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A Olguita y sus mariposas






¢, Por qué la tierra es mi casa?
¢, Por qué la noche es oscura?
¢,Por qué la luna es blancura
gue engorda como adelgaza?
¢ Por qué una estrella se enlaza

con otra, como un dibujo?

Y ¢ por qué el escaramujo

es de larosay del mar?
Silvio Rodriguez
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Abstract

The human colon is an anaerobic bioreactor with an enormamdar of microorganisms,
which collectively are named the human colonic microbidthis community performs
the breakdown of polysaccharides that are not digestederupiper intestine, mediat-
ing some of the effects of diet on health. As a result of itgtiah accessibility and its
complexity, the human colon remains largely unexplored.

Mathematical models can play a central role for a betteghtsof the human colon
complexity. In this context, this work presents the develept of a mathematical model
of carbohydrate degradation. Our aim was to providénasilico approach to contribute
to a better understanding of the fermentation pattern it suncecosystem. Our mathe-
matical model is knowledge-based, derived by writing dowassabalance equations. It
incorporates physiology of the intestine, metabolic rneast and transport phenomena.
As a result, it has a complex structure with a large numbetaté variables and parame-
ters. In order to handle such a complexity, we made use ofenadltical and engineering
tools. They included theoretical concepts on identificabmd model order reduction,
and practical aspects of parameter estimation and pararedtection by knowledge inte-
gration. Model simulations provided an adequate qualgatpresentation of the human
colon. The methodology that we have contributed to devehopilsl enable one to assess
nutritional scenarios and to address questions that dreutlifor impossible to elucidate
by experimentation.

Our model is a promising tool in predicting the fermentatattern by human colonic
microbiota. It should help in development of strategiesealmt promoting healthy gut
function.

Keywords: anaerobic digestion; complex systems; human colon; mattieahmod-
elling; parameter estimation
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Résume

Le c6lon humain (ou gros intestin) fait partie du tractustigastestinal. Il constitue un
écosysteme anaérobie, dans lequel on trouve de nombreyeeee de microorganismes,
donc I'ensemble forme le microbiote intestinal. Cette camauté est composée de plus
de 1000 espéces (Rajilic-Stojanovic et al., 2007). Ce rhiote est spécifique a I'hote
et il a pour fonction la dégradation des polysaccharidesguit pas été digérés dans la
partie supérieure de l'intestin. Il joue de ce fait le rolerdédiateur de I'effet du régime
alimentaire sur la santé (Flint et al., 2007).

Malgré I'importance de son rble dans la santé humaine, lencééste un organe mal
connu en raison de sa complexité et de son accessibilitéildiffiLes étude# vivo sur
I’'humain sont en effet restreintes pour des raisons étBigtilechniques. Ces contraintes
ont motivé le développement de modéiesitro pour simuler le comportement du célon
humain (voir, par exemple, Molly et al. (1994) ; Macfarlarteak (1998a)). Les mod-
elesin vitro ont été particulierement utiles dans I'étude de la ferntemtades hydrates
de carbone provenant de différents substrats. Cependaritjpart d’entre eux ne prend
pas en compte des facteurs biotiques tel que I'absorptismdees gras a chaine courte
(AGCCQC), linteraction avec I'héte, et les échanges enteertécro-habitats du systeme
gue sont le lumen et le mucus intestinal. Parallélement &tceesn vitro, des modéles
animaux (principalement des rongeurs et des cochons) gst éi¢ utilisés pour étudier
différents phénomenes comme 'absorption des AGCC (Flgmiral., 1991), la distribu-
tion spatiale bactérienne (Sarma-Rupavtarm et al., 2@949s interactions symbiotiques
héte-bactérie (Samuel and Gordon (2006) ; Mahowald et @09}.
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Résumé

La contribution des modelés vitro etin vivo sur modeles animaux a été cruciale dans
la compréhension de I'organisation et du fonctionnemerttalttus gastro-intestinal hu-
main. Il faut néanmoins étre prudent dans I'extrapolatiercels études au cdlon humain.
Les différences physiologiques entre le célon des animaaglei de I'étre humain sont
importantes. De plus, les approchiewitro etin vivo utilisent des cultures bactériennes
provenant de matériels fécaux. Or seulement 20 a 40% du Ioiiteodu cdlon humain
peut étre cultivé (Suau et al., 1999) et des différencesumnegeentre le microbiote fécal
et le microbiote du cdlon ont été mises en évidence.

Les modéles mathématiques peuvent grandement contrilwrer doeilleure compréhen-
sion de la dynamique du c6lon humain. Les travaux ici préseaht été consacrés au
développement d’'un modéle de la dégradation des hydratesrdene dans le c6lon hu-
main. Nous avons construit un modéle a base de connaiss&ates objectif a donc été

de contribuer, par une approcimesilico, a une meilleure compréhension du processus de
fermentation dans cet écosysteme microbien.

Malgré ses spécificités, notre cas d’étude est reprédatitaie grande classe de systemes
biologiques d’intérét ou les données expérimentales géstlimitées et ou plusieurs
sources d’information hétérogénes doivent étre utilipées obtenir un modele utile.

Description du c6lon humain

Du point de vue biochimique, le c6lon humain est un enviromer® caractérisé par un
potentiel redox bas et une température controlée consiar@g°C (Savage, 1977). Il est
consistué de trois régions anatomiques bien définies qtilgordlon proximal (cecum et

cblon ascendant), le colon transversal et le célon disgin@ide et rectum). Le cblon est
alienté par les effluents en provenance de l'iléon. Le cantetonique est retenu dans le
cblon proximal et le chyme va dans le c6lon distal ou il esglément, dégradé ou excrété.

Les hydrates de carbone constituent environ 85% des stgbdisponibles pour le pro-
cessus de fermentation dans le c6lon. Les substrats sanigaiement d’origine alimen-
taire. Les hydrates de carbone principaux sont 'amidoistast (RS) et les polysaccha-
rides d’amidon non-résistant (NSP). La premiere étape deadétion des hydrates de
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M Host
M Mucus
M Lumen

Figure 1: Représentation schématique de la section tresaeedu célon humain. Le
cblon comprend le lumen et le mucus. Lépithélium est l'ifdee des interaction entre
I'héte et I'intestin.

carbone est I'hydrolyse des polysaccharides. L'hydrogstesffectuée par des hydrolases
associées aux cellules bactériennes. Les polyméres smrh@ésés en monomeres, qui
sont ensuite assimilés par les micro-organismes danstkdwiprocessus de fermenta-
tion. Les principaux produits de la fermentation sont lesC&L; le CQ, 'hydrogene, la
biomasse, et le méthane chez certains individus. Ce pusdssfermentation confére au
systeme une distribution spatiale de métabolites et unlg®fpH avec des valeurs qui
sont approximativement de 5.5 dans le colon proximal, 6n3 tkacblon transversal et 6.9
dans le célon distal (Macfarlane and Cummings, 1991).

L'intestin est délimité par une paroi épithéliale, dont¢éedlules sécretent une couche de
mucus. Le mucus a les caractéristiques d’'une matrice poigoequi permet I'attachement
de micro-organismes et leur résistance a I'arrachememn@uburg et al., 2004). C’est
eégalement une source de carbone qui peut contribuer a lee sley bactéries intestinales
in vivo en I'absence de fibres alimentaires (Macfarlane and Cunsnitip1). Le micro-
biote du gros intestin est donc principalement localisédhieux micro-habitats, le lumen
et le mucus (voir la figure reffig:corteA). Des études mortdeplus que les especes
bactériennes présentes dans le mucus sont distincteslde pedsentes dans le lumen
(Zoetendal et al. (2002) ; Eckburg et al. (2005)).

Base des connaisances

Gréace a la similarité de fonctionnement entre le célon hareaies réacteurs anaérobie
pour le traitement des eaux usées, nous avons pu tirer pesfieffiorts de modélisation
déja accomplis dans le domaine des réacteurs anaérobieguatruire notre modeéle. Le
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Host Host Host
..... T ¢ .................... T¢ .................... T¢ ...............
Mucus Mucus Mucus
[ oo ° .
I B St

_’ Lumen |[T%| | Lumen |T%| | Lumen ‘i—V
| | ole oo oo :
Proximal colon Transverse colon Distal colon

Figure 2: Représentation hydraulique du cdlon humain. ceargle pointillé représente
la limite du systeme modélisé.

modéle de digestion anaérobie ADM1 (Batstone et al., 2082 atilisé comme point de
départ. Nous avons modifié sa structure pour prendre en ecmegtcaractéristiques spé-
cifiques du cblon humain, telles que la présence dans le gsosale fermentation d’'une
étape d’acétogénese réductrice ou des spécificités du ofiétab du lactate.

Dans notre modéle, le célon humain est divisé en trois régon correspondent aux
trois régions physiologiques. Dans chacune d’elles, ofingise le lumen et le mucus
(figure 2). Le lumen et le mucus sont modélisés comme dese@ach alimentation
continue parfaitement mélangés. Comme dans les réactdiast aendement (voir, par
exemple, Lettinga et al. (1980)), les micro-organismesaorchumain forment des agré-
gats denses pour résister aux forces hydrodynamiquesvetrée phénomene de “lessi-
vage”. Ces agrégats sont constitués de microbes, de pestialimentaires, de cellules
épithéliales et de mucus (Sonnenburg et al., 2004). Danme noidéle, afin de prendre
en compte I'agrégation microbienne, nous considérons egienicro-organismes ont un
temps de résidence plus élevé que le temps de résidencauligdea

Le microbiote du cdlon humain catalyse un réseau de tramsfiitwons métaboliques com-
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plexes pour dégrader les sources de carbone disponiblas.fid&re modéele, ces transfor-
mations sont représentées de facon agrégée. Le microlsioéssocié au micro-habitat
ou il réside, lumen ou mucus. Il est structuré en groupestifmmuels jouant chacun
un réle dans la chaine trophique. Ainsi, a chaque consoromedg substrat est associé
un groupe microbien qui catalyse la transformation. Owtgeréactions biochimiques,
on observe dans le c6lon humain des phénomeénes de transigagie I'absorption de
métabolites. L'absorption de I'eau et celle des métalmitent indispensables pour main-
tenir une physiologie normale du systeme (Minekus et aR9).9 Dans notre modele,
nous considérons qu'il se produit une diffusion des sucndiede lumen et le mucus,
une absorption d’ AGCC, de lactate et d’eau dans le lumenratius, un transfert entre
les phases liquide et gazeuses, et un phénomene de détatcipemele microbiote de la
mugqueuse.

La figure 3 montre un schéma qui intégre la dégradation desateglde carbone et les
phénomenes du transport, en accord avec Macfarlane eb@b)2t Louis et al. (2007b).
Les figures 2 et 3 résument donc les bases sur lesquellegnepive modele.

Formulation mathématique

Nous avons divisé le célon humain en ses trois régions ploggques. Chacune de ces
régions comprend deux compartiments, un pour le lumen ebunle mucus. Notre mod-
ele comprends donc six compartiments. Les équations dulmgddtiennent en écrivant
les bilans de masse des métabolites et des groupes micsataes chacun des compar-
timents, en supposant que les concentrations dans chaoueadonent sont homogenes.
Le systéme d’équations différentielles ordinaires ob#&oomme vecteur d’état

E :[SSLb Sla, SHz7 SaC7 Spro, SOUasCH47 SCOz7 S|‘|207 Z,
]T

Y

XSU7 Xla7 XHQ&? XH2m7 Sg,H27 Sg,CH47 Sg,COZ

ous est la concentration du composant solubleest la concentration en polysaccarides
complexesy; est la concentration du groupe microbieetsy; la concentration du com-
posant dans la phase gazeuse. Notre modele a donc 10221 3) variables d’état.
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Host Mucus Lumen RS, NSP
Mui?ins """""""""" > Polysaccharides
Mucus i E I ML bbbl Glucose
secretion § |
v Y
e Lactate
Butyrate : |
< <---- Propionate ; H2 CO2
SCFA Acetate <« : | l
Microbiota =-1-% Gases: expelled
< Microbiota in breath or flatus

Figure 3: Schéma réactionnel de la dégradation des hydiatearbone dans le cdlon
humain, et transferts de masse entre le lumen et le mucusgrettemucus et I'hote. Les
lignes pointillées représentent des phénomeénes du transpdes lignes continues des
transformations métaboliques.

Détaillons, par exemple, les équations associées au luarenld colon proximal. Elles
sont définies par

§ =ond in— oy - ¢é+zv.'1p, -q, (1)

qln Z:n qulJtzm qOUtZI 01 ( ) (2)
vI GV Qo V' sz R

ouV est le volume du compartiementgpest le flux a I'entrée (in) et a la sortie (out) du
systéme. Les exposarlt®t m désignent les micro-habitats “lumen” et “mucus”. Tous
les flux sont des fonctions positives de I'état du systemdf, aglui provenant du tractus

digestif supérieur, qui est une entrée exogéQeest le taux de transfert liquide-gaz et
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y. est un coefficient du transport. Le coefficientse rapporte a I'adhésion de groupes
microbiens provenant du lumen au mucus. Le coeffidipise rapporte au détachement
des micro-organismes du mucus.est le temps de résidence supplémentaire du groupe
microbienx; mentionné plus haut. La cinétique du processus de tranafmmj est
denoté pap;(§). Y j est le rendement du composamians le processus La cinétique

de I'hydrolyse des polysaccharides &) est décrite par I'équation de Contois pour pren-
dre en compte la dépendance de cette transformation en tzmivation des bactéries
qui hydrolysent les sucres longs. Ensuite, la cinétiqudilbation des autres substrats
est décrite par I'équation de Monod. La mortalité des bimaagst supposée suivre une
cinétique du premier ordre.

Le bilan de masse dans la phase gazeuse donne

) ' V
Si = q\g/—;gmsg,i,in - qg\J}(gJUth,i - Qi\Tg’ (4)

ouVy etqg sont le volume et le flux dans la phase gazeuse. Le taux dédrtlitpuide-gaz
est représenté par la loi de Henry

Q =kia(s —Kn iRTg;). (5)

Les équations du modéle pour le mucus sont obtenues de la faéore Tous les com-
partiments du mucus ont la méme structure. Les compartgyenlumen dans les sous-
modeles du cblon proximal et du célon transversal ont la m&nueture. Dans le cblon
distal, le lumen est modélisé comme un réacteur semi-bdtaig I'équation de la dy-
namique du volume est incluse. Le modele complet compo@gasametres.

Stratégie face a un modele complexe

Notre modéle comprend un grand nombre de variables d’éti¢ parametres. Sa mise
en ceuvre, son analyse et sa simulation ne sont par consqupgedes taches simples.
En plus de la complexité, I'insuffisance des données exgériates est un réel obstacle a
I'estimation des parameétres. Pour contourner ces dif@sulious avons tout d’abord col-
lecté des informations sur certains des parametres endaota I'identification de sous-
modéles correspondant a des données expérimeirtalié®. Nous avons en outre utilisé
deux approches pour simplifier le modéle. L'exploitatios delations stoichiométriques
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nous a permis de réduire le nombre des paramétres incoamass gue la méthode des
perturbations singulieres nous a permis de réduire le nerdbs variables d'état. Ces
approches sont décrites ci-dessous.

Exploitation des données expérimentales disponibles

Il'y a peu de données expérimentales disponibles conceadagradation des hydrates

de carbone dans le c6lon humain. La plupart des connaissauncde sujet provien-
nent d’expériencef vitro de croissance bactérienne. Ces études fournissent des in-
formations sur des réactions spécifiques de la voie métpmicomplete, et permet-
tent I'estimation de leurs paramétres cinétiques. Nousi@veéalisé la modélisation et
I'identification de deux system@svitro qui avaient pour objectif I'analyse de la cinétique

de 'homoacétogénese (Bernalier et al., 1996b) pour I'thaealyse de la production de
butyrate par des bactéries du c6lon humain (Duncan et @4t9@our l'autre.

Homoacétogénese par la bactérie du cdlon humairfRuminococcus hydrogenotrophi-
cus

L’homoacétogénese est une des trois voies pour 'utibsatie hydrogéne par le micro-
biote du c6lon humain. Cette réaction joue un réle centrakde transfert d’hydrogéne
entre micro-organismes, qui est une condition indispdesaip bon déroulement de la
fermentation (Thauer et al., 1977). On a démontré I'existette liens entre I'excés de
production de H et des maladies comme la maladie de Crohn. Cet exces prodegue
douleurs abdominales, des distensions, des flatulences éodborygmes (Boever et al.,
2000). De plus, la consommation de par les homoacétogenes, les réducteurs de sulfate
et les méthanogenes (Archaea) représente la dernieéreddéagraction d’énergie dans la
dégradation des hydrates de carbone. Elle affecte aussri@modynamique du processus
biochimique dans son ensemble (Béackhed et al. (2005) ; Laly €2006a)).

L'étude cinétique effecutée par Bernalier et al. (1996b}éaréalisé sur I'espéce bac-
térienneRuminococcus hydrogenotrophicasitivée dans des conditions de température
controlées. Le substrat était un mélange gazexB,, qui a diffusé dans la phase lig-
uide pour étre utilisé comme source d’énergie par les hastét’'acétate produit I'a été
par la voie réductrice. Dans ce métabolisme autotrophilgsehactéries réduisent deux
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moles de C@a une mole d’acétate. La cinétique a été suivie en mesuraahtzentration
de H, dans la phase gazeuse, la concentration d’acétate, etdaéleptique de cultures
a 600 nm (O@oo).

Le modéle cinétique est

).(Hza = qua_ kdXHza7 (6)
X = kdXHga_ k|X7 (7)
. V
Sghz = KLa(SH, — KnHRT g H, ) (8)
g
. 1-Y
Soc= 2 Hriza 9)
Hoa
) 1
SHy = — PHza — kea(sh, — Kn 1, RT S;J,Hz)7 (10)
YHga

ouV est le volume dans la phase liquidg,le volume dans la phase gazeuseygl, la

cinétique de croissance bactérienne, exprimée par la lvia®d,
SH,XH,a

KsHya+ SHZ.

Les cing variables d’état sont la concentratipry de la biomasse active, la concentration

HHza = HmaxH,a (11)

X des bactéries inactives qui ont encore une structure ag#ulla concentratiosy n,

de I'hydrogéne dans la phase gazeuse, la concentrgfiate I'acétate, et la concentra-
tion sy, de I'nydrogene dans la phase liquide. Toutes les concemtssont exprimées
en kilogrammes de demande chimique d’oxygéne (COD) parensétre (kg COD md).
Les valeurs numériques des paramekresetKy 1, ont été tirés de Batstone et al. (2002).

Le vecteur de sortie du modeéle a I'instangst

Ym(ti; 8) = (A (Xtzalti) + X (1), Sg, (t), Sac(t) (12)

ol a est un facteur de conversion entre la densité optique (ORsetg COD nT3. Les
cing parametres inconnus a identifier SpRbyH,a, KsH,a, Kd, Ki, €tYn,a. Le vecteur des
données collectés a l'instatniest modélisé par

yti) =ym(ti,0") +e, i=1,...n, (13)

oun; estle nombre d’instants d’observatior@éta valeur vraie du vecteur des parametres.
On suppose que les vecteurs d’erreurs de la mesufie= 1, ...,n;) sont indépendants
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et identiguement distribués. lls suivent une loi Gausseda moyenne nulle, donc
€i ~N(0,3X).

Avant d’estimer les parametres du modele, nous avons deufiédentifiabilite. Comme
le modéle n'est pas commandé et est non linéaire, nous avdisg une variante de
I'approche par isomorphisme d’état locale qui peut étrevée dans Denis-Vidal and
Joly-Blanchard (2004). Nous avons montré que le modeéletesttgralement globale-
ment identifiable. Pour estimer les parametres de sousiemd®us avons développé
la boite & outils Matlab IDEAS (Mufioz-Tamayo et al., 2009)j, galise I'estimation de
parametres au sens du maximum de vraisemblance pour detesoudti sorties, sous
diverses hypothéses concernant le bruit de mesure. IDEASBIleaaussi les fonctions
de sensibilité et la matrice d’information de Fisher a lioptm, permettant de ce fait la
guantification approchée de l'incertitude sur les valestBreées.

Nous avons identifié les parametres du modele en minimisasieprs critéres qui corre-
spondent a différentes hypothéses sur le bruit de mesusemkdleurs résultats ont été
obtenus sous I'hypothése giieest inconnue et diagonale. Dans ce cas, I'estimateur au
sens du maximum de vraisemblancedd@inimise

k=1 i=

30) =S ™| S e 2
- Z 2 n Zi[yk(t'k) — Ym,(ti, €))7 5 (14)

out;j, est lei-ieme instant de mesure pour la sogtie La valeur estimée de la matrice de
covariance du bruit au sens de maximum de vraisemblance est

> = diag 07, -+, 53, (15)
avec N
1 & ~
=2 _ - Y ) 2
ak - ntk i;[yk(tlk) ymk(tlk70>] . (16)

Le modéle cinétique de I’homoacétogénese, identifié av&AR représente de fagon
satisfaisante les données expérimentales (figure 4). dapgres intervalles de confi-
ance pour les paramétres de I'équation Monod, a savoir ledalcroissance spécifique
maximal {maxH,a) €t 1a constante de Mono#{H,a), Sont trés mauvais (voir la deuxieme
colonne de la table 1). Ce résultat n'est pas vraiment soapite a cause d’'une part du
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Figure 4: Modéle identifié pour ’'homoacétogénéseitro. * : données expérimentales,
trait plein : sorties du modéle.

nombre limité de données et d’autre part de problemes difisilité pratique connus
pour ce type de modeéle (voir, par exemple, Dochain and Veagioém (2001)). La simu-
lation du modele avec les valeurs estimées des parametligsiéque les valeurs prises
par la variable d’étagy, sont toujours bien inférieures a la valeur du parami€tiig, . A

la fin de I'expérience, la simulation fournit une valeursgg = 0.0038 qui est 7 fois in-
férieure a la valeur estimee #gH,a. Cela nous a conduits a approcher I'équation Monod
par une cinétique quadratique

UmangaSHZXHza
Ks,H2a+ SHZ

~ kr,HgaSHzXH287 (17)
aveck; ,a le rapportimaxH,a/KsHsa-

La représentation des données avec le modeéle cinétiqueajioae est qualitativement
aussi satisfaisante que celle du modéle original (les esuplour les deux modéles sont
superposées). L'estimation du modéle modifié avec IDEASé&iand grandement les in-
tervalles de confiance, comme on peut le constater dansdetre colonne de la table 1.
Les valeurs estimées des paramétres communs aux deux siedetelu méme ordre de
grandeur, mais les intervalles de confiance sont plus gfoitr le modeéle modifié.
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Table 1: Parametres estimés avec leur intervalles de coefegpproximatifs a 95% pour
les modeles de Monod et a cinétique quadratique.

Paramétres| Cinétiqgue de Monod | Cinétique quadratique
Ks H,a 0.027+0.165
HmaxHsa 0.195+0.900
Kr Hpa 5.45+0.465
YH,a 0.039+0.013 0.040+0.011
Ky 0.031+0.026 0.027+0.003
ki 0.061+0.128 0.071+0.088

La méme procédure a été appliquée pour analyser des dompasreentalesn vitro
concernant la production de butyrate a partir de lactatdutyrate est la source d’énergie
préférée des cellules épithéliales du cblon et il joue ua mdlportant dans la santé hu-
maine (voir,e.g, Mcintyre et al. (1993) ; Hamer et al. (2008)). A I'oppos@déumulation
de lactate dans le célon est nuisible (voir, par exemplenislezt al. (1988) ; Belenguer
et al. (2007)). Des étudan vitro ont permis d’identifier la voie butyryl CoA:acetate
CoA transferase comme étant le processus dominant dangratfon du butyrate dans
I’écosystéme du cblon humain (Louis et al., 2004).

Nous avons analysé des données expérimentales obtenuBsipean et al. (2004b).
Cette étude cinétique a été realisée akebacterium halliiet la souche SS2/1. Ces
deux especes sont capables d'utiliser le lactate et I'scétasuivant la voie du butyryl-
CoA:acetate-CoA-transferase. Nous avons utilisé lereridinformation d’Akaike pour
comparer les trois cinétiques données par I'équation deodola cinétique quadratique
et une cinétique du premier ordre et choisir le meilleur niedéCe critére établit un
compromis entre I'ajustement des données et la complenitéatiele. Nous avons ainsi
retenu le modéle a cinétique quadratique. Il a représerfagzda satisfaisante les données
expérimentales pour les deux bactéries (Fig. 5). Les danpéer la souche SS2/1 sont
plus dispersées, ce qui explique pourquoi I'ajustemenmneshs satisfaisant que pok:
hallii . Les écarts types d’estimation sont satisfaisants.
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Figure 5: Modéle identifié pour la production de butyratevitro. Carrés : données

experimentales, trait plein : sorties du modele.
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Les valeurs des parametres obtenues grace a l'identificd¢ices deux sous-modeéles ont
été utilisées dans le modéle complet. Les valeurs des paeseimétiques de I'hydrolyse,
I'utilisation du glucose et la méthanogénese ont éteé tpéesipalement de Batstone et al.
(2002). Les coefficients de transport ont été sélectionoésgarantir la positivité des flux
tout en restant en accord avec des valeurs données dariératlite sur le pourcentage
d’absorption d’eau et des AGCC (voir, par exemple, Macfegland Cummings (1991)).

La méthodologie que nous avons utilisée pour réduire lesusons des vecteurs de
parametres et de I'état est décrite ci-dessous.

Réduction du nombre de parametres

Nous avons tout d’abord fait les hypothéses simplificatriggivantes i) la constante
d’ Henry Ky ; est la méme dans tous les compartime(it$,k a a la méme valeur pour
les trois gaz dans tous les compartimelfii$) les constantes de mortalité, d’adhésion
et de détachement sont les mémes pour tous les groupes g aans tous les com-
partiments iii ) les parametres de la cinétique pour un processus donnéesomiéimes
dans tous les compartiment$y) le facteur de rendemeit; est le méme dans tous les
compartiments. De plus, les facteurs de rendement sontdousgarantir le respect des
bilans de carbone et hydrogéne. Cette méthodologie est saséa procédure proposée
par Batstone et al. (2002), expliquée ci-dessous.

On peut obtenir des rapports entre les facteurs du rendenpanrtir de la stoichiométrie.
Considérons, par exemple, les réactions impliquées datissktion du glucose

CgH1206 = 2CH;CHOHCOOH (R)
CgH120g + 2H,0 = 2CH;COOH +2CQ + 4H, (Ry)
3CgH1206 = 4CHsCH,COOH + 2CHCOOH + 2CQ + 2H,0  (Ry)
CgH1206 = CH3CH,CH,COOH + 2CQ + 2H, (Ry)
5CH120g + 6NH;z = 6CsH7O,N + 18H,0 (Rs)

Le glucose est utilisée dans les réactions cataboligyeRsRet dans la réaction an-
aboligue R qui représente la croissance bactérienne. fggit fraction de glucose util-
isée dans le catabolisme. D’apres, R rendement de la production de biomaggeest
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alors

6
Ysu — g(l— fsu).

Le glucose utilisé dans le catabolisme est dégradée 4R Notonsny (k= 1,2,3,4)
la fraction transformée dans la réaction R est clair quens =1— (n1+ N2+ nN3).

Tous les facteurs de rendement impliqués peuvent donc @treves comme des fonc-
tions defsy, N1, N2 etns, de la fagon suivante

Yia,su= 2fsun1,

2
Yac,su= 2fsun2 + 3 fsuna,

4
Ypro,su= 3 fsuns,

You,su= fsuna,
YH,,su= 4fsun2 + 2fsuna,

2
Yco,,su= 2fsun2 + 3 fsunz + 2fsuna,
18

2
YH,0,su= —2fsul2 + 3 fsuns + 5 (1—fsu).

Outre le fait d’assurer la conservation des espéces chanjquette approche permet de
réduire le nombre de parametres. Par exemple, le nombrerdmeties a estimer pour

I'utilisation du glucose serait huit sans ces considénatidEn utilisant la stoichiométrie,

le nombre de paramétres est réduit a quatre. Cette procadieeutilisée pour tous les

substrats.

En prenant en compte toutes les simplifications ci-dessuspinbre de parametres du
modéle global est réduit de 333 & 60.

Réduction du nombre de variables d’etat

La méthode des perturbations singulieres est une techoigssique de réduction d’ordre
des modéles qui présentent des échelles de temps multijlesepose sur le théoreme
Tikhonov (voir, par exemple, Khalil (2000)). Notre modét®mme beaucoup de mod-
eles mathématiques pour les réacteurs de digestion amaévoly, par exemple, Rosen
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et al. (2006)), présente des échelles de temps multiplesst @onc un bon candidat a
I'application de cette technique. Nous avons tout d’abadfié I'applicabilité de la ré-
duction au petit modele de 'homoacétogéniesétro ci-dessus. Le résultat a ensuite été
étendu au modeéle complet.

Réduction du modele cinétique de ’homoacétogénesgevitro

Considérons le modeéle décrit par (6)-(10). Puisque la aunaon d’'acétate est obtenue
par intégration d’'une expression qui ne dépend que dessattreentrations, et qu’elle
n'apparait pas dans les autres équations du modele, nousiignorer I'acétate et nous
focaliser sur le reste du modele.

