typical kind of problem we have in mind
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comes from population dynamics. In this setting, the movement of the individu-
als is modelled by a stochastic process that is defined in a domain that possesses
several inaccessible regions (reflecting the heterogeneity of the environment). At the
macroscopic level, the corresponding density of population u(t, ) satisfies a reaction-
diffusion equation that is defined outside a set K, which acts as an obstacle. When
the individuals follow isotropic Poisson jump processes, this reaction-diffusion equa-
tion is given by
ou
yri
and the solutions to (1.1) are particular stationary solutions to (1.3).
In recent years, much attention has been paid to the case of Brownian diffusion.
In this situation, the reaction-diffusion equation takes the form

Lu+ f(u) inRxRV\ K, (1.3)

@:Au—kf(u) in R x RV \ K,

ot (1.4)
Vu-v=0 onR x 0K.
This problem was first studied by Berestycki, Hamel and Matano in [17]. There,
it is shown that there exists a solution to (1.4) that satisfies 0 < u(t,z) < 1 for all
(t,z) € R x RN\ K, as well as a classical solution, .., to

Atse + fltse) =0 in RN\ K,
Vius v =0 on JK,
0< U <1 inRV\K,
Uso(z) = 1 as |z| = +o0.

(1.5)

This latter solution is actually obtained as the large time limit of wu(t,z); more
precisely:

u(t,r) = uso(x) as t — oo, locally uniformly in z € RV \ K.

In addition, they were able to classify the solutions us, to (1.5) under some geomet-
ric assumptions on K. When the obstacle K is either starshaped of directionally
convex (see [17, Definition 1.2]), they prove that the solutions to (1.5) are actually
identically equal to 1 in the whole set RV \ K. This was further extended to more
complex obstacles by Bouhours who showed a sort of “stability” of this Liouville type
property with respect to small regular perturbations of the obstacle, see [26]. From
the biological standpoint, this means that, after some large time, the population
tends to occupy the whole space.

Yet, when the domain is no longer starshaped nor directionally convex but merely
simply connected, it is shown in [17] that this Liouville type property may fail.
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In other words, the geometry of the domain may force the population to diffuse
heterogeneously in space, even after some large time.

It is expected that (1.1) and (1.5) share some common properties. In particular,
some of the results obtained for (1.5) should, to some extent, hold true as well for
(1.1).

Recently, Brasseur et al. [31] have shown that (1.1) enjoys a similar Liouville
type property when K is convex (or close to being convex) and when the data f and
J satisfy some rather mild assumptions. That is, any solution u to (1.1) is identically
equal to 1 in the whole set RV \ K. They also point out that this cannot be expected
for general obstacles since one can easily find counterexamples when K is no longer
simply connected. Indeed, take for instance K = .27(1,2) = B, \ B; and suppose
that J is supported in Bj /. Then, the function v defined by

{ 1 ifzeRV\ By,
u(z) = _ —
0 ifxe By,
is a continuous solution to (1.1); yet, u is not identically 1 in the whole set RV \ K.
In view of this, it is natural to ask:

what are the optimal geometric assumptions on K ensuring that (1.1)
enjoys such a Liouville property?

So far, this question remains open.

In this chapter, our main concern is to find out whether it is possible to construct
a nontrivial simply connected obstacle K, as well as data f and J, for which (1.1)
has a continuous solution u which is not identically equal to 1.

Note that this is actually a quite reasonable question. Indeed, since the Liouville
property does not hold true on annuli it is quite natural to expect counterexamples
on simply connected obstacles which are “c-close” to an annulus. We will see that
this is indeed the case. Precisely, we will construct a family of simply connected
compact sets K. and data f. and J. for which the solution to (1.1) need not be
identically equal to 1.

1.2 Main results

Before we state our main results, let us first specify the assumptions made all along
this chapter. We will assume that J is such that

J € L*(RY) is a non-negative, radially symmetric kernel with unit mass,
there are 0 < r; < ry such that J(z) > 0 for a.e. x with r; < |z| < ro,

M(J) = /RN J(@)|z]de < +oo and J € WH(RY),
(1.6)
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and that f € C'([0,1]) is a “bistable” nonlinearity, namely
360 € (0,1), f(0)=f(0)=f(1)=0, f<0in(0,0), f>0in (0,1),

1 1.7
/ f(s)ds >0, f'(0)<0, f'(6)>0, f(1)<0, f'<1in]l0,1]. (.7
0
Our first result reads as follows
THEOREM 1.1. — Let N > 2. Then, there are smooth (non-starshaped) simply

connected compact obstacles K and data f and J satisfying (1.6) and (1.7) for which
problem (1.1) has a positive nonconstant solution u € C'(RN \ K, [0, 1]).

The obstacles constructed in Theorem 1.1 are almost of the same nature as those
given in [17] for the local case. Namely, we consider an annulus &/ into which a small
channel is pierced, see Figure 4.1 below for a visual illustration.

By contrast with the classical reaction-diffusion, the operator L does not enjoy
strong compactness properties and has no regularising effects. So our construction is
not a simple adaptation of the techniques of proof used for the local problem (1.5).
One of the novelties of this chapter is that we show how to circumvent these issues.
As we shall explain in the sequel, our argument is in fact general enough to recover
the local problem as a limit case (see our remarks below).

Let us briefly describe our approach. Our strategy relies essentially on two ingre-
dients. First, we take advantage of the fact that the kernel J and the nonlinearity f
may be chosen at our convenience. That is, instead of considering the problem (1.1),
we can consider a rescaled version of (1.1) given an appropriate choice of J. In our
setting, J will be such that

supp(J) = B, for some r > 0, and J € L*(R") is radially non-increasing. (1.8)

Then, given a small parameter ¢, we look for a nonconstant positive solution u. to
/ Je(@ —y)(ue(y) — ue(2))dy + fe(ue(r)) =0 in RM\ K, (1.9)
RN\ K
that further satisfies 0 < u. < 1in RV \ K and u.(x) — 1 as |z| — 400, where

f-(s) :=e%f(s) and J.(z) = giNJ (f) i

3

In order to prove Theorem 1.1, we only need to show that, for some £ > 0, there is
some obstacle K. such that (1.9) admits a positive nonconstant solution ..

Second, we consider a well-chosen family of smooth simply connected obstacles
(K:)o<e<1 that look like an annulus with a tiny channel of diameter of the order of
eN/(N=1) pierced in it (see the Figure 4.1). Given such a family, we prove that, for e
small enough, (1.9) indeed admits a positive nonconstant continuous solution. More
precisely, we prove the following
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THEOREM 1.2. — Let N > 2. Let J and f be such that (1.6), (1.7) and (1.8)
hold. Then, there exist €, > 0 and a family of smooth simply connected obstacles
(K:)o<ec1 C R such that, for all 0 < ¢ < ¢*, there is a positive nonconstant solution
ue € C(RNV\ K, [0,1]) to (1.9).

Due to the lack of a strong regularising property of (1.9), the construction of u,.
relies essentially on elementary arguments. In particular, we obtain a solution u. to
(1.9) using an adequate monotone iterative scheme and elementary estimates. The
main difficulty in our proof lies in the construction of an adequate pair of ordered
continuous sub- and super-solution in a context where the equation (1.1) does not
allow the use of traditional schemes based on compactness arguments. To cope with
this major difficulty, we make a detailed construction of the obstacle K. and design
it in such a way that we still can obtain standard L2-estimates by elementary means.
This requires a detailed analysis of all the parameters involved at each steps of our
construction, especially when we construct our super-solution. To construct our
super-solution we rely on the fact that a solution u. to (1.9) satisfies in particular

% [ M) @) ) =0 (110

and, from there, relying essentially on the Bourgain-Brezis-Mironescu characterisa-
tion of Sobolev spaces (see e.g. [27, 118]), we can interpret the first term on the
left-hand side as a nonlocal approximation of Au in the sense that its energy ap-
proximates the L?-variation of u. This, in turn, with a pertinent choice of K. and
a well-chosen auxiliary problem, allows one to derive a priori bounds to construct a
super-solution by means of variational methods.

A striking consequence of our construction is that it adapts almost straightfor-
wardly to other situations. For example, it applies to the standard reaction-diffusion
equation (1.5) providing so an alternative proof of the existence of a counterexam-
ple. But it also extends to broader classes of nonlocal operators where the dispersal
process need not be isotropic but instead depends on the geodesic distance between
points in RN \ K. Indeed, our proof also adapts (with almost no changes) to opera-
tors of the form

L) = [ Tl ) o) )y (111)

where dg(-, ) is the geodesic distance on RV \ K and J e LL (0,00) is such that

loc

sup / J(dy(,y))dy < oo, (1.12)
RN\K

z€RN\K

and z — J(|z|) satisfies (1.6). More precisely, we have
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THEOREM 1.3. — Let N > 2. Then, there are smooth (non-starshaped) simply

connected compact obstacles K and data f and J satisfying (1.7) and (1.12) for
which the problem

(1.13)

Lou+ f(u) =0 inRV\ K,
u(z) = 1 as|z| — +oo,

has a solution u € C(RN \ K, [0,1]) which is not identically equal to 1 in RN \ K.

The obstacle K and the data f and J (= J(]-|)) constructed at Theorem 1.3 are
exactly the same as in Theorem 1.1.

Problem (1.13) is of interest in its own right. It gives an alternative way to
describe the evolution of particles within a perforated domain which, in some situ-
ations, may be regarded as more realistic. The point here is that particles cannot
travel through K (as is it the case for problem (1.1)). Instead, they are compelled
to “bypass” K as if it was a material obstacle. This particularity may be helpful to
study the dynamics of some species (such as worms or spores) for which this behavior
is well-suited.

When needed we will state in side remarks the necessary changes to make to the
proofs in order to handle this type of dispersal processes.

Remark 1.4. — It turns out that the techniques of proof used in [31] to establish
the Liouville property of (1.1) for convex domains also apply to this modified setting
(at least when J is non-increasing), but we leave this to a subsequent paper.

The chapter is organized as follows. After describing our notations, we recall
some results from the literature in Section 2. In Section 3, given a pair (J, f) we
construct an adequate family of obstacles. Then, in Section 4, we construct some
particular super-solutions to the problem (1.9). Finally, in Section 5, we use the
super-solution constructed at Section 4 to prove Theorem 1.2.

Notations

Let us list a few notations that will be used throughout the chapter.

As usual, S¥=! denotes the unit sphere of RY and Bg(x) the open Euclidean ball
of radius R > 0 centred at z € RY (when z = 0, we simply write Br). We denote
by &7 (Ry, Ry) the open annulus Bg, \ Bg,.

For a compact set 2 C RY, we denote by diam(fQ) its diameter, given by

diam(Q2) := sup |z —y|.
z,y€)

The N-dimensional Hausdorff measure will be denoted by #”. For a measurable
set £ C RY, we denote by |E| its Lebesgue measure and by 1p its characteristic
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function. If 0 < |E| < oo and if g : RY — R is locally integrable, we denote by

][E g(z)de = ﬁ / g(z)de,

the average of g in the set E. Also, we denote by LP(E), 1 < p < oo, the Lebesgue
space of (equivalence classes of ) measurable functions g for which the p-th power of
the absolute value is Lebesgue integrable when p < oo (resp. essentially bounded
when p = 00).

2 Preliminaries

In this section, we recall some known results that will be used throughout the chapter.
In most cases, we will omit their proofs and point the interested reader to the relevant
references.

We first state a general existence result.

LEMMA 2.1. — Assume that f and J satisfy (1.6) and (1.7). Let K C RY be a
compact set and let u,u € C(R™ \ K) be such that

Lu+ f(u) <0 inRY\ K,
Lu+ f(u) >0 inRY\ K.
Assume, in addition, that
limsup u(x) = lim wu(z) =1, (2.1)
and that
0<u<u<l inRV\K. (2.2)

Then, there exists u € L®(R™ \ K) such that

Lu+ f(u) =0 inRY\ K,
u<u<u inRV\K.

Although the proof of Lemma 2.1 relies on rather standard arguments it is not
straightforward. For this reason, we will give a detailed proof (which is postponed
to the Appendix at the end of the chapter).

Next, we recall a regularity result for nonlocal equations of the form

/Q Ay £ )+ S =0 m K, (9
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where
S@i= [ ey (2.4
RN\K
Precisely,

LEMMA 2.2. — Assume that f € C'([0,1]) and that J satisfies (1.6). Let Q C RY
be an open set having C! boundary. Suppose that K C ) is a compact set and that

"<inf #Z. 2.5
B < >

Let u € L>*(Q\ K, [0, 1]) be a solution to (2.3) a.e. in Q\ K. Then, u can be redefined
up to a negligible set and extended as a uniformly continuous function in Q \ K.

For a detailed proof, we refer to [31, Lemma 3.2] (see also [13, 19]).

Remark 2.3. — Note that {2 need not be bounded. In particular, Lemma 2.2
holds when 2 = R”.

Finally, we recall the following result

LEMMA 2.4. — Let K C RY is a compact set and suppose that f and J satisfy
(1.6) and (1.7). Assume further that J is compactly supported and that J € L*(R").
Let u € C(RM \ K,[0,1]) be a solution to

Lu+ f(u) = 0 in RN\ K,

sup u = 1,
RN\ K

(2.6)

Then, u(x) — 1 as |z| — oc.

The proof may be found in [31, Lemma 7.2].

Remark 2.5. — The above results still hold when .J(x—y) is replaced by J(dg(x,y)).
For the validity of Lemma 2.1 in this case, we refer to Remark 5.4 in the Appendix.
On the other hand, a careful inspection of the proof of [31, Lemma 3.2] shows that
the condition (2.6) with _# replaced by

Sy [ Ty (2.1

still implies the continuity of solutions to

J(dg(w,y))uly)dy — 7 (x)u(z) + [f(u(z)) =0,

Q\K

in '\ K. Similarly, Lemma 2.4 holds as well with L, (as given by (1.11)) instead of
L since its proof requires only estimates on convex regions on which it trivially holds
that dg(z,y) = |z — yl.
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Figure 4.1. Nlustration of K. in dimension 2.

3 Construction of a family of obstacles

This section is devoted to the construction of an appropriate family of obstacles
(K:)o<e<1. Our construction will depend on the interplay with the datum (J, f). As
mentioned in the introduction, we will assume that J satisfies (1.6) and (1.8) and
that f satisfies (1.7). However, before constructing (K. )p<c<1, we need to define some
important quantities depending on f and J. We will call Cy > 0 and Ms(J) > 0 the
constants respectively defined by

Co = max f(s), (3.1)
My(J) = /R RCERS (3.2)

Note that the assumptions (1.6) and (1.7) guarantee that these two numbers are

well-defined. Furthermore, we introduce two quantities, Cy ; and Rj, respectively
defined by

WQMQ(J)
32N

0C
i f) = Za (3.4)

Let us now start the construction of the obstacle. Fix some R; > 2 and let
0 < Ry < Ry(J, f) (where Rj(J, f) is as in (3.4)). Let 0 < € < 1 be a small

CNJ = (33)

175



parameter and set 7 := f=. We call & the annulus & = &/(Ry, R;) and we

consider a smooth compact simply connected set K. C &7 satisfying the following
properties:

(i) Eﬂ{xERN; xlgO}CKE,
(i) & N{z €eRY; 2, > 0,]2'| > 27} C K,
(i) K. C (@ N{zeRY; z; <0} U(FN{zeRY; 2, >0,[z| >},
(iv) & (Ro+e"/4, R — e /4)n{z e RN,z > 0,]2| 2 &7} C K.,
where x = (z1,2') and 2’ = (22, ...,zy) (see Figure 4.1).
Furthermore, we define the following open set:
F. .=\ K..
We will refer to (K.)p<e<1 as the family of obstacles associated to the pair (J, f).