Un modéle a deux échelles de temps (lente/rapide) peut &reaus la forme standard
des perturbations singulieres

x=f(x,2,t,¢), X(to) = £(e), (18)
0z= g(X,Z,t, 8)7 Z(t0> = C(&‘), (19)

ou x comprend les variables d’état lentes etlesm variables d’état rapides. Nous sup-
posons les fonctions vectorielléset g continlment différentiables par rapport a leurs
argumentgx, z,t, 0).
Quandd =~ 0, nous obtenons une approximation quasi-statique daonsllaq19) devient
g(x,zt,0) =0. (20)
En résolvant (20), nous obtenons le vecteur quasi-statigue
Z' =h(x,t). (21)
Le modéle réduit est alors donné par
x =f(x,h(x,t),t,0), X(tp) =&(0). (22)

Pour mettre en évidence la séparation d’échelle de tempdelarodéle de I'homoacétogénese,
nous avons normalisé les variables d’état du modele. Leatiéms d'état pour les vari-
ables normalisées sont toutes de la forme

X = di(x)X + pi(Zi), (23)
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Table 2: Comparaison des échelles de temps locales pour I|délenode
I’'homoacétogéneése.

X Ti (:I})

Biomasse active >20
Biomasse inactive ~ 20

H> dans la phase gazeusex 27

H> dans la phase liquide <0.12

4. On pose alors

oux; est la variable normalisée, = (x1,%2,X3,X4) " €t & = (X;j)j-1...
j#

1
Ti(x) = ——, 24

ou 7i(x) est I'échelle de temps locale associég.a

Latable 2 compare les échelles de temps locales des varratnimalisées. Il y a au moins
un facteur 100 entre I'échelle de temps associée a I'hyadans la phase liquide et les
autres échelles de temps ; donc les variables d’état du mpaeivent étre séparées en
variables lentes et variables rapides; (XH,a, X, SgH,): Z= SH,. Ensuite, nous avons
vérifié que les trois hypothéses de I'énoncé du théorémeomith proposé dans Khalil
(2000) étaient satisfaites.

Les simulations ont confirmé la validité de la réduction duw#gle. La proximité entre le
modele réduit et le modele complet dépend de la conditidialeipour la concentration
d’hydrogéne dans la phase liquide, ici inconnue. Cependants savons que

0 < s1,(0) < Ky H,RT g H,(0) ~0.013 (25)

Nous avons simulé les modeles complet et réduit en donnani(8) les valeurs ex-
trémes de l'intervalle (25). Dans les deux cas, les répodsessdeux modeles ont été
superposées. Dans un but d'illustration, nous avonsfix@®) = 0.1 (ce qui est physique-
ment impossible pour les conditions expérimentales) pbserver le comportement de
I'approximation par perturbation singuliére sur un honzte temps long. Les réponses
des deux modéles sont montrées en figure 6. Nous observorla goacentration de
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Figure 6: Comparaison du modéle complet et modeéle réduitlfmmmoacétogénése. La
difference entre les conditions initiales glg a eté exagérée a des fins d'illustration.

I'hnydrogene donnée par le modele complet converge rapideress la concentration
quasi-statique de I'hydrogene calculée par perturbatimyusiere. Les réponses des vari-
ables lentes dans les deux modéles sont presque identiques.

Réduction du modele complet de la dégradation des hydrateseccarbone

Le résultat précédent nous poussé a étendre I'approcheldeticn par perturbation sin-
guliere au modele complet de la dégradation des hydrateareree. Considérons, par
exemple, le modéle associé au lumen de la section du coloimuay défini par (1)-(4).
Ces équations peuvent également s’écrire sous la formeigead23), ce qui nous per-
met de borner les constantes de temps locales. En appliguagme procédure que dans
le modéle de 'homoacétogénése, on obtient un modéle a dbeldés de temps dans la
forme standard de perturbation singuliere. Le vecteur ddahles rapidez est

Z = [St,, ScH,» Sco,) -




Résumé 39

Les hypotheses du théoreme de Tikhonov sont égalemerfagats Nous avons illus-
tré par simulation la proximité du comportement du modetkiitéavec celui du modeéle
complet pour le micro-habitat du lumen dans la section pnakt. Comme observé pour
le modeéle de I'homoacétogénese, lorsque les conditiotiales dans le modéle complet
sont physiquement acceptables, la réponse du modéle estusuperposée a celle du
modele complet. Nous avons simulé le systéme avec des morgdihitiales des concen-
trations en hydrogéne, méthane et dioxyde de carbone dphase liquide anormalement
élevées pour observer des différences entre les deux nsodedearésultat est illustré en
figure 7, et confirme la validité de la réduction.

La figure 8 compare les réponses, pour les modéles compétdt,rdu compartiment du
lumen dans la partie distale. La réduction d’ordre du mosdéable améliorer la stabilité
des simulations. Toutefois, plus de recherche sur cettstigneest nécessaire.

La réduction du modele a permis une économie d’au moins 30%raps de calcul,
parce que la raideur du modele est réduite. L'applicatiooatiee approche dans les com-
partiments du mucus et du lumen dans le modeéle complet pelenétuire le nombre de
variables d’état de 102 a 84.

Exemples d’applications du modele

Le modele présenté ici peut étre considérée comme unefplabe-expérimentale virtuelle,
utilisable pour répondre a des questions biologiques. tedsisimulations suivantes est
d’illustrer le caractére plausible du modele et son utilisapotentielle pour étudier des
interactions et des phénomenes difficiles a évaluer pamnaitrexpérimental.

Une image dynamique et spatiale

Les figures 9 et 10 montrent une image dynamique et spatidiefdementation prédite
par le modele. L'entrée des fibres est passée de 10 g par j&ugdpar jour & = 0. Le
cblon proximal semble étre la partie la plus active. La plugas fibres y sont dégradées
(figure 9). On y observe le niveau de monosaccharides le @lug kes monosaccha-
rides sont rapidement épuisés dans les sections suivadngégsconcentrations simulées
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Figure 7: Comparaison des modeles complet et réduit pounkepsus de fermentation
complet dans le lumen du célon proximal. La différence desdimns initiales a été
exagérée a des fins d'illustration.
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Figure 8: Comparaison de la stabilité numérique pour lesilsitions des modeles com-

plet et réduit dans le lumen du célon distal. Le comporternsaiilatoire est causé par la

réinitialisation périodique du volume due a I'excrétiora teduction d’ordre du modéle

semble améliorer la stabilité des simulations.

des AGCC sont tres élevees dans le cbélon proximal, et déemtiprogressivement vers
le clon distal (figure 10). Les profils de concentrationgmulaires prédits par le modéle

en acetate: propionate: butyrate dans les sections luesisaint 82:37:39 dans le colon
proximal, 74:35:37 dans le colon transversal, et 57:31&8%de cblon distal. Ces valeurs
sont en accord avec des étudesivo (voir Topping and Clifton (2001) et les références
citées).

La concentration microbienne prédite dans le colon distaldéenviron 70 g par jour.
Si nous supposons une densité de la matiere fécale de 1 g 5% des matieres fé-
cales sont solides, ceci impliqgue que les micro-organige@®sentent 47% des solides,
ce qui est en accord avec les valeurs expérimentales (StepldeCummings, 1980).

La figure 10 résume la variation temporelle et spatiale desaxtrations microbiennes et
en métabolites. Si le profil de la concentration microbietigues le lumen est croissant de
la section proximale a la section distale (figure 10C), lacemtration microbienne dans
le mucus présente un comportement inverse (figure 10D). @& peut étre expliqué par
la diminution du sucre dans les compartiments du lumen, @plit la disponibilité du
substrat pour la diffusion vers le mucus. Dans les compartisxdu lumen, le chyme
perd de I'eau en voyageant le long du célon et donc la densiéhienne augmente.
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Figure 9: Modele dynamique de la fermentation dans les campants du lumen. Le
comportement oscillatoire dans les résultats du colomaldist causé par la réinitialisation
périodique du volume due a I'excrétion.

Les figures 10A et 10B montrent I'évolution des métabolitedes concentrations de
micro-organismes au long du célon lorsque I'entrée desdibmange de 10 g par jour a
25 g par jour. Elles suggerent que, quand une perturbatiole ségime alimentaire est
appliguée sur le systeme, au moins 10 jours sont nécespaluiesoir I'effet global d’'un
tel changement. On peut également remarquer que les domueedllies lors des études
de la section distale, qui est la seule accessible expétaeement, ne sont pas suffisantes
pour avoir une image compléte du comportement du systemegsApavoir incorporé
les phénoménes de transport tels que I'agrégation miarobieet I'absorption des AGCC
et d’eau, il est possible d’obtenir une représentationagmbu systéme du célon humain
qui soit cohérente avec des données physiologiques.

Quel est le réle du mucus ?

Le mucus affecte la dynamique du lumen sous trois forrfigd.rend possible I'agrégation
microbienne(ii ) les mucines représentent une source supplémentaire dmeaet) enfin,
(iii ) les micro-organismes dans le mucus peuvent enrichir la aomanté microbienne
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A. Total SCFA concentration (mh) in the lumen B. Total SCFA concentration (mh1) in the mucus
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Figure 10: Schéma global de fermentation dans le célon hun®ai célon proximal, T :
cOlon transversal, D : colon distal. La concentration en A3d&croit au long du célon
humain, tant dans le lumen que dans le mucus. La densité meone totale augmente
de la section proximale a la section distale dans le lumexjsajue la flore microbienne
dans le mucus suit un comportement inverse.

dans le lumen grace au phénomeéne de détachement. Nous difizésnotre modeéle
mathématique afin d’évaluer 'importance de chacun de agsues sur la dynamique du
cblon humain. Ces effets sont illustrés dans la figure 11.dwake continue représente
la réponse du modele qui prend en compte le mucus et les tégianismes mentionnés
ci-dessus. Les autres courbes ont été obtenues en metteattar a zéro les parameétres
associés a chacun des trois mécanismes.

Quand aucune mucine n’est disponible comme substrat paonictaflore du lumen (pas
de transfert), la dynamique du systeme reste identiquea €ighifie que la quantité de
glucides dans les fibres exogenes est beaucoup plus élegéelipi contenue dans les
mucines qui ne sont pas utilisées dans le mucus. La figureddesel également que le
microbiote du mucus enrichit celui du lumen. Ces simulatisuggérent que I'agrégation
microbienne, qui est représenté par le temps de rétentppié&uentaira pour les micro-
organismes, est nécessaire pour atteindre des conditigs®jpgiques, a savoir la dégra-
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Figure 11: Le réle du mucus dans le cdlon humain. Les conatmis correspondent au
compartiment du lumen proximal. L'entrée de fibre été fixé& g par jour. L'agrégation
apparait comme le facteur le plus pertinent pour maintesgradnditions physiologiques.
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dation élevée de fibres et la densité microbienne élevéesi,Aie mécanisme apparait
comme le facteur le plus pertinent pour expliquer le réle dicus sur la dynamique du
c6lon humain.

Conclusions

Nous avons présenté ici le développement d’'un modeéle a ms®rthaissance de la
dégradation des hydrates de carbone dans le c6lon humainai®ant que nous sachions,
ce modeéle est le premier a intégrer la physiologie de I'tiiesles réactions biochim-
iques et les phénoménes de transport entre les micro-tsathitdumen et du mucus. Pour
faire face a la complexité du modele, nous avons fait usagetits et de concepts de la
théorie des systemes, tels que la méthode des perturbainmudieres, I'identifiabilité et
I'estimation de parametres.

Les simulations du modele suggérent que nous avons obtenteprésentation qualita-
tivement adéquate du célon humain. Notre modeéle permefpdésenter la dynamique du
processus de fermentation tout le long des sections plogsiples, incluant les compar-
timents du lumen et du mucus. Il permet de faire des analysesoqt difficiles a réaliser
expérimentalement. Ce modele permet d’aborder facileom@mtongue liste de questions
de type :et si ? Nous en avons donné ci-dessus quelques exemples. Aboxlques-
tions a travers la modélisation mathématique devrait dmrdgr a notre compréhension
de I'écosysteme du cblon humain. Un facteur clé pour parveigiette compréhension
est l'intégration des informations provenant de nouvettgsériences. L'estimation des
paramétres du modele complet est la principale tache ayoresians un avenir proche.
Compte tenu de la complexité du modéle, de la rareté et Fbgénéité des données, du
caractere asynchrone des observations et de la mécomwEsdas conditions initiales,
I'estimation Bayésienne nous semble étre 'approche la pfametteuse.

Notre modéle dois étre considéré comme complémentairaalesik expérimentaux (a
la foisin vivoetin vitro). Nous espérons qu’il contribuera a donner un meilleur@péde
la dynamique du c6lon humain. Il pourrait également étre wiii pour I'élaboration de
stratégies nutritionnelles axées sur la promotion de noéitab bénéfiques pour la santé.
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Notation and nomenclature

Abbreviations / Acronyms

AD
AIC
COD
CSTR
DAE
FIM
Gl
IBD
IDEAS
LI

LP
ML
NSP
oD
ODE
OoTuU
PCA
PFR
RS
SCFA
S.g.i.
W.I.t.

Anaerobic digestion

Akaike’s information criterion
Chemical oxygen demand
Continuous-flow stirred-tank reactor
Differential algebraic equation
Fisher information matrix
Gastrointestinal

Inflammatory bowel disease
IDEntification and Analysis of Sensitivity
Linear in its inputs

Linear in its parameters
Maximum-likelihood

Nonstarch polysaccharides
Optical density

Ordinary differential equation
Operational taxonomic unit
Principal component analysis
Plug-flow reactor

Resistant starch

Short chain fatty acids
structurally globally identifiable
With respect to

a7
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Notation and nomenclature

Typography
Matrix
Vector
Scalar

Set

Symbols
Cor

A (")
N(0,0?)

N(0,X)

D)

Upper case letter in bole.g, A
Lower-case letter in bole,g, z
Italice.g, k,Y

Upper case letter in italie,g, S

Parameter correlation matrix

Model structure

Distribution of a Gaussian random variable
with zero mean and varianee
Distribution of a Gaussian random vector
with zero mean and covariande

Number of parameters

Number of state variables

Number of outputs

Covariance matrix of the ML estimator
Set of real numbers

State vector

Output vector

Vector of measurement errors

Parameter vector

True value o9

Estimated value of
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Table 3: Nomenclature of the model. For hydroly&js; is given in gs; d=1 /mol Xj, and
Yijinmols/gs;j. y for sugars is given in I/d.
Definition Units

State variables

S Concentration of soluble compondrih liquid phase M (mol/l)

Sy, Concentration of soluble componadrih gas phase M

Xi Concentration of bacterial group M or OD

z Concentration of polysaccharides g/l

Parameters

g; Adherence coefficient of bacteria in lumen —1d

o] Shear loss coefficient of bacteria in mucus 14

fi Fraction of the componeitused for catabolic reactions

kg Decay constant of bacteria d-?!

Kh.,i Henry's law coefficient of component M/bar

Knydi Maximum specific hydrolysis rate d?

k; Inactivation constant of bacteria d!

k a Liquid-gas transfer coefficient multiplied by the specifiarisfer area ot

Km; Maximum specific rate of substrate consumption gy ! /mol x;

Ksi Half-saturation constant for microbial growth (constahimnod) M

Kxi Half-saturation coefficient for ratis/x M sj /I M X;

ri Density of componenit o/l

Wi Molecular weight of componerit g/mol

Yij Yield of component in processj mol s/ mol s

Y| Biomass yield factor for bacteria utilizing substrate mol x; / mol's;

Vi Transport coefficient of component d-?!

ni Reaction yield

Aj Reaction coordinate

Hmaxi Maximum specific growth rate d-?t

Ti Additional residence time of bacteria in lumen d
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Nomenclature of the model (continued).

Functions
Pj
Qi

Subscripts and superscripts
g

in

I

Igt

m

out

n

For soluble components

ac

bu

la

pro

su

For particulate components
H2a

H2m

la

Su

Kinetic rate of proces$

Liquid-gas transfer rate of componant

Gas phase
Influent

Lumen

Liquid-gas transfer
Mucus

Effluent

net

Acetate
Butyrate
Lactate
Propionate

Sugar (glucose)

Hydrogen-utilizing bacteria (acetogenic)

Hydrogen-utilizing bacteria (methanogenic)

Lactate-utilizing bacteria

Glucose-utilizing bacteria
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Nomenclature of the model (continued).

Physiological parameters
L
Patm

PH,0
R

q

Length of colon section (cm)
Atmospheric pressure (bar)

Water pressure (bar)

Ideal gas constant (bar/(M K))

Flow rate (I/d)

Net flow rate in the distal lumen (I/d)
Temperature (K)

Volume in liquid phase (l)

Volume in gas phase(l)

Endogenous production of mucins (g/d)

Diameter of the colon (cm)
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Chapter 1

Introduction

| have deeply regretted that | did not proceed far enough at
least to understand something of the great leading priecmf
mathematics.
Charles Darwin

Mathematical models (sometimes caliedsilico models) are central for a better un-
derstanding of the behavior of systems in all fields of pure applied sciences. They
can be used to estimate quantities that cannot be measortedt tiypotheses, to predict
behaviors, to control processes, to teach, among othesscdlg, mathematical models
can be derived by induction (data-driven modelling) or bywlion (seeg.g, Kell and
Oliver (2004); Teusink and Smid (2006), and the referenicesein for discussion of both
approaches in biological systems).

Inductive models describe the input-output behavior of stesy by means of equations
that are physically meaningless. By contrary, in the dedeichodelling approach, the
model construction is based on fundamentals laws (e.glathef conservation of mass)
and relationships that are supposed to govern the systeavioehTherefore, the mod-
eller is interested to identify the phenomena that takegptarcthe system, and to translate
such a prior information into equations that contain patensewith physical meaning.
Estimation of such parameters provides a link between thadetand the real world.

53
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Mathematical models that are derived deductively are afédlied knowledge-based mod-
els. Given the comprehensive structure of such models,ahey for lateral transfer of
insight between scientific domains (Picioreanu and van daeaht, 2003).

In recent decades, mathematical modelling has come to plagsential role in biology
(May, 2004). Biological systems are often complex. Themptexity resides in the large
numbers of elements with diverse functionalities thatreatenonlinearly to produce co-
herent behaviors (Kitano, 2002a). As rational and formptesentations, mathematical
models are central to achieve a system-level understanéiBugrh a complexity (Baldwin
et al. (1984); Legay (1997); Bailey (1998); Stelling (2004)

In this work, we tackle the construction of a knowledge-ldas®del of a biological sys-
tem: the human colon. More precisely, the modelling of chylonate degradation in the
human colon. Our work is built on three main pillars, namabjdgy, system theory and
chemical engineering.

Why a mathematical model of human colonic fermenta-
tion? A biological point of view

The human colonic microbiota is recognized as a key comganeyastrointestinal (Gl)

tract homeostasis. This microbial population is involvedhe development of immune
function (Hooper and Gordon, 2001) and in pathologies ssahfeammatory bowel dis-

ease (IBD) (Manichanh et al. (2006); Seksik et al. (2006nkret al. (2007); Sokol et al.
(2008)) and obesity (Ley et al. (2005); Ley et al. (2006b)Béalse et al. (2008)). More-
over, fermentation produces essential vitamins and doifag¢Zoetendal et al., 2008),
and contributes up to 10% of the energy of the body’s metalveljuirements (Macfar-
lane and Cummings, 1991). The principal products of feratgn are short chain fatty
acids (SCFA), microbial biomass,HCO,, and CH, in some individuals. SCFA (mainly
acetate, propionate and butyrate) are recognized for tieailth-promoting effects (Top-
ping and Clifton, 2001).

Despite its important role in human health, the human calenosystem remains largely
unexplored due to the complexity of the microbiota. Thisayic microbial consortium
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is host-specific, spatially distributed along the Gl tratiétendal et al. (2004); Dethlef-
sen et al. (2006)). Human vivo studies are restricted by ethical considerations and the
limited accessibility of the Gl tract. These constraintgehenotivated the development of

in vitro models to simulate the dynamic conditions of the human c(der Section 2.4).

In parallel toin vitro studies, animal models have also been used to investigétecdit
aspects of the colonic fermentation.

Both in vitro andin vivo models have been crucial for the understanding of the human
Gl tract. Nevertheless, extrapolation of such studies éohliman colon has to be done
with caution.In vitro models do not account for biotic factors such as SCFA abisorpt
interaction with the host, and exchange between the lumeémartus microhabitats. An-
imal intestines present physiological differences with fluman colon. In addition, both

in vitro andin vivo approaches use mixed culture of fecal matter, but only 20% of
human colonic microbiota can be cultivated (Amann et al98)9 Suau et al. (1999))
and major differences have been found between fecal mimt@lhind colonic microbiota
(Marteau et al. (2001); Zoetendal et al. (2002); Sarma-Ruapa et al. (2004)).

Mathematical modelling can complementvitro andin vivo studies. It is a promis-
ing approach to circumvent some obstacles associated xp#rienental work. Although
mathematical models have shown to be useful in animal rartrjsee g.g, Baldwin et al.
(1981); Jumars (2000); Hanigan et al. (2006); Dumas et@0g}), up to now, mathemati-
cal models have rarely been used to study the complexityeodainbohydrate degradation
in the human colon and few results have been reported in tirature. Mathematical
approaches do not seem to have been applied to the study lofith@n colonic ecosys-
tem as a whole. Only parts of the system have been consid&tedlies in fermenta-
tion addressed the modelling of bacteiialvitro experiments and attempted to analyze
specific reactions of the fermentation process by humamaokirains (Amaretti et al.,
2007). Modelling studies based &fC-labeled carbohydrates have been used to evaluate
fermentation in the small and large intestine of infantsr{§€lan et al., 2002). Belenguer
et al. (2006) also used labeled components to identify caflows in the metabolism of
lactate-utilizing bacteria to produce butyrate. This rbetsm is affected by exogenous
acetate. In this direction Duncan et al. (2004a) and Monrisioal. (2006) estimated, by
modelling, the contribution of acetate in butyrate forraati Other phenomena taking
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place in the human colon have been studied by mathematialiimagy. The colonization
of microorganisms in the gut and dynamics of pathogens heseired most attention
(Kirschner and Blaser (1995); Ballyk et al. (2001); Davisl@ordon (2002); de Jong
et al. (2007)). Absorption of organic pollutants in the stiee (Moser and Mclachlan,
2002) and drug metabolism (Haddish-Berhane et al., 2008 Ao been modelled. A
mathematical approach was presented to describe thelspstiidoution of intestinal bac-
teria with respect to their tolerance to oxygen, taking ixtoount the variable geometry
of the intestine (Wilkinson, 2002).

To the best of our knowledge, today there is still no matheabinodel integrating the
physiology of the intestine, the carbohydrate fermentagitocess and mass transfer be-
tween the lumen and mucus. The purpose of the work reportehlisrthesis was to
develop such a mathematical model in order to provide aaliglatform describing the
dynamics of the fermentation pattern in the human colon. @eelhat the mathematical
model presented here will contribute usefully to copingwtiite complexity of the human
colon, enabling further insight into the microbial metabwi in the human Gl tract.

Why a mathematical model of human colonic fermenta-
tion? Mathematical challenges

In the human intestinal ecosystem many processes take giladéerent time scales. No
mechanistic explanations are available yet for some phenamWe are often left with
hypotheses, some of which may be contradicted by experahsintdies.

Phenomena occurring in the human colon comprise metalmiieesions and mass trans-
fer. Such processes are made possible by interactions @htbe&m nonlinear) of a large
number of components, namely host cells, microorganisrdsvatabolites. The human
colon is a distributed system. A full representation of thistem in state-space form
would then lead to a mathematical model with an infinite nundfestate variables. We
were then interested in reducing such a complexity and ginogia model that could rep-
resent the main phenomena with a reasonable number of at@bles. In order to handle
model complexity, we used mathematical tools, such as peterndentification, singular
perturbation, and optimization algorithms to provide a eladith an acceptable qualita-
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tive representation of system behavior.

One of the main obstacles towards model validation (or ratiwel falsification) is the
scarcity of data. Experimental studies usually providerimfation on the last section of
the colon and no data is available along its length. Few stupliovide dynamic data. In
addition, the measurements are often asynchronous, samblea can only be measured
once, and others are not measured.

Most of the knowledge of human colonic fermentation has ctora studies onn vitro
andin vivomodels.In vitro bacterial growth experiments provide information on sfyeci
reactions of the full metabolic pathway. In this work, wefpemed the modelling and
identification of some of such experiments to define pararsetethe complete model.
Estimating the parameters of the complete model is no@drior the time being, we do
not prove a quantitative validation of the model. Howeves,skiowed that the model pre-
dictions were qualitatively in agreement with existing wiedge reported in the literature.

The strategy presented here is a generic procedure. It magdsel to tackle other mod-
elling tasks, where the model is too complex and data arescar

Outline of the thesis and reader’s guide

The work presented here integrates concepts of biologyhenatics and biochemical
engineering. To facilitate navigation, we have tried toi¢ate the relative weights of
each knowledge domain for each chapter, which is illustrateFig. 1.1. The route we
take to construct our mathematical model begins with a g#sgmn of the human colonic
ecosystem with a brief overwiew of the existing approacleesst study Chapter 2).
Chapter 3 is the thesis core. It comprises the integration of biolabknowledge of the
system towards the formulation of the mathematical modelChapter 4, we describe
the methodological tools that we used, and developed, tdléaur mathematical model.
In Chapter 5, we tackle the mathematical modelling and parameter estmaf two
bacterial growth experiments. The reactions that takesglasuch experiments are part of
the complete fermentation process. The results in thistengpovide useful information
in the definition of parameter values of the full modelhapter 6 describes our results
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Figure 1.1: Map of the thesis

in reducing the number of parameters of the model and the aupfbts state variables.
Chapter 7 presents the simulations of the mathematical model undevusnutritional
scenarios. This chapter aims to illustrate a potential fideeanodel to get insight into the
dynamics of the human colonic ecosyste@hapter 8 describes a preliminary study on
selection of bacterial strains, in the framework of an expental work with gnotobiotic
rats to analyzen vivo, the dynamics of the fermentation patte@hapter 9 summarizes
the results of the thesis and propose future directionssgfaneh.




Chapter 2
Description of the human colon

... These (the microbes) were located in the choicest places
the interiors of the Family could furnish: in the lungs, ineth
heart, in the brain, in the kidneys, in the blood, in the guts.
the guts particularly. The great intestine was the favor#gort.
There they gathered, by countless billions, and worked fedd
and squirmed, and sang hymns of praise and thanksgiving; and
at night when it was quiet you could hear the soft murmur of it.
The large intestine was in effect their heaven.

Letters From the Earth. Mark Twain

The human colon (also called large intestine) is an anaeminsystem within the
gastrointestinal tract (Fig. 2.1). Its function is the aipsion of water and sodium, and
breakdown of alimentary polysaccharides that escape datoa in the upper digestive
tract. A brief description of this ecosystem is presentddviee

2.1 Physiology and anatomy

The human colon is a unique biochemical environment, cleriaed by low redox poten-
tial (Mackie et al., 1999) and a constant controlled temijpeeaof 37°C (Savage, 1977).
Its surface has been estimated somewhere between 250 amd?4B&ngmark, 1998).
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Description of the human colon

It consists of three well-defined anatomical regions: thexipnal colon (cecum and as-
cending colon), the transverse colon and the distal coigm(@d and rectum) (Fig. 2.1).
The colon receives the food material from the ileum. The eotst are retained in the
proximal colon and the digesta (chyme) goes to the distarctd be, finally, degraded
or excreted. The intestinal region where the flow of digesk&$ place is called the lu-
men. The passage of the digesta through the intestinal lusrenried out by peristaltic
movements. During this travel, the chyme changes its phiaied chemical properties,
because of fermentation, and water and metabolite absear@#inekus, 1998). The pat-
tern of fermentation products confers a spatial distrdoutf metabolites and a pH profile
with values of about 5.5 in the proximal colon, 6.2 in the sn&rse colon and 6.9 in the
distal colon (Macfarlane and Cummings, 1991).

The intestine is lined with the epithelium, where the segcrebf a mucus gel layer is
carried out by goblet cells. The mucus layer can be pargtionto an inner layer and a
sloppy outer layer (Matsuo et al. (1997); Atuma et al. (200Ihe outer layer has a lower
resistance to flow and acts primarily as a lubricant. Theritayer is a shear-resistant gel
that provides a physical barrier against invading pathegkhucus thickness varies along
the sections of the large intestine, and takes its largdsé wa the rectum. Measurements
of mucus thickness are very sensitive to manipulation. peajps that an important loss of
mucus in the floppy layer takes place during the procedurés iy explain divergent
results. Studies report mucus thickness varying fronug6to 300um (Lichtenberger
(1995); Matsuo et al. (1997); Pearson and Brownlee (200&i)d$nski et al. (2007)). By
extrapolating results frorm vivo studies with rats, where the two layers could be quan-
tified (Atuma et al. (2001); Strugala et al. (2003)), one catingate that the complete
bilayer may have a thickness up to 2000.

Figure 2.2 displays a cross section view of the large imesfTable 2.1 shows an approx-
imation of the volumes of the anatomical regions of the col@alculations are based on
the dimensions reported in literature (de Jong et al. (2AR&)lic-Stojanovic (2007) and
the references therein).
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Salivary Glands
Parotid
Submandibular
Sublingual

Pharynx
Tongue

Esophagus

Pancreas

Liver
Gallbladder

Duodenum Stomach
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Colon
Transverse colon
Ascending colon lleum

Descending colon

Appendix

Figure 2.1: Representation of the human Gl tract. (sourddpedia)

M Host
M Mucus
M Lumen

Figure 2.2: Cross section view of the human colon. The langestine comprises the
lumen and the mucus. The epithelium is the interface of actéwn between the host and

the intestine.

(small intestine)
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Description of the human colon

Table 2.1: Approximate dimensions of the human colon.