Let us also list in this section a preparatory lemma.

PROPOSITION 3.1. — Let N > 2 and let (J, f) be a pair satisfying (1.7) and
(1.8). Let (K:)o<e<1 be the family of obstacles associated to the pair (J, f). Let

1 z
() 1= & d J.(z) = —J (-) . 3.5
1(s) = 2(s) and Jo(2) = =7 (= (35
Then, there exists some £q > 0 depending only on N, Ry, J and f’, such that
! inf (r — for all . .
I[I(l):‘:ﬁ( i< weﬂl&\& /IRN\KE Jo(x —y)dx, for all e € (0,¢e9) (3.6)

Proposition 3.1 will play an important role in the sequel. Inter alia, it guarantees
that the solutions of some nonlocal equations defined in the sequel are continuous.

Proof. — By assumption (1.8), up to rescale J, we may assume without loss of
generality that supp(J) = Byjo. Now, let 0 < ¢ < &1 := min{1, Ry/2}, z € RV \ K,
and define

F.:={2€RN;Ry < 2 < Ry, || <&} and A.(z) := B.sN (F. — ).

We will estimate from below the integral in the right-hand side of (3.6). For it, we
will treat separately the case where x € F. and the case where x € RV \ (K. U F).

Step 1: Lower bound in ]*N}

Let z € fg. Since J. is radially non-increasing, non-negative and supported in
B.),, there is some J. : R, — R, such that J.(z) = J.(|z|) and supp(J.) = [0,£/2).
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Thus, passing to polar coordinates, the mass carried by J.(x —-) in ﬁa can be written
as

/ﬁ Jo (v —y)dy = /As(w) Je(y)dy = /SN_1 (/05/2 ILAE(x)(at)i(t)tN—ldt) AN (o).

Notice that A.(z) is a convex set and that 0 € A.(x). In particular, both ¢ —
Ia.(w)(ot) and t — J.(t) are non-increasing functions. Hence, using Chebyshev’s
integral inequality (see e.g. [109, Theorem 2.5.10, p.40]), we have

N e/ N_1 2 N-1 N-1
/NsJE(x—y)dy >W/SN1 (/0 La @) (ot)t dt/O J(t)t dt) d" (o).

Since J. has unit mass and supp(J.) = B, /2, one has

e/2 _
/ LN dt = oyt = (N|By]) 7,
0

where oy = #V-1(SN1). Ergo,
1 €/2
/ Tz —y)dy > —— / Ly ootV 1dt | 4N (o)
F | Bejal Jon-1 \ Jo

F,
! / 1o ()d
= — A () (¥)dy.
| Bz 2| B )

Since F. C RY \ K. and A.(z) = B.jo N (}?’5 —x), we get

B. NE. ~
/ Jo(z —y)dy > M, for any x € F.. (3.7)
RN\ K, |Ba/2|

Let us now estimate the quantity |B./(z) N F.|. Observe that for ¢ small enough,
say when 0 < & < g5 := 4~V=1 one has £/2 > 2¢7. In particular, this implies that
B./>(z) N F. always contains an hyper-rectangle of the form .7 ((0,£/4) x (0,2e7) x
+++ % (0,2¢7)) for some translation 7 of RY, so that

|B. o) N EL| > (e/4) x (267)N 71 = oV =8N+

Therefore, recalling (3.7), we obtain that, for all 0 < e < ey and all x € }Nf}, it holds

/ J-(r —y)dy > Cie, (3.8)
RN\K.
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for some C'; > 0 depending on N only.
Step 2: Lower bound in RN \ (K. U F.)

Let us now consider the case where 2 € RN\ (K. U F.). For it, we first note that,
since 0 < 7 < & < Ry/2 (remember 0 < € < &1), the point zg := (Rp,£7,0,---,0) €
aﬁe satisfies

20| = R + € < Ry + Roe" /2 < (Ro + £7/4)%,

which implies that ﬁg N Bryterja 7 0. On the other hand, it is clear from the
definition of F, that F. \ Bg,_.v/a # 0. A consequence of this is that

ﬁsﬂM(Ro+€7/4, R1—€7/4) = ﬂ(R0+€7/4, R1—€7/4)ﬁ{2 S RN; Z1 > 0, |Z/| < 87}.
Whence, recalling properties (i) and (iv) in the definition of K., we deduce that
A (Ro+¢e/4, Ry —e/4) C o/ (Ry+€"/4, Ry —e7/4) C K. U F.,

where, in the left-hand side, we have used the fact that €7 < e. In turn, this implies
that
WS ]RN \ %(Ro +8/4, Rl - 8/4)

In particular, since 0 < & < Ry/2 < Ry, we may find a point 2 € RY such that
3 _
lz— 2| = g and B.s(z) C Bopp(z) \ o C RV \ K.. (3.9)

Indeed, when z € R \ Bp,_. /4, this follows from the convexity of Bg,; and, when
T € Bpyye/a, the constraint 0 < € < Ry/2 allows one to choose z on the diagonal of
BRy+e/a containing z. On account of this, we may write

/ J(z—y)dy > / J.(x — y)dy = / J.(y)dy = / J(y)dy.
RN\K. B./s(2) B, s(2—2) By s(222)

Now, by (3.9), we have (z — x)/c € 0Bs/s5. Thus,

/ Jo(z —y)dy > / J(y)dy =: M;(e,) for some e, € 0Bsys.
RN\ K. By s(ex)

Notice that By s(e;) C Bi/a = supp(J) (because e, € 0Bs/s) which implies M;(e;) >
0. Moreover, since J is radially symmetric, the quantity M;(e,) does not depend on
the choice of e, € 0B3/3, namely

Mj(e;) = Mj(e) = M; > 0, for every e € 0Bsys,
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and some constant M ; depending on J only. N
Therefore, for any 0 < ¢ < &; and x € RV \ (K. U F}), it holds

/ Jo(z —y)dy = M; > 0. (3.10)
RN\K.

Step 3: Conclusion
Since RV \ K. = F. U (RN \ (F. UK.)), by (3.8) and (3.10), we obtain

inf / Jo(z —y)dy = min {M;,C } e,
RN\ K.

zeRN\ K,

for any 0 < € < g3 := min{ey, e2}. Whence, letting

min {MJ, Cl} }

€0 := min {63, -
maxio 1) f

and recalling that f.(s) = 2f(s), we obtain

max f. < inf / Jo(z — y)dz for any ¢ € (0,¢p),
RN\K.

[0,1] zeRN\ K.
which is the desired inequality. O]
Remark 3.2. — Since J. is radially non-increasing and satisfies (1.6), there is

some non-increasing J. € L& (0,00) satisfying J.(z) = J.(|z|). In particular, since

dy(z,y) > |x — yl, it holds that

sup / J(dyg(z,y))dy < sup / Je(x —y)dy =1,
RN\ K. RN\K.

zeRN\ K, z€RN\K,

thus implying that j; saﬁisﬁes (1.12). Moreover, Proposition 3.1 still holds when
J:(x — y) is replaced by J.(dg(z,y)), i.e. we still have

max f/ < inf / J-(dg(z,y))dy. (3.11)
RN\K.

Indeed, this is because our proof reduces to estimate the mass carried by J.(z — -)
on convex sub-domains of RY \ K, and, in this case, the geodesic distance coincides

with the Euclidean distance, namely it holds that J.(z —y) = J.(dg(x,y)).
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4 Construction of a global super-solution

In this section we construct a global super-solution to (1.9). Precisely, given a pair
(J, f) satisfying (1.7) and (1.8) and given the family of obstacles (K. )o<c<1 associated
to (J, f) (as defined in Section 3), we construct a global super-solution @. to

/]RN\K Jo(z — ) (te(y) — Ge(x))dy + fo(Ue(x)) <0 for z € RV \ K., (4.1)

that further satisfies
i. =1 forz e RY\ Bpg, (4.2)

for some large R > 0, where f. and J. are as in (3.5). More precisely, we prove the
following

LEMMA 4.1. — Let N > 2 and let (J, f) be a pair satisfying (1.7) and (1.8).
Let (K.)o<e<1 be the family of obstacles associated to the pair (J, f) (as defined in
Section 3). Let f. and J. be as in (3.5). Then, there exists R* > 0 and * > 0 such
that, for all 0 < € < €* and all R > R*, there is a continuous positive nonconstant
function . satistying (4.1) and (4.2).

The proof of Lemma 4.1 follows essentially two steps. In the first step, we con-
struct a positive solution to a suitable auxiliary problem defined in By \ K. for some
large R. Then, in a second step, we regularise this solution to obtain a super-solution
that satisfies both (4.1) and (4.2). To simplify the presentation each step of the proof
corresponds to a subsection.

4.1 An auxiliary problem in By \ K.

Let us first construct an adequate auxiliary problem. To do so, we define a new

nonlinearity, f, satisfying

30

)

= fo(s) for 2 < s <,
' f(s) for 0 < s <1,

f'(D)(s—1) fors>1,

—KS for s <

(4.3)

where 0 € (0,1) is as in (1.7), k > 0 is a small number and fj is a smooth function
such that f € C'(R). From (1.7), we can choose k > 0 and fy such that

f<f in [0, 1], max ~(s) = max f and sup [ < sup f'. (4.4)
[0,1] [0,1] R [0,1]
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Now, for R > Ry + 2, we let L. be the operator given by

Lp.w(z) = /B . Je(x —y)(w(y) — w(x))dy, (4.5)

and we consider the following problem
L tern(z) + co(x)(1 — e g(x)) + foluep(z)) =0 forall z € Bg\ K.,  (4.6)

where
fo(s) = €2f(s) for s € R and c.(z) := / J.(x —y)dy for v € Bg \ K.. (4.7)
RN\Bpr

Our goal in this step is to show that, for each € € (0, 1) small enough, there exists a
continuous function u. g : Bg \ K. — (0, 1) satisfying (4.6).

Remark 4.2. — Observe that, by construction (remember (4.4)), the function
~ ’LLE’ R in B R \ K s
Ue g = —
=ft 1 inRY\ Bp,
provides a discontinuous super-solution to (4.1) satisfying (4.2). We are thus on the
right track to construct the required super-solution.

For it, we observe that, by setting v. g := 1 — u. g, (4.6) rewrites

Lgeve p(2) — co(x)ve g(2) + g:(ver(x)) =0 for z € B\ K., (4.8)

with g.(s) := —e?f(1 — s). Therefore, to construct u. g it suffices to construct a
positive solution v, g : Bg \ K — (0,1) to (4.8). As in [17], this will be done using
a variational argument. To do so, we define

o(s) = —F(1 —s), G(t) ::/0 g(s)ds and G.(t) == 2G(#),

for all s,t € R and ¢ € (0,1). Now, for any € € (0,1) and any domain Q C Bg \ K.,
we consider the following energy functional

Solw) = [ [ e —u) eyt [ clout@ie- | Gulo)d,

Q
(4.9)
for w € L*(Q2). Observe that for any € > 0 and any domain 2 C Bg \ K., the null
function w = 0 is a global minimiser of & . Therefore, we have to construct a local
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minimiser. However, unlike its local analogue, the energy functional & o does not
posses strong compactness properties, rendering this type of approach very delicate
to implement.

With this in mind, we will show that, for the family K. constructed in Section 3
and ¢ small enough, the above energy has indeed a nontrivial local minimiser when
Q= Br\ K..

Following the scheme of construction introduced in [17], we first show that the
function wy = 1 Br, is a strict minimiser of the functional &, Br, when ¢ € (0,1) is
small enough.

More precisely,

PROPOSITION 4.3. — Let N > 2, 0 < Ry < R§(J, f) (where R(J, f) is given
by (3.4)) and let wg := 1p, . Then, there exists o > 0, 0 < &1(J, N, Ry) < 1 and
0 < 80(Ro) < |Bg,|"/? such that, for each 0 < ¢ < &1, it holds that

Eey (W) = G, (o) = Koe®|lw — wol[ L2y, ).

for all w € L*(Bg,) such that |lw — wol|z2(5,,) < do-

Proof. — Let us begin with some preliminary observations. First, we notice that
since g is linear around 1 (because f is linear around 0), the function G. is smooth
in a neighborhood of 1. In particular, there exists 79(f) > 0 such that

G.(t) = G.(1) + GL(1)(t — 1) + %G’E’(l)(t S 12 forany |t— 1] < 7o

But since GL(1) = £2G'(1) = £%¢g(1) = 0 and GZ(1) = £G"(1) = *¢(1) =

—£2f7(0) = —e2k, this expansion can be rewritten as
2 re? 2
G:(t) =e°G(1) — T(t —1)° for any |t — 1] < 7. (4.10)

Using the number 7y, we define

. 0 Co 10 1
8o i= = =2 2B V2 4.11
i min{ 3,50 2 B (a.11)

where 0, Cy and  are as in (1.7), (3.1) and (4.3); and we let w € L*(Bg,) be any
function such that

lw = wol[r2(Bx,) < do- (4.12)

Second, denoting by (wp) := span BRO)(wo) the vector space spanned by wyp and let-
ting (wg)* be its orthogonal with respect to the standard scalar product of L?(Bg,),
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we can write the space L?(Bg) as the direct sum L?(Bg,) = (wy) @ (wo)*. This
means that we may always find a constant o € R and a function h € {wg)* such that
w decomposes as w = awgy + h. In particular, the orthogonality of h with respect to
wo implies that

/B h(z)de =0 and [jw— wou%z(BRO) =(1- 0‘)2Hw0”%2(3R0) + HhH%%BRO)- (4.13)
Ro

In view of this, assumption (4.12) gives

do do
_W < (]_ - Oé) < W and ||h||L2(BRO) < 50. (414)
This fact will be abundantly used in the sequel.