Anatomical Length Volume of lumen Volume of muctis
region (cm) microhabitat (1) microhabitat (1)
Cecum 6

Ascending colon 15

Proximal colon 21 0.41 0.017
Transverse colon 50 0.98 0.042
Descending colon 25

Sigmoid colon 40

Rectum 18

Distal colon 83 1.63 0.070
Total 154 3.02 0.129

aThe volume of the mucug™ is calculated assuming a perfect cylinder shape
asV™ = 0.2511(¢? — (@ — 2x ey)?)L. The thickness of the mucies, is taken
to be equal approximately to@30 cm;@ is the diameter of the colon (5 cm),

andL is the length of each section. The volume of the lumen is tatied as

0.25m¢?L — V™.

The large intestine is a very active organ. Many of its fumtsi are assigned to the mi-

crobes that it harbors. These microbes conform the humamicoiicrobiota. Some

features about this microbial community are introducedwel

2.2 Human colonic microbiota

The human gut is one of the densest microbial systems on B&hhman et al., 1998),
with population densities ranging from &6ell per ml in the cecum to 16 cells per ml
in the distal colon. It has been estimated that microbial momities associated with the

human body surfaces outnumber the human somatic and gelsnbgeh factor of ten

(Savage, 1977).
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The microbial consortium in the human large intestine istdspgcific, appearing as a
personalized fingerprint (Zoetendal et al. (1998); Eckbetrgl. (2005)), which is sta-
ble over time in healthy adult individuals (Tannock et alD@R); Seksik et al. (2003)).
However, the term of stability has to be used with cautiontheshuman colon is not
well characterized in terms of its dynamics and the timesoéthe observations is lim-
ited. The microbial community is affected by dynamic fastsuch as diet, antibiotic
treatment, physiological stress, lifestyle, environmaéahd stochastic factors (Dethlefsen
et al. (2006); Flint et al. (2007); Zoetendal et al. (2008)illips (2009)). For example, it
has been demonstrated that bacterial species have disgidghamic sensitivities when
humans are exposed to stress (Holdeman et al., 1976) arsbthatmembers of this com-
munity can show temporal populations shifts while othensam stable (Vanhoutte et al.,
2004).

The human colonic microbiota is mainly located in two miabhats, namely lumen
and mucus (Fig. 2.2). The mucus gel is a polymer-based nesareted by goblet cells.
It mainly consists of water (95%) and mucins, which are higheoular weight glycopro-
teines with an important role in microbial life (Laux et &005); Pearson and Brownlee
(2005)). This matrix favors the attachment of microorgarssind their resistance to shear
forces (Sonnenburg et al., 2004). In the words of Krause.gR@D6), microbes in the
large intestine cannot hope a more suitable microhabitat thucus. Some of the ad-
vantages of this bacterial niche are the increase of nasrerailability, protection from
antimicrobial agents and proximity to other bacteria. Inliidn, the mucus is a car-
bon source that can support intestinal bacterigivo in the absence of any dietary input
(Macfarlane and Cummings, 1991). Bacteria specializedunimdegradation have been
isolated (Salyers et al. (1977); Derrien et al. (2004)).tBaal species such & thetaio-
taomicroncan turn to host glycans when dietary polysaccharides besoarce (Backhed
et al. (2005); Sonnenburg et al. (2005)). In terms of thedy&@dtspecies present, the pre-
dominant mucosa-associated population is distinct fragriuminal one (Zoetendal et al.
(2002); Eckburg et al. (2005); Lepage et al. (2005)). Theataholic activity can also
differ (Probert and Gibson, 2002). For exampieyitro studies with biofilm chemostats
in series showed that biofilm-associated bacteria werdyhagttive for acetate production
while planktonic bacteria made a higher contribution topgwoate and butyrate forma-
tion (Macfarlane et al., 2005). In the lumen microhabita¢, tnicrobiota is attached to the
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surfaces of particulate food material or it can be freealiMinot surface associated) (Akin
(1976); Walker et al. (2008)). Functional differences kesw particulate-associated mi-
crobiota and free-living microbiota have also been suggk@Vlacfarlane et al. (1997);

Macfarlane and Macfarlane (2006)).

The complexity of the human colonic microbiota has beenléatky ecology to elu-
cidate two central questions: who are present and what ayedibing (Zoetendal et al.,
2004). Culture-based methods provided an initial pictdith® microbial diversity in the
human Gl tract (Moore and Holdeman (1974); Savage (197 )eivand Wolin (1982);
Finegold et al. (1983)). This approach is still useful tadgtmicrobial species of interest
in the human large intestine (Bernalier et al. (1996b); Bailta et al. (2000); Duncan
et al. (2002b); Pryde et al. (2002)). The picture of the humalonic microbiota has
remarkably improved thanks to the development of moleaml&robial ecology, where
diversity is assessed by culture-independent approashels as first targeting 16S rRNA
genes (Wilson et al. (1997); Suau et al. (1999)). Today, tlveahial diversity in the hu-
man colon is estimated about 1000 species (Rajilic-Stejaret al., 2007). Taking into
account interindividual variability, it is estimated thmbre than 45000 bacterial species
comprise the microbial consortium in lower human Gl tracta(fk et al., 2007). This mi-
crobial community is dominated by relatively few divisiahst are highly diverse at the
level of species and strains. Most of the members of thisartinsn belong either to the
bacterial phyld&irmicutesor BacteriodetesThe domairArchaeaalso inhabits the human
colonic ecosystem, witMethanobrevibacter smithihe dominant phylotype (Miller and
Wolin (1982); Eckburg et al. (2005); Mihajlovski et al. (Z)). Minor populations of
Eukaryahave been recently found (Scanlan and Marchesi, 2008) s&rand bacterio-
phages are also present in the human colon (Breitbart é2G03]; Lepage et al. (2008)).

The second ecological question relates to the metabolitifumof community members
in the ecosystem. The human intestinal microbiota can beidered as an additional
organ. Microbes are provided with a set of enzymes catajymintabolic functions that
confer physiological properties that the human genomesl&Gill et al. (2006); O’Hara
and Shanahan (2006); Goodacre (2007)). However, due tothelexity of the human
colonic microbiota, elucidation of the function of micrganisms is a very difficult task.
Advances on the genomics-related techniques at the legelred expression (DNA-based
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approach: genomics; RNA-based approach: transcriptomiogein: proteomics, and
metabolites: metabolomics) have greatly improved our tstdading of bacterial func-
tionality in the human gut ecosystem (Gill et al. (2006); &relal et al. (2006); Gloux
et al. (2007) Kurokawa et al. (2007); Louis et al. (2007a);eLial. (2008); Zoetendal
et al. (2008); Brugeére et al. (2009); Mahowald et al. (2008)¢tagenomics is therefore
central to shed light on the diversity and function of the nolzal ecosystem residing in
the human large intestine.

Today, the microbiota is recognized as a key component img&t homeostasis by medi-
ating many of the effects of diet upon gut health (Flint t2007). Fermentation produces
essential vitamins and co-factors. Fermentation prodswath as short chain fatty acids
(SCFA) are recognized for their health-promoting effedigpping and Clifton, 2001).
The next section is devoted in describing the main mechanedroarbohydrate degrada-
tion by the human colonic microbiota.

2.3 Anaerobic trophic chain

The human colonic microbiota performs a series of metaleéictions to breakdown and
ferment complex polysaccharides. Carbohydrates cotes@®®bf6 of available substrates
for colonic fermentation. The substrates are mostly froetaty origin. Main dietary
carbohydrates are resistant starch (RS) and nonstarcegoalyarides (NSP). NSP are
a diverse group of homo and heteropolymers, including Xylcans, glucuronomanans,
arabinoxylans and xylans (Chassard et al., 2007). Whetaahss a glucose homopoly-
mer found in the amylose and amylopectin forms. NSP is thentamponent of dietary
fiber. However, on a high starch diet, the amount of RS mayezktiee amount of NSP
(Macfarlane and Cummings, 1991). The quantity of NSP emgetie human colon may
be up to 28 g/day for a western diet (Baghurst et al., 1996¢.€Etimation of RS entering
to the colon is more difficult to assess, because of the ladat# on food composition,
partial digestion in the small intestine, and individualgpiological influences such as
chewing. In addition to dietary carbon sources, endogepooguction of mucins con-
tribute to carbon supply (Bernalier et al., 1999). Mucins glycoproteins consisting of
80% carbohydrates (Pearson and Brownlee, 2005). Tableh®wissthe available sub-
strates for the human colonic microbiota.
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Substrate Amount (g/day)
Carbohydrates Resistant starch 5-40
NSP 8-30
Sugars and sugar alcohols 2-10
Oligosaccharides 2-8
Mucins 3-5
Chitin and amino sugars 1-2
Synthetic carbohydrate Variable
Food additives Variable
Therapeutic agents Variable
Protein Dietary origin 1-12
Pancreatic enzymes 4-8
Sloughed epithelial cells 30-50
Others Urea, nitrate 0.5
Bacterial recycling Unknown

Table 2.2: Substrates available for the human colonic rhiota (from Macfarlane and
Cummings (1991); Egert et al. (2006)).
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Microbial metabolism consists of catabolic reactions tfiatd energy and anabolic re-
actions that lead to bacterial growth. The first stage of @aylrate degradation is the
hydrolysis of polysaccharides that cannot be used by theahuiffopping and Clifton,
2001). Hydrolysis is effected by bacterial cell-assocladaed secreted hydrolases. The
polymers are therefore broken down to their constituentanwars, which can then be
assimilated by the microorganisms in the fermentation.s finocess occurs in the ab-
sence of external electron acceptors, such as oxygen ateiffhe principal products of
the fermentation are SCFA, GOH», biomass, and CHin some individuals (it has been
estimated that approximately 1/3 of the human populatiodpces methane (Cummings
and Macfarlane, 1991)). SCFA are further absorbed by the hos

The carbohydrate fermentation process is affected by a aunflfactors, including host
genotype, ingestion of microorganisms and microbial axtgons, stochastic events and
physicochemical factors such as pH, retention time, playsicucture of the food matrix
and composition of substrates (Macfarlane and Gibson (1¥®5thlefsen et al. (2006);
Louis et al. (2007a)). In addition, the methane status ofitldé/idual appears to be
linked to the activity and structure of cellulose-degradapecies (Robert and Bernalier-
Donadille (2003); Chassard et al. (2007)).

Anaerobic digestion has a low energy yield in comparisom \&grobic processes. This
forces the microbial community to cooperate efficiently d@imds obtain the energy re-
quired for its survival. A special case of such cooperatisrsy/ntrophism, in which two
metabolic types of microorganisms depend on each otherrforpethe degradation of a
given substrate (Schink, 1997). The term syntrophy haskssa used to denote harmful
and neutral relationships (Relman, 2008). Syntrophic@sasons (in the sense described
by Schink (1997)) favor the thermodynamics of the converpimcess. The fermentation
products released from the metabolism of microbial spesiestilized by other microbes,
driving in this manner the energetics of the reactions armuawing the overall utilization
of substrates (Voolapalli and Stuckey (1999); Kleerebeaah Stams (2000); Jackson
and Mclnerney (2002); Rodriguez et al. (2008); Madigan.€&09)). The human colon
can thus be viewed as an extremely efficient reactor, wherthdrmodynamic feasibility
of the reactions is enhanced by microbial syntrophism an@ipadite absorption.
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2.3.1 Main fermentation pathways

The metabolic pathways of anaerobic fermentation are watlthented (Gottschalk
(1986); Miller and Wolin (1996); Bernalier et al. (1999); bfarlane and Gibson (1997);
Moat et al. (2002); Madigan et al. (2009)). Anaerobic digwsby the human colonic bac-
teria comprises several reaction pathways. The main fe@tien pathways are described
below.

2.3.1.1 Embden-Meyerhoff-Parnas pathway

The Embden-Meyerhoff-Parnas (EMP) pathway has been faehés the major route of
glucose metabolism (Miller and Wolin, 1996). However, leaiet can use other pathways,
such as the Entner-Doudoroff pathway (sesy, Madigan et al. (2009)). The EMP is
divided into three stages. In Stage I, glucose is activateldtiae intermediate glyceralde-
hide 3-phospate is produced. This stage is characteriz#telabsence of redox reactions
and thus no energy is released. In Stage Il, glyceraldehple3pate is oxidized to pyru-
vate. Two molecules of pyruvate are formed by one moleculglatose. During the
oxidation reaction, NAD is reduced to NADH and four molecules of ATP are formed.
Stage | requires two molecules of ATP. Thus, the energy \aeltie second stage is two
moles of ATP per molecule of glucose fermented. Stage Il mases the formation of
final products. All products are made from pyruvate, whichesgps as the central pivot of
fermentation. At this stage the NADH produced from NAB oxidized back to NAD

in order for glycolysis to continue.

2.3.1.2 Pyruvate metabolism

Pyruvate is oxidized to acetyl coenzyme A (acetyl-CoA) tban be routed in various
pathways. Acetyl-CoA is routed to acetate via acetate kinasvhich ATP is generated.
This reaction requires low partial pressure of. HHence, the action of $Hutilizing mi-

croorganims is central for thermodynamic feasibility. Ad¢e€CoA can also be routed
to butyrate. There, two molecules of acetyl-CoA are conedédrn® one molecule of
acetoacetyl-CoA, which is subsequently reduced to bui@oA. Finally, butyryl-CoA

is converted to butyrate by the enzyme butyrate kinase. A€RI wf this reaction is
one half of the one generated in acetate formation. Anothaterfor butyrate synthe-
sis is the butyryl CoA:acetate CoA transferase pathwayrd Haityryl-CoA reacts with
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acetate to produce butyrate and acetyl-CoA. This mechahasrbeen identified as the
main metabolic pathway for butyrate synthesis in the huraggelintestine. Propionate is
formed either from pyruvate or the intermediates succiaatelactate. The reaction path-
ways of propionate formation are the succinate pathway etattate-acrylate pathway.
In the succinate pathway, pyruvate is carboxylated to forthiyimalonyl-CoA that pro-
duces propionyl-CoA. This latter reacts with succinatea itconversion catalyzed by the
enzyme CoA transferase, producing succinyl-CoA and prad® In the lactate-acrylate
pathway, pyruvate is reduced from lactate, which is coremto the ester lactyl-CoA.
This ester is dehydrated into acrylyl-CoA and subsequertlyced into propionyl-CoA
to form propionate. In general, propionate production soamted with acetate produc-
tion. In the overall reaction three moles of pyruvate praino moles of propionate, one
mole of acetate, one mole of GOone mole of HO and three to five moles of ATP.

2.3.1.3 Lactate formation and utilization

Pyruvate forms lactate in its two isomers (D, L). Separat¢éate dehydrogenases are
responsible of the isomers to be produced. Lactate is gignpraduced by the homofer-
mentative or heterofermentative pathway. In the homofetaiee pathway, one mole
of glucose yields two moles of lactate and two moles of ATRe Tieterofermentative
pathway yields one mole each of lactate, ethanol, @ ATP per mol of glucoseBifi-
dobacteriause a distinctive pathway that yields two moles of lactdteedé moles acetate
and five moles of ATP from two moles of glucose. Lactate pgudies in a reversible
reaction with pyruvate. It is thus a precursor for the fororatof acetate, propionate
and butyrate. In these conversions, lactate is oxidizegtovate and the corresponding
pathways are those described above for pyruvate.

2.3.1.4 Hydrogen formation and utilization

Hydrogen can be formed from pyruvate by the enzyme pyrufesitedoxin oxidoreduc-

tase linked to hydrogenase or through the action of NADefdoxin oxidoreductase and
hydrogenase (Macfarlane and Macfarlane, 2003). In the huwakon, hydrogen is used
by three main routes, described below.

Methanogenesis.ltis attributed tcArchaeamembers. Interestingly, the two methanogens
that have been identified in the large intestine, nanvidyhanobrevibacter smithii
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and Methanosphaera stadtmanigkliller and Wolin, 1985) carry out the conver-
sion through two different pathways. WhiM. smithii uses four moles of pto
reduce one mole of C£xo one mole of CH following

4H, +COy — CHs + 2H20,

M. stadtmaniaeonsumes bito reduce methanol to CHMiller and Wolin (1985);
Fricke et al. (2006)) by the reaction

Hz + CH3OH — CHy + H20.

Homoacetogenesislt is also known as reductive acetogenesis. Colonic bacteduce
CO, to produce acetate following

4H,; +2C0O; — CH3COOH+ 2H,0.

Sulfate reduction. In this route, H reacts with one mole of sulfate to produceSH
For more details on Futilization pathways, see Macfarlane and Gibson (1997).

The exclusion and coexistence betweenutilizers microorganisms in the human colonic
ecosystem are not yet entirely elucidated (f2g, Cummings and Macfarlane (1991);
Doré et al. (1995); Bernalier et al. (1996a)). In our moded, assumed that the main
pathways for H utilization are homoacetogenis and methanogesis, andifatesreduc-
tion is not accounted for.

2.4 Invitro andin vivomodels to study the human colonic
ecosystem

The term model is used to denote an approximate represamntsta given system. Such
a representation can be physical or abstract. In this thesideveloped a mathematical
model (abstract representation) of the human colonic fetatien. This section is devoted
to a brief review of physical models that have been develdpestudy the human gut
ecosystem. They include vitro andin vivo models.
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Figure 2.3: Simulator of the human intestinal microbial®siem (SHIME model).

2.4.1 Invitromodels

In vitro models have been designed as simplified representatiohg ¢dfutman Gl tract.
Complexity of these systems varies according to the godi@study to be pursued. In
terms of their operation, they can be categorized with resjoethe number of bacterial
strains cultivated (pure or mixed culture), the carbon sesifor bacterial growth, the op-
eration mode (batch, semibatch or continuous), the matatezctions taking place and
their complexity. Miller and Wolin (1981) developed a seamtinuous culture system,
consisting of a single glass vessel. The fermenter was latemiwith fecal sample to
study the fermentation by human intestinal microbiota. #&lsophisticated configura-
tions were developed to incorporate continuous multistaggire systems (chemostats)
connected in series to mimic the physiological parts of #rgd intestine. In these sys-
tems, temperature, pH and residence time of the comparsraentontrolled to reproduce
physiochemical characteristics of the human colon (Gilet@h (1988); Macfarlane et al.
(1998a)). Molly et al. (1993) developed the SHIME model (&liator of the human in-
testinal microbial ecosystem). Thisvitro model couples compartments representing the
stomach, small intestine and large intestine (see Fig. 2n3addition, the TNO gastro-
Intestinal Model (TIM), developed by the Dutch company TN@tifition and Food Re-
search, accounts for biotic factors such as water and SCBévjtion (Minekus (1998);
Minekus et al. (1999)). Itis equipped with a control systemeigulate food transit. Probet
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and Gibson (2004) developed a fermentation model of theipraxcolon that includes
mucin beads to mimic mucus gel layer microhabitat. To reprethe colonic fermenta-
tion in infants, Cinquin et al. (2004) developed a singlétoed chemostat where bacteria
were immobilized in polysaccaharide gel beads. Thus, rhiafgopulation was either
in suspension or biofilm-associated. This model was furitigroved by incorporating
two additional chemostats to represent the three physadbgegions of the human colon
(Cinquin et al., 2006b). It was used to study the effects opekysaccharides excreted by
lactic acid bacteria on the infant colonic microbiota (Giiget al., 2006a). Spratt et al.
(2005) developed a three-stage tubular model equippedamitiembrane, allowing for
water and SCFA removal. The membrane also enabled biofilmtgrand led to a higher
concentration of microorganisms than in conventional ab&tat models. Interestingly, in
this work, a simplified mathematical model was presentecefind, in steady state, the
hydraulic conditions that prevent bacterial washout.

In vitro models with various degrees of complexity are still beingdus Thein vitro
system TIM has been used to study biopharmaceutical beharmiter various physio-
logical gastrointestinal conditions (Blanquet et al., 20Macfarlane and colleages have
been using their model to study the impact of retention timéacterial population and
fermentation patterns (Macfarlane et al. (1998b); Childlet2006)), microbial coloniza-
tion of mucus gel layer and metabolic activities betweerliloieassociated bacteria and
planktonic bacteria (Macfarlane et al., 2005). The SHIMEdeldhas been used for the
screening of potential probiotics and to evaluate the efieprebiotics such as inulin and
soy on bacterial metabolism (Alander et al. (1999); Boeteal.e(2000); van de Wiele
et al. (2004); van de Wiele et al. (2007); Vanhaecke et aD920 Other applications o
vitro models include studies on interspecies interactions gef@sding) (Belenguer et al.
(2006); Chassard and Bernalier-Donadille (2006); Faldral.€2006)), effects of diet on
fermentation pattern and microbial growth (Duncan et &10@); Langlands et al. (2004);
Amaretti et al. (2006), van der Meulen. et al. (2006), Steéwaal. (2008); Falony et al.
(2009), among others).

The main limitations ofn vitro models reside in that they do not account for host inter-
actions, absorptive process, and differentiation betvia@®n and mucus microhabitats.
These physiological factors are difficult to reproducefiarélly, hence the use of animal
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Figure 2.4: Sterile isolators for experiments with aninadents. Facilities at UEPSD-
INRA.

models is of great value.

2.4.2 |Invivo models

The use of animals to study the human colon offers variouarstdges. Their diet can be
controlled. In addition, intestinal contents, tissues arghns are accessible at autopsy.
However, in comparison withn vitro models, animal experiment work is expensive and
require specialist facilities (Smith et al., 2007) (see.gl). Rodents, pigs and dogs
have been used as animal models for studying human colamefeation. Rodents are
coprophagic and their large intestine differs substdgtiabm humans. Pigs and dogs
appear to be better models (Topping and Clifton, 2001), kewedents remain the most
broadly used models. Le-Blay et al. (1999) showed the bggma effect of long-term
ingestion of resistant starch in rats. Lan et al. (2007)istlithe survival and metabolic
activity of propionibacteria on the gastrointestinal tratcrats. Sato et al. (2008) studied
the effect of administration of lactate-utilizing bactercoupled with ingestion of galacto-
oligosaccarides (GOS), on the fermentation pattern in F&sning et al. (1991) used rat
models to study the SCFA absorption in the cecum.

A novel approach to the study of symbiotic host-bacterikdtienships in the human Gl
tract is based on the use of germ-free (axenic) rodents (etagtal. (2002); Xu and Gor-
don (2003); Phillips (2009)). These animals are born argkedhin sterile environments
(see Fig. 2.4). They can be colonized with specified memMidisgechuman colonic mi-
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crobiota. The colonized animal is referred to as gnotobi(thown-life). Studies with
gnotobiotic rodents includes colonization, interspetiésraction, host responses, among
others. For example, Sarma-Rupavtarm et al. (2004) useslinoculated with the altered
Schaedler flora (Orcutt et al., 1987) to study the spatiatiigion of this microbial con-
sortium along the GI tract. Quantitative PCR analysis shibtlat bacterial distributions
in feces and the colon largely differ.

The bacterial speciddacteriodes thetaiotaomicrdras special characteristics that favored
its selection as candidate for gnotobiotic experiments ésg. Xu and Gordon (2003);
Backhed et al. (2005)). Samuel and Gordon (2006) used a lgiotitomodel to demon-
strate cross-feeding interactions betw@erhetaiotaomicrorandM. smithii. M. smithii
drove the metabolic activity d8. thetaiotaomicrorand this latter produced formate that
was used by. smithii. Interestingly, cocolonization with these strains pragtban in-
crease in host adiposity. Mahowald et al. (2009) studiedelniat and host interactions
in gnotobiotic mice inoculated witB. thetaiotaomicrorand E. rectale Metagenomic
analysis in this study suggested that both bacterial speoieked in symbiosis. More-
over, such a cross-feeding produced a bacterial signairtiated the host to synthesize
mucosal glycans that can be metabolizedBbyhetaiotaomicronThese approaches have
shed substantial light oim vivo metabolism of the human colonic microbiota and its in-
teraction with the host.

2.5 Conclusions

The human colon is a complex ecosystem with three well defagdiological regions:
the proximal colon, the transverse colon and the distalrcoltt harbors a myriad of
microorganisms that constitutes the human colonic mictabiwhich is located in two
microhabitats: lumen and mucus. This microbial collectan be regarded as a special-
ized organ that confers to mankind specific metabolic fumstthat human genome lacks.
The colonic microbiota mediates many of the effects of dpgirugut health. It performs
a complex series of anaerobic reactions to degrade polgsdes from diet and host ori-
gin. Main products of this conversion are SCFA, £®,, biomass (microorganisms),
and CH,. Due to its physiological characteristics and microbiaitsyphism, the human
colon can be regarded as a high-performance reactor.
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The large intestine is largely inaccessible for routinestigation. Therefore, a variety of
in vitro andin vivo models have been developed to get insight on microbial roésa
and interactions that shape the dynamics of such a comp#&my Those models have
been crucial for the understanding of the human Gl tract.elktbeless, extrapolation of
such studies to the human colon ecosystem has to be doneawitiorc, becausm vitro
models do not account for biotic factors and animals modelphysiologically different
from human beings. Hence, a mathematical model appearsiateagsting approach to
complement the existing physical models.
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Chapter 3

Mathematical model construction

The construction of a model, therefore, was for him a mira-
cle of equilibrium between principles (left in shadow) ange
rience (elusive), but the result should be more substatttih
either. In a well-made model, in fact, every detail must be-co
ditioned by the others, so that everything holds togethextn
solute coherence, as in a mechanism where if one gear jams,
everything jams.

Palomar. Italo Calvino

3.1 Knowledge basis

Part of this section was published In Proc. 11th World Cosgr&naerobic Digestion

Bio-energy for our Future. Brisbane, Australia (Mufioz-Egm et al., 2007).

The human colon can be viewed as a complex bioreactor. Asicheneactor mod-
els do (seee.g, Fogler (1999)), our mathematical model structure intiegra hydraulic
representation of the system, and a description of thegmahphenomena and reaction

77
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mechanisms. These three aspects are described below.

3.1.1 Hydraulic representation

A hydraulic representation of the large intestine is digethin Fig. 3.1. The three physio-
logical sections described in the previous chapter (se€Figpage 61) are accounted for.
In each of these sections, the lumen and mucus microhabiatdistinguished. Lumen
and mucus compartments are described as continuous-floedstank reactors (CSTR).
The lumen reactors are connected in a series configurationrépresentation of the hu-
man colon as series of complete-mixed reactors is in agneewith similar studies on
animal guts (Hume (1997); Jumars (2000)).

We assume that the compartments are completely mixed. Ftpartially justified by
the presence of mixing forces such as peristaltic movenmehgjas production. However,
its is clearly an approximation. In its travel, the chymedes water, increases its viscos-
ity, and thus the mixing is only partial, so the hydraulicineg in the lumen may be closer
to that of a plug-flow reactor (PFR). Because of the lack o&datjustify an increase
in complexity, we do not, however, consider changes in thardnylic regime along the
human colon.

Roughly speaking, the human colon has a cylinder shape. d&wa-lmade reactors, such
geometry does not seem to favor microbial growth. If the ghovate of microorgan-
isms is slower than the dilution rate (the inverse of thentba time), then microbial
washout occurs. The human colon lacks carrier materialablerthe microbes to anchor.
Similarly to what takes place in high-rate reactors (®eg, Lettinga et al. (1980); Liu
et al. (2003)), human colonic microorganisms form denseegges (a process known
as self-immobilization) to resist hydrodynamic forces anelvent washout. These aggre-
gates consist of microbes, food particles, shed epitheditd, and mucus gel (Sonnenburg
et al., 2004).

To take into account microbial aggregation in our model, aestder that microorganisms
have a higher residence time than the hydraulic residenz ti
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Figure 3.1: Hydraulic representation of the human colore dbtted rectangle represents
the boundary of the system to be modelled.

3.1.2 Transport phenomena

The human colon involves transport phenomena such as diosogd metabolites by
the host. Removal of water and metabolites are preregsigtenaintaining the normal
physiology of the system (Minekus et al., 1999). In our mopda consider diffusion of
sugars between the lumen and mucus microhabitats, SCRAt{daand water absorption
in the lumen and mucus, liquid-gas transfer, and sheardbeaomenon for the mucus-

associated microbiota.

3.1.3 Carbohydrate degradation

The human colonic microbiota catalyzes a complex metalb@ieork to degrade avail-
able carbon sources. In Section 2.3.1, we described the ecnairersions taking place in
the large intestine. In our mathematical model, these asioes are represented in an
aggregated pathway. Figure 3.2 displays a scheme integredrbohydrate fermentation
and transport phenomena, in agreement with Macfarlane. €2@06) and Louis et al.
(2007b). Figures 3.1 and 3.2 thus summarize the basis of #leematical model.
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Figure 3.2: Reaction pathway of carbohydrate degradatidha human colon and mass
transfer between the lumen and mucus, and mucus and hostdioes represent trans-
port phenomena, while continuous lines represent metatralisformations.

The microbiota is associated to the microhabitat wheresides, lumen or mucus. It
is represented in functional groups according to its roléhantrophic chain. Thus, for
each substrate utilization, there is a microbial group taaalyzes the conversion. This
approach is often used for modelling ecological system#yBat al., 2001). Functional
representation of the microbiota enables one to concilfeggaradox of host specificity
of the GI tract microbiota and functional homogeneity amamdjviduals. Studies in
anaerobic reactors indicated that complex communitiesiftérdnt compositions may
have similar functional characteristics (Fernandez €t1899); Fernandez et al. (2000)).
For the human colon, it has been suggested that the limitedbauof biochemical routes
in the metabolic pathway of fermentation leads to functioedundancy in the microbial
consortium (Egert et al., 2006). Functional redundancyherhicrobial community en-
sures that key processes are robust to diversity (Goebebtauttebrandt, 1994). A very
recent study suggests that humans share a common phylmyeoret of microorganisms
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in their lower Gl tract (Tap et al., 2009). The existence odtcf bacterial species present
in all healthy individuals may be linked to a common functibonore. Indeed, a large
range of metabolic functions of carbohydrate metabolismevigerred from the species
identified in the phylogenetic core. Moreover, it has beeggssted that host-driven se-
lection favors functionally stable communities (Ley et &006a) and that in spite of
inter-individual bacterial diversity, there is a core gutrobiome responsible for a uni-
form pattern of functional categories of genes and metalpalthways (Turnbaugh et al.,
2009). In the same direction, metagenomic studies haveedhovgh functional unifor-
mity between healthy individuals (Gill et al. (2006); Kuaska et al. (2007)). Thus, a
functional representation of the microbiota in the mathi&ralmodel appears feasible.

3.1.4 Gaining knowledge from anaerobic digestion modelli

We took advantage of the extensive research that has beeedcant on anaerobic re-
actors. Anaerobic modelling dates from 1970 (s&¢g, Lyberatos and Skiadas (1999);
Gavala et al. (2003) for reviews). The model structure psepoby Mosey (1983) and
further developed by Costello et al. (1991) served as bdsiar@us model extensions.
Many of further developments kept the same structure wighsHifferences (sees.qg,
Batstone et al. (2000); Skiadas et al. (2000); Bernard €2@01)). In 2002, the IWA Task
Group for Mathematical Modelling of Anaerobic Processesetiped the generic model
ADML1 (Batstone et al., 2002), with the aim of establishingpeneon platform for anaer-
obic process analysis. Nowadays, ADML1 represents the ataite art in the modelling
of anaerobic digestion processes. It has been extensigety and extended to represent
a large number of wastewater processes, and limitationsyaad for further improve-
ments have been identified (Batstone et al. (2006a); Klegerh and van Loosdrecht
(2006)). ADM1 has also been used to explore novel approatia@sas individual-based
modelling (Batstone et al., 2006b) and variable stoichipyn@odriguez et al. (2006b);
Penumathsa et al. (2008)). Recently, ADM1 was extendedcdmuent for microbial diver-
sity (Ramirez et al., 2009b).

We used ADML1 as a basis and modified it to account for the speifaracteristics of
the human colon. For example, in our model, reductive a@desis is included, as well
as the contribution of lactate to butyrate production. Expental observations have in-
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dicated the role of lactate as a precursor for butyrate mtolu (Duncan et al. (2004b);
Bourriaud et al. (2005)). Oxidative acetogenesis is hosm®red in our model, because
SCFA are rapidly absorbed by the host. As in ADM1, glucoseiss@ered as the sugar
gathering the constituent monomers from polysaccharigesolysis. The current version
of the model does not include acid-base reactions, pH Gloaland inhibition terms for
the kinetic rates. The mathematical model is derived fromsmlances of the metabo-
lites and microbial groups that participate in the con@rgirocess.

3.2 Formulation of the mathematical model

3.2.1 Proximal colon and transverse colon

The sections corresponding to the proximal colon and tensgvcolon have the same
structure. It is assumed that the volumes of all the phaseadh compartment are con-
stant. For the lumen, the mass balance equations of the cwnfwin the planktonic
phase yield the following differential equations, where tlot symbol denotes derivation
with respect to time. The model nomenclature is given in@&plpage 49 .

For soluble componerst

. 5
4= do- 4+ 3 Vel @

whereV is the volume andj denotes the flow rate at the input (in) and output (out) of
the system. The superscript | indicates the lumen micraaglf) is the liquid-gas trans-
fer rate andy is a transport coefficient. In the case of SCRHAS the absorption factor.
Here, absorption is modelled as a convective transportgghenon. For sugars, the trans-
port term is associated to a diffusion phenomenon. Thaep{x{ in (3.1), is replaced
by yi(d —s™)/V!, with the superscript m indicating the mucus microhabitdtcrobial
shear and adherence are expressed by first-order equaisqm®posed by Hsien and Lin
(2005) and de Jong et al. (2007). The kinetic rates of thestommation processes (hy-
drolysis, substrate utilization and decay of microorgansisare represented gy, with

j denoting the procesy; j is the yield of componeritin processj. The hydrolysis rate
of polysaccharidesp}) is described by the Contois equation to account for deperede
on sugar-utilizing bacteria. Contois equation is well addgo a wide range of organic
wastes in anaerobic digestion and is considered as a gemedal of the complex process
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of hydrolysis (Vavilin et al., 2008). The kinetic rates faibstrate utilization are described
by the Monod equation. Decay rate for the biomasses are asstmfollow a first-order
biomass-based kinetics. The biochemical process ratestamthiometry matrix are de-
picted in Table 3.1. This representation is often callechasRetersen matrix (Petersen,
1965).

The carbohydrates brought in by the alimentary diet areggathinto the single polysac-
charidez, which obeys the equation

E_Qinzi qg]utzm CIouti | 39
=yrantyrz T oyré P (3.2)

Microbial groupx; satisfies

J_ Oin

ym 9
_angd = gl Mgy |l
X = Y T VT gyt TPy T ,-ZzY"'p" ©2)

The coefficientsy; andb; refer to the adherence and shear phenomena. Aggregation of

the microbial groupx; is represented by incorporating an additional residemae t;.

For the hydrogenotrophic methanogenesis, inhibition duyeH is taken into account as
proposed in Batstone et al. (2002).

2 .
exp<—3<§ﬁ'u_ppWL) ) if pH < pHu,

lpH = (3.4)

wherelpy is the pH inhibition functionpHy and pH_ are upper and lower values of pH
in which microorganisms are not inhibited.
The kinetic rateps (see Table 3.1) for hydrogenotrophic methanogenesis isgiven by

SHomXH,m
= Km AL L | 3.5
Ps Hom Keriym + S pH (3.5)

To maintain a constant volume in lumen, the output flow ratalsulated as
14 9 | u o
our=in-+ 3 V™ /i + g~ ; VsViwi/ri - 3 axviwi/i,  (36)
i=T1 i=2,173,7,8 i=T11

with r; the density anav; the molecular weight of componeint




For soluble components

Component—i | 1 2 3 4 5 6 7 8 9 Kinetic
j Process| Su |Sa | SH, |Sac | Spro | Su | ScH, Sco, $H,0 rate
1 | Hydrolysis Ysuz p1= khyd-,ZKX.%SEH
2 | Glucose utilization -1 Yia,su YHz.su Yac,su Ypro,su You,su YCOz,su YHzo,su P2 =Kmsu Kssztxfgsu
3 | Lactate utilization -1 Y, la | Yacla | YproJa| Ybu,la Yco,la YH,0,la pP3 = km,la K:Z)ia%
4 | Hydrogen utilization: -1 Yac,Hpal Yco,Hea | YH,0,Hsa Ps = M.Hza%
Homoacetogenesis
5 | Hydrogen utilization: -1 YeH, Hom | Yco,Hom | YH,0Hm | P5 = M,Hzm%
Methanogenesis
For particulate components
Component—i | 10 11 12 13 14 Kinetic
T Process| z Xsu Xa XHoa | XHom rate
1 | Hydrolysis -1 p1
2 | Glucose utilization Ysu P2
3 | Lactate utilization Yia P3
4 | Hydrogen utilization: YH,a Pa
Homoacetogenesis
5 | Hydrogen utilization: YH,m [0
Methanogenesis
6 | Decay ofxsy -1 Ps = KdXsu
7 | Decay ofxa -1 07 = KgXia
8 | Decay ofa 1 P8 = KiXza
9 | Decay OfXi,m -1 P9 = KdXH,m
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Equation (3.6) imposes conditions for the selection of tla@gport coefficients to en-
sure the positivity ofjo,t. In the mucus layer, the mass balance equations in the geépha
lead to the following differential equations.

For soluble componenmt
: Vl > mm m
= Wsym — WS+ 3 X -Q (3.7)
=1

The polysaccharides are the mucins (glycans) producedeblydbkt. Their concentration
is assumed to satisfy

: I dou m
Zm:W—V—mZm—Pl, (3.8)

with I the endogenous production of mucins.

The concentration of microbial groups assumed to satisfy
Vl | 9
Vil m m.m
X = aim X — x4 ZzYi,ij : (3.9)
]:
To maintain a constant volume in mucus, the output flow ratalisulated as

14
YISV M /ri — Z bix"™V ™ /1.
i=T1
(3.10)
The denominator foF in (3.10) comes from the mucus density (1000 g/l), and the as-

r 14 |
= —————t Y axdV'w/ri—
°ut 1000+ 0.05 igl i=2,(73,7,8

sumption that mucins represent 5% of the mucus. The rentgaBBfo is considered as
water.

For each microhabitat, the mass balance equation for th@a@oemts in the gas phase
(subscript g) yields

) i \
Sgi = q\i—;rlsg,ijn - qi’);’“tsgvi + Qi\7g- (3.11)

The liquid-gas transfer rate is expressed as
Qi =kLa(s — Ky iRTg;), (3.12)

wherekg a is the liquid-gas transfer coefficient multiplied by the aifie transfer areaky
the Henry law coefficientR the ideal gas constant afidthe absolute temperature.
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The output gas flow rate is calculated as

Og,out= Jg,in + dg,Igt; (3.13)
whereqg gt is the gas flow rate due to the liquid-gas transfer, calcdlateproposed in
Batstone et al. (2002)

RT

Piv (QH, +QcH, +Qco,) (3.14)
atm — PH,0

Og,lgt =

wherePam is the atmospheric pressure apglo is the water vapor pressure. At 37°C,
PH,0 = 0.08274 bar (Smith et al., 2005).
In reactors, when the headspace pressure is variable, $Hogas calculated as

0g,out = Kp(Pgas— Patm); (3.15)

with kp a resistance coefficient ariglasthe sum of the partial pressures of the gaseous
components. We consider that the headspace of the humam i&@otor is the atmo-
spheric pressure, hence (3.13) is used in our model.

All concentrations are in molar units (M), except for polyslaarides concentration, ex-
pressed in g/l.

3.2.2 Distal colon

The lumen compartment in the distal colon section is modedke a semi-batch reactor.
Therefore, its volume cannot be considered as a constagattisfies

V! =g (3.16)

The net flow ratey, is calculated as the right-hand side of (3.6). Consequghtiybehav-
iors of concentrations in the lumen, derived from the massnea equations, differ from
what was obtained in the proximal and transverse sections.

Soluble componentsatisfies

) 5
4= ursin— ois — ¥ +3 Vil =<l (3.17)
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For polysaccharide

q'“in q";“zm - \%z’ —pl. (3.18)
The evolution of the concentration of microbial graup described by
1 Gin PV
X = yrXin >q+b. Vi >q eu>q+j;Yi,,-pj- (3.19)

Excretion is modelled as a periodic reset of the voliwhe

In view of the dynamics of the volume of the liquid phase, tlas ghase volume also
evolves and the concentrations of gas components follow

§gv. _ qg in <§g,|,|n gg ) qg Igt Qngg Q,Vl, (3.20)

WhereVé = V4 — V! with 4 the total volume of the luminal distal compartment.

For the sake of simplicity, the equations do not include ateixreferencing the phys-
iological region to which they corresponideg proximal colon (P), transverse colon (T),
distal colon (D)). The reader should consider this imphsisignment.

Although the scope of this work does not cover the modellihghe small intestine,
we included a simple model of three CSTRs in series, to dartipeoscillatory nature
of feeding. The concentration of polysaccharzde the jth CSTR for the small intestine
satisfies

2j=D(zj-1-7), (3.21)
with D the dilution rate, set to 9d according to Boever et al. (2000).
The resulting model consists of 102 first-order ordinaryedéntial equations. Table 3.2

shows the number of model parameters. The parameter veatd338 components. In
Section 6.1, we show how the dimension of the parameter vecteduced.
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Table 3.2: Number of model parameters

Parameters Lumen Mucus In each physiological | Whole system
subsystem| subsystem region

Reactions

Hydrolysis

Contois parameters 2 2 4 12

Yield coefficients 1 1 6

Glucose utilization

Monod parameters 2 2 4 12

Yield coefficients 8 8 16 48

Lactate utilization

Monod parameters 2 2 4 12

Yield coefficients 7 7 14 42

Hydrogen utilization

Homoacetogenesis

Monod parameters 4 12

Yield coefficients 4 4 24

Methanogenesis

Monod parameters 4 12

Yield coefficients 4 4 24

Decay rate

Decay constants 4 4 8 24

Subtotal 38 38 76 228
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Number of model parameters(continued).

Parameters Lumen Mucus In each physiological | Whole system
subsystem| subsystem region

Transport

Glucose 1 1 3
Lactate 1 1 2 6
Acetate 1 1 2 6
Propionate 1 1 2 6
Butyrate 1 1 2 6

Water 1 1 2 6

Microbial phenomena

Shear constants 4 4 12
Adherence constants 4 4 12
Additional residence time 4 4 12

Liquid-gas transfer

Ho 2 2 4 12
CHy 2 2 4 12
CO; 2 2 4 12
Subtotal 20 15 35 105
Total 58 53 111 333

3.3 Conclusions

A major part of the time devoted to this work was dedicatechtounderstanding of the
phenomena involved in carbohydrate degradation in the huzobon ecosystem, and to
the incorporation of such a knowledge into a mathematicalehoHence, this chapter
is the core of the thesis. The model developed here is to tsiedb®ur knowledge the

first one that integrates the physiology of the intestineldgical reactions and transport
phenomena between the lumen and mucus microhabitats.ulidsbimvide a close picture

of the complexity of the human colon ecosystem.

Our model construction process was based on mathematicdélsméor anaerobic re-
actors, that we adapted to the specificities of the humamc@ar model is unstructured
and unsegregated. It has a high dimension structure, bath state vector and its pa-
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rameter vector. In the following chapter, the strategy thatadvocate for handling such
a model complexity is described. In Chapter 7, the strengiadimitations of the model
are discussed.




Chapter 4

Handling a complex model

Diviser chacune des difficultés que j'examinerais, en autan
de parcelles qu’il se pourrait, et qu'il serait requis poued
mieux résoudre. Conduire par ordre mes pensées, en commntenca
par les objets les plus simples et les plus aisés a connatird,
monter peu a peu comme par degrés jusques a la connaissance
des plus composeés, et supposant méme de 'ordre entre ceux qu
ne se précédent point naturellement les uns les autres.

Discours de la méthode pour bien conduire sa raison, etloherc
la vérité dans les sciences. René Descartes

Although our mathematical model is already a simplificatidrine real system, its
structure remains highly complex. It comprises a large remol state variables and pa-
rameters. Hence, model implementation, analysis and atioalare not simple tasks.
In addition to model complexity, scarcity of data is a sesia@lstacle for parameter es-
timation (identification). This section is dedicated to aédsng how we dealt with this
situation. While some of the methods we use are natural aidahalysis is straightfor-
ward, other methods deserve a more detailed descriptioatidoretical background of
our strategy is recalled.

91



92

Handling a complex model

4.1 Model simplification

Model simplification relates to the principle of parsimoaysp know as Occam’s razor).
This principle states, as a general rule, that simpler tae@hould be preferred to more
complex ones. Translating to model construction, one witkedo build the less complex
model that can still adequately represent the system uriddy.sModel simplification
offers various advantages in identification, computer &mn, state observation and
design of control strategies. We may be interested in reduitie number of parameters
of our model, the dimension of its state vector, or both. Thereaches that we used in
this work to simplify our model are described below.

4.1.1 Model structure simplification

When dealing with complex systems, model structure can baeatkat different levels

of aggregation. For example, the reaction scheme of our h&ie 3.2, page 80) is

an aggregated representation of the multiple intermediaes implied in the microbial

metabolism, where the main fermentation pathways are dieclu In our first attempt

towards conceptual structure definition (Muiioz-Tamayd.e2807), we thought to in-

corporate the intermediate component succinate into trleembBurther analysis led us to
discard this idea. Succinate is rapidly metabolized by tlaorganisms and, in normal
conditions, does not accumulate. This is why we decided feeehsuccinate metabolism
into both glucose and lactate metabolisms. Including siateiin the model structure
would have implied twelve additional ODEs and a subsequemease in the number of
parameters.

Microbial population models can be categorized with respe@evhat the modeller as-
sumes on the homogeneity of individuals of the populatiowl, @n the intracellular be-
havior. If the model accounts for the presence of heteragenedividuals, the model is
calledsegregated If the model accounts for various chemical components hait in-
teractions within the cell, the model is callstfuctured(see,e.g, Bailey (1998)). In this
sense, our mathematical model is unstructured and unsagegVe already mentioned
that the colonic microbiota in a given human being consistaiore than 1000 micro-
bial species. Considering the dynamics of individual speerould lead to an intractable
model. Instead of having an individually-based descriptiwwe represent the microbial
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consortium in functional groups according to their roleha trophic chain.

Structure simplification may also be directed to reducirgnamber of model param-
eters. Indeed, when various model structures compete éoreffresentation of a given
system, the dimension of the parameter vector providesriaitor model selection (see,
e.g, Akaike’s information criterion (AIC) (Akaike, 1974)). Mlaematical tools such as
sensitivity analysis are available to identify the mosévaht parameters of the model and
thus neglect those with little effect (see Section 4.4).

4.1.2 Knowledge-based parameter reduction

The use of knowledge on the system under study can conslgeeatuce the number of
parameters to be estimated. We refer here to relationslefpgeln parameters or laws
that have to be fulfilledd.g. the law of mass conservation). In Section 6.1.1 we define
a set of reactions describing carbohydrate fermentation.taRing stoichiometry into
account, relationships between yield factors can be obdaiffhanks to this procedure,
we maintain the balance of chemical elements and reducedsvably the number of
model parameters.

4.1.3 Model order reduction

Model order reduction aims at reducing the dimension of theessector. Order reduc-
tion can be carried out by methods based on singular-valcengigosition (SVD), or by

singular perturbation. For example, Bernard et al. (2006)\&d, by means of principal
component analysis (PCA), that the complex reaction pattofranaerobic digestion can
be efficiently represented by simpler models. They showatith two bacterial groups
and two reactions it was possible to represent the globaehof the ADM1 model

which comprises nineteen reactions and seven bacteriabgrd he singular perturbation
approach relies on the dynamical properties of the modelcigimical models may have
multiple time scales. In numerical computation, this propées also referred to as stiff-
ness. In linear models, model stiffness can be checked byaong the eigenvalues of
the state matrix. The higher the ratio between the real pdittse largest and the small-
est eigenvalues is, the stiffer the model. Multiple timelssdamper integration, and
an appropriate method must be used to solve the ODEs. O#eritie simulation can
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be time-consuming or even numerically unstable. The Matte#tware provides several
ODE solvers adapted to stiff models.

When a model has several time scales, the singular perimbaethod can be used to re-
duce the number of ODES, by considering the fast variablestantaneous. After such a
transformation, the model is referred to as a differentigglaraic equation (DAE) model
or a quasi-steady-state model. The singular perturbatethead has proved to be useful
in analyzing complex chemical reaction networks (Okino Btayrovouniotis (1998); Pé-
cou (2005); Ropers et al. (2009)). Application of this agmio on wastewater treatment
plant models are presented by Breusegem and Bastin (19@ffer® et al. (1997). The
principle of the singular perturbation method is recalledhe next section (see Khalil
(2000) for more details).

4.1.3.1 Singular perturbation method
When some model variables move faster than others, thecstatiee represented as

X =1(x,2,1,0), X(to) = £(9). (4.1)
52 = g(x,2,,0), 2(to) = ¢(8). 4.2)

Here,x comprises tha slow state variables armthe m fast state variables. The vector-
valued functiong andg are assumed to be continuously differentiable in their izegputs
(X,2,t,0) € Dx x Dz x [0,t1] x [0, &), whereDx C R", D, C R™ are open connected sets.
The state depends on the positive scalar parandet¥vhend = 0, (4.2) is transformed
into the algebraic equation

g(x,z,t,0) =0, (4.3)

thus reducing the number of ODEs. The model (4.1)-(4.2) lisd¢a standard singular
perturbationmodel if (4.3) hak > 1 isolated real roots. Let* be one of these roots,
defined by

Z = h(x,t). (4.4)

The reduced model is then given by
x=f(x,h(x,1),t,0), X(to) = &(0). (4.5)

This model is referred to as a quasi-steady state modehbipidly converges ta*.
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With x € R" andz € R™, the initial value problem for the ODE model shifts to solv-
ing n ODEs instead oh+ m. The quasi-steady staté is computed by solving (4.5) and
using (4.4). Hencez* is not free to start from a prescribed valudg@tso the computed
initial condition may largely differ from that of the origgthmodel (4.2). Thusz* cannot
be a uniform approximation & To guarantee thatwill converge toz*, certain stability
conditions must be satisfied. Such conditions are presématie.

Consider the change of variablgs- z— h(x,t). The vectoly satisfies

oh(x,t) _dh(x,t)
ot -0 OX f(X7y+h<X7t)7t75)7

y(to) = ¢(0) —h(£(6),10). (4.6)

5y: g(X,y+h(X,t),t,5) -9

Denote byv the new time variable = (t —tp)/d. In theu time scale, (4.6) is represented
by

Y gxy+hxt),1,8) -5

oh(x,t) _dh(x,t)
-0
du

5t Ix f(x,y+h(x,t),t,9),
y(0) =¢(3) —h(£(d).to). (4.7)

The variables andx will be slowly varying since, in th@ time scale, they are given by
t=to+91, X=X(tog+97,9).

Settingd = 0, we get
X:é(O):&O, t:tO
and (4.7) is reduced to

4
% = g(&0,y +h(&o,10),t0,0),  y(0) = ¢o—h(£&o,to), (4.8)

which has an equilibrium gt = 0. If this equilibrium point is asymptotically stable and
y(0) belongs to its region of attraction, it is expected that tiatson of (4.8) will reach an
O(9) neighborhood of the origin during & () time interval. Beyond this interval, we
need to guarantee thgatu) will remain close to zero, while the slowly varying variable
(t,x) move away from the initial value@o, &) . In order to guarantee this property, the
following model is introduced

dy

% :g(x7y+h(x7t>7t70>7 (49)
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which is referred to as the boundary-layer model. It is d=tifrom (4.8), where the
slow variables are not frozen to the initial values anymditee crucial stability property
to guarantee is the exponential stability of the origin aB}4 This stability property is
defined below.

Definition 1 Let Dy be a domain oRR", and § > 0. The equilibrium poiny = 0 of the
boundary-layer modgl.9)is exponentially stable, uniformly in

(t,X) S [O,t]_] X Dx,
if there exist positive constants w, andv such that the solutions d#.9) satisfy
ly(u)] < klly(0)[le"®",  V|ly(0)]| < v,¥(t,x) € [0,ta] x Dx,¥v > 0.

The singular-perturbation theory relies on the Tikhonaotlem (see Khalil (2000)), re-
called below.

Theorem 1 Assume that the following conditions are satisfied for all
(t,x,z—h(x,t),0) € [0,t1] x Dy x Dy x [0, &,
for some domains pc R", Dy ¢ R™, in which Dy is convex and Dcontains the origin.

» The functiond, g and their first partial derivatives with respect {&,z,9J) are
continuous.
The first partial derivatives af with respect to t are continuous.
The functiorh(x,t) and the Jacobiafdg(x, z,t,0)/dz| have continuous first partial
derivatives with respect to their arguments.
The initial datag(d) and () are smooth functions @.

» The reduced mod€#.5) has a unique solutior € S, for te [to,t1], where S is a
compact subset of,D

* The origin is an exponentially stable equilibrium pointloé boundary-layer model
(4.9), uniformly in(t,x).

Let R, C Dy be the region of attraction of4.8) and Qy a compact subset ofyR Then,
there exists a positive constadit such that for all{o — h(&o,to) € Qy and0 < & < &7,
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the singular perturbation modé#.1)(4.2) has a unique solutior(t, d), z(t, &) on [to, t1],
and

x(t,8) —X(t) = O(3)
z(t,8) —h(X(t),t) —y(v) =0O(9)

hold uniformly for te [to,t1], wherey(v) is the solution of boundary-layer moddl.8).
Moreover, given anyt> to, there isd** < 8* such that

holds uniformly for te [ty,t1] wheneved < &**.

The representation of the model in singularly perturbedhfonay be difficult. Such a
representation is often omitted and the identification ef fdst state variables is based
on prior knowledge of the dynamical properties of the modek(e.g, Volcke et al.
(2005); Rosen et al. (2006)). Singular perturbation is ttesightforward to implement,
and the analysis described above is seldom presented. @uatiom in this section was
to recall such theoretical issues that help understandaheittons under which singular
perturbation can be applied validly. In Section 5.1.3, thgwglar perturbation method is
applied on a small part of our model. This result is extendethé complete model in
Section 6.2.

4.2 Analyzing the whole by its parts

Dividing a complex problem into smaller subproblems is auretway of reasoning
(Descartes, 1637). For our model, an aggregated représendthe human colonic fer-
mentation was depicted in Fig. 3.2 (page 80). Literaturemspn vitro bacterial growth
experiments dedicated to specific reactions, correspgridisusbsystems of our system
of interest. These simpler subsystems can then be modaltedtheir parameters esti-
mated. The resulting estimates can then be used to tackéstimeation problem for the
complete model. Integration of this knowledge can be caroigt in various ways. We
may simply use the estimated parameters of the submodelsoaskparameters for the
complete model. Or the information of the estimates may ke ts define prior distribu-
tions of the parameters in the context of Bayesian estimatialeed, given the scarcity of
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data on the human colon, the Bayesian approach appearsmasiogtool for estimating
the parameters of the complete model. Although we did no¢ hiave yet to fully imple-
ment it, we have included a brief description of such an agpgurpattempting to provide
some directions for future research.

For the time being, we have performed the estimation of twetkc submodels of the
complete fermentation pathway (see Chapter 5). The essyatthese models, and
values selected from literature review are used to defing@anameters of the complete
model. Parameters whose values are not reported in literatere selected in regard of
available biological knowledge, in order to provide pldsiresults. Integration of such a
knowledge into the parameter estimation framework is @sdeiNote, for example, that
transport coefficients in (3.6) (page 83) must be selectgdidmantee positivity of flux.

4.3 Parameter identification

Once a mathematical model has been defined to representtibeidaeof a system, we
must address the following questiofi$ Can the parameters of the model be identified,
(ii) What are their numerical values? afiil) What is the accuracy of the estimation?
These questions are analyzed below.

4.3.1 Identifiability

Before attempting numerical estimation of the model patamseit is important to investi-
gate their identifiability. The question of identifiabilitan be addressed on the sole basis
of the model structure (theoretical or structural identifity) but also taking available
data into account (practical identifiability).

4.3.1.1 Structural identifiability

~

Let.# (-) be a mathematical model structure. Denote#Y0*) = .# (0) the fact that the
model.Z (-) with the parameter vect®" has the same input-output behavior as the model
A () with the parameter vectdt. Theoretical identifiability addresses the question of
whether this identical input-output behavior implies tthe parameter vectd™ is equal

to the parameter vect@. The parametef will be structurally globally identifiable
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(s.g.i.) if, for almost any*,

M(0°) = .4(8) = 6* =6.
Moreover, the model structure” (-) will be s.g.i. if all its parameters are s.g.i. (seeg,
Walter and Pronzato (1997)). Various methods are avaifableesting structural identi-
fiability. For models that are linear in their inputs (LI)ethinclude the Laplace transform
approach and the similarity transformation approach. Batinear models, they include
methods based on Taylor series expansion and local stat®ipbism. For further de-
tails on these methods, the interested reader is referr@fatier (1982); Walter (1987)
and the references therein; Vajda et al. (1989); Vajda armitRé1989); Chappell et al.
(1990); Walter and Pronzato (1997); Dochain and Vanrokegt{2001)). Denis-Vidal
and Joly-Blanchard (2004) proposed a variant of the loeakssomorphism approach to
test the identifiability of nonlinear uncontrolled systerkis method was used in one of
our studies on parameter estimation and it is discussedaitio®es.1.4.

Testing the structural identifiability of complex modelsrsi out to be difficult. Com-
puter algebra provides useful tools (Raksanyi et al., 1988 softwares have become
available (seeg.g, Bellu et al. (2007); Sedoglavic (2001).

4.3.1.2 Practical identifiability

Contrary to structural identifiability, which is defined gqkendently of properties of the
actual values taken by the data, practical identifiabilégehds on the quality of the avail-
able measurements. The question to be addressed becoredbesavailable data infor-
mative enough to allow an accurate identification the modedimeters? Data are always
corrupted by noise and usually in short supply. Hence, elvémei model is s.g.i., the
parameter estimates may be correlated and the optimizatairtem ill-conditioned. Es-
timates may even take values that are physically meanisigles

To illustrate the principle of practical identifiabilityoosider the example described in
Dochain et al. (1995). The modgk 61x1 + 62Xz is s.g.1. ify, X1, X2 are measured. How-
ever, it is clear that ik; andx, are almost proportionak{ ~ axy), the parameter8y, 6,
cannot be estimated accurately. Only the combinailgn+ 6, can be identified. Op-
timal selection of experimental conditions may help to ioyar the quality of the esti-
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Figure 4.1: Scheme of the estimation process.

mates, when there are some degrees of freedom in the preckxuiudata collection. In
Section 4.3.3, we return to practical identifiability anthted concepts are introduced.

4.3.2 Parameter estimation

Once experimental data are available, estimation is dalbgtranslated into an optimiza-
tion problem, namely that of finding a feasible parametetardbat best fits the model to
the data. Figure 4.1 displays a possible scheme for thisogerp

Consider the state-space model

x =f(x,0,t), x(0) = xo(0), (4.10)

wherex(t, 8) is the state vectox( R™ x R — R™), @ is the parameter vectof € R™),
andf is aC! (continuous with continuous first-order partial derivaty vector-valued
function of the state and parametefrs (R™ x R™ x RT) — R™).