This being said, we are now in position to prove Proposition 4.3. For it, we
observe that, since wy = 1 in Bp,, we have that

oty (10) = = [ Gulwn(w))ds = ~Gu(V)]Br| = ~* G(V)| |
B,
Furthermore, thanks to R > Ry + 2 and supp(J:) C Bg, we have that c.(z) =0 in
Bp,, for any 0 < e < 1. Consequently, & p, (w) rewrites

Suny@) = 7 [ R / (e = p)(ute) - w)Prdy - / Gl

O\ J/

-

i} 1

Let us first estimate II. In view of the Bourgain-Brezis-Mironescu representation of

H'(Bg,) (see [27]), one can interpret IT as a nonlocal approximation of HVwH%Q( B )
0

The crux of our strategy is that, as shown by Ponce [118, Theorem 1.1], this nonlocal
approximation enjoys a Poincaré-type inequality. Let us now proceed. Let (pe)o<e<1
be the family of radially symmetric mollifiers defined by

pe(2) i= Mo (J) 1 (2)|2]2e™2 for € € (0,1),

where M,(.J) is given by (3.2). Notice that, by construction, it satisfies

e—0t

p- =0 ae. in RY, /N pe(z)dz =1 and lim pe(z)dz =0,
R

|2|>7
for each 0 < ¢ < 1 and each 7 > 0. Moreover, II can be rewritten as

M. _ 2
=22 ﬂ/ / ool — )2 wgy)\ dzdy.
4 Br, J Br, |z =y
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Now, by [118, Theorem 1.1], we know that there exists some ¢; = &1(J, N, Rg) > 0
such that the following Poincaré-type inequality

2
_ 2
BRO BRO BRO

_ 2
vy Ko o=y

8A0 g2

=———— x1I,
Ko ny Msy(J)
holds for all € € (0,¢;) and all w € L*(Bg,). Here,

1

KQN::/ (0-e)*d#N o) = —,
: N N

and Ay > 0 is the smallest constant such that the standard Poincaré-Wirtinger
inequality holds. That is, Ag is the smallest positive constant such that

’LU—][ w
Br,

holds for any w € H'(Bg,). In our case, A, satisfies the upper bound:

2

< AoVl
Lz(BRo)

diam(Bg,)® 4R}

2 2

Ap <

™ ™

see [14, Theorem 3.2] (see also [116]). In particular, this gives

2
U}—][ w
Bg,

LQ(BRo)

2 WQMZ(J)

< II.
32N R2

Now, since w = awq + h, since wy = 1 on Bg, and since h is integral free (by (4.13))
we have

Cn.g

where Cly s is given by (3.3). We are now left to estimate I. For it, we rewrite I as
follows

I =& pg, (wo) — /B [Ga(w(a:)) — Gg(wo(:v))]d:c. (4.16)

Ro

To estimate the last integral, we split it into two parts, [; and I, where

L= — /B (G (w0t (a— Lwy+h) — G (o + (a— L))
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]2 = —/ [Ga(wo%—(a—l)wo)—Ge(wo)}
B,
Let us first estimate I,. Using (4.11), (4.12) and (4.14) we have in particular that
|1 — | < 79. This, together with (4.10), gives

L= _/B (Gt (a—1yuwn)~Gelwo)] = 5 2| By, (o — 1)

Therefore, recalling (4.16), we get

KR
I = & g, (wo) + 5 2| Br,|(a — 1)? + 1. (4.17)

Let us now estimate I;. On account of (4.14), we may write

do

B 7 (4.18)

a=1—mn for some |n| <

Then, a standard change of variables yields

1-n+h(z
Il—g/ / 1—Td7'dx——a/ / T—l—ndrdx
Bg, /1 Bry

Now, we set
0
Y= {I € Bp,; —h(z) > 5} :

and we decompose [; as

—h(z) _
(/ / f(r + n)drdz + / f(r+ n)dex) . (4.19)
Br,\= J0

We will estimate these two integrals separately. In view of (4.11) and (4.18), we have
that |n| < 6/4. In turn, this implies that

30
—h(z) +|n| < 1 for any x € Bg, \ X.

Since, by construction, ]?is linear in (—o0, 30/4], we get

n—h(x) n
/ / 7'+77 dex——/-i/ / TdT—/ 7d7r | dx
Bpy\S Bro\E \J0 0

= —E/ h*(x)dx + my/ h(z)dz
2 JBry\® Brg\®
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K

= ——/ h*(x)dx — m]/ h(z)dz,
2 JBp,\= o

where, in the last equality, we have used the fact that h is integral free, that is:

/BRO\E h(z)dz + /E h(z)dz = 0.

Using now the Cauchy-Schwarz inequality, we get

~h(x) _ .
/ / f(r+mn)drde < —5/ h2(:v)dx—|—/<:]77|\/|Z\HhHL2(Z)
Bpo\E J0 Bp\E

By the Bienaymé-Chebyshev inequality, we have

9 2
S1<(5) Ml (1.20)

and thus

O A w
/ / Fr + m)drdz < ——/ R (@)dr+ 200 h2,y. (4.21)
Brg\x Jo 2 JBry\»

Thanks to (4.11) and (4.18), (4.21) reduces to

2
/ / Flr+ n)drde < K/ R+ 2 . (422)
Br,\T 2 JBg,\»

Let us now estimate the first integral on the right-hand side of (4.19). For it, we
observe that

—do Co

B > —— forany x € ¥ and any 7 € (0, —h(x)).

TNz 2
Recalling (4.4), we then obtain

sup sup  f(r+n) < sup f(s) = max f(s) = Co.
z€X 7€(0,—h(z)) s>— % s€(0,1]

This, together with the Cauchy-Schwarz inequality, gives

// 7+ n)drde < Cg/|h )dz < Cov/ |Z[||h] 22w,
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Using the Bienaymé-Chebyshev inequality (4.20), we finally get

2C,
// Fr + n)drde < 90||h||%2(2). (4.23)
Collecting (4.15), (4.17), (4.22) and (4.23), we obtain that
(g‘;:BRO (w) - (gj&BRO (wo)

K K 400
> 2 (5 1Bnlta = 17+ Sl -

CN,J
S + T Nl )

for all 0 < & < &; and all w € L*(Bg,) with [|w — wol|z2(, ) < do. Recalling that
0 < Ry < R(J, f) and using (3.4), we have Cy ;/R3 > 5Cy/0. This, together with
the above inequality, yields

K C
et () = B (1) > (5 Bl = 17+ Pl )

Therefore, letting

and recalling (4.13), we obtain
G2y (W) = G, (W0) = Fio|lw — wol L2y, .
for all 0 < e <& and all w € L*(Bg,) with |[[w — wo||z2(8,) < do- O

Remark 4.4. — Note that the proof of Proposition 4.3 relies only on L?-estimates
and on a Poincaré-type inequality. Remarkably, this allows one to adapt straightfor-
wardly our arguments to the local analogue of & Br,-

Using Proposition 4.3, we now prove the following

PROPOSITION 4.5. — Let N > 2, and let é. r be the energy functional defined by
(4.9) with Q = Br\ K.. Then, there exists C* > 0,0 < & < |Bg,|"/? and 0 < g5, < 1
such that, for any 0 < € < 5, and any w € L*(Bgr\ K.) with ||w—wo| r2(py\ k.) = o,
it holds that

& p(w) — & r(wy) > C*e2.

Proof. — Let us first notice that our assumptions on J?imply that there is some
k1 > 0 such that

—G(t) = ki t? for every t € R. (4.24)
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Let us now compute the energy of wy. Since supp(J.) = B.js and Ry — Ry > ¢, a
straightforward calculation yields

1
&, r(wo) = &e,Bp, (wo)+§/ / Je(x — y)dzdy.
£ BRO

In addition, elementary computations yield

1 1
—// J€<x—y>dxdy=—/ / J.(x — y)d | dy
2 e BRO 2 FEOBRO+% BRO

< |F€ 8 BRoJr%’

N+1
< 5 < oMt

for come constant C'= C(IN) > 0. As a consequence, we obtain
@@E,R(’wo) < 55731%0 (’Ll)o) + CENJrl. (425)
Next, developing & g(w), we get

Cg)aR(w) = (gaaBR ( ) + & Fs( + éoEBR\BRl( )

= (/ /\> (v = 9)(w(z) — w(y)dady.

Using (4.24) we obtain that & o(w) > #1*[|wl|72, for any domain @ C Bg \ K.
In particular, since wy = 0 in F. U Bg \ Bg, we have

éaszR\Ks (w) 2 éaf,BRO (w) + ng?”w - wOH%Z(FEUBR\BRl)' (426)
Gluing together (4.25) and (4.26), we obtain

&er(w) — & r(wo) = & gy, (W) — & By, (Wo)

(4.27)
+ e fw — wOH%Q(FEuBR\BRl) — CeMrL

Now, by Proposition 4.3, there exists g > 0, 0 < dy < |Bg,|'/? and €, > 0 such that,
for any 0 < & < &, and any w € L?*(Bg,) with [lw — wol|z2(p,,) < do, we have

8z, (W) — E2p (W) = Koe®w — wollf2(p,, - (4.28)
Letting & := min{x1, Ko} and combining (4.28) and (4.27), we obtain

& r(w) = & r(wo) = °Rllw — wol Tappx.) — O™ = & (Rdg — CeV 1), (4.29)
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for all 0 < & < gy and all w € L*(Bg \ K.) with ||w — wo||z2(pp\k.) = do. The
conclusion now follows from (4.29) and the choice

ROy : ROZ\ 71
OF — 70 and g5, := min {51, (2—00) } .

The proof is thereby complete. n

We are now in position to construct a positive solution to (4.8).

PROPOSITION 4.6. — Let N > 2 and let (J, f) be a pair satisfying (1.7) and
(1.8). Let (K.)o<e<1 be the family of obstacles associated to the pair (J, f) (as
defined in Section 3). Let ]7 be the extension of f given by (4.3) and let ]78 and J,
be respectively given by (4.7) and (3.5). Then, there exists & > 0 such that, for all
0 < e < g, there is a function v. p € C(Bg \ K.) satisfying (4.8) and 0 < v. g <1 in
Br\ K..

Proof. — Let wy := 1p, andlet 0 < & < |Bg,|"/? and 0 < &5, < 1 be quantities
constructed in the proof of Proposition 4.5, namely such that

(5@573(71)) — (50573(11)0) > 0*82,

holds for some constant C* > 0 and for any 0 < € < g5, and any w € L*(Bg \ K.)
with [[w — wo| 2(Bp\k.) = do- Let us fix 0 < e < & := min{ey, 5.} where gy is as in
Proposition 3.1. Further, we denote by B, (wp) the following set:

By, (w0) = {w € LB\ K.); |w = wollzzq < do .

and we define
m:= nf & plw).
weBs, (wo) E7R( )

Note that m is well-defined since &. pr is a non-negative continuous functional in
L*(Bg \ K.).

Using Lemma 4.5, we will show that there is a local minimum v, r of the energy
é: g in the ball Bs, (wy) which is also a solution to (4.8). However, it must be noted
that &. p lacks of strong compactness properties and passing to the limit along a
subsequence is not straightforward. So let us first show that m is achieved in By, (wy).

Take a minimising sequence (v;)jen C Bs,(wp). Notice that |w| € Bs,(wg) for
all w € Bs,(wo). Moreover, a straightforward computation shows that & g(|v;|) <
& r(vj) for all 7 > 0. Thus, we may assume that the v;’s are a.e. non-negative
for every j > 0. By (4.24), we have —G.(t) > k1€*t* for all ¢ € R. In particular,
& r(vy) = k182 |[vjl1 22, k. for all j > 0. Therefore (v;)jen is bounded in L*(Bg \
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K.). Whence, up to extract a subsequence, we obtain that v; converges weakly in
L*(Bgr \ K¢) to some v. g € Bs,(wp) (notice that By, (wy) is closed in L*(Bg \ K¢)).
Let us check that v, g is indeed a minimiser of & g in By, (wo). To this end, we shall
introduce the following notations

Fe(x) = /RN\K Jo(r —y)dy and H.(z,s):= /08 (Fe(x)T — go(7))dr.

Since 0 < € < ¢, by Proposition 3.1, we have

"< inf .
e <l

Therefore, from the construction of g. (remember (4.4)), we have

/ 2 71 7 / .
= 1—5) < < < f . T e R. 4.30
9:(s) = e°f'(1 = s) < max f, max fo < inf J- for any s (4.30)

Whence, H.(x,-) is convex for each fixed x. Developing the terms involved in the
definition of &. p we arrive at

Eonlw) = -+ J@ - pw@we)dedy+ [ Ho(ow)ds.
2 JBr\K. JBR\K. Br\K.

Using the weak convergence of (v;);jen towards v, g and the dominated convergence
theorem, we can pass to the limit in the double integral and get that

.lim/ / Je(x — y)vj(z)v;(y)dedy
17700 ) Br\K: J BR\K-

= / / J-(x — y)ve r(z)ve g(y)dedy.
Br\K: Y BR\K:

Moreover, since H.(z,-) is convex, we have

/B\K [Ha(x,vj(a:))—Ha(:E,UE,R(x))]dx2/ OsH:(z,v: p(2)) (vj(z)—ve r(z))de.

BR\KE

From the definition of H., ¢g. and from (4.30) a quick computation shows that
|0sH(x,s)] = | Ze(x)s — g(s)| < Als| for all s € R and some constant A > 0.
Since v.p € L?(Bg \ K.), it follows that d;H.(-,v. r(-)) € L*(Bg \ K.). There-
fore, using the previous two displayed formulas and the weak convergence of v;
towards v. g, we obtain lim; ,o[&. r(vj) — &2 r(ve )] = 0. Since, on the other hand,
lim; o & r(vj) = m < & r(ve,r), we finally obtain

Er(ver) =m= inf & r(w) < & r(wo).
wGIBS(;O(wO)
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Now, thanks to Proposition 4.5, we deduce that v. z € Bs,(wp) is a local minimiser
and, as such, v. r solves (4.8) almost everywhere in Bp \ K.

Let us now check that v. p is a continuous solution to (4.8) in the whole set
Br\ K.. Since J. € L*(R") and v. g € L*(Bg\K.), it follows from the equation (4.8)
satisfied by v. r that N.(-,v. r(-)) € L®(Bg \ K.) where N.(z,s) := Z.(v)s— g:(s).
By (4.30), the map N.(z,-) is bijective and thus v. p € L>(Bg \ K.). Using now
Lemma 2.2 and (4.30) we may further infer that v, g is continuous in Bp \ K-.

To complete the proof it remains to show that 0 < v. r < 1. Let us first prove
that v. g < 1. Suppose, by contradiction, that ||v. gllcc = 1. Then, by continuity
of v, g, there must be a point z € Bg \ K. at which v, p attains its maximum, i.e.
Ve r(Z) = ||V k||~ Using now the equation satisfied by v. g, we have

0> /B . JA(Z = 9)(ver(y) — ver(E)dy = c=(Z)ver(T) — g(ver(T)) > 0.

Thus, since supp(J:) = B./2, we have v r(y) = v- r(Z) for any y € B.»(Z)NBg \ K-..
Note that B, /»(Z) N Bg \ K. is nonempty whence we may iterate this reasoning over
again and obtain that v, p = v. g(Z) > 1. Now choose xy € €. such that c.(xy) > 0.
Then, evaluating (4.8) at x¢, one obtains

0= /B . Je(x0—Y) (Ve r(Y)—ve r(20))dy = cc(20) Ve r(T0)—Gge (Ve r(T0)) = cc(x0) > 0,

which is a contradiction.

Therefore v. g < 1. Since, by construction, we have that v, g > 0, it remains to
check that v. r cannot cancel. Assume, by contradiction, that this is the case, namely
that there exists a point xy € Bg \ K. such that v. g(z9) = 0. Then, by (4.8), we
have that

/B \K Je(20 — ) (ve,r(Y) — ve,r(20))dy = 0,

and, as above, this implies that v. g = 0. However, since v, g € Bs,(wp) and Jy <
|BR0|1/27 we have 50 2 HU&R — w0||L2(BR\KE) = Hw0||L2(BR\K5) = ’BR0|1/2 > 50, WhiCh
is a contradiction. The proof of Proposition 4.6 is thereby complete. O

From now on (and until the end of Section 4), ¢ will be fixed and taken so small

that 0 < € < &, where € is as defined in Proposition 4.6.