In the special case of synchronous observations, the mod@lois theR™ vector
Ym(tae) - h(x(t70)707t>7 (411)

whereh is aC? vector-valued functionh(: (R™ x R™ x R*) — R"),

We would like to find@ to bring the error as close twas possible in the sense of some
appropriately chosen cost function. The definition of suchst function depends on the
statistical hypotheses about the data collected. In theedethe maximum likelihood
(ML) approach and the maximueposteriori(MAP) estimators are introduced.
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4.3.2.1 Maximum likelihood

The ML estimator is broadly used in parameter estimation tii®sake of simplicity, we
shall present it here assuming that the vector of data ¢etleat timet; is modelled as

y(t|> :ym(t|70*) +$|7 i - 17"'7nt7 (4'12)

with ny the number of observation timeg,,(ti,0*) the output of a deterministic model
and@* the true value of the parameter vector. We will assume tleattbasurement errors
& (i=1,...,ny) are independent, homoscedastic, zero mean and Gaussiar, N0, X).

The likelihood ofy is then defined as the probability density(y|8,X) of the datay
being generated by (4.12). The ML estimator maximiggy|08,3), or equivalently its
logarithm. Under our hypotheses, the ML estimator is

(6,%) =arg minL (6, %), (4.13)

)

whereL(6,X) = —In 15,(y|8,3), given by
nynt nt 1 Nt Tw-1
L(6:2) =5 In2m+ 5 IndetS+ 5 3 () ~Ym(6:6)] = Hy(8) ~Ym(6.0))- (414
i=

The cost function derived from (4.14) depends on the hypathenade on the covariance
matrix (seege.g, Goodwin and Payne (1977) or Walter and Pronzato (1997))hdrse-
guel, some of such hypotheses are presented.

If 3 is known, then the ML estimator corresponds to the Gaussdagstimator, which

minimizes o
3 (6) = Z[y(ta) —Yn(ti,0)] "=y (1) — ym(ti, 6))]. (4.15)

i=
If 32 is proportional to the identity matrix, the ML estimator #is the unweighted least-
squares estimator, which minimizes

J2(0) = i[Y(ti) —Yn(ti, )] [y (1) — Ym(ti. 0)], (4.16)

and the ML estimate of the covariance matrix is

~

J2(0)
N

3=

Inys (4.17)
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with 1) the (np x np) identity matrix.

If the covariance matrix is completely unknown, the ML esttor for@ minimizes

J3(6) = In ldet_ztl[y(ti) ~Ym(ti,0)][y(t) —Ym(t,0)]" |, (4.18)
and the ML estimate of the covariance matrix is
T B TR
E—nti;[y(t.) Ym (i, )y (t) —ym(ti,0)] " (4.19)

The above approaches require all componentstofbe measured synchronously. In the
case of asynchronous measurements, it can be shown Mas ifinknown and diagonal,
the ML estimator fol® minimizes

ny nt r-\tk
‘]4(9) = kZl?k In [i;[ykaik) - ymk(tik7 0)]2] ) (4.20)
wheret;, is theith measurement time fgx. The ML estimate of the covariance matrix is
> = diag(@7,- -+, O3, (4.21)
with
ntk
o 1 ~ 5
O = — Zi[Yk(tik) — Ym (i, €))% (4.22)
tk =

Note that (4.20)-(4.22) can also be applied for the synabuercasét;, = t;, ny, = n).

The estimators in (4.17), (4.19) and (4.22) are biased. Meweinder some technical
conditions that include global identifiability, the biasitks to zero as; tends to infinity.
The minimization of the cost function corresponding to tgpdthesis ork providesé\.

4.3.2.2 Bayesian estimation: maximuna posteriori

Parameter estimation is an inverse problem that is oftggogked . Non-Bayesian estima-
tors require at least that the number of measurements etipgatsumber of parameters.
This condition is not mandatory for Bayesian estimatiorgawse it allows the incorpo-
ration of prior knowledge of previous studies into the pesblformulation. Literature in
this approach is extensive. The description presentedisenainly taken from Walter
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and Pronzato (1997). More details can be found for exampBeiman et al. (2004).

In the framework of ML estimationd is considered as unknown but with a single ac-
tual value. Bayesian approaches instead consider a dittibof possible values faf.
Hence g is assumed to have a known prior probability densigy®). The joint probabil-

ity density ofy and@ satisfies

iy, 0) = 15(y|0)11(0) = o(6y) T5,(y), (4.23)
wherers,(y) is the marginal distribution of the observed data, defined by
() = [ 15(y16)m(6)ce. (4.24)
The posterior probability density far,(8|y) is given by the Bayes rule
T(y|0)M(6)
my(0ly) = ————. (4.25)
p(6]y) v

The maximuma posteriori(MAP) estimator maximizest,(0|y). Sincerg(y) does not
depend or@, taking logarithm on (4.25), we see that the MAP estimataximaes

Ivap(0) =In 15(y|0) +In 1,(0). (4.26)

An important feature of Bayesian estimation is the needtergrior distribution, (),
which may be considered as the most critical issue. The pgigtribution can be esti-
mated from previous measurements on the same process anibar girocesses, which
is the case when observations are performed on individdaspopulation (see Walter
and Pronzato (1997) for further details). Methods are afbéglto determine prior distri-
butions. Some of them are for example thaximum entropgpproach, and the use of
noninformative priors. The interested reader is referoeBbx and Tiao (1973); Robert
(2001)). Bayesian theory also provides criteria for mod#dédtion (seege.g, Robert
(2001); Vyshemirsky and Girolami (2008)).

We recall that parameter estimation of the complete modehmpered by data scarcity.
The Bayesian approach will make it possible by incorpogaitriormation resulting from
our studies on estimation of submodels (Chapter 5), andimisomation from existing
knowledge on the human colonic ecosystem into the paranmestenation framework.
Bayesian estimation of the complete model is thus a cenitgést that must be pursued
in our future work.
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4.3.2.3 Optimization

Many methods are available to the solution of optimizaticobems (seeg.g, Fletcher
(1987). Optimization itself is a major subject in matheratresearch. Applications of
optimization methods on modelling of biological systenesmany (seeg.g, Mendes and
Kell (1998); Banga (2008)). They include traditional locaéthods such as the Nelder-
Mead simplex approach, Levenberg-Marquardt algorithnd, @uasi-Newton methods
(seee.g, Haag et al. (2003); Hoops et al. (2006); Schmidt and Jindt(@006); Checchi
et al. (2007)). Metaheuristic approaches aiming to glop#huization have also been de-
veloped to circumvent difficulties of local method£(, sensitivity to initial guess of the
parameter vector). In our work, we did not tackle global mation methods. We used
the Quasi-Newton algorithm implemented in Matlab (Mathkep2008), which is based
on the method developed by Broyden, Fletcher, Goldfarb dwathiSo (BFGS). The BFGS
method is considered as the most effective of the Quasi-diemiethods. Vanrolleghem
and Keesman (1996) evaluated the performance of a miseell@group of optimization
methods on parameter estimation for Monod-based models . BHGS method was the
most efficient algorithm, but also the most sensitive to lloac@ima. The BFGS method
IS summarized below.

Let J a cost function off to be optimized andH its Hessian. Starting from a initial
pointék, the general iterative equation of the Quasi-Newton meitod

Ok+1 = gk — gkBKgK, (4.27)

with BKis the step length, to be optimized by line seagithe gradient of aték, andBX

a symmetric positive definite matrix that approximates tiveise of the Hessiaf k)_l.

The BFGS method updates the maixy

(Ag9)TBRAGH | A0K(80N)T  AGK(AgH)TBX+BRAgK(AgN)T
(A6K)TAgE | (ABK)TAGK (A6k)TAgK

Bkl gkt <1+ , (4.28)

whereAg% = g%+1 — gk andAgk = gk+1 — gk,

4.3.3 Parameter uncertainty

The parameters of knowledge-based models are usually galysmeaningful. They
need to be estimated from experimental data, with confiderieevals associated to the
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estimates. Oncé has been found, one must ask about the accuracy of the estiméle
uncertainty attached to the estimation can be assessedfénedt approaches, including
Monte-Carlo methods and methods based on the density o$tinestor. This latter group
comprises uncertainty evaluation via the computation efRisher information matrix
(FIM). In this work, the FIM was selected as our approach afantainty assessment
because of its simplicity of implementation. The FIM sa#isfi

2

. 0
F(0*)=—-E [Wln n;,(y|9,§])]0_0* . (4.29)

In the general case, whénis unknown, the j,k)th element of the FIM satisfies

" gy 1T 1 [9y 10 oz
o551, 23] 2 G ]
J i; 26 (t;,0%) (t,6%) ZZ\ 26, (t;,0%) 06k (t;,0%)
(4.30)
where@ is the extended parameter vector

with 8y, the vector of the parameters of the deterministic modelénthe vector of the
parameters of the covariance matkix

If the covariance matrix is knowrt; = ¥ and the FIM can be written as

& [Oym] dy
F(0*) = {—m} ¥t {—m} : (4.31)
i; 90 | o ° 100 |0
In practice, wher® is unknown, instead of using (4.30) to calculate the FIM, dely
used approach is to approximaieby its ML estimateX and to use (4.31) withlg = by

Under a number of technical assumptions that include thieatedentifiability, the co-
variance matriP of the ML estimator satisfies
P>F16"). (4.32)

The inequality (4.32) is known as the Cramér-Rao inequadlfyen, the covariance matrix
for @ is approximated by the inverse of the FIM computeéas

P=F10). (4.33)
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However it must be kept in mind that, except in very speciaésaapproximating the co-
variance of the parameter estimates by the inverse of tha$-tiily valid asymptotically,
when the number of data points tends to infinity, the staitiypotheses on the noise are
satisfied, and the estimafids close to the true parameter vecflst When these idealized
conditions are far from being satisfied, this evaluatiorhefancertainty on the estimates
has to be considered with care.

The covariance matri® can be used to compute approximate confidence intervals of
the estimated parameters since the squarerrpof the jth diagonal element dP is an
estimate of the standard deviation@t The confidence interval calculation depends on
whetherX is known or not (seeg.g, Walter and Pronzato (1997)). In the case wheis
known, an approximate 95% confidence interval@prs

[6;—2n;,6;+2nj]. (4.34)

The expression above is derived from the properties of theebtimator. Instead of using
the FIM, the Hessian of the cost function can also be usednguate confidence inter-
vals. This approach consider the curvature of the expectddce (also called solution
locus). In non-LP models, the curvature may be significadt@mnfidence intervals cal-
culated from the FIM and the Hessian may differ (s=g, Marsili-Libelli et al. (2003)).
Discussion about the effect of the curvature on the comjuutatf confidence intervals
can be found in Seber and Wild (1989).

To evaluate (4.31), the first-order sensitivity of the owtpith respect to the parame-
ters must be computed. Lst denote the first-order sensitivi%ﬁj of the state w.r.t. the
paramete®;. Itis the solution of

5 = {‘9_“} 5+ {if} , (4.35)
OX ] (x.0.) 99; | (x.o1)
wherex is computed via (4.10) and the initial conditions are
(e
Sj(0) = 36, ,J=1,...,np. (4.36)

When the initial conditions on the state are supposed to bevks;(0) = 0. According
to (4.11), the sensitivity of the output w.r.t. the paraméieatt; is then evaluated as

dym} {(3h] {0h}
Hm| _ |0 5+ |21 . (4.37)
{591' o LX) oy | 196 (x.0.8)
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Equation (4.35) is also callddrward sensitivity equatianThe evaluation of the sensiti-
vities can be handled in various ways. They include finifeecence approximation, ana-
lytic differentiation, automatic differentiation (Sctkibwski (2002)) and the complex-step
approximation method (Squire and Trapp (1998)). The mogtlaw method is certainly

finite-difference approximation. It is easy to implementt its accuracy is subordinated
to an adequate selection of the step sizes on the parametrsomplex models, hand-
made analytic differentiation requires complicated, em@mne and time-consuming ma-
nipulations. An interesting option to overcome these diffies is symbolic manipulation.

The condition number of the FIM for the spectral noira, the ratio of the largest singu-
lar value of the FIM to the smallest, provides informationtba numerical conditioning
of the optimization problem and is a useful indicator of thagbical identifiability of the
model given the available data. The higher the conditionlmemthe more difficult the
optimization is and the lower practical identifiability.n8e the FIM is symmetric, posi-
tive definite, this amounts to computing the ratio of its &sgeigenvalue to its smallest.
Moreover, the matriP is used to compute an estimaZer of the parameter correlation
matrix, with the elemenCor (i, j) an approximate correlation coefficient betweenithe
and jth estimated parameters given by

—— P, j)
Cor(i,j) = [ﬁ(i,i)*f’(j,j)]l/z' (4.38)

In addition to the applications described above, the FIM lbarexploited to look for
suitable experimental conditions providing high inforimatcontent. This problem is
tackled by optimal experiment design. Various methods ak@t@d to such a problem
( see,e.g. Seber and Wild (1989); Walter and Pronzato (1990); Waltet Rronzato
(1997); Dochain and Vanrolleghem (2001); Franceschinifadchietto (2008)). Here,
we do not enter into the details associated to this probleaweder, we may intuitively
think that a good experiment will be one that makes the FIM-s@hditioned. We can
also seek to minimize the determinantﬁ)(or maximizes the determinant of the FIM).
As we mentioned above, optimal experiment design is onlgiptesswhen there are some
degrees of freedom in the procedure for data collection.
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4.4 Local sensitivity analysis

Sensitivity equations are not only instrumental in undgaetyaassessment. Other appli-
cations include for example sensitivity analysis, whiamsito study how the outputs of
a model are affected by different sources of variation g¢Hakt al., 2000). Sensitivity
analysis is an important tool to identify influential pardere and variables in the model.
This information is, indeed, very useful. We could realizattsome parameters have lit-
tle influence on model behavior and thus decide to discanch tieesimplify the model
structure. In knowledge-based models, sensitivity amalgscentral to identifying the
phenomena that play a major role in system behavior. Thieatétackground and meth-
ods for sensitivity analysis can be found in Saltelli et 20q0). Here, we are particularly
interested in local sensitivity analysis, which is basethi computation of (4.37) &,
Let§j‘ be the normalized first-order sensitivity of the model otiggy) w.r.t. the parameter
6j, defined as (Turanyi and Rabitz, 2000)

(4,6) = % {dymk] : (4.39)
Ymk (tl P 0) 09] (t| 0)

The normalized sensitivity is dimensionless, allowingdomparison of the effect of va-
rious parameters on the model output. We can construct thexn$a where the element
(k, j) is the Ly norm ofs¥ alongt

Nt

Sk )= 5= 3

éj‘(ti,é)) . (4.40)

When the model has high dimension both in its state and paeawvectors, some methods
have to be used for summarizing the informatiorgjn(Saltelli et al., 2000). The matrix
S, has very interesting applications. We can represent ithgeafly. In our study, we
used the functiommagesdmplemented in Matlab to represent grafically the ma8jx
Such a function scales matrix data to the full range of a go@armap and displays the
associated image. This gives us the opportunity to visedhe effect of the parameters
on the model outputs. Moreover if we sum the components in ealeimn, we will obtain

a quantification of the overall sensitivity for each paragnefhen, a parameter ranking
can be performed that enables one to identify the more semparameters of the model.
This information can be used to reduce the number of parasetéhe model or in the
parameter estimation framework. For example, we could gorithe optimization by tar-
geting the most sensitive parameters (Abusam et al. (2Q@1)and Jgrgensen (2001);
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Degenring et al. (2004); Juillet et al. (2006)).

In the following, the development of a toolbox for paramegdstimation with sensitivity
analysis capabilities is described. This software intigranany theoretical aspects that
have been underlined above.

4.5 |IDEAS: a Matlab toolbox for parameter estimation

The main part of this work was published in Preprints of 15tmg8osium on System

Identification, Saint-Malo, France. (Mufioz-Tamayo et 2009).

In the expanding field of systems biology a number of softypaekages devoted to mod-
elling, simulation, parameter estimation and sensitiatalysis have been developed.
Software development is a critical component of researchystems biology, which
is characterized by a multidisciplinary work that assemliBchnology, computational
modelling, biological foundations and the analysis of dyiasystems (Kitano, 2002b).
Given the disparity of modelling environment between regegroups, an important in-
ternational effort was undertaken to establish a commoiwaoé environment. The re-
sult of such a effort is the creation of the Systems Biologyhia Language (SBML,;
http://mwww.sbml.org/), which is particularly applied tepresent biochemical reaction
networks (Hucka et al., 2003). SBML has become accepted #sndasd format for
representing formal, quantitative and qualitative modglhe level of biochemical reac-
tions and regulatory networks (Hucka et al., 2004). Howeteeour knowledge, the use
of SBML has not been pervasive in the field of anaerobic modgivhere many model
implementations have been performed in the software padikkaglab (seeg.g, the work
of Rosen et al. (2006) and the recent work of Rodriguez e2@09)). However, SBML
applications to anaerobic modelling may be object of furttiscussion and some tools
are available to facilitate interfacing between SBML andlstaenvironments (see,qg,
Keating et al. (2006)).

Among the numerous softwares devoted to systems biologfASD(Hoops et al., 2006)
and SBML-PET (Zi and Klipp, 2006) allow for parameter estiioa (among other fea-
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tures). SBML-SAT (Zi et al., 2008) is devoted to sensitivétyalysis. Other softwares
have been built as toolboxes to be run in the Matlab envirartpmenich allows the use of
functions already implemented in Matlab. They include #eently launched commercial
software SimBiolog{ and the freely available toolboxes PEAS (Checchi et al.7200
System Biology (SBtoolbox) (Schmidt and Jirstrand, 200&) RottersWheel (Maiwald
and Timmer, 2008). All of the parameter-estimation sofegamentioned above use a
(possibly weighted) quadratic cost function as their measi optimality. PEAS and
PottersWheel quantify the accuracy of the estimated pasasihrough dinite-difference
evaluation of the FIM or an approximation of this matrix at¢ #sstimates. They also pro-
vide a Monte-Carlo analysis particularly adapted for medgth non-differentiable dy-
namics. Even though SBtoolbox and SimBiology estimaterpatars, they do not assess
their uncertainty. Both toolboxes provide routines forstwvity analysis, which can be
used to assess the accuracy of the estimates, but this motigbcalculation is left to the
user. For sensitivity analysis, SimBiology uses the comyglep approximation method
(Squire and Trapp, 1998). SBtoolbox only provides sengitanalysis at steady state, but
an extension to non-steady state trajectories was devig(§ebmidt, 2007) to accomplish
this task through an interface with the free software CVODE&s$ng the forward or ad-
joint method (Hindmarsh and R.Serban, 2006). The currersice SBToolbox2 allows
forward sensitivity analysis.

To tackle the parameter estimation of submodels descritmcterial growth experiments
dedicated to specific reactions of the trophic chain, weddtio develop the Matlab tool-
box IDEAS (DEntification and Analysis of Sensitivjtyit is devoted to knowledge-based
ODE models. Therefore, its application is not restricteditdogical models.

4.5.1 Why develop IDEAS?

Our interest in developing the toolbox IDEASDENtification and Analysis of Sensiti-
vity) was to provide a convenient and easy-to-use tool to tackiarpeter estimation for
knowledge-based models from available data with carefidlgigned sensitivity analy-
sis capabilities. The estimation is carried out via the Mipraach, and can easily be
extended to MAP estimation. As some of the above mentionaltidses, IDEAS takes

advantage of the functions implemented in Matlab for thenoigation and simulation of

ODE models. The main originality of IDEAS compared to thevpras toolboxes resides
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} lideastoolbox

IDEAS: a toolbox for parameter identification Cob ) B Bas S CHES 0

- Root ~ Optimization ~Visualization
Problem name
example | Maximurn Like ... M
Name of data file Data fit
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Model definition Parameter estimation
Code generation

|

Wirite the names of your problem and data file. After click on the Model definition button

Figure 4.2: IDEAS Interface.

in the analytic computation of the sensitivity functionatthre used for the evaluation of
the FIM. IDEAS performs an exact and automatically generétemal evaluation of the
right-hand sides of (4.35) and (4.37), using the Symbolicldox of Matlab to differen-
tiatef andh with respect to the state and parameters. There is thus mbfoethe user
to provide supplementary routines to evaluate the righdrgides of (4.35) and (4.37).
Then, the toolbox integrates the augmented model (4.11:3)51:&@ to solve (4.37). The
solutions for the sensitivity functions are used to compgh&FIM according to (4.31)
with o = ¥, and thus assess parameter uncertainty. IDEAS also psothéeparame-
ter correlation matrix and condition number of the FIM foe thpectral norm, which are
useful indicators of the practical identifiability of the del given the available data. A
graphical representation of the local sensitivity analysialso provided, similar in spirit
to that in Zi et al. (2008) (see Section 4.4). Another origfeature of IDEAS is the op-
portunity offered to use four different optimization crigjesuggested by the ML approach
(see Section 4.3). The minimization of any of these costtfans is performed using the
BFGS method, as implemented in Matlab for unconstrainednipation (Mathworks,
2008).
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4.5.2 Howtouse IDEAS?

IDEAS is freely available afittp://www.inra.fr/miaj/public/logiciels/ideas/indéntml for
academic usage. A user’s guide is also available at the sddress. The toolbox runs
in Matlab v7.0 or later versions. It requires the optimiaatand symbolic toolbox to be
executed.

The software interface not only facilitates the use of thitware itself, but also plays
an important role as a learning tool in the topic of identtima (Ljung, 2003). Our aim

was to provide a friendly interface with open source codelabie to the user. IDEAS

is operated through the graphical interface displays in #ig and dialog boxes in the
command window.

To illustrate its main features, consider the simplisticielo
X= H—>— —kgx, X(0) = 5 (4.41)
- U K + X 9 ] .

Ym =X, (4.42)

with u, K andky to be estimated.

The user provides the data in a .txt file. Afterwards, the rsnfethe parameters and
the state variables are requested in the command window 4E3)% The user defines
the mathematical model following the instructions of a téatg automatically genera-
ted (Fig. 4.4a). From the input files, the software autonadificgenerates the routines
required for estimation and visualization, using symbdifterentiation to generate the
sensitivity computation routine from the equations preddby the user. Fig. 4.4b shows
the code generated to evaluate the augmented model. Thededpvand d-dxvare the
automatically generated derivatives of the vettior(4.10) with respect to the parameters
and the state, respectively.
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) MATLAB

Fle Edit Debug Desktop Window Help
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Command Windowr

Specify the names of the parameters to be estimated,e.g., {'Ka' 'mumax'}
f'mu' 'K kd'}

Specify the names of the state warisbles in the order in which
they should appear in the state wvector,e.g., {'¥a' 'Sa'}
{'="}
Specify the names of the output variables in the order in which
they should appear in the cutput wvector,e.g..{'yl' 'v2'}
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Specify the initial condition of the state wvector in brackets ,es.g.. [2 10]
[5]
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The file model_example.m has been created to define the model.
Go to the editor.
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Figure 4.3: Naming the parameters, state and output vagatiflthe model.
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% Write the elements of the vector F,e.g.,F(l)= Kh*x

) F(l) = mu *x /(K + ) —-kd*x:
(a) % Write the elements of the wvector H, e.g.. H(1l) = x*s
Hi(l) = %

% save the file and return to the interface

function [Fv] = examplese(t.¥)
global param

(b) 969656 %6 9% 2% 2% %96 96 %6 %6 %6 %6 % % % 9 9 9676 96 9% 2% % %96 96 %6 %6 %6 a6 % % 96 9 965 % % % % % %6 %6 6 %6
% State wariables
54569 % %% %% % % % % % % % %6 % %6 %% %6 %% %6 %% % % % % %% %% %% %%
= X(1):
%6% %% %% %% % % % % % % % %6 % %6 %% % % % % %% % % % % %% %% %6 % %% % % % % % % % %
State equations
P T T o B o o P 2 o O 2 2 0 28 e T P 28 20 2 B0 e P B P 20 S B W W B PP W W %
Fuwil,:)l=mu*x/ (K+x)-kd*x;
95967695 369 6% %6 269 % %636 % % 269 %695 96 %6 % 69636 % % 3% %6% %6 % % %6 % 6.9 %6 6% 96% %% %
% Derivative of F with respect to the parameters
969406 %% %6 0% % % %6 % 9604 %6 %6 % 9606 %06 %46 %436 % 26 % % %% % %% % %% 6 %6 %4 6% %% %
dFdpwil.1l) S K43
dFdpvi(l.,2)=-mu*x (K+x)"2;
dFdpwvil.3)=-3x:
969479 %% %967 %6 % %6 % 6% %69 76 9636 %96 %76 9676 76 % %6 % %% %% % %% % %96 % %60 6% %
o Derivative of F with respect fto the state wvariables
969656 %6 9% 2% 2% %96 96 %6 %6 %6 %6 % % % 9 9 9676 96 9% 2% % %96 96 %6 %6 %6 a6 % % 96 9 965 % % % % % %6 %6 6 %6
dFdsxwvi(1l,1l)=mu (K+x)-mu*x/(K+x) " 2-kd;

2
5
32
%
%
%
ot
®
®
®

® 58 M

o
o

j =Nx+1;
for k=1 MNp:
Fvi(j:j+Nx-1,:)=dFdxv*X (] j+Nx-1)+dFdpv(: . k)
j=j+Nx:
end

Figure 4.4: Operation of IDEAS: (a) Defining the state equat{b) Automatically gene-
rated code to evaluate the augmented model (4.10), (4.35).
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Automatic
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Symbolic Toolbox

Importing/Exporting
functions

Parameter estimation
Uncertainty assessment

Figure 4.5: Steps followed in a typical execution of IDEAS.

The Optimization Toolbox and ODE solver are used to find thieneées and compute
the FIM. Finally, at the visualization step, plots of thealfit and the sensitivity trajecto-
ries are displayed. Figure 4.5 shows the integration oftlsésps in a typical execution.
All the functions generated are accessible and can be ussbtenuser-defined routines,

and modified if needed.

4.5.3 Future extensions

IDEAS is still at an early stage of its development. Some resitins are planned in the
near future in order to enhance its capabilities. The aalthti features in the next version
will include the possibility to consider the initial conidihs as parameters to be esti-
mated. This issue is a serious matter, especially for bismaacentrations, which are

technically difficult to measure for mixed culture systeffise next version will also take
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into account missing data in the output vector componenssm@ie measurement times,
or asynchronous measurements. This situation is frequentiountered in biological ex-
periments.

Concerning the statistical framework used in IDEAS, themeaitensions will be to allow

for heteroscedastic errors and for Bayesian estimatioeci8pinterest will be devoted to
the maximum a posteriori estimator, which enables one tbwdéasituations where few

experimental data are available. Another extension willieecomputation of the exact
FIM given by (4.29) for each estimator.

At the optimization stage, a multi-start routine will be lunded in order to decrease the
sensitivity to the user-provided initial guess on the paetars, and stand-alone optimiza-
tion and automatic differentiation routines will be implented to make IDEAS usable
without the Optimization Toolbox. Another additional faet will be the symbolic com-
putation of the gradient of the cost function, which shoyldexd-up optimization. This
computation will be based on the sensitivity functions tiratalready being evaluated by
IDEAS.

The finite-difference approximation method as well as diirgegration of the augmented
model can become numerically intensive for large-scaleatsodJnder this condition, a
very attractive alternative is the use of adjoint methoagdK¥and Vajda (1984); Cao et al.
(2003)).

4.6 Conclusions

In this chapter, we presented the strategy that we pursuedrimodelling task. The na-
ture of our model implied the interpretation of biologicaldwledge to provide a mech-
anistic representation of the human colon. Given the coxtylef the the system, we
decided to aggregate certain phenomena to reduce the feustlo a complexity.

We described technical background on the mathematicas wiployed in this work.
They included the singular perturbation approach and thmanpeter estimation frame-
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work. For the singular perturbation method, we emphasizeddonditions under which it

can be applied validly. For parameter estimation, we redate central concept of iden-
tifiability, and the maximum likelihood and Bayesian estiioa approaches. Bayesian
estimation appears to be the most promising approach foegtimation of the com-

plete model. Finally, we presented the development of tharmpater estimation toolbox
IDEAS. The strategy presented here is a generic approathdbhll be applied to many
other types of modelling problems where the experimentia dee scarce.

Examples of applications of the above methods are presantid following two chap-
ters. The next chapter presents our results on the modaltidgdentification of two small
parts of the full fermentation pathway performed by humadomic bacteria.
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Chapter 5
Kinetic modelling of in vitro bacterial
growth experiments

Kinetics is nature’s way of preventing everything from
happening all at once.
Steven E. LeBlanc

In this chapter, we present our studies on parameter eghimait mathematical mod-
els describing two kinetic processes, namely homoacessjeand butyrate production
by human colonic bacteria. According to our strategy (sexi@e4.2), the parameters
obtained for the kinetics studied here are used as knowmyedeas for the complete
model.

5.1 Homoacetogenesis by the human colonic bacteria
Ruminococcus hydrogenotrophicus

The main part of this work was published in Proc. 16th IEEE Negthnean Confer-

ence on Control and Automation. Ajaccio, France (Mufioz-dyoret al., 2008)

Homoacetogenesis is one of the three routes for hydrogieatitn by the human colonic
microbiota (see Section 2.3.1.4). Figure 5.1 shows thdilmtaf homoacetogenesis in the

119
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whole process of carbohydrate degradation. Homoacetsgesan autotrophic process,
in which colonic microorganisms reduce two moles of3®one mole of acetate. It has
been estimated that acetate from the reductive pathwagsepts about 40% of the total
acetate produced in the human (Bernalier et al., 1999). ddmnsersion process is cen-
tral for transfer of hydrogen between microorganisms, Wwisaequired for fermentation
(Thauer et al., 1977). Excess ob lgroduction has been related to irritable bowel syn-
drome. It causes abdominal pain, distention, flatulencebaniorygmus (Boever et al.,
2000). Moreover, H utilization by homoacetogens, sulfate reducers and metiens
(Archaea) provides the final step in energy extraction frambchydrate degradation and
affects the thermodynamics of the whole biochemical pr@¢@ackhed et al. (2005); Ley
et al. (2006a)). K levels affect the NAD/NADH redox couple (Costello et al. 919 and
thus the thermodynamic feasibility of some of the fermeatateactions (Madigan et al.,
2009).

We present now a mathematical model that we developed tesept than vitro ex-
periments described in Bernalier et al. (1996b) to studykthetics of homoacetogenesis
by the human colonic bacterRuminococcus hydrogenotrophicus

5.1.1 Experimental setup

The kinetic study was carried out in culture tubes connetci@ressure sensors (Fig. 5.2).
The bacteria were cultivated in the medium AC-21 modifieag$l,/CO, (60:40, v/v) at
202 kPa. Temperature was controlled at 37°C. The subst@geavgas mixture $1CO,
that diffused to the liquid phase to be used as energy soart¢bd bacteria. Acetate was
produced via the reductive pathway. The variables measaréx experiment were the
concentration of Kin the gas phase, estimated from manometric measuremehtmaan
chromatography, the concentration of acetate, measuradratically, and the optical
density of cultures at 600 nm (QR).

5.1.2 Mathematical model

Two main phenomena occur, namely biological reaction angsnr@nsfer between the
gas and liquid phases. The decay of bacteria is describeditst-arder equation. Bac-
terial growth was quantified through optical density measwents, which relate light
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Figure 5.1: Location of the homoacetogenesis in the fultess of carbohydrate degra-

dation.

dispersion with cell concentration. Unfortunately, thessasurements are imprecise be-

cause the bacteria that become biologically inactive kkep structure, so they will still

be counted although they no longer participate to the reactor these reasons, we ex-

plicitly model the inactive bacteria concentration anduass a first-order dynamic for

this variable. This makes it possible to relate optical dgras given by the model with

the experimental data. For liquid-gas transfer, a moditoabf the Henry law is used
(Stumm and Morgan, 1996).
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Figure 5.2:In vitro system to study homoacetogenesis reaction (taken froneteeet al.
(1997)).

The equations of the model are

Xty = Hrpa — KdXHoa, XH,a(0) =0.0193  (5.1)
X = kaXtpa — kiX, x(0) =0, (5.2)
Sg.H, = kLa(sy, — KH,HZRT@,HZ)\%, Sg.H,(0) = 0.677, (5.3)
Soo= 2 wd0)=0218  (54)
S, = —%zaqua— kLa(su, — K H,RT gH,), SH,(0), unknown, (5.5)

with V the volume in liquid phasé/y the volume in gas phase, apgl,, the bacterial
growth kinetics, expressed by the Monod law (Monod, 1949)

S|-|2XH2a

s 5.6
KS,H2a+ SHZ ( )

HUH,a = HmaxHja

The five state variables are the concentrakgg of active biomass, the concentratign

of inactive bacteria that keep the cell structure, the cotraéionsy 1, of hydrogen in the
gas phase, the concentratig#, of hydrogen in the liquid phase, and the concentration
sac Of acetate. All of them expressed in kilograms of chemicgigen demand (COD) per
cubic meter (kg COD m3). Initial condition forsy, is unknown.

The output vector is

Ym= (a(XH2a+X)7 Sg,H2> SaC)T7 (5-7)
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wherea is a conversion factor between optical density and kg COB,which depends
on the physical properties of the bacteria. We looked atiteeture and 1 unit of opti-
cal density may be equal from 1*1@ells/ml to 1*103° cells/ml. Assuming an average
weight of a cell of 4.2*10 kg and considering a conversion factor of 1.4 kg COD/kg for
the biomass, the factar ranges from 0.1 OD/(kg COD n¥) to 40 OD/(kg COD n3).
Including this factor in the estimation lead to practicandifiability problems, thus we
decided to set it to a value that provided acceptable refrlthe other kinetic parame-
ters.a was set to 5.95 OD/(kg COD ).

Parameteky (h~1) is the decay factor for the biomagsmaxH,a (h~1) is the maximum
growth rate Ks 4,a (kg COD m3) is the saturation constant of the Monod law(h 1) is

a lysis constantyy,a is the yield factor that gives the biomass produced by hyetnapn-
sumedk_a (h™1) is the liquid-gas transfer coefficient multiplied by theesific transfer
area, Ky H, is the Henry law coefficient for hydrogen, in molar units par M bar!), R

is the ideal gas law constant afds the absolute temperature. The numerical values of
the physical parameters involved are:

kia=8.33h1 Kyp, =7.2810*M bar?,
R=8.3110"2bar n? kmol~1 K1,
T =31015K,Vy = 2257 ml, andV = 5.3 m.

The five unknown parameters to be identified @fgxH,a, KsH,a, Kd, ki, andYh,a.

5.1.3 Reducing the number of state variables

The dynamics of hydrogen concentration in the liquid phageears to be fast, leading
to a multi time scale model, as proposed by Rosen et al. (200B6ys, we can apply
the singular perturbation method to perform model ordencédn (See Section 4.1.3.1).
We first observe that the dynamics of the active and inaciiveass and the liquid and
gaseous hydrogen concentrations are decoupled from tledgof the acetate concen-
tration. This last concentration is obtained by integratid an expression depending on
the other concentrations, and plays no role in the first fouaéons. Hence we can dis-
card this last equation from our study and concentrate oottes.
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For the sake of readability, we adopt the following notati@maxH,a Will be denoted
as HUmax, KsH,a aSK, Yh,a asY andKy y, asKy.

We first put the model in singularly perturbed form (Eqgs. J44.2), page 94). This is
is usually carried out by scaling and possibly changingaldes. Here, scaling is suffi-
cient, so we introduce constamshg andh; such that the normalized variabbes x,, X3,
x4 defined by

X H
xp= Ry, K g Bl K
m m hg hy

all belong to the intervgD, 1]. These scaling coefficients can be obtained from the exper-
imental data.mis chosen to be the maximum value of the measured OD, divigax, b

hg is taken to be the maximum value of hydrogen concentratidghérgas phase, and we
seth = KyRTHh.

The state equations for these normalized variables are

X4

X - maxyx = 9 58

X1 (Il hﬁl X4 kd)xl ( )

X2 = Kgx1 — kixa, (5.9)

. V

X3 = (Xa — X3)k aKy RTS (5.10)
g

. [ HmaxM X1

X4 = ( hY hﬁl X + kLa> X4+ kpaxs. (5.11)

The scaling factors and the order of magnitude of the parnmiere computed from the
experimental data or drawn from the literature

0.26

K,Kg,ki,Y =~ 0.05 pmnax~0.1.
Equations (5.8)-(5.11) share the generic form
X = di(z)X + pi(Ti), (5.12)

wherex = (X1,X2,X3,X4) " andaj = (xj)j:_l%_é,_,,
i

4.

We set the local time scalg(x) associated tg as
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1
Ti(x) = ——. (5.13)
@)= @)
As the dynamical system is positive, we easily obtain thattisig from a non-negative
initial state
ka< |dy(a)| = HreM Xy qc Hrall g g
hY h + X4
—kg < di(x) = Umaxg 4 kg < Hmax— Ky
B X
o)
1 1
p— < 4(£B) <— =012
%ﬂ + kLa kLa
and
T1(x) > ! ~ 20
2= maka, [pmax—ka)

Moreover,Tx(x) = 1/kg ~ 20 , and finallyts(z) = kwvvi}%m ~ 27. Hence, there is at
least a 100 fold change between the time scale associakgdtal the other time scales,
and the state variables of the model can be separated int@asld fast ones.

We perform the time scale change= Tls wherets = 20, in order to express the model
in the slow time scale and obtain the standard form for thgwar perturbation problem.
The dot symbol will now refer to time differentiation w.rtt. We setd = ﬁ =0.006
and obtain

X1 = (Tskmaxy o TsKg )X,
hy

Xo = TsKgX1 — TskiXo,

. Vv
X3 = (X4 — X3) Tskp aKy RT\7,
g

. HMmaxM X1
OXq4 = — +1 | X4+ X3,
<kLathﬁl+X4 ) °
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where all the coefficients have orders of magnitude rangiog 0.5 to 4. Coming back
to the original variables, the model is in the standard fo4r-@4.2), with

XH,a
x=1 x |5 z2=(1),
Sg.Hz
TsHH,a — TsKdXH,a
f(x,z) = TskgXH,a — TskiX ,
Tk a(s, — KyRT sgsz)\%
0%, = R e~ (3~ KuRTgu,),

and initial conditionsx(0) = Xo andz(0) = zo. Note that in our casd,andg are time
invariant and do not depend @n They are continuously differentiable @y x D,, with
Dy =R3 andD, = (—K, +).

The quasi-steady-state hydrogen concentration in thédlipbasel (x) satisfies the al-
gebraic equation
_ Hmax | (X)XH,a _
keaY K+1(x)
which can be reformulated as a second-degree polynomialtiequ It is easy to check

(I(X) = KuRT g n,) =0, (5.14)

that it has a positive discriminant and a unique positivé k09, which is the quasi-steady
hydrogen concentration in the liquid phase, given by
—C1+ C% +4co

(%) = — (5.15)

with

X
CL = “r:(al’;:lza + K — KHRT g1,

C> =Ky KRT%,HZ-

The reduced model is then given ky-= f(X;1(X)), that is
- [(x) — _
XHya = Tsumax%XHga— TSkdXHzaa (5.16)
X = Tska¥ita— TKiX, (5.17)
o _ Vv
Sg.H, = TskLa(l (x) — Kn RTSg’HZ)\T’ (5.18)
9
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with initial conditionx(0) = Xo.

We can now check that the three assumptions of the Tikhoremréim are satisfied.

Assumption 1 (regularity). The vector functiond, g and their first partial derivatives
w.r.t. x andz are continuously differentiable dby x D,. The functionl (x) and
Jacobian matri% are also continuously differentiable @y x D,.

Assumption 2 (existence of bounded solutions of the reducemtder model). It must be
shown that for alll > 0O, there exists a compact subSeif Dy such that any trajec-
tory of the reduced model starting &is well defined, unique of®, T], and remains
in S. We proved a stronger result. Notice that the complete ashgicesd models are
both positive: the vector fields of both models have no outvwearmponent when
reaching the boundary of the positive corﬁéi(andRi respectively) from the in-
side. Moreover, settingy (t) = Xn,a(t) + X () + %S&Hz(t), we have from (5.16),
(5.17) and (5.18)

Ar(t) = —TskiX < O.

Therefore, for alC > 0, if we define the following compact subset:
Y\
S ={xeR?, x1+xz+Tgxe, <C},

we have
X0 = Mt >0, x(t) € &.

Hence, trajectories starting & are uniquely defined and remain$ for ever.

Assumption 3 (stability of the origin of the boundary-layer model). Consider now the
boundary layer differential equation

dy _ Hmax )?Hga(}"f‘l()?)) S
i = _kLaY K +y+|(>?) — (y+|(>?) —KH RTSQHZ), (5.19)

whereXx is considered to be constant in the= %S time scale, and the unknown
function v — y(v) takes its values il,. By construction](x) is positive when
X € Dy, soy € D; impliesK +y+1(x) > 0. Term to term subtraction of (5.19) and

(5.14) yields _
dy HmaxXH,aK y

dv - kaY(K+HIX)Kty+rix)

(5.20)
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SettingK; = K+1(x) andKz = % we can rewrite (5.20) as

dy_ Y
du 2y+K1

y. (5.21)

It is easy to see that when starting from an initial condityo®) > —K;, we have

. . y
v) > —Kjy forall v >0, since Iim — (K
Y(v) > Ky  lim ( o

y(0) > —K > —Kj, we have, for alb > 0,

%g:—yz< Kz +1) <y

y+Ki

+y) = +oo. Therefore, if

It implies thatvu > 0, |y(v)| < |y(0)|e"V. Hence, the boundary layer model is
exponentially stable, uniformly ift,x) € R x Dy, with region of attractiorR, =
D..

The hypotheses of the Tikhonov theorem are thus verifiedheeetexistsd* > 0 and
p > 0 such that for all time interval®, T] whereT is of orderts, we can findC > 0 such

that

vt € [0,T], [x(t) —X(t)]| < C3,

for all 6 < 6* and all initial conditiong(0) that satisfy||z(0) — 1 (x(0)|| < p.

Simulations confirm the validity of the model reduction. Tdieseness between the two
models depends on the initial condition of hydrogen in theili phase, which is unknown
in our study. However, we know that

0 < s1,(0) < Ky H,RT g H,(0) ~0.013 (5.22)

We simulated the complete and reduced models witfi0) taking the values of the
bounds in (5.22). For the two conditions, the responses tif bmdels were superim-
posed. For illustration purpose, we sgf(0) = 0.1 (which is physically impossible for
the experimental conditions) to observe the singular peation approximation in a large
time horizon. The responses of both models are displayew)irbR3. We observe that the
hydrogen concentration given by the complete model comgergpidly to the hydrogen
concentration calculated from the singular perturbatippreach. The responses of the
slow variables in both models are almost identical.
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Figure 5.3: Comparison of the complete model and reducecehfodhomoacetogene-
sis. Discrepancy in initial conditions fag, has been exaggerated for the purpose of
illustration.

5.1.4 Identifiability study

The study of identifiability is important before tacklingetlestimation problem (see Sec-
tion 4.3.1.1). This issue is particularly central when degivith biological systems for
which critical significance is often attached to the valu¢hefparameters.

Let O = (Umax K, kg, ki, Y)T be the parameter vector in the parameter sphceRi and

X = (XH,a, X, Sg,Ha saC)T be the state vector of the modg|(t, #) denotes the trajectory of
the model with parametér at timet, andxg is the vector of initial conditions. Denote by
| (x, @) the unique positive solution of (5.14), Ibgx, @) the vector function whose entries
are the right-handsides of (5.1-5.4) andiiy, 8) = (0 (XH,a+ X), Sg,H.a, Sac)" the vector
of measurements.

As the model under consideration is an uncontrolled noalif@DE model with initial
conditions, we use a sufficient condition for the model to lodaglly identifiable that can
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be found in Denis-Vidal and Joly-Blanchard (2004):

Proposition 1 Let (6,6) € U? be such thaf(xo(6),6) # 0 and f(xo(8),0) # 0. If the
existence of an open neighborhoddf xo(é) and an analytic diffeomorphism : V —

~

o(V) such that

(i) o(x0(0)) = X0(8),

(iVzeV, f(o(2),0) = 2 f(2,0),

(iii ) h(o(x(t,0)),0) = h(x(t,0),0),
for all t such thatk(t,0) e V,

impliesé = 6, then the model is globally identifiable @t

Definition 2 The model is said to be globally structurally identifiabldtifs globally
identifiable for almost ang in U.

Initial conditions are denoted bxpy andXp. We assume that the initial conditions are
identical for both models and known. Moreover we assumexfiat 0, xg2 = 0, and that
the experiment starts at the bacterial growth phase, whigliés thatos (X(0)) > 0 and
%1(0) > 0. The parameter sk is such that

veRS Vi ~Vv3>0
U= +/ V2+0.5(—Cl+ C%+4Cz> 3 ’

wherec; = \\//;l)((fé. + Vo — KyRT 3, andcy; = KHRT »3vo

We prove that the sufficient condition in Proposition 1 is nsetthat the model is struc-
turally globally identifiable.

proof:
For conciseness we use in the sequel the not&tign= x(t, #) andx(t) = x(t, 8). For all
t such tha&(t) € V we have fromiii )

: (5.23)
: (5.24)
01(X(t)) + 02(X (1)) = Ka(t) +Xa(t). (5.25)
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Let us now differentiate (5.23)-(5.25) w.r.t. time in comé&iion with(ii ) in Proposition 1.

Differentiating (5.23) in time and usingj ) we get
(i) Kkeall(0(R),0) ~ KnRTOs(%(t)) o = ki all (K, ) —Ku 1, RTHa(1))

It follows from (5.23) that

1(X(t),0) = (0 (X(1)),0) =1 (t). (5.26)

EqQ. (5.26) can be used in (5.14) and we get

X I.Nlmaxy(l(t) _ umaxal(f((t)
Y K+1(t) K+1(t)

(5.27)

Differentiating (5.24) in time and usingj ) we get

(i) 1-Y  oy(X(t) 1-Y. %)
4 Y UmaxK_H(t) 7 UmaxK_H(t)-
The combination ofii4) with (5.27) yieldsy =Y, and

Itlmax)N(l(t) - umaxo-l(i(t»
K+It)  K+I(t)

(5.28)

Differentiating (5.25) in time and usingj ), we obtained

au(X()I (1 It -
KD T 5(t). (5.29)

(lig+ii2)  Hmax —kio2(X(t)) = fmax

By using (5.28) on (5.29), we obtain
kioa(X(t)) = ki%a(t). (5.30)
Assumingk; # 0, the substitution of (5.30) in (5.25) proves that

kK
K

Now, if we assuméy # 0, differentiating (5.30) in time and usir{@ ), we get

o1(X(1)) =K+ (1 — —~)%(t). (5.31)

~

(ke (t) — ki%a(t)).

x| =

kqoi(X(t)) —kioa(X(t)) =
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Substituting (5.30) in the above equation yields

O1(%(1) = F5() + (1= %) (5.32
Att =0, using(i) in (5.32), we get tha%% =1.
Now, combining (5.31) with (5.32) we get
(1—%)(1—%)?@(0 =0. (5.33)

There exists at least one tihsuch thaiz(t) # 0, (5.33) yields thatl — %)(1— ﬁ) =0.
Then, we have

k = ki andkq = kg, (5.34)
or
ke = ki andk; = ky. (5.35)

If (5.34)holds. Combining (5.31) and (5.34), we obtain that(X(t)) = X3, which im-
plies in (5.28) that
K+1(t)  K+I(t)

Hmax HUmax

. (5.36)

It follows that
(Hmax— Fmax)! () = HmaxK — IimaxK-

Two cases arises: eithgmax = [Imax Which impliesk = K, or Hmax 7 Hmax and in
this casel (t) is constant.

In this last situation, let us defing = RL(T—()x) then differentiating (5.14) in time
leads to the following differential equation fgr

- — lmaxX ~
{ = {(fimad — K), (5.37)
HmaxX1 + =02

wherek = kg — kLaK\';%’. Due to the assumptions on the initial conditions, we have

Z(0) > ﬁ"‘; > max(O,ﬁn‘:—aX), and therefore;’(O) < 0. However, a constant value of

max

I(t) implies a constant value d@f(t), and thereforef(O) = 0. This contradiction
shows that this case is not possible.
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If (5.35)holds.Att =0, (5.28) yields
K+1(0)  K+1(0)

Hmax Hmax

. (5.38)

It follows that
(MUmax— Ffmax)! (0) = fmaxK — UmaxK-

In this equation, eitheimax = fimax, Which impliesk = K, or timax # [max and

1(0) = PmaxK — UmaxK.

Hmax — Hmax

Let us consider the case whatgax = [imax. From (5.28), we deduce that
X1 (t) = ar(X(1)). (5.39)

The substitution of (5.39) in (5.31) leadsko= ki, andky = kg from (5.32). From
(5.35), we finally obtain thaty = ki = ki = ky.

In the case wher@imax # [max, We can eliminaté between the two second de-
gree equations that we obtain writing (5.14) for both systemmd eliminater; (X)
using (5.31) in the resulting equation.

The computation were performed with the symbolic compatesioftware Maple,
and led to a nonlinear polynomial relationsiNp(t) = O between the parameters of
both systems and the first three components of the statervéctvaluating this
expression at= 0 leads to

kLaY Ky RT(Umax— fmax) (K — I€>X03'i‘
(bmaxK — NmaXK>((Umax— Fimax)Xo01+ kLaY (K — K)) =0 (5.40)

SettingAy; = [Imax— HUmax andAx = K — K, the above expression becomes

No1(Ak,Ay) = kLaY KyRT %30k Ay — (KA — Umaxdk ) (X018 + kraYAk ) = 0.
(5.41)
Note thatNp; is a second degree nonlinear multivariate polynomial egnan Ag
andAy, whose coefficients depend on the initial conditions andarametergimax
andK.
Differentiating the nonlinear polynomial relationsiNp(t) = O obtained above along
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the system’s trajectories, we obtain an additional noalirgolynomial relation-
ship Na(t) = 0, which we can evaluate at= 0. We obtain a new expression
No2(Ak,Ay) = 0, whereNoy is a fourth degree nonlinear multivariate polynomial
equation inAx andA,, whose coefficients depend on the initial conditions and on
the full vector of parameter@imax K, Kg, ki) T, thanks to the assumption (5.35).
Elimination of Ax between the two equatioh(Ax ,Ay) = 0 andNoz(Ak,Ay) =0

for a given initial condition and parameter vect@inayx K, kg, ki)™ shows that, ex-
cept possibly on a zero measure set of param@gtghs, K, ki,kq)T, we have ei-
therA, = Ax = 0 (and it follows that the model is globally identifiable), &g =
f1(Umax K, Kg, ki, X30,X10) @ndAk = f2(Umax, K, Kg, ki, X30, X10).

In this last situation we can differentiai&(t) = 0, and obtain an additional nonlin-
ear polynomial relationshiplz(t) = 0, which can be evaluated tat= 0. This pro-
vides a nonlinear multivariate polynomial equatiod\inandA, No3(Ax,Ay) =0,
whose coefficients depend on the initial conditions and erfuh vector of parame-
ters(Umax K, kg, ki) T. Substituting the expressionsyf andAx in Noz(Ak,Ay) =0
shows that the existence of the non zero solutign= f1(Umax K, Kd, ki, X30,X10)
andAx = fa(Umax K, Ky, ki, X30,X10) may be possible on the zero measure set for

(Umax; K7 kd7 k| )T defined by
No3( f2( Hmax K, Kd, ki, X30,X10), f1(Hmax K; Ka; Ki; X30,X10)) = O,
and is not possible elsewhere.

In all cases, we have shown that except on a zero measuréhsatiddel is globally
identifiable inU. It follows that the model is structurally globally identibile. l

5.1.5 Parameter estimation

Estimation was performed by the maximum likelihood (ML) eggech, using the toolbox
IDEAS (see Section 4.5). Three estimators were evaluatied.eStimatoC1 minimizes
the cost function (4.15) (page 101)

Nt

J(0) = Z[y(to — Yn(ti,0)] "= y(t) — ym(ti, 0)],

i=
with
Y= azdiaQVl, Vo, V3]




5.1 Homoacetogenesis by the human colonic backrfaydrogenotrophicus 135

andvik = (Ykmax— Ykmin) %> WNereykmax andyimin, are respectively the maximum and min-
imum value among all the collected data for outpuThe estimato€2 minimizes again
the cost function defined by (4.15) but with a diagonal maXigomputed from the data
reported in Bernalier et al. (1996b), which are mean validbree determinations. At
each time the standard deviations were calculated and ossahipute the matrix. The
kth diagonal element? of = was calculated as

oZ==Y o?. (5.42)
Nt i ’

The estimato€3 minimizes (4.18) (page 102)

=1In [detz1 —Ym(ti, 0)]y(ti) —ym(tiﬁ)]T] :

and finally, the estimatd€4 minimizes the cost function defined by (4.20) (page 102)

IE

o ,
J(0) = Z 5'” [ Vk(ti) — Ym,(ti, 0)] ] :

5.1.6 Results and discussion

Figure 5.4 compares the experimental data and the outputseeahathematical model
with the parameters obtained for the four criteria. From alitative point of view, the
optimal set of parameters for each cost function gives a etexse fit for the optical den-
sity. However for the acetate and hydrogen concentratibmns,seen that more weight
is given either to acetate or to hydrogen, depending of teefooction considered. The
estimatorsC1 andC2 tend to favor the fit of acetate concentrations. To the coytthe
more sophisticated estimatdZ8 andC4 tend to favor the fit of hydrogen concentrations.
This is consistent with the experimental conditions, froimick it seems reasonable to
give more importance to the fit of the measured hydrogen curatéons, because hydro-
gen is only consumed through homoacetogenesis. As fortacéteould be produced by
other reactions, for instance within the yeast fermentgb@thway, not modeled here.

The resulting parameter estimates are shown in Table S5H thtir approximate confi-
dence intervals calculated from (4.34) (page 106). Theesmbhbtained for the Monod
constanKsH,a and the yield factoWy,, are in accordance with the information reported
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Figure 5.4: Comparison of the ML estimators.
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in Lokshina and Vavilin (1999) for different anaerobic ssis. The maximum growth
rate lmaxH,a IS higher than the maximum value reported. This could be dubé fact
that, in the experiment considered here, the medium resst@ growth is low compared
to the systems referenced in Lokshina and Vavilin (1999)fahem solids). We did not
find theoretical values to compare the estimatekydbr homoacetogens. However, the
estimated values d{y are in the range reported in Batstone et al. (2002) for hyehleg
utilizing methanogenic bacteria.

The confidence intervals of the estimates turn out to be vsgpgointing, owing to the
limited set of data and well-known practical identifialyiljgroblems (Dochain and Van-
rolleghem, 2001). The parametefgaxH,a andKsH,a Show a very strong correlation, as
shownin Table 5.2. Other parameters are also stronglyletece In Fig. 5.5, we observe
the sensitivities of the model outpsy: with respect to the parametéfsH,a and imaxH,a-

The curves are nearly proportional. Simulations of the muadld the estimated param-
eter values indicate that the values taken by the stateblasa, are always lower than
the value of the paramet&k H,a. At the end of the experience the simulation provides a
value ofsy, = 0.0038, which is 7 times lower than the estimateé<gfy,o. We decided to
approximate the Monod equation by a quadratic kinetics

UmangaSHzXHza
Ks,H2a+ SHZ

~ kl',HzaSHgXHgav (543)

W|th krsza the rat'oumatza/Ks_Hza

Table 5.1: Comparison of estimated parameters with thgireegmate 95% confidence
intervals.

C1 C2 C3 C4
KsH,a | 0.025£6.940| 0.0204+2.326 | 0.020+0.338 | 0.0274+0.165
HmaxH,a | 0.186+3.760 | 0.157+£12.354 | 0.154+1.760 | 0.1954-0.900
YH,a | 0.0304+:0.030| 0.029+0.022 | 0.040£0.020 | 0.039+0.013
Ky 0.034+1.392| 0.036+0.645 | 0.033+0.097 | 0.031+0.026
ki 0.029+1.040| 0.025+0.338 | 0.052+0.270| 0.061+0.128
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Table 5.2: Correlation matrix for the estimates in the Monumbel.

KsH,a MmaxH,a  YH,a Kd ki
Ks H,a 1 0.9999 0.4423 —0.9830 0.8357
HmaxHoa 1 0.4542 —0.9848 0.8429
YH,a 1 —0.5705 0.8501
Ky 1 —0.9147

ki 1

Table 5.3: Estimates with their approximate 95% confidentarvals for the Monod and
guadratic kinetic models.

Parameters | Monod kinetics | Quadratic kinetics
Ks H,a 0.027+0.165
HmaxHsa 0.195+0.900

K Hpa 5.45-+0.465
Yi,a 0.039+0.013 | 0.040+0.011
Ky 0.031+£0.026 | 0.027+0.003
K 0.061+0.128 | 0.071+0.088

The estimatoiC4 was the best ML estimator for the Monod-based model. It was al
used to estimate the parameters of the modified model. Cowdatervals are greatly
improved, as shown in Table 5.3, column 3. The estimateseop#drameters that are
shared by the two models have the same order of magnitudthdabnfidence intervals
are smaller for the modified model.

The data fit with the parameters estimated from the modifiadtics model are quali-
tatively as satisfactory as those of the original model. fi@sponses for the two models
are superimposed and cannot be distinguished. Withoustiesament of the uncertainty
of the estimates, we would have had no reason to prefer théistbohodel to the Monod-
based model.
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Figure 5.5: Sentivities of acetate concentratggp with respect to the parameters of
Monod equation.

The procedure employed here is generic, and can be applestihoate model parameters
related to others vitro experiments. In the following section, we perform the mbdel
and identification of bacterial growth experiments devaiedtudy the metabolism of
butyrate production by two human colonic bacteria.

5.2 Lactate utilization and butyrate production by key
human colonic bacterial species

Butyrate is the preferred energy source for the colonodg@enic epithelial cells) and
plays an important role in human health (seay, Mcintyre et al. (1993); Pryde et al.
(2002); Scheppach and Weiler (2004); Ewaschuk et al. (2088)ner et al. (2008)),
whilst accumulation of high concentrations of lactate isrideental (seeg.g, Vernia

et al. (1988); Chan et al. (1994); Hove et al. (1994); Kanekal e(1997); Belenguer
et al. (2007)). Butyrate can be synthesized from two metealpalthways: butyrate kinase
and butyryl CoA:acetate CoA transferase (Miller and Woli@46); Diez-Gonzalez et al.
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(1999); Duncan et al. (2002a); Macfarlane2008)vitro studies have identified the latter
mechanism as the dominant route for butyrate formation énhilniman colonic ecosys-
tem (Louis et al., 2004). Lactate and and acetate are coesi@s important precursors
for butyrate production (Bourriaud et al. (2005); Morrisetmal. (2006); Belenguer et al.
(2008)). Lactate is the energy source for the bacteria,erduétate participates as electron
sink. Different groups of butyrate producing bacteria, tiydselonging to the Firmicutes,
have been isolated from the human Gl tract (Barcenilla ¢2@D0). Eubacterium hallii
and strain SS2/1 are dominant member of clostridial clustea, and are able to utilize
lactate and acetate via the butyryl-CoA:acetate-CoAsfienase route.