4.2 An extension procedure

Let us now complete the proof of Lemma 4.1. We will modify the function v, g
constructed above in order to get a continuous super-solution to (4.1) satisfying
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(4.2). Let us briefly explain our strategy. Since, by construction, v,  satisfies (4.8),
the function u. g = 1 — v, g verifies (4.6) and, as already noted above, extending the
function u. g by 1 outside Bg, we obtain a (discontinuous) super-solution to (4.1)
that satisfies (4.2). The aim of this section is to find the right extension of u. p that
provides the desired super-solution.

To do so, we first introduce some useful notations. Given R > 0 and = € RY, we
let () be the projection of x to the ball Bg, that is

Pr(r) € By and |v — Pr(z)| = dist(x, Bg) = min |z — y|.

yE€BR
For ¢ > 0, we let T, , € C(RN \ K.) be the following function
Ue o (x) = min {u. g(Pr(z)) + 0" |z — Pg(x)],1}. (4.31)
We shall see that, for well-chosen o, the function %, , will satisfy
Lot o(2) + f-(Tey(z)) <O forall z € RN\ K., (4.32)

where L. is the nonlocal operator given by
Low(z) = / Je(x —y)(w(y) — w(z))dy. (4.33)
RN\ K.,

Namely, we claim
CLAM 4.7. — There exists o. > 0 such that u., satisfies (4.32) for all o < 0.

Observe that by proving Claim 4.7, we end the proof of Lemma 4.1. Indeed, by
construction, we have f < f so that w., trivially satisfies (4.1). As for condition
(4.2) it is also satisfied (by construction of @. ) provided that R is taken sufficiently
large.

Proof. — Define o7 := RY \ Bg. As in the previous section, we set

He(x) = /]RN\K J(z —y)dy and c.(x) = /]RN\B J-(z —y)dy.

Then, in view of (4.31), we have

M%A@+ﬁ@w@D</ T2 — 9) (e rly) — e (2))dy

BR\KE

@)1 —To(@) + f@o().  (434)
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Since U, ,(x) = u. g(z) for all x € Br \ K., using (4.6) we easily get that
Ltie o (2) + fo(Uey(x)) <O for z € By \ K. (4.35)

To complete the proof, it remains to show that u., satisfies (4.32) in the set <Zg.
We shall consider two sub-domains, II" and II~, defined as follows

I~ = dpN{u., <1},
I = o N{u., =1}

Note that since 1. ,(x) =1 for all x € I, it follows directly from (4.34) that
L) 4 o es@) = [ e —)enly) -1y <0 (430
RN\K.

for any 2 € II*. Thus, to conclude the proof we need only to check that (4.36) still
holds in IT~. To this end, for any = € I~ and any s € [0, 1], we set

gr(z,5) = Z(Pr(x))s — f-(s). (4.37)

Now, since 0 < € < €y, it follows from Proposition 3.1 that there exists a v > 0 such
that

inf in O, ,S) > . 4.38
¥ iy Qoonere) > (39

Next, since J € WHHRY) (by (1.6)) we may set

o, i=¢€7- </ |VJ(Z)|dz) B > 0. (4.39)
RN
Let us also set
s(x) == ue p(Pr(x)) and 7(x):= dist(x, Bg) = |[v — Pgr(x)| > 0.
Then, ., rewrites U.,(z) = s(z) + o~ '7(z) and
0<s(z)+o'r(x) <1 foranyzell . (4.40)

Now, using (4.31) and the definition of L., we can rewrite L.u. () as

Lt o (1) = Lsﬂs,a(@R(l’)) +/ [Ja(x—y)—Ja(ng(a?)—y)](ﬂsyo(y) —Esya(x))dy

RN\K.
7(z)

ST e

o
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Since Pr(z) € Br \ K., since J € WHH(RY) and since J > 0 a.e. in RY, by (4.35)
we obtain

teg () € ~T0) AU Pa0) = Fls(a) + [Vl =) = 2 at) - )

< =" g ala)) — Fsta) + [ 1o = 0) = I Zala) )l

<=2 g ao) - o)+ 72 [ vacaes

o

Therefore, we get

Lefieo(w) + Jo(s(2) + 0 7(2)) < (Je(s(@) + 07" 7(2)) = o(s(x)))

-2 pnan+ T [ il

g

By adding and subtracting s(z)_#.(Zr(z)) on the right hand side of the above
inequality and recalling (4.37), we obtain

L. ,(x) + ﬁ(ﬂea(x)) < (gR (x,s(x)) — gr (:U, s(z) + 0'_17'(33))) +yotr(x).

where we have used (4.39). By (4.38), (4.40) and the mean value theorem, we deduce
that there exists some

¢ € [s(x),s(x) + o ()] C[0,1],
such that
gr (2, 5(2)) = gr (2, 5(2) + 07'7(2)) = =0sgn(z,€) 0 '7(x) < —yo~'7(x).

Therefore, for every 0 < o < 0., we obtain that

~ 1 1
L. o(2) + f-(Tep(2)) < y7(2) (— - —) <0 forany z €ll".
0. O
The proof of Claim 4.7 is thereby complete. ]
Remark 4.8. — An analogue version of Lemma 4.1 holds when J. (x y) is replaced

by J. (dy(x,y)) where J. is a locally integrable function such that J.(|z|) = J.(z) and
dg(z,y) is the geodesic distance on RV \ K.. Indeed, the only places where the
structure of the radial kernel J. came into place is when we used the Poincaré-
type inequality [118, Theorem 1.1] in Proposition 4.5, when we asserted that the
solutions to (4.8) satisfying maxp ) f. < infp,\x. 7. are continuous and when we
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made our extension procedure. But the Poincaré¢ inequality was only needed in the
ball Bg, and, by convexity, it trivially holds that J.(x —y) = J.(dg(x,y)) for any
(x,y) € Br, X Bpg,. Similarly, the extension procedure required only to evaluate
the new function on the annulus Bry, \ Bgr but, since R — Ry > 0 is large and ¢
is small, it still holds that J.(z — y) = j;(dg(x,y)) for any € Bri, \ Br and any
y € RV \ K.. Moreover, as already noted in Remark 2.5, condition (3.11) still implies
the continuity of solutions to the corresponding auxiliary problem:

| (e ) 0enls) = o)y~ () + g (ven(w) = O
Br\K:
for x € Br \ K., where, by analogy, we have set

o) = /R . J-(dg(x,))dy.

In fact, the only place where some care should be taken is when justifying that if
[ (e ) 0nly) = vy = (1.41)
BR\KE

where T € Br \ K. is a point at which v, p reaches an extremum, then it holds that
Ve r(y) = ve r(Z) for any y € Bg \ K. (which is needed to establish the analogue of
Proposition 4.6). But, fortunately, the geometry of K. is simple enough to ensure
that this is still the case. Indeed, (4.41) implies that v. gr(y) = v, r(Z) for any

y € I11(Z) :== {#z € Br\ K.;dy(7,2) < ¢/2}. By iteration, one finds that v. r(y) =
ve g(Z) for any y € I1;(Z) and any j > 1, where I1;(Z) is given by

I (2) == U {Z € Br\ K.; dy(y,2) < 5/2}, for any j > 1.

y€llL;(z)

Then, one can show that, for some jy > 1 (independent of z), it holds that B, 4(z) N
Br\ K. C II;,(z). Whence, iterating the same reasoning over again, one gets that
Vo r(Y) = ve,r(T) for any y € By./a(Z) N Br \ K. and any k € N; which then gives
the desired result.

5 Construction of continuous global solutions

In this final section we construct a positive nonconstant solution to (1.9). Our goal
will be to find an ordered pair of global continuous sub- and super-solution. That
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is, given 0 < € < ¢* (where £* has the same meaning as in Lemma 4.1), we aim to
construct two functions, u, and ., such that

L.+ f-(w.) <0 inRY\ K.,
Leu.+ f-(u.) >0 in RV \ Ko,
O0<u <u.<1 inRV\ K,

(where L. is as in (4.33)) and which further satisfy

lim w.(z)=1 and lim 7w (z)=1. (5.1)

Z1—+00 |z| =400

Here, 71 = x - €; where e; := (1,0,---,0) € S¥~L. Then, by Lemmata 2.1 and 2.2
we automatically obtain the existence of a continuous solution u. to

Loue + fo(u.) =0 in RV \ K_, (5.2)

satisfying 0 < w. < u. < . < 1. This, together with (5.1), yields a continuous
solution to (5.2) satisfying 0 < u. < 1 and u.(z) — 1 as ; — oo. In particular,
we have sup,cpn g, ue(2) = 1. Since (1.6), (1.7) are satisfied, u. is continuous, J. is
compactly supported and J. € L*(RY) (by (1.8)), we may apply Lemma 2.4 and we
obtain that lim; 4o us(x) = 1, which proves that wu. satisfies the requirements of
Theorem 1.2 and thus Theorem 1.1 is proved.

Therefore, to complete the proof of Theorem 1.2, we need only to prove the
following lemma.

LEMMA 5.1. — Let (J, f) be a pair satistying (1.7) and (1.8). Let (K.)o<-<1 be
the family of obstacles associated to the pair (J, f) (as defined in Section 3). Let
(Je, f-) be as in (3.5) and let €* > 0 be as in Lemma 4.1. Then, there exists 1o > 0
such that, for all 0 < € < £*, there is

(i) a continuous global sub-solution u. to (5.2) satisfying u, = 0 in {z; < 19} and
u.(xr) = 1 as z; — o0,

(ii) a continuous global nonconstant super-solution u. to (5.2) satisfying u. = 1 in
RN\ B,, and 0 < u. < 1.

In particular, 0 < u, <u. < 1.

Proof. — By Lemma 4.1, we know that there exists some R* > 0 and some
0 < €* < 1 such that, for all 0 < ¢ < €*, there is a nonconstant super-solution
. € C(RN \ K.) to (5.2) that satisfies u. = 1 in RY \ Bg-. So, we are left to prove
that there exists a sub-solution u. to (5.2) satisfying (i) and such that u_ < ..

To do so, let us extend f outside [0, 1] by f’(0)s when s > 0 and f’(1)(s — 1) for
s > 1. For simplicity, we still denote by f this extension. Now, we take 6 € (0,1)
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and we let f5 be a C'! function defined in R such that

([ f5 < fin R, and fs5(s) = f(s) for s > 0,
fs has only one zero, 65 = 0, in (—6,1),
fs(=0) =0, fs(1) =0,
fi(s) < 1for any s € [—0,1] and f§(—0), f;(1) <0,
\ f,l(; fs(s)ds > 0.
Since f € C'(R) satisfies (1.7) such a function f; € C'(R) always exists provided

that ¢ is taken sufficiently small, say if 0 < § < d; for some small §; > 0.
Let f.s(s) :=e?f5(s) and let Lgn be the operator given by

Lywu(z) = / (e~ y)(uy) — ula)dy. (5.3)

Since J. is radially symmetric (because J is), using the results obtained in [13, 45,
50, 155], we know that, for any 0 < & < 1, there exists an increasing function
¢.5 € CY(R) and a number c.s > 0 such that the function . s(z) := ¢.5(x - e1)
satisfies

{ Ln e () + fes(pes(x)) = condl s(@1) =0 for all 2 € RY,

5.4
306,6(_00) - _57 305,6(00) =1 and Pe,s = 0 in Hep ( )

where H., is the hyperplane H,, := {x; = 0}. Now, for any o > 0, we let . 4,, be
the function defined by
P50 (T) 1= e s(T —T0).

By construction, for every rq > 0, we have
LRN()OE,&TO + fE(@e,é,ro) = LRN<)05,6,1“0 + fs,6(¢5,6,1'0> P 0 in ]RN‘ (55)
Now, we set

u(z) :=max {0, pc5,,(z)} and H,:={z€ RN x> ro}.

—€

Note that, for all 0 < ¢ < €*, it holds that K. C RY \ H, provided that rq is chosen
sufficiently large. Let us now prove that, for ry large enough, u, is a sub-solution to
(5.2).

First, if z € RV \ (K U H,), then u_(z) = 0 and

Leu (z) + fe(u.(z)) = Jo(z = y)u(y)dy = 0. (5.6)



Next, if € H,, then, since J. is compactly supported, we have

U (ac + supp(JE)) c RV \ K.,

rEH,

provided that rq is chosen sufficiently large. From this and (5.5), we deduce that

L) 4 ) = [ = 0)al) ~ e @)+ L (0)

> / J( = ) (9eins (4) — ety + folmiinn ()
RN\ K.

= LgrN@esirg (7) + fs(@a,é,ro (z)) = 0.

Together with (5.6), we obtain that u, is a global sub-solution to (5.2) which, by (5.4),
satisfies u_(z) — 1 as 1 — oo and u_(z) = 0 if 1 < ro. By increasing ro to R* (if
necessary) we then achieve u, < u. when 0 < ¢ < €*. The proof of Lemma 5.1 is
thereby complete. O

Remark 5.2. — Observe that, on account of Remarks 2.5, 3.2 and 4.8, the same
proof as above yields an analogous result with L, in place of L. To see this, it suffices
to notice that our arguments are essentially focused on what is happening far away
from K and, since the kernel we consider is compactly supported, the operator L,
will then coincide with L (possibly up to take R sufficiently large). In like manner,
as already mentioned in Remark 2.5, the fact that “supgw\,_ uw = 17 implies that
“lim|z| 00 w(x) = 17 still holds with L, in place of L since, here as well, the proof
relies only on estimates of the behaviour of u far away from K..

Appendix

In this appendix, we prove Lemma 2.1. Our strategy closely follows [31, 52] and
relies on the well-known monotone iterative method. Before doing so, we first state
a preliminary lemma.

LEMMA 5.3. — Let K C RY be a compact set and assume that J satisfies (1.6).
Let k > 0 and let w € C(RY \ K) be such that

Lw—kw>0 inRV\K, (5.7)
and that
lim sup w(z) < 0. (5.8)
|| =00
Then,

w<0 inRY\ K.
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Proof. — Suppose, by contradiction, that supgwy, g w > 0. Then, by assumption
(5.8), there exists a number r > 0 with K C B, and a sequence (z;);>0 C B, \ K
such that

limw(x;) = sup w = sup w > 0. (5.9)
J20 BA\K RN\K
Since (z;);s0 is bounded, up to extraction of a subsequence, there exists a point
z € B, \ K such that z; — T as j — oco. Moreover, since w is continuous and (5.7)

is satisfied everywhere in RV \ K, it makes sense to evaluate (5.7) at z; for any j > 0.
That is, we have

/ D)~ )y > buay) - forany >0

But, since k£ > 0, using (5.9) and the dominated convergence theorem, we obtain
02/ J(Z—y) | wly) — sup w | dy >k sup w >0,
RN\K RN\K RN\ K
which is a contradiction. The proof is thereby complete. O
We are now in position to prove Lemma 2.1.