Here, we develop a mathematical model to describe the ceioveof lactate and acetate
into butyrate by human colonic bacteria. Figure 5.6 showddbation of the metabolism
analyzed here in the whole process of carbohydrate degosadathe model is assessed
by comparing, for the speci€aubacterium halland strain SS2/1, the model output with
in vitro data (Duncan et al., 2004b).

5.2.1 Mathematical model and reactions stoichiometry

The mathematical model is derived by writing down mass+i@alifferential equations
for a batch system. The kinetic model is an aggregated repta&son of the butyryl-
CoA:acetate-CoA-transferase pathway represented in.Figm vitro experiments have
shown that acetate cannot be used as a sole source enerdyefbadteria (sees.g,
Hino et al. (1991); Duncan et al. (2002a)). Therefore, biédtgrowth is assumed to be
dependent on lactate concentration only.

According to this, the model equations are

Xa = YiaPla; (5.44)
Sa = —Pla; (5.45)
Sac = YaclaPia; (5.46)
Sou = Ybu/laPla; (5.47)

with pi is the specific consumption rate of lactate. A miscellanyxpiessions have been
developed to represent biological kinetic rates (geg, Dochain and Bastin (1990)). In
this work we evaluate the following equations
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Figure 5.6: Location of butyrate metabolism in the full pges of carbohydrate degrada-
tion.

Monod equation:

SaXla
Pla = kaam; (5.48)
Quadratic kinetics:
Pia = KmaSaXia; (5.49)
First-order kinetics
Pia = KmaSa; (5.50)

The state variables of the model are the bacterial cond@ning, in units of optical den-
sity (OD), lactate concentraticg), acetate concentratiag. and butyrate concentration
Sous IN MM units. ky a is the consumption rate constant. For the Monod kinetiesythts

of kmja are mM Lactate (OD h)t, for the quadratic kinetis they are (ODH)and for first-
order kinetics hl. The Monod constars |, is in mM units.Yj; (OD/mM Lactate) is the
yield factor for biomass with respect to the consumed lactéhe yield factor¥acja (MM
Acetate/mM Lactate) and,, ;o (MM Butyrate/mM Lactate) represent the molar change of
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Figure 5.7: Simplified scheme of the reaction pathway foyilaie production; pyruvate
is the central intermediate of the conversion. It is oxidite acetyl-CoA, that can be
routed either into acetate or butyrate formation, by meatadf the enzymatic activities
of acetate kinase and butyryl-CoA:acetate-CoA-transteraspectively. Adapted from
Papoutsakis (1984) and Duncan et al. (2004b).

acetate and butyrate with respect to the moles of lactatethaonsumed. These factors
are related to the stoichiometry of the metabolic convessidt is thus interesting to look
at the reactions implied in the pathway to maintain balarideeelements participating
in the conversion.

Based on the reactions for butyrate production (PapowgsaB4) and lactate consump-
tion (Costello et al., 1991), the next set of reactions are/elé to group the intermediate
steps of butyrate production

CH3CHOHCOOH+ Hy0 = CH3COOH + 2H, + CO, (@)
CH3CHOHCOOH+ CH3COOH = CHgCHyCH,COOH + H,0+ CO,  (b)
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In addition to the above reactions, we consider the follgnanabolic reaction

5CH3CHOHCOOH + 3NH =- 3CsH702N + 9H,O  (c),

which allows for the calculation of biomass to be produceaad®ion (c) is based on
the work of Costello et al. (1991). It expresses lactate rdmution to bacterial growth.
The empirical formula gH7O,N is used to represent biomass as proposed in Henze et al.
(1987); Batstone et al. (2002).

We can use the above metabolic reactions to define the yietlor&in the kinetic model.
Consider(1— f5) the fraction of lactate that is used for reaction (c), in vihiddomass is
produced. Denote by, the part of the fractiorfi, of lactate that is converted in reaction
(a). np applies for the reaction (b), such that+ n, = 1. By means of the stoichiometry,

we get
Yia = ag(l— fia), (5.51)
Yacla = fia(fa—"Nb), (5.52)
Youla = fiallo (5.53)

whereaq is a conversion factor between optical density and mM. Tros@dure is further
recalled in Section 6.1.1,

Note thatYaca is a net factor representing the difference between pramtueind con-
sumption of acetate . Thus,Yf¢4 is positive, this means that lactate is routed to reaction
(a) in higher proportion than to reaction (b).

Another application of setting the reactions implied in g@nversion is to establish
stoichiometric relationships between the components.
Consider the following reaction

|[V1|A + |v2|B = |v3|C +|v4|D,

with |vj| the stoichiometric coefficient of the compongni he stoichiometric numbey;
Is negative when the componegis a reactant, and is positive when the compornasia
product.
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The changes of moles for the components participating ofg¢éetion are related to their
stoichiometric numbers as follows
dna dng dnc dnp

pu— p— pu— pu— dA ,
V1 Vo V3 V4

where ah; is the change in the number of moles of the componeiithe term d char-
acterizes the differential change of moles for all the congmis.A is called the reaction
coordinate (see.g, Smith et al. (2005)).

For multiple reactions, it is satisfied that

N
dn; = .thid)\i, i=1,..N, (5.54)

1=
wherev ; is the stoichiometric number of the compongit the reaction, A; the reaction
coordinate for the reactianandN the number of reactions. It is assumed that at the initial
state, there is no reaction and thyg0) = 0. Equation (5.54) is then transformed to

N
dnj = -Z\vj’i}\i’ i=1,...,N. (5.55)

Assuming that the reaction coordinate of the reaction fomiass production is much
lower than the reaction coordinates for reactions (a) ap{ixbich is usually the case for
anaerobic systems), and applying (5.55) for lactate, teatad butyrate, we get

dn.a = —)\a— )\b, (5.56)
dnaC: Aa—)\b, (557)
dnbu = )\b, (5.58)
> dnja+d
dnpy ~ _w, (5.59)

which gives an approximative relationship between therat¢yproduced and the lactate
and acetate utilized.

The mathematical model does not take into account biomassydand no distinction
between D-lactate and L-lactate is attempted. EEdnallii, the sum of the two isomers is
considered as a sole substrate. In the case of strain SSHktidde is the single substrate,
because this strain was not able to utilize L-lactate.
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5.2.2 Parameter estimation and model selection

Experimental data formerly obtained (Duncan et al., 200vHre analyzed to estimate the
parameters of our mathematical model. The published datmeans of triplicate cultures
experiments with pure cultures Bt hallii and strain SS2/1. Bacterial strains were grown
in YCFA medium with 45 mM DL-lactate, 10 mM glucose or DL-latg plus glucose
as added carbon sources in Hungate tubes under anaerobitiamn Fermentation was
monitored by synchronous measurements of the optical iye(@Dgs0) and concentra-
tions of glucose, lactate (DL and L), acetate and butyratec€ntrations of L-lactate and
glucose were determined by enzymatic methods. Conceotsatif SCFA and DL-lactate
were determined by capillary gas chromatography. D-lactats obtained by difference
between total lactate and L-lactate concentrations.

Parameter estimation focused Bnhallii and strain SS21/1 growth experiments in DL-
lactate containing medium. Data in the lag phase were natidered.

Parameter estimation of the Monod, quadratic and firstrokdetic models was per-
formed by using the toolbox IDEAS. The cost function to beropted was derived from
the assumption that measurement errors followed a normsiaitmition with unknown and
diagonal covariance matrix (see Eq. (4.20), page 102),reesdled

ny nt N 2
J(0) = kzli In IZ[yk(tik> — Ymy (ti. 0)]7] -
In section 4.1.1, we mentioned Akaike’s information ciiber (AIC) (Akaike, 1974) as
a broadly used criterion for model selection. Denote (') a fixed model structure.
The estimated information criterion AIC is defined by
AIC(.4,0') = ni [—ln m,(y|6', =) +dim(8") |, (5.60)
t

where@', 3! are the optimal values f@ and the covariance matri!.
The log-likelihood is computed by (4.14) (page 10153@

PN n n o 1 X PP s
—In (|8, S) = X2+ XindetSi+5 Y y(ty) —Ym(ty, )] (S)y(ty) —yi(t;, 6)].

=1

When there are several competing models, the best modelark&k information crite-
rion sense is the one with the smallest AIC. After parametémation, Eq. (5.60) was
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Table 5.4: Comparison of model candidates.

Model —In 1,(y|0", =) | AIC(.4,0')
Monod kinetics 39.762 4.974
Quaderatic kinetics 25.182 3.242
First-order kinetics 55.451 6.606

evaluated for each model candidate.

5.2.3 Results and discussion

The construction of the mathematical model describing thetlcs of butyrate production
by E. hallii and strain SS2/1 is inspired by standard models of anaerehators. We
adapted such models to the specificities of human colonitebac For instance, lactate
contribution to butyrate is not considered in mathematicatlels for anaerobic reactors
(Costello et al. (1991), Skiadas et al. (2000)), whereaatiadés known to be an important
precursor of butyrate production in the human colon.

5.2.3.1 Selecting the best model

Table 5.4 compares the candidate models to represent tkeemental data foE. hallii.
The model with quadratic kinetics is the best one with resfmeékaike’s criterion, and
also provides the smallest value of the optimized cost fanct The model with quadratic

Table 5.5: Estimates of the parameters for the quadratetikimodel with their approxi-
mate 95% confidence intervals.

kaa fla Ma o
E. hallii | 1.307+£0.089 | 0.8444-0.097 | 0.222+0.072 | 0.1404-0.087
SS2/1 | 1.8944-0.249 | 0.562+0.231 | 0.005+0.375| 0.060+0.032

kinetics adequately represents tihevitro experimental data of both strains (Fig. 5.8).
Data for strain SS2/1 is more scattered, thus the fit is ldsdfaatory than foiE. hallii. A
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discrepancy for acetate concentration is observed in therarents for both strains. In
the case oOE. hallii, this mismatch occurs for the first three sampling timeg #fie initial
condition. According to the model, acetate concentratidheither always increase or
always decrease. It is therefore impossible to accountifitst four data points if the
decreasing trend observed on the remaining data is comisistais transient mismatch
may be due to extra carbon sources in the medium, such asepeestt, not accounted
for by the model. This argument is also valid for strain SSFar E. hallii, the math-
ematical model slightly overestimates the biomass conagom at the final point of the
experiment. Apart from measurement uncertainty, thisetcbelexplained by the fact that
the kinetic model considers that biological activity is\gtb-associated. It is known that
bacteria can remain metabolically active without cell sioh. Thus, the optical density
will not always be a good indicator for bacterial activity.

The estimates of the parameters are shown in Table 5.5 vathapproximate 95% con-
fidence intervals, calculated from Eq. (4.34), page 106. ddwdidence intervals are re-
markably narrow foiE. hallii and less satisfactory for strain SS2/1, speciallyrfgr For
strain SS2/1, it appears that reaction (a) can be neglestegptesent biochemical con-
versions, explaining the large standard deviationrfgr Keeping in mind that the data
for strain SS2/1 is very scattered, large varianceg,g@fmay be due to measurement un-
certainty. The yield factors of the quadratic kinetic moaled computed by using (5.51)-
(5.53). Their values are given in Table 5.6.

Table 5.6: Yield factors for the quadratic kinetic model.

YIa Ya(;Ia YbuJa
E. hallii | 0.013| —0.470| 0.657
SS2/1 | 0.016 | —0.556 | 0.559

We also assessed the accuracy of parameters for the Monetiekbased model. Re-
sults are shown in Table 5.7. While the standard deviatidtiseoparameterss, Na, a
have the same order of magnitude that those for the quadtraéitic model ky, |5 and the
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Figure 5.8: Comparison of the model outputs (solid lineghvthe experimental data
(squares).

affinity constanKs 4 present high standard deviations in the Monod-based mouli
culties in attaining good accuracy for estimate the Mondithiaf constant may relate to
sampling times, limited amount of data available, and theor informative content.

5.2.3.2 Reactions stoichiometry

We integrated reactions stoichiometry with our kinetic mlodThe equations resulting
from the simplified set of reactions for butyrate productltas enabled us to present
stoichiometric relationships between metabolites. Fetaince, the number of moles of
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Table 5.7: Estimates of the parameters for Monod kinetic ehadth their approximate
95% confidence intervals.

Ksla Kmla fia Ma a

E. hallii | 6.626+10.168 | 43.998+14.331 | 0.791+0.123| 0.2194+0.075 | 0.098+ 0.059
SS2/1 | 7.722+16.099 | 42.632+29.683 | 0.574+0.249| 0.035+0.390 | 0.060+ 0.036

butyrate formed is half the number of reacting moles of k&cfdus acetate. This rela-
tionship was indeed verified in the experimental data. Iritanfd the reaction equations
explain why acetate could not be utilized when lactate wadedied in the medium. This
phenomenon was also observed for other butyrate-prodi@otgria grown in glucose
or fructose, where the conversion of acetate and bactewalth ceased with the disap-
pearance of glucose or fructose (Duncan et al. (2004a)niabal. (2006)). Acetate is
not an energy source for the bacteria in this process andilitzation is regulated by the
availability of other carbon sources, such as fructose e laetate.

5.2.3.3 Model limitations and applications

The model adequately describes the kinetics for butyratéumtion byE. hallii and strain
SS2/1. The parameters were estimated frowitro data obtained under a specific set of
conditions and these could change for experiments cartgdinder other conditions.
For instance, lactate consumption rate and SCFA produetierknown to depend on
hydrogen partial pressure (Costello et al. (1991); Maafaland Macfarlane (2003)).
Belenguer et al. (2007) showed that lactate utilization femehentation products formed
by human fecal microbiota depended on pH. Amaretti et al0720eported that the es-
timates of kinetic parameters can also change with pH camdit The model presented
here does not take into account the influence of pH or of hyelrqguartial pressure on the
Kinetics.

Environmental conditions impose thermodynamic limitat@n the spectrum of fermen-
tation products. The Gibbs free energy chanmy@'] of the reactions is the driving force
that determines the concentration profile of the metalsliehus, initial concentration
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and accumulation of metabolites will strongly affect thegress of the reactions (Ro-
driguez et al. (2006a); Madigan et al. (2009)h vitro experimentswith the ruminal
butyrate-producing bacteriuM. elsdeniishowed the impact of the initial concentration
of acetate on butyrate metabolism. Under low initial coricgions of extracellular ace-
tate (< 4mM), the production rate of acetate was higher ttseaconsumption rate. When
the initial concentration increased, however, productlenreased and consumption in-
creased, concomitant with an increase in butyrate proalu¢kino et al., 1991). For the
experimental data analyzed here, the acetate consumpti®@was higher than its pro-
duction rate. In the kinetic model, the estimated valug,gfwas lower than 0.5, which
implies a negative value of the yield factdy; . Under other experimental conditions,
where acetate production is higher than its consumptia@ntbdel structure advocated
here will remain identical, bufy; will be higher than 0.5 anifacja wWill become posi-
tive. This shift in the progress of the reaction may be hamdi¢hematically by using
thermodynamic-based models as proposed in Rodriguez(20aB).

The mathematical model presented here focusek.omallii and strain SS2/1. These
two strains differ in their affinity for lactate enantiomeWhile E. hallii was able to use
both D and L-lactate, strain SS2/1 only utilized D-lactatdhe model does account for
these differences. In addition, the mathematical modalishaot be restricted t&. hallii

or strain SS2/1 as it could be applied to other phylogenétidéstinct bacterial groups
that share enzymatic reactions. Kinetic rates may diffewben species as demonstrated
for the two strains analyzed here, but the model structulleowiidentical. Changing the
key carbon source from, for example, lactate to glucose avallbw the model to be em-
ployed in studying other key butyrate producing bacteré #re unable to utilize lactate,
such aR. intestinalisandF. prausnitzii

The aggregated model structure could also be applied fgrdet producing strains re-
gardless of their different enzymatic activities. For exdamin vitro studieswith R. in-
testinalisDSM 14610 andh. caccaeDSM 14662 with fructose as the main carbon source
showed that exogenous acetate stimulates bacterial growtbth strains. Acetate how-
ever was essential for the growth Rf intestinalis but not forA. caccag(Falony et al.,
2006). In this case, endogenous acetate production comgstsr the lack of exogenous
acetate. This could be explained by a higher acetate kirtdisgyg such as shown for the
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strainA. caccad.1-92 compared t&. intestinaligelated strains (Louis et al., 2004).

Integration of the results presented here into the compteidel may enables one to
assess strategies aimed at reducing colonic L-lactateeatrations and enhance butyrate
production.

5.3 Conclusions

In this chapter, we presented the parameter estimation@mstwmodels of the full reac-
tion pathway of carbohydrate fermentation performed byhilmaan colonic microbiota.
We tackled such a task with a systematic methodology, thrabeaextended to other re-
action steps of the trophic chain. The toolbox IDEAS wasruraental to detect practical
identifiability problems. For the kinetic model of butyrggeduction, it also enabled us
to easily test various model structures. Quadratic kisetiere selected to describe mi-
crobial growth rates. The resulting models described faatisrily in vitro experimental
data and provided a better accuracy in the estimates thaodAbased models.

In vitro experiments have shown transfer of hydrogen and acetatebetbutyrate pro-
ducing bacteria and hydrogen utilizers (Chassard and Ber+si2zonadille, 2006). It would
be interesting to reproduce such experiments in order &grate the resulting data into
a model that couples the two kinetic models studied here.h Sumodel would allow
valuable cross-feeding interactions to be studied. Intamdiwe could assess the role of
hydrogen in the metabolic process.

The application of the singular perturbation method on treeleh of homoacetogene-
sis is a preliminary step towards model order reduction efdbmplete model. Such an
approach will enable us to reduce simulation time, which l&yime consuming for the
parameter estimation of the full model.

The Monod equation, which is derived from the Michaelis-Mgnequation (1913), is
the most widely used expression to describe microbial groate. However, parameter
estimation of Monod based-models is known to be hampereddwtipal identifiability

problems (seee.g, Holmberg (1982); Vanrolleghem et al. (1995); Kesavan aad/ L
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(2005)), as we also showed in the present study. Other kiekpressions with less pa-
rameters can be used to avoid those difficulties. For instaseveral authors (Jeppsson
and Olsson (1993); Castillo et al. (1999); Soto-Cruz et2410Q); Kong et al. (2006)) have
showed that simple equations such as first-order kineticbeaffective to represent bio-
logical activity. Holmberg (1982) suggests that the padtidentifiability obstacles of
Monod based models should not limit its applicability, imtue of its excellent expla-
nation of bacterial growth. In this direction, Monod kirestihas been recommended for
comprehensive models of biological processes (Batstdi®g)2 In the complete model
structure, Monod kinetics is kept to represent microbiévéy.

In our modelling studies, more informative data would haegpld improving the es-
timation of Monod parameters. Selection of experimentabions is not a simple task,
and, as mentioned in Section 4.3.3, it is an area of resedretould be interesting to

identify the degrees of freedom in the procedure for dateectibn of the two submodels
here studied. This information could be used in future gsidin optimal experiment de-
sign. We think that the toolbox IDEAS could be exploited itlsa task.

The parameter estimation performed here provides usefuinration for building prior
knowledge to tackle the estimation problem for the comptsteel. Currently, the param-
eter estimates of the two kinetic models, together witheskextracted from the literature,
are used to set the parameters of the complete model. Intilve fthis information could
be integrated in a Bayesian estimation framework, when filata in vivo experiments
become available.

We analyzed here the whole by its parts. In the following ¢tbapve show the method-
ology used to reduce the dimensions of the parameter arel\atators of the complete
model.




Chapter 6

Reducing model complexity

A theory should be made as simple as possible,
but no simpler.
Albert Einsteirt

The first part of this chapter describes the integration aiwkedge to reduce the
dimension of the parameter vector in our model. In the seqartd we show prelimi-
nary results on model order reduction of the complete mogéhé singular perturbation
method.

6.1 Reducing the dimension of the parameter vector

In order to reduce the number of unknown parameters, thewoily is assumed(i) all
compartments share the same Henry law consténtk a takes the same value for the
three gases in all compartmentsi) decay constants, adherence and detachments coeffi-
cients are the same for all microbial groups in all compartts\€iii ) kinetics parameters

for processj are the same in all compartmentsy) the yield factory; j is the same in

all compartments. In addition, the yield factors are setuargntee carbon and hydrogen
balances as proposed by Batstone et al. (2002). This proeedexplained below.

1This quotation is often attributed to Einstein. Howeverame has found yet its original source. The
guotation may be a paraphrase of Einstein’s statements aioplicity (Caprice, 2000).
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6.1.1 Determination of yield factors based on stoichiomeyr

The reactions considered in the model are illustrated inefald. Relationships between
the yield factors can be obtained from stoichiometry (®eg, Batstone et al. (2002);
Kleerebezem and van Loosdrecht (2006)).

Consider, for example, the reactions implied in glucoskzation. Glucose is used in
catabolic processes;HR4, and the anabolic process RBor bacterial growth. Leffs, de-
note the fraction of glucose used for catabolism. FrogntRe yield of biomas¥y, is
then 5

Ysu — g(
Glucose used in the catabolism is degraded uidRR The fraction that is converted in
reaction R is denoted by (k=1,2,3,4). For Ry, itis clear thatjs=1—(n1+nN2+nN3)-

In a reacting systenmy can change as a function of the thermodynamic conditions. We

1— fe).

take them as constants.

The yield factors for the components can be expressed asdnaof fs,, n1, N2 and

ns, as

Yia,su= 2fsul1,

2
Yac,su= 2fsul2 + 3 fsuns,

4
Ypro,su= 3 fsuns,

You,su= fsulls,
YH,,su= 4fsun2 + 2fsuna,

2
Yco,su= 2fsun2 + 3 fsunz+ 2fsuna,
18

2
YH,0,5u= —2fsul2 + 3 fsuns + g(l — fsu).

In addition to maintaining elementary balances, this apgincenables us to reduce the
number of parameters. For example, without these considesathe number of param-
eters to be estimated for glucose utilization would be 8.ngshe stoichiometry, it is
reduced to 4. This procedure is used for all substrates.
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Table 6.1: Stoichiometric reactions used in the model. Tibenhss is assumed to have

the empirical formula gH7O,N (Batstone et al., 2002).

Glucose utilization

CsH1205 = 2CH;CHOHCOOH

CsH1206 + 2H,0 = 2CH3COOH +2CQ + 4H,

3CsH1206 = 4CH3CH,COOH + 2CHCOOH + 2CQ + 2H,0
CsH1205 = CH3CH,CH,COOH + 2CQ + 2H,

5CsH1206 + 6NH3 = 6CsH702N + 18H,0

Lactate utilization

3CH3;CHOHCOOH=- 2CH3CH,COOH + CH,COOH + CQ + H,0
2CH3;CHOHCOOH=- CH3CH,CH,COOH+ 2H + 2CO,
5CH3CHOHCOOH + 3NH = 3CsH70,N + 9H,0

Hydrogen utilization: homoacetogenesis reaction
4H, + 2CO, = CH3COOH + 20
10H, + 5CQ, + NH3 = CsH70,N + 8H,0

Hydrogen utilization: methanogenesis reaction
4H; + COp, = CHy + 2H,0
10H, + 5CQ, + NH3 = CsH70O2N + 8H,0

(R)
(R2)
(Rs)
(Ra)
(Rs)

(Re)
(R7)
(Re)

(Ro)

(Ru0)

(R11)
(R12)

Hydrogen has to be considered carefully, as it participasesubstrate in two reactions.

In our model we defined a total fractidp,, which is split in the reactions of homoaceto-

genesis and methanogenesis in the proporpotigns fv,m, such thatfy, = fi,a+ fHom.

Taking into account the above assumptions, the number aintbael parameters is re-

duced from 333 to 60 (Table 6.2).
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Table 6.2: Reduction of model parameters.

Parameters Lumen Mucus In each physiological | Whole system
subsystem| subsystem region

Reactions

Hydrolysis

Contois parameters 2 2 2 2

Yield coefficients 1 1 1 1

Glucose utilization

Monod parameters

Yield coefficients 4 4 4 4
Lactate utilization

Monod parameters 2 2 2 2
Yield coefficients 2 2 2 2

Hydrogen utilization

Homoacetogenesis

Monod parameters 2 2 2 2
Yield coefficients 1 1 1 1
Methanogenesis

Monod parameters 2 2 2 2
Yield coefficients 1 1 1 1
Decay rate

Decay constants 1 1 1 1

Subtotal 20 20 20 20
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Reduction of model parameters (continued).

Parameters Lumen Mucus In each physiological | Whole system
subsystem| subsystem region

Transport

Glucose 1 1 3
Lactate 1 1 2 6
Acetate 1 1 2 6
Propionate 1 1 2 6
Butyrate 1 1 2 6

Water 1 1 2 6

Microbial phenomena

Shear constants 1 1 1
Adherence constants 1 1 1
Additional residence time 1 1 1
Liquid-gas transfer

Ha 1 1 1 1
CHy 1 1 1 1
CO, 1 1 1 1
k.a 1 1 1 1
Subtotal 12 10 18 40

Total 32 30 38 60
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6.2 Reducing the dimension of the state vector

The previous result of model order reduction for the subrhotleomoacetogenesis (see
Section 5.1.3) motivated us to extend the singular pertimba@pproach to the complete
model of carbohydrate degradation.

Consider, for example, the model associated with the luméme proximal colon section,
defined by

§ =i~ o' - ¢é+zv.',p, )-q, (6.1)
2 =dng o Bl Sty (e, 6.2

H =y émb—m—w 5 ¥hi(e) (6.3)
V! Ti + V1 /out v j; LIPS s -

Sgi = q\g}msg,l,ln %, OUth|+Q| (6.4)

The scaling factors and the order of magnitude of the pamisiare again deduced from
those obtained fronn vitro experimental data or drawn from the literature. Equations
(6.1)-(6.4) also share the generic form (5.12)

X = di(z)x + pi(%),

which allows us to bound the local time constants. By apgjyinee same procedure as
in the homoacetogenesis model, we obtain a two-scale modélei standard singular
perturbed form. The vector of fast variables

Z =[Sy, ScH,» Scoy] -

Denote byx the vector of slow variables, and consider for instance audhics ofsy,,
expressed in the slow time scale. It can be written as

1 . Cout(X) + VlH XH,a
T e k() [ T, g, _ XHpa
TskLaSHZ (X) ( Ka +1|s4, Ilma)gHzaKsJ_ba_i_SH2
X
- Umangmﬁst, (6.5)

KS,Hzm + SHZ
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wherek(x) is a function of the slow variables. Consequently, the gstesidy state value
for the concentration in the liquid phadéx), is the unique positive solution of the third-
degree polynomial equation that can be deduced from

k(x) — (%‘:VJ—Q + 1) I(x) — HmatzaKs#fl(x)l ()

XHzm
— — | =0. 6.6
Hma)gHgm Ks,Hzm n [ (X) (X) ( )

As we did for the homoacetogenesis model, we obtain a boy+dger equation of the

form g K K
y 1 3

— = K 6.7

du (KererKzlerJr S)y’ ©.

where the coefficienk; is a positive constant in the fast time scale. The origin ef th
boundary layer model is easily shown to be exponentiallyistal he other hypotheses of
the Tikhonov theorem are also satisfied. The computatiothivother fast variables are
similar, so the model can be simplified.

This result is very convenient on many aspects. First, aunagons of hydrogen, methane,
and carbon dioxide are difficult to measure, and their ih@¢@ditions are usually un-
known. By applying the singular perturbation approach, veere longer interested in
estimating the initial conditions of such state variablesaddition, model order reduc-
tion leads to savings in simulation time and contributesrtauation stability.

We illustrated, by means of simulations, the closeness e@fbithavior of the reduced
model to that of the complete model for the lumen microhalnitdhe proximal section.
As observed for the homoacetogenesis model, when initiadlitons in the complete
model are in the acceptable physical range, the responke oéduced model is superim-
posed to the response of the complete model. We set thd potiditions of hydrogen,
methane and carbon dioxide in the liquid phase to unreadi$fi high values to observe
differences between the two models. The result is illusttan Fig. 6.1, which confirms
the validity of the reduction.

Figure 6.2 compares the responses for the complete (canisnaurves) and reduced
(dashed curves) models of the lumen compartment in thel distdion. Model-order
reduction seems to improve the stability of the simulatiadewever, further investiga-
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tion in this issue is needed.

Model reduction allows a saving of at least 30% in computeti®ime, because the stiff-
ness of the model is reduced. Applying this approach to theusiand lumen compart-
ments in the complete model reduces the number of statebl@sitom 102 to 84.

6.3 Conclusions

Under the assumptions that some parameters of the modethaksame value in all
compartments, and by taking stoichiometry into accountswestantially reduced the di-
mension of the parameter vector of our model. However, welghaep in mind that the
reduced parameter vector may not be sufficient to represpetrienental data and thus
its reformulation might be needed. To provide a more comatugrgument, it would be
necessary to perform sensitivity analysis to evaluate tatwektent the parameters affect
the system behavior, and to confirm the validity of thesermp$ions. Such an analysis is
an important step to be performed in future work. Given thaglexity of the model, the
local sensitivity approach described in Section 4.4 mayoeatuitable and more sophisti-
cated methods should be needed (sag, the methods described in Saltelli et al. (2000)).

Results on model-order reduction for the homoacetogenasie! were extended to the
complete model. Theoretical analysis and simulationdtesanfirmed the validity of the

singular perturbation approach. Model-order reductieamsed to improve the stability of
the simulations, and allowed savings of computational time

Up to now, we have presented the methodology to constructrmdel and to define
its parameters. In the next chapter, we show our first resmtsimulating the model
under various nutritional scenarios.
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Figure 6.1: Comparison of the complete and reduced modethfoifull fermentation
pathway in the lumen of the proximal colon. Discrepancy itiahconditions has been
exaggerated for the sake of illustration.
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—— complete model
- reduced model

0 %ime @ 4 0 %me « 4 Time (d)
Figure 6.2: Comparison of the numerical stability for thenglations of the full (con-
tinuous curves) and reduced model (dashed curves) in thenwfthe distal colon. The
oscillatory behavior results from the periodic reset ofwbkeime due to excretion. Model-
order reduction seems to improve the stability of the sirnores.