Proof of Lemma 2.1. — Let us first observe that, from the assumptions made on
J, the operator L is linear and continuous on (Co(R™ \ K),||-||..), where

Co(RM\ K) := {w c C(RY\ K); lim w(x) = o} :

|z|—o00

Indeed, this is because, given any w € Co(RY \ K), we have

Lufa) = [ I0) (Lecsaclaole =) dy = 7 (2)ula).

where ¢ is as in (2.4), and, by the dominated convergence theorem, we have that
Lw(z) — 0 as |z| — oo. The continuity of Lw is a mere consequence of the continuity
of translations in L!(R") and of the continuity of w, as is easily seen from the (trivial)
inequality

| Lw(wy) = Lw ()| < 2HwHoo/RN | (y+a1—22) = J(y)ldy + |w(@r) —w(zs)], (5.10)

which holds for any 1,2, € RV \ K. So that L indeed maps Cy(RY \ K) into itself.
Moreover, the continuity of the operator L follows from the fact that

| Lwl|so < 2||w]|se  for any w € Co(RY \ K).
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Next, we let £ > 0 be a number large enough so that the map s — —ks — f(s)
is decreasing in [0,1] and that k& € p(L) where p(L) denotes the resolvent of the
operator L.

Let v and uw be continuous global sub- and super-solutions to

Lu+ f(u) =0 in RV \ K, (5.11)

satisfying (2.1) and (2.2).

We will construct a solution u to (5.11) satisfying u < u < @ using a monotone
iterative scheme. That is, we will construct u as the limit of an appropriate sequence
of functions. The main tool behind our construction is the comparison principle
Lemma 5.3. To this end, we have to make sure that the sequence we construct
has the right asymptotic behavior as |z| — oo (as required by Lemma 5.3). With
this aim in mind, we first construct an appropriate sequence of auxiliary functions.
Namely, we define vy = 0 and, for x € RY \ K and j > 0, we let

Login (@) — kvpn (2) = —kvy(2) — f(a(e) + v,(0)) - La(e).  (5.12)

Let us check that the v;’s are well-defined elements of Cy(RY \ K). Since k € p(L)
and 0 = vy € Co(RY \ K), v is a well-defined element of Co(RY \ K) as soon as

F@() + Lu(-) € Go(RY\ K),
which is the case since f(1) = 0, f is continuous, u(z) — 1 as || — oo and

Lu € Co(RN \ K) (because u € C(RY \ K)) and

Lu(z) = [ J(y) e\ (W) (@ —y) —a(z))dy — | J(y)(1-1)dy = 0.
RN |z|—=oc0 JpN
Similarly, if, for some j > 0, it holds that v; € Co(RY \ K), then, given that k € p(L)
and that Lu € Co(RN \ K), v;41 is a well-defined element of Co(RY \ K) as soon as
f@() +v;(-) € GRY\ K),

which trivially holds since f is continuous, f(1) = 0 and u(z) — 1,v;(z) — 0 as
|z| — oo. Whence, by induction, we infer that the v,’s are, indeed, well-defined
elements of Co(RY \ K).

Let us now define a sequence (u;);=0 C C(RY \ K) by setting u; := @+ v;. Then,
by construction, for any z € RN \ K and j > 0, we have

Lugia(w) — kuja(2) = —kuy(@) — f(u;(@)), (5.13)
and the u;’s satisfy the limit condition

lim wuj(x) =1 forany j > 0. (5.14)

|z|—o00
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We will show that the desired solution to (5.11) can be obtained as the pointwise
limit of (u;);>0. Let us proceed step by step. First, when j = 0, we have

Luy (7) — kuy(2) = —kuo(x) — f(up(x)) for v € RV \ K. (5.15)

u in RY \ K. Indeed, we have

{ L(uy — uo) () — k(uy — ug) = —Lug(x) — f(uo()),

We claim that u < u; < ug

L{uy = u)(w) = k(ur — w) < f(u(@)) + ku(z) = fuo(2)) — kuo().

Since uy = u is a super-solution to (5.11), u < @ and s — —ks — f(s) is decreasing,
we obtain that

> 0,
L(uy — u)(x) — k(u; —u) <O0. (5.16)

{ L(uy — uo)(x) — k(ur — up)

By construction of u; (remember (2.1) and (5.14)), we have

|1‘1£>n (u; —up)(x) =0 and 1|ir‘n_)inf (u; —u)(x) = 0. (5.17)
This, together with Lemma 5.3, then gives that u < u; < wy = @ in RV \ K.
Similarly, by (5.13), the function uy € C(RY \ K) solves (5.15) with usy in place of
uy and w; in place of ug. Thus, from (2.1), (5.14) and the monotonicity of s —
—ks — f(s), we deduce that (5.16) and (5.17) still hold with us instead of u; and
up instead of uyg. We may then apply the comparison principle Lemma 5.3 and we
deduce that u < uy < uy < up =u in RY \ K. By induction, we infer that the u;’s
satisfy the monotonicity relation

UL S U] SU S S U S U S U = U
Since (u;);>0 is non-increasing and bounded from below by u, the function

uw(z) == lim u;(z) € [u(z),u(x)], (5.18)

Jj—o0

is well-defined for any z € RY \ K. In particular, since 0 < u < @ < 1, it follows
from (5.18) that v € L®(RM \ K). It remains only to check that the function u is
a solution to (5.11). For it, it suffices to let j — oo in (5.13) (using the dominated
convergence theorem), which then gives

Lu(z) + f(u(z)) =0 for any x € RV \ K.

The proof is thereby complete. O
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Remark 5.4. — The same arguments also apply when the operator L is replaced
by L, provided that J = J(|-|) satisfies (1.8), since it still holds that if w(z) = ¢ € R
as |r| — oo, then Lyw(xz) — 0 as |x| — oo. Moreover, the continuity of w still
implies the continuity of Lyw but the proof is less obvious since one can no longer
rely on the continuity of translations in L'(R"). For the sake of completeness, we

state a last lemma below which justifies why this is true.

LEMMA 5.5. — Let K C RY be a compact set and assume that J satisfies (1.12)

and that J is supported in the segment line [0, r] for some r > 0. Let w € C(RN\ K).
Then, Lyw € C(RY \ K).

Proof. — Let z1,7o € RY \ K with x; fixed and x5 arbitrarily close to z;. For
w € C(RY \ K), the analogue of (5.10) is here:

| Lgw (1) — Lgw(x2)] < 2[|wl|o

| et ) = o)ty
1A Mlclwer) = w(a)],

where jis as in (2.7). Since w € C(RY \ K), the delicate part is to show that the
first term on the right-hand side vanishes as x9 — x;. This can be done as follows.
Let § > 0 be small enough so that x5 € Bj/a(x1) C Bs(x1) € RV \ K. Then, we may
write

/RN\K[J(dg(xl, y)) — J(dg(22,))]dy
< / T (dy(x1,y)) — J(dy(22,9))|dy
RN\(Bs(z1)UK)

_|_/B ]j(dg(xl,y)) - f(dg(xz,y))ldy

5(x1)

= [1(1‘1,132) + [2([[‘1,132).
Since dg(x;,y) = |z; — y| for any i € {1,2} and y € Bs(z1), we have

Ly, z0) < || J(-+ 21 — 22) — S|l iy — 0.

ro2—T1

On the other hand, since J is radially symmetric, supp(J) = B, and J € W'!(B,),
by [71, Theorems 1.1 and 2.3], we have that J € WLi((0,7),t¥"1), J is almost
everywhere equal to a continuous function, J’ exists almost everywhere and

/ T (Ot < Oy | |VI(2)]dz. (5.19)
0

By
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Therefore, using the fact that dy(z;,y) > |z;—y| = §/2 for any y € RV \ (Bs(z;)UK),
we have

dg(m1,y) ~
L(z1,2) < / / J () |dtdy
d

RN\(Bs(z1)UK) J dg(z2,y)

2 N—-1 dg(‘rlay) —
< (_) / / | ()|t dtdy. (5.20)
) RN\ (Bs(21)UK) J dg(22,y)

Now, since 1,2y € Bsja(x1) C RV \ K and dgy(-, ) is a distance, we have

|dg(21,y) — dg(22,y)| < dg(w1,72) = |21 — 22| — 0.

T2—T1

Therefore, using (5.19), (5.20) and the dominated convergence theorem, we obtain
that
Li(xy,29) = 0 as zg — .

This completes the proof. O
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Chapter 5

Some monotonicity results for

general systems of nonlinear
elliptic PDEs

This chapter is inspired by the paper [32] written in collaboration
with S. Dipierro, published in the Journal of Differential Equations.

1 Introduction

1.1 Monotonicity and 1-dimensional symmetry for systems
In this chapter, we study monotonicity properties of minima and stable solutions of
general energy functionals of the type

/F(Vu, Vo, u,v,x)dx, (1.1)
Q

where Q C RV,
Recent years have seen numerous ongoing research activities in investigating sym-
metry properties of systems of PDEs. A typical example is

Au = uv?,
Av = vu?, (1.2)
u,v > 0.

which arise in phase separation for Bose-Einstein condensates with multiple states.
The interested reader may refer to [18, 20] (and references therein) for a derivation
of this phase separation model.
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In particular, in [18], the authors establish the existence, symmetry and non-
degeneracy of solutions to (1.2) in one dimension. They show that entire solutions
are reflectionally symmetric, i.e. there exists zy € R such that u(z — z¢) = v(zg — 2)
for any « € R. They also establish a result which may be seen as the analogue of a
celebrated conjecture of De Giorgi for problem (1.2) in dimension 2. More precisely,
they show that monotone solutions to (1.2) in dimension 2 have one-dimensional
symmetry under the growth condition

u(z) +v(z) < C(1 4+ [zf),

for some C' > 0. On the other hand, the linear growth is the lowest possible for
positive solutions to (1.2). Namely, if there exists a € (0, 1) such that

u(r) +v(z) < C(1+[z[)%,

then both w and v are constants, and at least one of them is 0, see [115].

In dimension 2, Farina [62] improves the result in [18] showing that if (u,v) is a
monotone solution to (1.2) and has at most algebraic growth at infinity, then it must
be one-dimensional. It turns out that the monotonicity condition can be weakened
in order to get the one-dimensional symmetry for solutions to (1.2). Indeed, it has
been proved in [20] that stable solutions to (1.2) are one-dimensional in R?.

Let us also mention [66] where symmetry results for systems in dimension 2
involving more general nonlinearities have been obtained. Quasilinear (possibly de-
generate) elliptic systems in R? have also been considered in [55]. As for dimensions
higher than 2, in [64], the authors prove that if (u,v) has algebraic growth and

lim (u(z',zy) —v(2/,2y)) = 200 uniformly in 2’ € RV,
TN 0o
then (u,v) depends on zy only. Also, in [150, 151], it has been proved that if (u,v)
has linear growth, then it is one-dimensional.

Recently, the nonlocal counterpart of (1.2) has also been investigated, see e.g.
[133, 134, 147, 152], and some symmetry results have been obtained in [56] for a
quite general system of nonlocal PDEs of the form

(—A)*ru = Fy(u,v),
(—A)%2v = Fy(u,v),

where Fy and F, denote the derivatives of a function F € C1!(R?) with respect to

loc

the first and the second variable, respectively; s1, s, € (0,1) and, given s € (0, 1),
(—A)* stands for the fractional Laplace operator

(—A)u(x) == p.v./ Mdy,

RN |37 - ZJ|N+28
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where p.v. denotes the Cauchy principal value (see [113] for the definition and further
details). See also [67] for symmetry results for nonlocal systems of equations.

Our aim in this chapter is to provide monotonicity results for minima and stable
solutions of energy functionals of the form (1.1) (thus embracing all the systems
considered above). We will consider the case in which both the domain {2 and the
functional F' are invariant under translations in the ey-direction, and we will deal
with symmetry properties of minima or stable solutions in the class of functions
which are obtained by piecewise Lipschitz domain deformations in the ey-direction
(see Definitions 1.1 and 1.2). We will also require some rather mild assumptions on
F and a growth condition (see (1.5)).

The key tool of our proofs relies on a technique introduced in [124] to study the
regularity of fractional minimal surfaces in dimension 2 (see [41] where these object
were introduced), and developed in [125] to work in a more general setting. See
also [42, 57] where these techniques have been used in the context of free boundary
problems.

Here we adapt the new strategy of [125] to the case of general systems of equations.
The idea is to look at the stability inequality without dealing with its precise form
(which, in some cases, can be very hard to handle), and to simply compare the energy
of the couple (u,v) to that of its translations. To this end, one also needs to modify
the “translated” couple at infinity to make it a compact perturbation of (u,v). Here
the growth condition comes into play and ensures that the energy of the perturbed
couple can be made arbitrarily close to the energy of (u,v). Then, if v and v are not
monotone in the ey-direction, one can modify locally the perturbed couple in order
to get lower energy, but this is in contradiction with the minimality of (u,v). This
strategy allows to deal with quite general form of energy functionals.

We now introduce the setting in which we will work and give precise definitions
and statements of our results.

1.2 The mathematical setting

We consider a domain Q@ C RY and study the symmetry properties of minima for
functionals of the type

& (u,v) ::/F(Vu,Vv,u,v,x)d:r.
0

We assume that the domain €2 and the functional F' are invariant under translations
in the ey-direction, namely

Q=7 xR, ¥ CRV L

207



and F' does not depend on the xx-coordinate. We will denote a point in €2 by z =
(x';xy) € ¥ x R. We also suppose that F' is convex with respect to the first two
variables. Precisely, we assume that

F = F(p1,pa, 21, 20,2') € C(R*N x R? x ¥), (1.3)
and F is C? and uniformly convex in p; and p, at all p;, p, with
pr-en #0 and py-ey #0, forall (21, 2,2") € R? x 7.
Finally, we assume that there exists a constant C' > 0 such that

|Fp1p1(p1 + q1, D2, 21, 22,$/)| < C|Fp1p1 (Phpz’ 21, 227II)|7
|FP2P2(p17p2 + q2, 21, 22, 95/)| < C|szpz<p1;p2, 21, 22,95/)|, (1-4)
|Fp1p2(p1 + q1, P2 + @2, 21, 22,1’/)’ < C|Fp1p2(p1,p2, 21, 22,95’)’7

for any p1,pa, q1,q2 € RY with |q1| < |p1 - en|/4 and |go| < |p2 - en|/4. We will make
these assumptions throughout the chapter.
Given R > 0, we consider the following energy functional

Enlu,v) = /Q F(Vu(a), Vo(e), u(a). o). )

where, as usual, Br denotes the ball of radius R centered at the origin.

Following the line in [125], we want to study the symmetry properties of minimal
or stable solutions of the above functional among suitable perturbations, obtained by
domain deformations in the direction given by ex. To do this, we recall the following
definitions introduced in [125].

DEFINITION 1.1. — Given a function w, an ey-Lipschitz deformation of w in Bg
is a function w defined by

w(z) = w(z + ¢(z)ey) for any x € Q,
where ¢ € C%'(RY) is a function supported in Bg with ||On || @y < 1.

DEFINITION 1.2. — Given a function w € C%(Q), a piecewise ey-Lipschitz
deformation of w in By is a function w € C%*(Q) defined by

w(x) =w®(x) for some i (depending on z € ),

where WV, ... W™ constitute a finite number of ey-Lipschitz deformations of w
in Bg. In this case, we write W € Dg(w).
Also, if all w9 satisfy

0 (z) = w(z + ¢ (2)ey)  with [|@||cor) <0

for some §, we write w € D3(w).
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We recall also some elementary properties of piecewise e y-Lipschitz deformations,
which follow easily from the definitions above.

PROPOSITION 1.3. — The following properties hold true:
(i) ifw',w? € D(w), then min {w', w?} , max {w', w?} € Dy(w);
(i) if w € D% (w),w € D%(w), then w € D¥(w);
(i) it € Di(w), then @ — wll s~y < C8lwlonr oy
(iv) if w € Dy (w),w € CH(Q), then ||w — w|cor) < Collw|lcrig).

In the sequel, we will also assume a growth condition on the functional &. Namely,
we suppose that there exists a constant C' > 0 such that, for R sufficiently large,

/ | Fpupr (Vu, Vo, u, v, )| Vul* + | Fpops (Vu, Vo, u, v, 2")||Vo)?
QNBRr (15)

+ [ Fpy o (Vu, Vo, u, v, 2')||[Vu||[Vo|dz < CR2.

1.3 A monotonicity result for minimizers of the energy func-
tional

The first result here deals with ey-minimizers of &. To state it, we give the following;:

DEFINITION 1.4. — We say that (u,v), with u,v € C%Y(Q), is an ey-minimizer
for & if, for any R > 0, we have that &r(u,v) is finite and

éaR(ua U) g gR(ﬂa E)a

for any u € Dg(u) and any v € Dg(v).
We are now in the position to state our first monotonicity result.

THEOREM 1.5. — Let u,v € CY(Q) and let F satisfy (1.3) and (1.4). Suppose
that (u,v) is an ey-minimizer for the energy & and that the growth condition (1.5)
is satisfied. Then, u and v are monotone on each line in the ey-direction, i.e., for
any x € §Q, either uy(z +tey) = 0 or un(x + tey) < 0, and either vy(x + tey) > 0
orvy(x +tey) <0, for any t € R.

Remark 1.6. — We notice that if a continuous function w is monotone on each
line in RY, then it is one-dimensional, that is there exist a function wy : R — R and
a unit direction w € SV~ such that w(r) = wy(w - ) (see [125, Section 9] for a proof
of this fact).
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1.4 A monotonicity result for stable solutions

The second result that we state concerns stable critical points of the energy instead
of ey-minimizers. We give a definition of the stability condition that involves the
second variation of the functional & for deformations of the solution both in the ey-
direction and in the vertical ey i-direction. Precisely, we give the following:

DEFINITION 1.7. — Given a function w, a piecewise Lipschitz deformation of w
in the {ey, en41}-directions is a function w defined as

w =W+ ¢,

where W € D%(w) and ¢ is a Lipschitz function with compact support in Q N Bg,
and ||¢||co1(q) < 6. In this case, we write w € I (w).

DEFINITION 1.8. — We say that (u,v) is an {ey, en1}-stable solution of & if
for every R > 0 and € > 0 there exists § > 0 depending on R, ¢, u and v such that,
for any t € (0,0), we have that &g(u,v) is finite and

gR(ﬁ, fﬁ) - (g’R(u, U) = —€t2, (16)

for any u € P4 (u) and any v € Z4(v).

Remark 1.9. — As we shall see later on (see Lemma 2.1), this notion of {ey, en 1 }-
stable solution shares intimate links with the classical notion of stability. In fact,
this follows from the same arguments as in the case of a single equation (see [125]).
Actually, we can infer directly from the definition that

(i) if (u,v) is a classical minimizer of &, then (u,v) is {ex, ex11}-stable for &;
(ii) if (u,v) is {en, eny1}-stable for &, then (u,v) is a critical point for &.

This is because we allow perturbation in the ey ;-direction.
Next, we state our monotonicity result for {ey, ex1}-stable solutions.

THEOREM 1.10. — Let F' € C3*(R*¥ x R? x ¥) satisfy (1.4) and let (u,v) be
such that either u,v € C%(Q) are convex or u,v € CH(Q). Moreover, suppose
that (u,v) is an {ex, enx11}-stable solution of &, and that the growth condition (1.5)
holds true. Then, u and v are monotone in the ey-direction, i.e. either uy > 0 or
uy < 0 and either vy > 0 or vy < 0 in Q.

By Theorem 1.10 and Remark 1.6 one obtains that an {ex, ex1}-stable solution
of & is one-dimensional, in the sense that there exist @, 7 : R — R and w,,, w, € SV¥~!
such that (u(z),v(z)) = (@(wy - z),v(w, - z)). We remark that, in general, it is not
possible to conclude that v and v have the same direction of monotonicity. It is not
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true, for instance, for an uncoupled system of PDEs, such as
Au =0,
Av = 0.

See also [55, Remark 1.4] for a discussion on this fact.

Nonetheless, there are cases in which it is possible to obtain that u and v have the
same direction of monotonicity, even for quite general systems, see e.g. [55] and [56].

1.5 Organization of the chapter

In Section 2 we show that, under suitable assumptions, the notion of {ey,eni1}-
stability is equivalent to the notion of classical stability. In Section 3 we perform a
local analysis and, in Section 4, we estimate the energy of the perturbation at infinity,
collecting the basic facts in order to prove Theorems 1.5 and 1.10 in Sections 5 and 6,
respectively. Finally, in Section 7, we investigate some applications of our results in
some concrete cases.

2 Stability property

The following lemma justifies Remark 1.9.

LEMMA 2.1. — If Q =R"Y, FF € C? and u, v € C*(RY), then (u,v) is a classical
stable solution for the energy functional & if, and only if, (u,v) is an {ey,eny1}-
stable solution of & according to Definition 1.8.

Proof. — Suppose first that (u,v), with u, v € C?*(RY), is a classical stable
solution. That is, by definition, for any o', > € o' (Bg), we have

1 2y
lim i SR b0+ 19%) — ER(u,v)

i 5 > 0. (2.1)

In addition, setting
ALy o F = F(Vu+tVe', Vo+tVe? utte' vite?, o) — F(Vu, Vo, u,v,2), (2.2)

we have )

t
Agi B = tH(p', %) + FL(#, %) + o), (2.3)
where

H(‘P17 902) = F(pl)igpzl + FZ1901 + F(pz)ﬁpz2 + FZzSOQa
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L(0",9%) = Fipup), 0195 + Fam (01)7 + 2F gm0 ¢
+ F(p2)i(l’2)j 90129032‘ + Flyz (902)2 + 2F ()2 9029012
+ Flp)io); P1 0% + 2Py 01 0% + 2F )0 0707
+ F(P2)i(p1)j90?(pyl‘ + 2F(Pl)i2290290117

and the derivatives of F' are evaluated at (Vu, Vv, u, v, 2’).
Now, we observe that, since (u,v) is a critical point of &, it holds that

H(p', ¢*) = 0.
Br

So integrating (2.3) and recalling (2.2), we obtain that

2

Snu+to v+ t5) = Snlwo) = 5 [ LG dn o). (24)
Br

Dividing by ¢* and recalling (2.1) we find that

/ L(gol, 902)dx > 0.
Br

Thus, (2.4) yields

Erp(u+to' v +t9®) — Er(u,v) = o(t?). (2.5)
Given U € Zj(u) and U € Z4(v) we may choose @' := =% and ¢? := =% By
construction, the Lipschitz norm of ¢! and ¢? is bounded by a quantity that does not
depend on ¢. Therefore (2.5) implies (1.6), and so it follows that (u,v) is {en, ent1}-
stable.

Reciprocally, let (u,v) be an {ey, en41}-stable solution of & (and so, a critical
point). In this case, we choose U := u + tp' and ¥ := v + t¢? in (1.6). Then, taking
e arbitrarily small, we prove (2.1). Therefore (u,v) is a stable solution of &. This
completes the proof. O

3 Local analysis

In this section, we consider local perturbations of (u,v) in the ey-direction. More
precisely, we will show that we can perturb the couples

(max{u(z),u(z) + tex},v(z)) and (u(x), max{v(z),v(z) + ten})

in such a way that the energy of the “perturbed couples” decreases.

We first show that if one of the two elements of a couple (u,v) is a maximum
of two functions that form an angle at an intersection point, then it cannot be an
en-minimizer for &.
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LEMMA 3.1. — Suppose that 0 € Q, and that u,u',v,v! are C' functions which

satisfy
u(0) = u'(0), un(0) <0 < uy(0), (3.1)

and
v(0) = v(0), wn(0) <0 < vy (0).
Then, the couples
g1 = (max{u,u'},v) and g = (u, max{v,v'}),
are not ey-minimizers for & in any ball B, with n > 0.

Proof. — We prove the lemma for the couple ¢;, the proof for g, being similar
with obvious modifications.

We argue by contradiction and we assume that g, is an ey-minimizer in a ball B,,,
for some n > 0. We define Fy(p1,p2) := F(p1,p2,0,0,0). Moreover, we observe that
if we subtract a linear functional from F' then this does not affect the minimality.
Indeed, if we consider

F(p17p27 2172271’) = F(p17p27217 22,95) — Po - P1,

and if & is the associated energy functional, then we have

nlus0) — Enlu) = [

po-Vudx:/ pou - vdo.
Br 0Br

This means that the difference between &% (u, v) and &g(u, v) is a term which depends
only on the boundary value of w. Therefore, if (u,v) is an ey-minimizer for &, then

it is an ey-minimizer for & as well. In view of this, we may assume that
Fo(Vu(0), Vou(0)) = Fy(Vu'(0), Vo(0)). (3.2)

Moreover, we can suppose that w(0) = u'(0) = 0 (up to translate F' in the vari-
able z1). Now, for small » > 0, we define the rescaled functions

u (7)== rtu(re), ul(z) :=r'w'(re) and v.(z) =" o(re).
We also set g, := (max {u,,ul}, v,). If
o (p1,p2, 21, 22,2) := F(p1, pa, 121,722, 12),

is the rescaled functional, we have that g, is an ey-minimizer for F, in B, .. Send-
ing r — 0T, we obtain the following limits, which are uniform on compact sets:

up(x) = up(x) := Vu(0) - z, Vu, = Vuy,
F. — Fy(p1,p2), ui(z) = ud(z) :==Vu(0)-z,  Vul — Vu}, (3.3)
v(z) = vo(x) == Vu(0) - z, Vo, = V.

213



Now, we set fo := max {ug, u} and we consider the couple gy := (fy,vp). The fact
that F' is strictly convex in the variable p; implies that

go is not a minimizer for Fy. (3.4)
To see this, given the function
Br(z") = cdmax {0, |2'| — R},
with R large and ¢, § small, we define
ho := 1+ aug + (1 — a)up — Br(2), (3.5)
where « € (0, 1) is small. Then, we have that
the couple (max {fo, ho} ,vo) agrees with gy outside the ball Bg, g, . (3.6)

On the other hand, in Bg, considering hg, we cut the graphs of two transversal linear
functions by a single one. Therefore, if we take R sufficiently large,

the couple (max{ fo, ho} ,’U()) has lower energy for Iy than gq. (3.7)

To see this, we observe that, by definition, V fy coincides with either Vuy or Vug,
and so from (3.2) we have that

Fo(Vug, Vvg) = Fo(Vug, Vug) = Fo(V fo, V).

Therefore, by the strict convexity of Fj with respect to the first variable, we have
that, fixed o and 4,

Fo(Vho, Vvg) = Fo((aVug + (1 — ) Vg, Vuy)
< aFy(Vug, V) + (1 — a) Fo(Vug, V) — 1 (3.8)
= FO(vf(b VUO) -,

in BpN{ho > fo}, for some n > 0. On the other hand, the set {ho > fo} is contained
in a strip in the ey-direction. This and (3.6) imply that, when we integrate (3.8) in
Bpg, then the energy of (max { fo, ho} , vo) is less than the energy of gy minus a term of
order CnRY~! whereas, when we integrate in Br, g, , the energy of (max { fy, ho} , vo)
is less than the energy of gy minus a term of order CypRN=2. All in all, if R is large
enough we obtain (3.7). In turn, this implies (3.4).
Now, we set
fr = max {u,,u, } . (3.9)

Since the convergence in (3.3) is uniform, we have that
h, = (max {fr ho}, vr),
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has lower energy for F, than g, as well.

Hence, we can scale back and obtain that h.(z) := rh,.(x/r) has lower energy
for F' in B,(ryr,) € B, than g;.

In order to get a contradiction, it remains to prove that h, is an allowed per-
turbation of ¢; (according to Definition 1.2). Notice that this is equivalent to check
that h, is an allowed perturbation of g.. That is, recalling (3.9), we have to prove
that

max { f, ho} is a piecewise Lipschitz domain deformation of f,

3.10
with Lipschitz norm bounded by 9. ( )

To do this, we recall the uniform convergence of u, and u’ to uy and u respectively
(as given by (3.3)) and the definition of hg given in (3.5) to obtain that

ho(x) = 1+ au.(x) + (1 — ) ur(z) — Br(z’) + w. (), (3.11)

where w, — 0 as r — 07 locally uniformly, together with its derivatives.

Now we notice that our hypothesis in (3.1) gives that Vu} - ey < 0 < Vg - exn.
This, together with the uniform convergence in (3.3), implies that we can apply the
Implicit Function Theorem, and we have that the part of the graph of max{f,, ho}
where hy > f, can be obtained from wu, by a Lipschitz domain deformation with
Lipschitz norm less than §, provided that we take « sufficiently small. Indeed, fixed
2’ (and so looking at the 1-dimensional problem in the last variable only) and recalling
(3.11), we obtain that

u (', xy + () = ho(z) = 1+ au(x) + (1 — a)u,(x) — Brz’) + we(z),

thanks to the Implicit Function Theorem in 1-dimension. Furthermore, if o and r
are sufficiently small, the perturbation function ¢ has norm bounded by /2. This
shows (3.10) and finishes the proof of Lemma 3.1. O

Now we deal with perturbations of the couples
(max{u(z),u(z) + tex},v(z)) and (u(x), max{v(z),v(z) + ten})
with lower energy.

LEMMA 3.2. — Let u,v € C?*(Q) be such that (u,v) is a critical point for the
functional & in a neighborhood of the origin, and let F' be C? in a neighborhood of

(Vu(0), Vo(0),u(0),v(0),0).

Suppose that
UN(O) = O, VUN(O) 7é O,
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and set
w'(x) := max {u(z), u(z +tey)} . (3.12)

Then, for every n > 0, there exists a function ¢! which is Lipschitz and has compact
support in B, such that, for any small t,

&E(w' + 't v) — &, (w',v) < —ct?,

where ¢ > 0 is a small constant that depends on F', n and u.

Remark 3.3. — We point out that we have an analogous result if we consider the
function v instead of u. Precisely, if we assume that

UN(O) = O, V”UN(O) 7é 0,

and we consider
w?(x) == max {v(x),v(z +tey)},

then, for every n > 0 there exists a function 12 which is Lipschitz and has compact
support in B, such that, for any small ¢,

& (u, w? + th?) — &) (u, w?) < —ct?,
where ¢ > 0 is a small constant depending on F, n and v.

Proof of Lemma 3.2. — We define

() = u(zr + tegtv) — u(x) (3.13)

and we observe that
|u' = unllcor(s,) =o(1) ast— 0. (3.14)

We consider a Lipschitz function ¢; and, using the fact that FF € C? in the
variables p; and z;, we compute

F(Vu+tVg, Vo,u+tg,v,2") = F(Vu, Vo,u,v,2") + t (F,, Vg1 + F. 01)
82 (V)" Foup Vo1 + Faeag? + 201 Fyre, - Vg1 ) + 0(22),

where the derivatives of F' are evaluated at (Vu, Vv, u,v,z’) and the constant in the
error term o(t*) depends on u, F' and ||g1 | co1(p,). Hence, we obtain

&y (u+tgy,v) = & (u,v) +t L(g1) + °Q(g1) + o(t?),
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with
L(g1) = / (Fp, - Vg1 + I g1)de
B"]

and

Qg1) = | G(Vgi,01,7)dzx

By

= / ((Vgl)T Fplplv.gl + Fz1z1g% + 291Fp1z1 : v91> dz.
By

Now, we take a Lipschitz function ¢! with compact support in B, and we use the
fact that (u,v) is a critical point for & to obtain

E(u+tuly + 1t v) — & (u+tul,v) =2 (Qul +¢') — Qul)) +o(t?). (3.15)
Using (3.12) and (3.13), we can write
w' = u+ tul. (3.16)
Now, we claim that, for n sufficiently small,
Q(u}) — Q(un)+) = o(1) and Q(ui + ') — Q(un)+ + ') =o(1),  (3.17)

as t — 0. We focus on the first equality in (3.17), since the second is similar. To
prove it, fixed p > 0, we define

A, = By N{|un| < p} and A= B, N{|luy| > p}.
Notice that (3.14) implies that

lim [l — () o) = lim [[u = ooy = 0. (3.18)

As for the contribution coming from ,%’}L, we observe that, since Vuy(0) # 0, the
measure of %’; is at most of the order of p. This, together with (3.18), gives that

lim |Q(u}) — Q((un)+)| < C,

t—0

for some C' > 0. Since p can be taken arbitrarily small, this implies (3.17).
Formula (3.17) means that, for n sufficiently small, we can write (uy)y instead
of u} in the right hand side of (3.15). Hence, recalling also (3.16), we have that

En(w' + 1, v) — Ey(w',v) = (Q(un)+ +¥') — Q(un)+)) +o(t).  (3.19)

217



Now, we notice that uy, 0 and G satisfy the hypotheses of Remark 4.3 in [125], and
therefore (uy)4 is not a minimizer of Q. So we can choose the function ¢! in such
a way that

Q(un)y +¢') < Q(un)y) — ¢
for some small ¢, which may depend on u, F' and n. This together with (3.19) gives

that, for small ¢,
&E(w' + 't v) — &, (w',v) < —ct?

and this concludes the proof. ]

Now we show that, under an additional regularity hypothesis on F', the non-
degeneracy condition Vuy # 0 in Lemma 3.2 is satisfied. For this we use the Hopf
Lemma, by adapting the proof of Lemma 4.6 in [125] to the slightly more delicate
case of a system of equations.

LEMMA 3.4. — Assume that

either u,v € C"(Q) are convex,
or u,v € CH1(Q).

Furthermore, assume that (u,v) is a critical point for & and F' € C*“ in a neighbor-
hood of (Vu(0), Vo(0),u(0),v(0),0). Then, u and v are of class C* in a neighbor-
hood of 0. If, in addition, un(0) = 0 (resp. vy(0) = 0) and uy (resp. vy) does not
vanish identically in a neighborhood V; of 0, then there exists a point o € V; (resp.
x1 € V) such that

un(zo) =0, Vun(zg) #0 and vy(z1) =0, Von(xy) #DO0.

Proof. — Since (u,v) is a critical point for & it satisfies the elliptic system of
equation
G (V?u, V*,Vu, Vo, u,v,2') := div, F,, (M) — F., (M) = 0,
G*(V?u, V20, Vu, Vo, u,v,2') := div, F,,(M) — F,,(M) = 0,

where M = (Vu,Vv,u,v,2’). Consider the first equation of the above system,
with v fixed. If v € C%*(Q) is convex, then Vv € L>®(Q)Y and V?v € L®(Q)V*N
exist almost everywhere (this follows from Rademacher’s theorem and Alexandrov’s
theorem). On the other hand, if v € C11(Q), then V?v € L®(Q)M*V also exists
almost everywhere (this follows from Rademacher’s theorem). Thus, at fixed v,
the first equation (in the variable u = w,) is satisfied in the classical sense and
the corresponding solution u, belongs to C**(2) (this follows from Theorem 2.1
in [143], the Schauder estimates and the fact that FF € C**). In like manner, for
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any fixed u, the solution v, of the second! equation belongs to C**()). Therefore,
(u,v) € C3%(02) x C>%(2). This shows the first claim of Lemma 3.4.

Now, we focus on the second claim of Lemma 3.4. To prove it, we observe that
G' = GYq1, q2,p1, P2, 21, 22, 7') € CH°, (3.20)

Hence, differentiating in the ey-direction we see that w := uy € C**(Q) satisfies
the linearized equation (in the viscosity sense)

1 1 1 1 1 1
G(ql)ijwij + G(m)iwi + Gle = —G(qQ)i], (UN)z‘j — G(pg)i(/UN)i - GZQUN' (321)

Here, the derivatives of G' are evaluated at (V2u, Vv, Vu, Vv, u,v,2'). For the
convenience of the reader, we rewrite (3.21) as

Llw = f1,
where
1, . 1 1 !
Lw:= G(ql)ijwz’j + G(Pl)iwi + G21w7
Moreover, we set

P = {zeVy: fi(x) >0},
E = {zeVy: fi(z) =0},
N = {zeVy: fi(z) <0}

In addition, denote by (P;});c, (resp. (E});jes,) the connected components of P (resp.
E). This makes sense since f; € C%%(V}) (recall (3.20) and the fact that v is C** in
Vo).

Note that if P = N = @ then f; = 0, and so the conclusion follows as in Lemma
4.6 in [125]. Thus, we may suppose now that either P or N are nonempty. Moreover,
we can assume that P is nonempty, otherwise it is enough to replace w by —w.

Also, we observe that

if there exists a compact set X € V{ such that w;y =0, (3.22)
then, necessarily, ¥ C E. '
Now we take? xg € {w = 0} N P. Then, there exists j; € J; such that xy € P;,. It
follows from (3.22) and the continuity of f; that w cannot vanish identically in P}, .

"'We may actually consider indifferently the first or the second equation, as only one equation is
needed.

ZWe use here the short notation {w = 0} = {z € V; : w(z) = 0}, and similarly for {w < 0} and
{w > 0}.
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Thus, we can apply the Hopf Lemma to w at the point x(, which admits a tangent
ball from either {w < 0} N P;, or {w > 0} N P;,, and the conclusion follows.
If 2o € {w =0} NN, we replace w with —w and we reason as above.

If o € {w =0} NE, we let Ej,, for some j, € Jo, be the connected component
of I/ such that zy € E;,. By the continuity of fi, there exists j; € J; such that
K := E;, U P; is connected (up to exchanging w with —w). Again, (3.22) implies
that w cannot vanish identically in K, and so we can apply the Hopf Lemma to w
at To, which admits a tangent ball from either {w < 0} N K or {w > 0} N K. The

same arguments apply to vy. This completes the proof of Lemma 3.4. O

Remark 3.5. — The above result states that the non-degeneracy hypothesis Vuy #
0 of Lemma 3.2 is always satisfied under a slightly stronger hypothesis on the po-
tential F. On the other hand, notice that we obtain a C® regularity for u and v
near 0, even though we asked only for, say, a C*! regularity. Thus, Lemma 3.2 is
consistent.

4 Perturbations at infinity
In this section we modify the couples
(max{u(z),u(z) +tex},v(z)) and (u(x), max{v(z),v(z) + ten})
at infinity in such a way that they become compact perturbations of the couple (u, v).

For this, for any R > 1 we define the function ¢ : R — R, which is Lipschitz, even
and with compact support, as

1 if0<s<VR,
vr(s) == 2% if VR < s <R, (4.1)
0 if s > R.

We have that
(4.2)

by 0 ifse(0,VR)U(R,+o0),
PR =) if s € (VR,R).

slog R

Also, for any t € (0,v/R/4], we consider the following bi-Lipschitz change of coordi-
nates:

x = y(x) = x + tor(|z])en. (4.3)

In these new coordinates, we define the functions uf;, and vy, as
uf(y) = u(z) and v, (y) = v(z).
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We observe that uj () and vj,, coincide with u(z —tey) and v(z —tey) respectively
in B, /5, and with u(z) and v(z) respectively outside Bp.

We also define uy, and vy, by replacing ¢ with — in (4.3).

Now, we want to obtain an estimate of &r(uj,, vy,) and Er(ug,, vg,) in terms
of &g(u,v). For this, we notice that

D,y =1+ A,
where
0 0 0
) 0o 0 ... 0
A(I) = tSOR(|‘r|) : : . 3
z1 @y TN
lo =l " al
and that || A|| < t]¢R(|x])| < 1. Moreover,
A
Dyx=I+A)"'=1——"——.
v = (I +4) 1+ tr(A)

Furthermore, the following relations hold:
Vyuj, = VeuDyz, Vyuh, =VouDyz and dy = (1+ tr(A))dz.

Hence, we have
+ + 4 o+
/ F (vyuR,t7 vy“R,tv Urt VRt Y ) dy
QNBRr

— /mBRF (qu ([ — 1++(A)) , Vv ([ — Ht;;(AO ,u,v,x') (1+ tr(A))da.

Now we use the hypothesis (1.4) for F' to bound the right hand side from above:
more precisely, since |(p1A)| < |p1 - en|/4 and |(p2A)| < |p2 - en|/4, we have that

F (pl (1 _ ﬁ) o (1 _ H%(A)) ,zl,zz,m') (1+ tr(A))

< F(p1,p2, 21, 22, @ )(1+tr(A))

=y (p1,p2, 21, 22, @ ') - (p1A) — Fpy(p1,p2, 21, 22, @ ') - (p2A)
+ C(|Fpp (p1: 02, 21, 22, )| [D1 AP + | Fpops (p1, D2, 21, 22, 2')| [p2 A
+ 2| Fpp (1,02, 21, 22, 2") [ [p1 Al [p2A] ).
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If we consider uy, and vy ,, we can write the same inequality with A replaced by —A.
Therefore, we obtain

gR(“E,ta UE,t) + (g)R(uj_%,tv UI_%,t) — 2&R(u,v)
<C [ (1Bl IVPIAP + [Fp [T AP + 2By [V V0 AP ) o
QNBRr
Ct?

o / dzx
h (log R)? on(Br\B /z)

(1B VU 4 | Fpas IV0 4 | B [Vl V0] ) =5, (4.4)

|z[?’
where the derivatives of F' are evaluated at (Vu, Vv, u,v,z'). Now we set
B0)i= [ (B IV + Pl 90 + PVl V)
NB;,

Recalling (1.5), we have that h(r) < Cr?. Also, we see that

R 1.1 R
/ h (27“) 4 < h(f;i) n 2/ i;")dr < Clog R. (4.5)
VR T R VR r

Passing to polar coordinates in the last integral in (4.4) and using (4.5) we get

gR(“E,ta UE,t) + gR(uﬁm UE,t) — 28r(u,v)

limsup sup

R—+00 1€(0,v/R/4) 2

Remark 4.1. — We point out that in a similar way, by perturbing only one of the
element of the couple (u,v), one can obtain

_ Er(ufyy,v) + Er(ug,, v) — 28R (u, v)
limsup sup

i . <0, (4.6)
—+00 te(0,//R/4)

and
. Er(u, vg,) + Er(u, vg,) — 28R (u,v)
limsup sup

R—+00 tc(0,v/R/4) t?

< 0. (4.7)
We conclude this section recalling the following integral formulas:

&r (max {Uz_%,w u} ,v) + & (min {Uz_z,t, u},v) = Er(up s, v) + Er(u,v),

4.8
Er (u, max {v;ﬁ, v}) + &R (u, min {Uz_z,t» v}) = &Er(u,vg,) + Er(u,v). (48)
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5 Proof of Theorem 1.5

We recall the notation introduced at the beginning of Section 4, and we observe that,
since (u,v) is an ey-minimizer,

Er(u,v) < é"R(uEt,v).
From this and (4.6) we obtain that

REIEOO éaR(“E,t’ U) - gR(U, ’U) =0, (51)

at t fixed. Using again the minimality of (u,v), we have that
Er(u,v) < 8r (min {ul_ﬁ,u} ,v) ,
which, together with the first relation in (4.8), implies that
Er (max {ug,, u},v) — Er(ug,,v) = Er(u,v) — Eg (min {ug,, uf,v) <0. (5.2)
Putting together (5.1) and (5.2) we obtain

lim &x (max {u]_ﬁ,u} ,v) — &r(u,v) = 0. (5.3)

R—+o00

We set
frt = max {ul_ﬁ, u} , (5.4)

and we observe that
fre = max {u(z),u(x +tey)},

and fr; € Db%(u).

Now, we argue by contradiction, assuming that u € C*(£2) is not monotone on a
line in the direction ey. This implies that we can take ¢ > 0 in such a way that u(z)
and u(x + tey) satisfy the hypotheses of Lemma 3.1, say at some point xy € €2 (see
Remark 4.2 in [125]). Therefore, we have that gr; := (fr+, v) is not an ey-minimizer

for &. Hence, in a neighborhood of xy, we can perturb gz into gr, in such a way
that

Er(grt) < Er(grt) — ¢,

for some ¢ > 0 which depends only on (u,v). From the last inequality and (5.3) we
reach a contradiction with the minimality of (u,v) as R — +o0.

If we assume that v € C*(2) is not monotone on a line in the ey-direction, we
get again a contradiction with the fact that (u,v) is an ey-minimizer. Indeed we
can repeat the same argument as above, using (4.7) and the second integral formula
in (4.8). This concludes the proof of Theorem 1.5.

223



6 Proof of Theorem 1.10

We recall the notation introduced at the beginning of Section 4. From (4.6) we
deduce that, for ¢ > 0, we can take R large such that

Er(uf,,v) + Erlug,, v) — 265(u,v) < et’. (6.1)
Moreover, we know that (u,v) is {ex, ey41}-stable, and so
Erp(wy,v) — Er(u,v) = —et®  for any w; € Ds(u), (6.2)

for every t sufficiently small (see Definition 1.8).
Now, recalling the definition of fr, in (5.4), we use the first integral formula
in (4.8) to obtain that

Er(frt:v) — Er(u,v) = gR(u]_%,t’ v) — &r (min {uﬁ,tv u} 7”)
= Er(up,,v) + Er(uf,, v) — 28r(u, v) + Er(u,v)
— &% (min {u,}’t, u},v) + Er(u,v) — Er(ufyy,v)
< 3et?,

where we have used (6.1) and (6.2).

Suppose, by contradiction, that uy changes sign in ). Then, by Lemma 3.4,
there exists a point xo € §2 such that the hypotheses of Lemma 3.2 are satisfied in
a neighborhood of zy. Hence, we have that we can perturb fr, into fr; near zo in
such a way that

Er(friv) < Er(frp,v) — ct?,
where fR,t € 95 (u), for some ¢, C' > 0 which depend only on u. Then, we obtain
Er(fri,v) < Er(u,v) + (32 — )i,

which gives a contradiction with the stability inequality (1.6) if we take ¢ < c.

If we assume that vy changes sign in 2, we reason in a similar way, using (4.7),
the second integral formula in (4.8) and Remark 3.3 to reach the same contradiction.
Therefore, either uy > 0 or uy < 0 and either vy = 0 or vy < 0 in €. This
completes the proof of Theorem 1.10.

7 Some applications

7.1 Two-stated mixture of Bose-Einstein condensate

Here, we consider the following system

Au = w?,
Av = vu?, (7.1)
u,v > 0.

224



As already mentioned in the Introduction, the above system arises in the analysis of
phase separation phenomena in binary mixtures of Bose-Einstein condensates with
multiple states.

The energy associated to (7.1) is the following:

1
& (u,v) == 5/ Vul? + |Vo|* + v*v® dz.
RN

Under a suitable growth condition, we show here that stable solutions of (7.1) are
one-dimensional, i.e. there exist @, 7 : R — R and w,,, w, € SV~ such that

(u(x),v(x)) = (E(wu ), (W, - 1‘))
Precisely:

PROPOSITION 7.1. — Let u,v € C?(RY). Suppose that (u,v) is a stable solution
to (7.1), and that the following growth condition holds true: there exists a constant
C > 0 such that, for R sufficiently large,

/ Vul? + Vo2 dz < CR2. (7.2)
Br

Then, (u,v) possesses one-dimensional symmetry.

Proof. — We define
1
F(p1,p2, 21, 22737I) = 5(‘?1‘2 + ’P2’2 + Z%ZS)

Notice that F'is convex in p; and p, and satisfies (1.4). Moreover F, ,, =1 = F,,,,
and F,, ,, = 0, therefore the growth condition (1.5) is ensured by (7.2). Then, we
can apply Theorem 1.10 (recall also Lemma 2.1) and we obtain that (u,v) is one-
dimensional. O

As a corollary, we obtain the one-dimensional symmetry in dimension 2 for stable
solutions to (7.1) which have linear growth at infinity (see [20]).

COROLLARY 7.2. — Let N = 2 and let u,v € C?(R?). Suppose that (u,v) is a
stable solution to (7.1), and that the following growth condition holds true: there
exists a constant C' > 0 such that

()] + [v(z)] < C(1+ |z]). (7.3)
Then, (u,v) possesses one-dimensional symmetry.

Proof. — We observe that, by Theorem 5.1 in [150], if (u,v) satisfies (7.3) then
|Vu| and |Vu| are bounded in R?. Therefore, condition (7.2) is trivially satisfied,
and so we get the desired result thanks to Proposition 7.1. O
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7.2 General systems with p-Laplacian type operators

Theorem 1.10 actually applies to a broader class of operators and nonlinearities.
Indeed, with the notation introduced in [55] (see in particular pages 3474-3475 there),
one can consider

- (7.4)

{ div(a(|Vu|)Vu) = ﬁ’l(u,v),
div (b(|Vo|)Vv) = Fy(u,v),

where F is a C!

loc function on R? (it corresponds to the function F introduced in [55],

here denoted as F' to avoid confusion), and Fl, Fg denote the derivatives of F with
respect to the first and the second variable respectively.
Then, we have the following:

PROPOSITION 7.3. — Let u € CYRYN) N C*({Vu # 0}) and v € CY(RY) N
C?*({Vv # 0}). Suppose that (u,v) is a stable solution to (7.4), and that condi-
tions (B1) and (B2) in [63] are satisfied for a, b, A and B. Also, assume that the
following growth condition holds true: there exists a constant C' > 0 such that, for
R sufficiently large,

/ Ao(|Vau]) + To(|V0]) < CR2, (7.5)
Br
where Ay and I'y are as in [55]. Then, (u,v) possesses one-dimensional symmetry.

Proof. — We define

F(p1,p2, 21, 22,2") := Ao(|p1|) + Ta(|p2|) + ﬁ(zl, 22),

and we verify that
/ F(Vu,Vov,u,v,z')dx
RN

satisfies the hypotheses needed to apply Theorem 1.10. Observe, first, that being
stable for the above energy is the same a being stable for (7.4) (see Definition 1.2 in
[55]). Now, recalling the notations used in [55], we derive

/

F(m i \P1,P2, 21,22, ) = |P1| = (’plD(pl)i?
F(P2 )i \P1, D2, 21, 20,8 ) = = b(|p2])(p2)i>

s
Y2(|p2|
|p1l)
1)

)

)2
F(m 5m +d'([p]) o1 (p1)i(p1); = Aij(p1),
51]

(
( 5+ U ([p2]) P2l ™t (p2)i(p2); = Bij(p2),

/

( )
( )
)i(p1); (p1,p2, 21, 22, x/)
p2)i(p2); (pl, P2, %1, 22, JU/)
p1)i(p2); ( )

i(p2);\P1, P2, 21,22, T

a
b
0.

Therefore, Lemma 2.1 in [55] implies the desired convexity properties on F'. More-
over, it also gives that | F},,,, (p1, D2, 21, 22, 2")| and |F},,, (p1, p2, 21, 22, )| are bounded
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from above and below by (A1(|p1]) + Xa(|p1])) and (y1(|p2]) + Y2(|p2])), respectively,
up to multiplicative constants. Furthermore, since conditions (B1) and (B2) in [63]
are satisfied for a, b, A and B, one can use Lemma 4.2 there to see that, if |p],
Ip2| < M, |q1| < [p1]/2 and [go| < |p2|/2, then
Allp]) < Cadallpal), Aellpr + @)
(I

; CM>\2(|p1|)7
Y(lp2l) < Cuva(lp2]),  72(lp2 + 2)

<
< Cua(lp2]),

1
2
for some C); > 0. As a consequence, we have

|Fp1’p1<plap2a21,22> )

) (76)
’szpz(plap%zl;zz,x’” .

< Cua(|p1l),
< Cua(|p2|),

up to rename C)y. Therefore, recalling also formulae (1.4)-(1.7) in [55], we get

| Fpipy (D1 + @102, 21, 22, 2")| < Cuda(Ip1 + au)
< Cua(|p1]) < Cm|Fpip, (01, D25 21, 22, 2)],

and

| Fpaps (D1, P2+g2, Z17Z2vx/)| < Cuv2([p2 + q2|)
< Cu2(Ip2]) < Ct|Fpopy (p1, 2, 21, 22, 2]

for any 2|q;| < |p1| < M and 2|¢| < |p2| < M. This means that (1.4) is satisfied.
It remains to check the growth condition (1.5). For this, notice that (7.6) and
formula (4.13) in [63] give that

| Fpups (D1, D2521, 22, 7)) ]p1]2 + | Fpops (P15 P2, 21, 22, 7) | |102|2
< Cu (eI +7a(lpaD el
= Cu (allprDlps? + b(lp2))lpal?)
< Cur(Aa(lpr]) + Talpel) ).
This and (7.5) imply that
/ | i (Vu, Vo, u,0,27)] [Vaul* + | Fpops (Vu, Vv, u, v, 27)| [Vol* da
Br
Bpgr

up to rename C);. This shows (1.5) holds true. Hence, we can apply Theorem 1.10,
thus obtaining the desired monotonicity property. O
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As paradigmatic examples in Proposition 7.3 one can take the p-Laplacian, with
p € (1,400) if {Vu =0} = @ and p € [2,400) if {Vu = 0} # & (in this case
a(t) = t*=?), or the mean curvature operator (in this case a(t) = (1 +2)~'/2). We
stress on the fact that one can also take different operators a and b satisfying the
hypotheses (for instance, one can take a to be the p-Laplacian and b an operator of
mean curvature type).

Furthermore, we observe that condition (7.5) is satisfied, for instance, when N = 2
and Vu and Vv are bounded (thanks to the hypotheses on a and b, see page 3474
in [55]), This means that we recover Theorem 7.1 of [55] for stable solutions, without

requiring conditions on the sign of Fj,.

7.3 Systems involving the fractional Laplacian

The general setting of our results allows us to treat also the case of nonlocal systems
of equations, i.e.

- (7.7)

where s1, s € (0,1), Fisa Cp! function on R? and F} and F} denote the derivatives

of F' with respect to the first and the second variable respectively.
As a matter of fact, as in [125, Remark 2.12], we observe that one can generalize
the functional considered in (1.1) to the following functional

/F(VU,VU,u,v,x')dx+/ G(u,v,2")d#N 1, (7.8)
Q o9

where GG satisfies the same regularity assumptions as F. Furthermore, the growth
condition in (1.5) can be weakened in the following way. We define ¢5(R) := R and

(k(R) :=1log ({;—1(R)) =logo...olog R for any k € N*.
k times

We also set

mh(R) = H@(R).

Then, one can require that, for some k£ € N,

/ |Fp1p1 (VU7 Vv, u, v, $/>Hvu|2 + ‘FP2P2<VU7 Vo, u,v, J:/)||VU|2
QNBRr (79)

+ | Fprps (Vu, Vo, u, v, 2)||Vu|| Vol de < CRrg(R),
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instead of (1.5). Notice that if k£ = 0 then (7.9) corresponds to (1.5). See Remark 2.13
and Section 9 in [125] for the proof and further discussion on this fact.

We also recall that, using the extension result in [43], one can localize prob-
lem (7.7) by adding one variable, see e.g. formula (1.7) in [56]. We will denote
by U and V the extension functions of u and v, respectively (see e.g. formulae (2.3)
and (2.4) in [56)).

So one has to deal with an energy functional like (7.8) with

Q:=(0,+00) x RV, Y = (0, +00) x RV71,
F(P1>p2, 21, 22, 1’/) = w%_%l |P1‘2 + 33%_282 ’P2’2’ (7-10)

G(21,20,7") := F(21, 20),

(notice that in this application one has to replace N by N+1 to apply Theorem 1.10).
With this, we can prove the following:

PROPOSITION 7.4. — Let u, v € C*(RY). Suppose that (u,v) is a stable solution
to (7.7). Also, assume that the following growth condition holds true in the extension:
there exist a constant C' > 0 and k € N such that, for R sufficiently large,

/ 2 VU 4 27 22| VV P day - - - days < ORmy(R). (7.11)
Bgr

Then, (u,v) possesses one-dimensional symmetry.

Proof. — With the notation introduced in (7.10), we observe that the thesis
simply follows from (7.11) (that ensures the growth condition (7.9)) and Theo-
rem 1.10. O

We remark that (7.11) is a reasonable energy growth condition, since it is satisfied
for instance in the case of a single equation when N = 2 for any s € (0,1) and
when N = 3 for s € (1/2,1), see [37, 38]. Moreover, if s; = sy = 1/2, it can be
checked as in [37] with suitable modifications under an additional assumption on the
bound of VU and VV (see in particular formula (1.16) and Section 4 in [37]). We
finally remark that, differently from [56], we do not need here any sign assumption
on F.
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Some open problems

In this last chapter, we list a few possible extensions of our results.

On Chapter 1

A natural question is whether Theorem 2.3 extends to the case of Besov-Nikol’skii
spaces on domains, at least under some regularity assumptions.

OPEN PROBLEM — Let Q C RY be a smooth domain (possibly unbounded). Let
€ (0,1), p € [1,00) and let (p.)eso C L*(RY) be a family of mollifiers of the form
pe(2) = e Np(e7'z). Then, is it true that

[f] Nsup//pe r—vy lf ) ’( ] dady ?

e>0

Our guess is that this holds true for every domain 2 C RY whose complement
satisfies the measure density condition:

Je>0, |B(z)N°Q = cr? for any (r,z) € (0,1] x “Q.

Although this condition is quite weak it seems however sufficiently strong to avoid
“cusp” like singularities (such as a disk with a slit).
A related question would be to investigate whether functionals of the form

//pa (2, L )( )( D 4zdy,

where dg(-,-) is the geodesic distance on (), can provide a description of B; (€2)
and, if so, under which conditions on §2. This could pave the way towards a new
description of Besov-Nikol’skii spaces in general metric spaces and may be useful in
problems of the type of those addressed at Chapters 3 and 4.

Another interesting perspective of research would be to figure out whether there
are some reasonable conditions ensuring that a bounded sequence (f.).~o C LP(RY)
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satisfying

/ / p=(r —y) felw) = fs(y)lpdxdy <C asel0,
RN JRN [z —y|*P

is relatively compact in LI (RY).

On Chapter 2

In Chapter 2, we have shown that, for every f € B;(I(RN ) with p < ¢, it holds that
flhy) € B]gi}q’) (R?)  for a.e. y € RV,

provided that U satisfies the growth condition

(Z qf(g—j)X) " < 0. (7.12)

Jj=0
If we could show that this latter condition is optimal when ¢ = oo, our results are
less satisfying when ¢ < oo since we required the further assumption that

qp 1

q—p Coo
Is it possible to get rid of this extra condition?

OPEN PROBLEM — Let N 22, 1 < d < N,0<p<q<o0, s> o, and let
U be an admissible function that does not satisfy (7.12). Then, does there exist a
function f € B} (RY) such that

s, d N—d
f(y) & BEY(RY  for ae. y e RN 47

On Chapters 3 and 4

In Chapter 3, we have shown that the requirement on the asymptotic behavior of
u can be replaced by a condition on the supremum of v provided that J is square
integrable. However, this assumption is quite unnatural and it would be interesting
to find out whether it is possible to get rid of it. The reason why we had to make this
hypothesis is because we had to cope with the lack of compactness which forced us
to make some additional assumptions on J. In some sense, it is a bit counterintuitive
because it says that J cannot be too singular, while, in the case of the fractional
Laplacian, it is precisely the singularity which yields compactness.
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OPEN PROBLEM — Let K C R¥ be a compact convex set. Suppose that J is
compactly supported. If u : RN \ K — [0, 1] is uniformly continuous in RN \ K and
obeys

Lu+ f(u) = 0 in RN\ K,
sup v = 1,
RN\ K

then, is it true that u = 1 in the whole set RN \ K7

It is also tempting to ask for a characterization of the set of all obstacles K for
which the Liouville property holds (however, this is not known even for the local case
which is a priori simpler).

And, of course, it remains the question of the existence and large-time convergence
of solutions to the evolution problem

ou

E:Lu—l—f(u) in R x RV \ K.

On Chapter 5

If the results of Chapter 5 are fairly general, they still require a variational structure.
One therefore cannot handle “prey-predator” type systems such as

(=A)"u = u(a = fv),
(—A)v = —v(y — du).

It would be interesting to find a general method that could handle at least some
systems in non-variational form.
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