Chapter 7

The mathematical model as a virtual
experimental platform

Il n’existe pas une catégorie de sciences auxquelles os@uis
donner le nom de sciences appliquées. Il y a la science eples a
plications de la science, liées entre elles comme le frudrdie
qui I'a porté.

Louis Pasteur

This chapter is dedicated to illustrate the potential useusfmathematical model in
the analysis of the human colonic ecosystem. The simuktwasented here address
specific questions. Some of them aim to assess the platysitfiihe model on the basis
of existing knowledge, while others attempt to study intéoms and phenomena that are
difficult to evaluate through experimental work. The math&éoal model is implemented
in Simulink/Matlab (Fig. 7.1). Simulink provides a grapaidnterface that facilitates the
communication with biologists. The ordinary differentejuation solver ODE15s was
selected, because it is well adapted to stiff models. It sedeon an implicit method
proposed by Klopfenstein (1971) (see Shampine and Rei@#7) for more details).
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Figure 7.1: Model implementation in Simulink.

Simulation conditions

The input flow rate was set to 1.5 I/d. Fiber intake was set asragtical pulse, with
three meals per day of 30 min duration each. The amplitudeeoptiise was calculated
according to the desired fiber intake. Initial conditiongevdetermined by simulating
the model with a total periodic feed of 10 g of fiber per day lusttationary state was
reached in the proximal and transverse colon. Afterware,stiationary state variables
were saved to be used as initial conditions for the evaloatiovarious scenarios. Mucins
production was set as 5 g/d. Volume in the distal colon wasalized to 100 ml. The
volume of one excretion was adjusted to 200 ml according wegareported in literature
(Birkett et al. (1997); Topping and Clifton (2001)). Simtitens were carried out on a
Dell PowerEdge 1950 server (32 GB RAM). In average, eachaok about 30 min of
computer time. The distal colon is the most demanding seatiterms of computational
time. Numerical values of the model parameters used forithelations are presented in
Appendix A.

7.1 A dynamic and spatial picture

The purpose of this section is to illustrate the dynamiceffermentation pattern along
the physiological regions of the human colon and to assesgl#usibility of our model.
Fiber intake was taken as a periodical signal providing 2%gfiber. Figures 7.2-7.8 dis-
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play a dynamic and spatial picture of the fermentation paths predicted by the model.

The proximal colon appears to be the most active section.t bfabe fiber is degraded
there (Fig. 7.2). It presents the highest level of monosaidas that are depleted in the
following sections . Simulated SCFA concentrations turhtowbe high in the proximal
colon and fall progressively towards the distal colon (Fig). The predicted molar ratio
Acetate:Propionate:Butyrate in each luminal section were

in the proximal colon 82:37:39,
in the transverse colon 74:35:37, and

in the distal colon 57:31:33.

These values are in agreement witlvivo studies (Cummings et al. (1987); Topping and
Clifton (2001) and the references therein).

Itis interesting to observe in Fig. 7.4 that homoacetogedsaethanogens in the luminal
microhabitats coexist. However, in the mucus the competis more critical. In Fig. 7.8,
it is observed that in the proximal colon, hydrogen utilizare mainly homoacetogens,
while for the transverse and distal colon methanogens pnedue. Little is known about
the dynamics of the mucus. The simulations presented hevédgra view of such a mi-
crohabitat.

The predicted microbial concentration in the distal colalout 70 g/l. If we assume a
density for fecal matter of 1 g/ml and that 15% of fecal madirer solids, this implies that
microorganisms represent 47% of the solids, which agretstive experimental values
reported in the literature (Moore and Holdeman (1974); Is¢epand Cummings (1980)).

The responses of the concentration of methanogens (Fijy. ahd gas concentrations
of Ho and CQ in the distal colon (Fig. 7.5) illustrate some problems cdpdrical rep-
resentation (note the peaks). This can be linked to the fasardics of the liquid-gas
transfer phenomenon, which lead to multiple time scales.

Figure 7.9 summarizes the spatial and time variation of ohial and metabolite con-
centrations. While the profile of microbial concentratiarthe lumen is increasing from
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Figure 7.2: Dynamic fermentation pattern along the lumengartments.

the proximal to the distal section (Fig. 7.9 C), the micrbb@ncentration in the mucus
presents an opposite behavior (Fig. 7.9 D). This may be aqaeby the sugar depletion
in luminal compartments, which reduce substrate avaitgl§dr diffusion to the mucus.

In luminal compartments, the chyme looses water travelioggathe colon and thus the
microbial density increases. Figure 7.10 shows the freqpuei excretion. The model
predicts a number of 1.5 defecations per day, which is in dmge reported in Birkett

et al. (1997).
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Figure 7.3: Dynamic fermentation pattern along the lumengartments.
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Figure 7.4: Dynamic fermentation pattern along the lumengartments.
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Figure 7.5: Dynamic fermentation pattern in the gas phasgghe lumen compartments.
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Figure 7.6: Dynamic fermentation pattern along the mucuspartments.
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Figure 7.7: Dynamic fermentation pattern along the mucuspaortments.
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Figure 7.9: Overall fermentation pattern in the human coRxproximal colon, T: trans-
verse colon, D: distal colon. Concentration of SCFA fallsng the human colon, both in
lumen and mucus. Total microbial density increases frortipral to distal section in the
lumen, while the microbiota in the mucus follows an oppokébavior.
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Figure 7.10: Excretion frequency. The number of defecatjmar day is 1.5.

These figures summarize the prediction of the evolution dabwites and microor-
ganisms concentrations along the colon when fiber intakegdsfrom 10 g/d to 25 g/d.
From there, we can infer that when a perturbation on dietagyme is applied on the
system, at least 10 days are needed to see the overall efffeatio a change. It is also
observed that studying data collected from the distal secthich is the only one exper-
imentally accessible, is not enough to have a full pictuiefoehavior of the system. By
including transport phenomena such as microbial agg@ya8CFA and water absorp-
tion, it was possible to obtain a global representation etihman colonic ecosystem that
was consistent with physiological data.

7.2 What is the impact of dietary fiber?

Literature relates the benefits of fiber intake on the largesiime function. The assess-
ment of the impact of fibers on the fermentation pattern camased on human nutritional
trial, on model simulations, or both. In this section, we r@s$d that question by means
of simulation of our model. Three nutritional strategiegevevaluated, varying the daily
amount of dietary fiber as follows: 10 g/d (low-fiber diet), @8 (average-fiber diet) and
40 g/d (high-fiber diet). The selection of the values of fibeake was based on a real
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Figure 7.11: Predicted impact of fiber intake on fermentegiattern. Concentrations are
taken at last excretion. They correspond to the lumen commgat in the distal colon.

human clinical trial performed within the AlimIntest praje Fig. 7.11 compares the pre-
dicted effect of these strategies after a simulation peoiodl0 days. Simulations show
the fermentation pattern in the lumen of the distal sectibney predict that increasing
fiber intake leads to an increase in SCFA production, as has bleserved (reviewed in
Topping and Clifton (2001)). In addition, gas productionrgases, which could be detri-
mental. While SCFA production has a health-promoting ¢ffexcrease of gas causes
abdominal pain, distention, and may be related to inflammdtowel disease. Total
amount of gas produced from fermentation is estimated fré&a¥/@ to 4 I/d (Macfarlane
and Cummings (1991); Bouhnik et al. (1997)), and the valissngoy the mathematical
model are in accordance with the literature.

Our model could be useful to evaluate the relationship betvider intake and gas pro-
duction, which is difficult to carry out botn vivo andin vitro, with contradictory ex-
perimental results (see.g, Topping and Clifton (2001)). We can also use the model
to characterize the dynamic response of the system and #tasmdne when the main
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changes in the fermentation pattern occur. In the futurepmdel may be helpful to the
establishment of nutrition guidelines.

7.3 What s the role of the mucus?

The mucus affects the dynamics of the lumen in three forisit provides conditions
for microbial aggregation.(ii) the mucins represent an additional carbon source and,
finally, (iii ) microorganisms in the mucus can enrich the luminal micladmanmunity
by means of the shear phenomenon. We have used our math&@madidel to assess the
importance of each of the above factors on the human coloardigs. Such effects are
illustrated in Fig. 7.12. The continuous blue curve repnés¢he response of the model
taking into account the mucus and the action of the three amésins mentioned above.
The other curves were obtained by setting to zero the paeasassociated to each of
the three mechanisms in turn. When no mucins were availaelastrates for luminal
microbiota, the dynamics of the system remained identidais means that the amount of
carbohydrates in the exogenous fiber is much higher thacdméained in the mucins that
are not utilized in the mucus. Figure 7.12 also suggestsiabbiota from the mucus
enrich that of the lumen. The simulations predict that nba@baggregation, which is
represented by the additional retention timéor the microorganisms, is necessary to
achieve physiological conditions, namely high degradeatb fiber and high microbial
density. Thus, this mechanism appears as the most relea@not to explain the role of
the mucus on human colon dynamics.

7.4 Model limitations

The current version of our model does not account for somsiplogical mechanisms
that are important for the system behavior. For exampldéadidiber is known to mod-
ify colonic transit time. The water-holding capacity of fitmntributes to fecal bulking,
which has been shown to be a health-promoting factor by dtniimg risk of large bowel
cancer (Cummings and Stephen (1980); Topping and CIifté0X}. Fecal bulking re-
lates to structural properties of the fiber, mechanismsggsta flow through the intestine,
such as peristaltic movement and change in the rheologgo¥$ity of the digesta passing
along the colon is progressively increasing, imposing aspay barrier to substrate up-
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Figure 7.12: Role of mucus in the human colon. Concentratoamrespond to the proxi-
mal lumen compartment. Fiber intake was set to 25 g/d. Agdreg appears as the most
relevant factor to maintain physiological conditions.
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take by the microbiota. In biofilm reactors, as in heterogesesystems (see,g, Bird
et al. (1960)), the process can be diffusion controlled. ddresersion rate may then differ
to the one predicted by a model where conversions are assiarbectontrolled by biolo-
gical kinetics (Bernet et al. (2005); Gonzalez-Gil et aD@2)). In addition, the increased
chyme viscosity changes the flow characteristics of theesysthich are more likely to
be that of a plug flow reactor. These factors are not yet ireddud our model, and should
be considered in future work to take into account both bioubal and physical effects
of fiber intake on the human colonic ecosystem.

In our model, we did not include protein as carbon source botlimen and mucus.

Protein contribution from dietary origin ranges from 1-1/8 §see Table 2.2, page 66).
Thus, in certain individuals, protein may be an importarisstate for the microbiota. In-

corporation of protein into the model, implies the integmatof its degradation pathway.
Extension of our model to account for protein degradatioouhthen consider amino
acids (which are the constitutes of proteins) and the fonefibacterial group for amino
acids utilization.

As previously mentioned in Section 2.3.1.4, the matherahtitodel does not account
for sulfate reduction. This reaction has deleterious cguseces for gut health via the
formation of toxic sulfide (Flint et al., 2007). Incorpomati of such a metabolic con-
version into the model may be useful to evaluate strategieseflucing colonic sulfide
concentrations.

7.5 Conclusions

In this chapter, we illustrated the potential use of our reathtical model. Simulation
results strengthen the plausibility of the model with respe information reported in the
literature. Our model enables one to represent the dynawhite fermentation process
along the physiological sections, including lumen and ns.eampartments. It was tested
under various nutritional strategies to assess the impéiber intake on fermentation pat-
tern. We could evaluate such strategies in a reasonableutatignal time. Simulations
showed that increases in fiber intake lead to increases iASMHB microbial concen-
tration, but also in gas production, as expected. Furthesptbe simulations indicated
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interesting features about the dynamics in the mucus. Aargdge of the model is that
it allows for analysis that are difficult to carry out by exipeental routines. By means
of simulations we could study the mechanisms in which theuswdfects the behavior
of the luminal subsystem. It was suggested that the mostaieief such mechanisms
relates to providing conditions for microbial aggregation

We also identified the main limitations of the model. Theyude for example the lack of
modelling of the rheology of the chyme, which is an imporfaimgsiological factor. Such
a mechanism may be an interesting element to be considefetlire research.

This model makes it easy to address a wide listfat if questions, of which those pre-
sented here are only examples. Tackling these questiamsghmathematical modelling

should contribute to our insight into the human colonic gstam. A key factor towards

such an understanding is the integration of informationes? bench experiments. In this
direction, gnotobiotic rats has been used to evaluate thardics of carbohydrate degra-
dation. Preliminaries of such a study are discussed in tlerfimg chapter.

Our model should be a complementary approach to the expetaingork (bothin vivo
andin vitro). It could be a useful tool in developing nutritional stigites focusing on
health-promoting metabolites and diminishing gas pradact




Chapter 8
Animal rodents inoculated with a
minimal human colonic microbiota: an
ongoing experimental work

What matters it how far we go? his scaly friend replied.
There is another shore, you know, upon the other side.
Alice’s adventures in wonderland. Lewis Carroll

Animal rodents have been broadly usedagvomodels of the human colonic ecosys-
tem, as already discussed in Section 2.4.2. Informatian freetabolic studies of such
vivo models is a keystone to tackle the parameter estimationrahathematical model.
Currently, in our lab, a study with gnotobiotic rats has begaluating the dynamics
of carbohydrate degradation. This study comprises thrée steps.(i) selection of mi-
croorganisms from the human colonic microbiota to be inatad into the axenic rodents,
(i) preliminary study of microbial colonization, anii ) study on the impact of fiber in-
take on fermentation pattern. In this chapter, we deschibeartethodology used to select
human intestinal microorganisms.
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8.1 Selection of a minimal functional microbiota

The main part of this work was published in Environmentalrivhology (Tap et al.,
2009).

In our mathematical model, the microbiota is representedetabolic functional groups.
Our criteria to select the group of microorganisms for irlatian were(i) coverage of
the metabolic pathway illustrated in Fig. 3.2 (page 80), @ndorevalence in the human
colonic microbiota. The recent study presented by Tap €2809) suggested that hu-
mans share a common phylogenetic core of microorganisnteinlarge intestine. The
identification of such a microbial core is briefly presentetbt.

Sequencing of 16S rRNA genes was carried out from 17 humaal [2HA samples.
Clustering of the sequences led to the identification of 32B6rational Taxonomic Units
(OTU). Generally speaking, each OTU represents a bactgraies.

Under the hypothesis that there was not dependence betiveendividuals, it was as-
sumed that the presence/absence of the OTUs followed a @hdistribution on the

prevalence. LeW; be the probability that the OTY is detected in an individual. The
probability that OTUj is detected irk individuals is

(E) W(1— )k, 8.1)

with n the number of individualsn(= 17). The estimated probabilil@j is given by
W, = k—r{ wherek; is the number of individuals where OT|Jvas detected.

In order to assess the uncertainty related to the sample ®@néidence intervals were
computed by the method proposed by Wilson (1927) and diedusg Agresti and Coull
(1998).

The confidence interval has the form

0y (B30 4 ) ]

(8.2)
1+2; ,/n

wherezg /2 denotes the quantile of the standard normal distributibwak set to a value
of 1.96 to correspond to a 95% interval confidence.
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Table 8.1: Phylogenetic core.

OTU pj (%) Confidence | OTU pj (%) Confidence
interval interval

Faecalibacterium prausnitzii 476 | 0.94 | [0.73;0.99] | Roseburia intestinalis 0.8 0.59 | [0.36;0.79]
Anaerostipes caccae 3.11 | 0.88 | [0.65;0.97] | Clostridium clostridioforme 1.84 | 0.59 | [0.36;0.79]
Clostridium spiroforme 0.95 | 0.88 | [0.65;0.97] | Clostridium nexile 1.39 | 0.59 | [0.36;0.79]
Bacteroides uniformis 4,97 | 0.82 | [0.59;0.94] | Alistipes putredinis 1.53 | 0.59 | [0.36;0.79]
Dorea longicatena 1.23 | 0.76 | [0.52;0.90] | Eubacterium ramulus 0.77 | 0.59 | [0.36;0.79]
Bifidobacterium longum bio-| 0.86 | 0.76 | [0.52;0.90] | Faecalibacterium prausnitzii 1.15 | 0.59 | [0.36;0.79]
var Longum

Clostridium sp 2.17 | 0.76 | [0.52;0.90] | Bacteroides capillosus 1.22 | 0.59 | [0.36;0.79]
Faecalibacterium prausnitzii 1.95 | 0.76 | [0.52;0.90] | Ruminococcus obeum 0.8 0.59 | [0.36;0.79]
Clostridium bolteae 241 | 0.76 | [0.52;0.90] | Ruminococcus luti 1.11 | 0.59 | [0.36;0.79]
Clostridium sp 1.9 0.76 | [0.52;0.90] | Clostridium amygdalinum 0.56 | 0.59 | [0.36;0.79]
Lachnospira pectinoschiza 1.22 | 0.71 | [0.47;0.87] | Clostridium straminisolvens 0.9 0.59 | [0.36;0.79]
Faecalibacterium prausnitzii 2.96 | 0.71 | [0.47;0.87] | Ruminococcus obeum 0.73 | 0.53 | [0.31;0.74]
Roseburia intestinalis 2.12 | 0.71 | [0.47;0.87] | Ruminococcus luti 1.7 0.53 | [0.31;0.74]
Ruminococcus obeum 0.55 | 0.71 | [0.47;0.87] | Bacteroides capillosus 1.04 | 0.53 | [0.31;0.74]
Eubacterium hallii 1.39 | 0.71 | [0.47;0.87] | Clostridium orbiscindens 0.58 | 0.53 | [0.31;0.74]
Hespellia porcina 2.61 | 0.71 | [0.47;0.87] | Coprococcus eutactus 452 | 0.53 | [0.31;0.74]
Bacteroides vulgatus 8.18 | 0.71 | [0.47;0.87] | Eubacterium hallii 0.93 | 0.53 | [0.31;0.74]
Ruminococcus obeum 1.04 | 0.71 | [0.47;0.87] | Clostridium sp 0.97 | 0.53 | [0.31;0.74]
Eubacterium rectale 8.16 | 0.65 | [0.42;0.83] | Clostridium xylanolyticum 0.77 | 0.53 | [0.31;0.74]
Faecalibacterium prausnitzii 1.58 | 0.65 | [0.42;0.83] | Eubacterium rectale 0.66 | 0.53 | [0.31;0.74]
Faecalibacterium prausnitzii 1.42 | 0.65 | [0.42;0.83] | Collinsella aerofaciens 0.73 | 0.53 | [0.31;0.74]
Dorea formicigenerans 0.85 | 0.65 | [0.42;0.83] | Ruminococcus bromii 9.01 | 0.53 | [0.31;0.74]
Eubacterium rectale 1.23 | 0.65 | [0.42;0.83] | Eubacterium eligens 1.47 | 0.53 | [0.31;0.74]
Eubacterium rectale 4.74 | 0.65 | [0.42;0.83] | Clostridium bolteae 0.7 0.53 | [0.31;0.74]
Ruminococcus schinkii 1.74 | 0.59 | [0.36;0.79]




Animal rodents inoculated with a minimal human colonic ralmpta: an ongoing
180 experimental work

The phylogetic core was defined as the subset of OTUs found ieaat 50% of the
individuals. The resulting core was a set of 49 candidates T&ble 8.1). Taxonomic
characterization of the OTUs was performed using the RDRds&ifier program (RDP
Il Release 9.58). The set of candidates were compared tdfouan Gl tract 16S rRNA
external databases obtained from different countries Z0D08); Eckburg et al. (2005);
Manichanh et al. (2006); Gill et al. (2006)). The 81.6% of tdamdidates were found in
more than three databases, which confirmed the selecti@uridertainty of the probabil-
ities estimates in the binomial distribution is high duette small sample size. According
to the confidence intervals, the 10 most frequent OTUs wenglikely to be part of the
core. After the assignation to the closet isolated typdrsfram RDP II, the ten most
prevalent species wer&aecalibacterium prausnitzii, Anaerostipes caccae, €idsim
spiroforme, Bacteroides uniformis, Dorea longicatendjddibacterium longum biovar
Longum, Clostridium sp, Faecalibacterium prausnitzii@ps 2, Clostridium bolteae,
Clostridium sp

The parameter¥; do not provide information about the abundance of the OTU&én
global dataset. In order to have a representation of theinaierms of abundance, the
numbers of sequences of each OTU were averaged on the stibsivimluals where the

OTU was detected. So
1 17

p = Ei;q’l’ (8.3)
with py the average abundance of the the AT¢longing to the core angl| the number
of sequences of the OTUnN the individuali.
Average abundances were normalized as

P
Z|431 P ,
with p; the normalized abundance of the OTU

P = (8.4)

The representation of the core is depicted in Fig 8.1. Thenabzed abundance of the
core OTUs varied from 0.5% to 9%. Each of the ten OTUs with éggimormalized abun-
dance was assigned to the closet isolated type strain froRlIRRuminoccocus bromii,
Bacteroides vulgatus, Eubacterium rectale and Faecat#aaem prausnitzihad an im-
portant contribution in the phylogenetic core with resgedheir normalized abundance.
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Rummococcus bromii (T, ATCC 27255, L76600 9%

Bactercides vulgats (T), M58762 8%

Eubacterium recfale (T), L34627 8%

EBacter oides wiiformis (T); L1486 5%

Faecalibacferium prewsitzii (T), ATCC 27768 AI413954 5%

Bubacterivan rectale (T), L34627 5%

Coprococcs eufactus (T), ATCC 27759, GIFU 7852, D14148 5%

Anacrostipes caccas (T), L1-02;, AIZTO4E7 3%
Hespellia porcina (T); PPCED, AF445239 3%

Faecalibacteriven prausvifzii (T); ATCC 27768, AI413954 3%

Figure 8.1: Representation of the phylogenetic core. Eeattibn corresponds to the
normalized abundances of the bacterial strains.

The normalized abundances in Fig. 8.1 may be linked to thghteachain and the stress
resistance. From the metabolic point of view, a high valuéhecore composition could
represent a high flexibility of the species to utilize diveessibstrates. It also can be related
to a high yield of biomass with respect to the substratesierims of conditions linked to
the stress induced by environmental variables such as ther pt¢chanical forces (peri-
staltic movement, shed of epithelial cells), the value efriormalized abundance can be
associated to the capability of the species to resist theswasphenomenon.

Finally, taking into consideration the identification of asgible phylogenetic core for
the human intestinal microbiota, and metabolic functiohbaxterial strains, a group of
seven bacterial strains was selected foritheivo experiments (Fig. 8.2). This minimal
human colonic microbiota was inoculated in seven rats. &tain of bacterial coloniza-
tion (step(ii) of the experimental work) is being carried out by temporatgerature
gradient gel electrophoresis (TTGE) and polymerase clegiation (PCR) techniques.
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Activity Strains
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Figure 8.2: Minimal human colonic microbiota selectedifovivo experiments.

8.2 Conclusions

In this chapter, we showed a preliminary step of an ongoipgemental work with gno-
tobiotic rats. The aim of such experiments is to providefimfation on the dynamics of
carbohydrate degradation, and on the location of micrausgas of the trophic chain.
Data resulting from there are expected to be integratedtir@durther validation of our
mathematical model. We presented here the strategy thatse to select a minimal
group of the human colonic microbiota to be inoculated inakenic rats. The selection
was based on information of bacterial metabolic activjteesl on the prevalence of bac-
terial strains in a study with 17 individuals. Currently, migers of domairArchaeaare
not yet incorporated, thus the methane reaction will notdré @f the metabolic pathway.
Thein vivoexperiments referred here comprise one of the perspedciitieis work, which
are discussed in the following chapter.




Chapter 9

Concluding remarks and perspectives

The rest is not silende

We present here the main conclusions of our work. Some of thera already men-
tioned in the previous chapters. Because of time conssiainére are very interesting
subjects that we could not tackle. They are mentioned heesb&Weve that they consti-
tute important axes for future research towards the sthemgtg of a comprehensive and
plausible mathematical model of the human colonic ecosyste

Conclusions

We have constructed a mathematical model of a complex mpoesnely the carbohy-
drate degradation in the human colon. We decided to buildaavledge-based model
in order to provide a structure with physical meaning thatide system theoreticians or
process engineers to discuss with microbiologists. Theenimgilding process was en-
riched by points of views of microbiologists, physiologistnathematicians and process
engineers.

We considered the human colon as a biological reactor. Bhigaly our mathematical

The original phrase, pronounced by Hamlettie rest is silencewilliam Shakespeare
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model was based on modelling approaches usually employedhémical reactors, par-
ticularly for anaerobic bioreactors. Our model takes irtiwoaunt the physiological regions
of the human colon. It integrates a hydraulic represematfahe system, biological reac-
tions and transport phenomena. To the best of our knowlehligas the first mathematical
model that achieves such an integration, providing a clazane of the complexity of the
human colon ecosystem.

The resulting model comprises a large number of state Vasaénd parameters. To
deal with such a complexity, we applied a generic strategy tiould be extended to
other modelling tasks where the model is too complex to bk toam experimental data
alone and where large body of prior knowledge must be takeardadge of. This strategy
includes aggregation of mechanisms, integration of kndgaeto reduce the number of
model parameters, modelling and identification of partshef complete process. Such
parts corresponded here ito vitro bacterial growth experiments dedicated to studying
specific reactions of the complete trophic chain. The dereknt of the toolbox IDEAS
enabled us to perform parameter estimation of such subm@ael to detect practical
identifiability problems. We also applied the singular pdsation method to a submodel
related to homoacetogenesis. This study showed that it @ssslge to reduce the order of
the submodel. The extension of such an approach to the ctemptalel was satisfactory,
leading to improvements on the stability of simulations sadings in computational time.

We tested our mathematical under various nutritional seesiaSimulation results showed
the plausibility of the model with respect to informatiopoeted in the literature. In addi-
tion, the mathematical model that we have developed appsamising tool to analyze
phenomena that are difficult to study experimentally. Itidtddoe viewed as complemen-
tary toin vivo andin vitro models. We hope that the mathematical model presented here
will help to provide a better insight into the dynamics of theman colon ecosystem. In
fact, our model was already used to simulate a real clinicall aimed at evaluating the
impact of two dietary regimes (10 g and 40 g of fibers per dayhoman volunteers.
Model simulations provided useful information to analytae tollected data (Tap, 2009)
(the results are not shown in this work).
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Outlook

A major part of the time available for the preparation of tiiesis was dedicated to the
understanding of the phenomena involved in carbohydrageadation by human colonic
microbiota. The construction of the model and its impleragah were also quite time
demanding. As a result, we could not tackle some interestimthimportant features as
much as we would have wished to. In the following, we mentimme of them.

Parameter estimation

Estimation of the parameters of the complete model is, frampoint of view, the main
task to be pursued in the near future. Such a step is obvioleggndent on availabil-
ity of data. However, our mathematical model can be usedrasaVisystem to mimic an
experimental scenario, taking into consideration thenesdnd limitations of the real mea-
surementslin silico data could be further used to explore the estimation in thee8ian
framework, which is for us a promising way to deal with thd &dtimation problem.

We mentioned that a current experimental work with gnotitsorats is being carried
out in our lab. Information from these experiments will pa®/useful data for validation
of our model. Microbiologists use to provide the conceirabf bacteria by number of
cells per ml or by optical density. Such measurements impasadditional obstacle to
the estimation, because to relate the data with the modebeg imformation about phys-
ical properties of each bacteria. Such an information isahgtys available. Therefore,
hypotheses on these properties have to be formulated to i use of the data in the
estimation framework, which add other level of uncertairfigr the monitoring of bio-
logical reactors, a broadly used measurement for micraoiatentration is the volatile
suspended solids (VSS) (See the Standard Methods of theidgandPublic Health As-
sociation, APHA (2005)). We suggest to include this measerd in the experimental
protocol. The measurement of VSS is given in units of mass/pkemme, which could
facilitate the incorporation of the data in the model.

Some ideas on parameter estimation dh vitro experiments

Modelling and identification oih vitro bacterial growth experiments are of great value in
the definition of prior distributions of the parameters ie Bayesian framework. In our
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estimation studies on homoacetogenesis and butyrate groduidentification of Monod
parameters was hampered by practical identifiability potd. We think that it would be
interesting to study the degrees of freedom of the procefiurdata collection in both
experiments, in order to assess the possibility of optimpeement design. The tool-
box IDEAS may also be useful in this context, because it plesian approximate of the
Fisher information matrix on which most design optimalitiferia are based.

The Monod equation has interesting properties that we dicexploit. In simple mod-
els, Monod kinetics can be arranged in LP form (seg, Lineweaver and Burk (1934);
Ratkowsky (1986); Dochain and Vanrolleghem (2001); Dogsamd Keesman (2009)).
For the estimation of the transformed LP model, it is thersfimds to apply the ordinary
least-squares estimator, which has a much lower compuottomplexity than nonlinear
estimation. It is known that nonlinear estimation is higbénsitive to the initial guess of
the parameters, so estimates given by the ordinary leasirss| estimator could be used
as initial guesses of the nonlinear estimation algorithm.

Sensitivity analysis

Another interesting subject to be treated is the identifioabf the most influential pa-

rameters in the model. We already mentioned that this indtion could be used in the
estimation framework. In addition, it also provides ingigito the phenomena that play
a major role in system behavior, and could lead to modificatian the model structure.
Methods for sensitivity analysis can be fouedy, in Saltelli et al. (2000).

Model structure

Our mathematical model has already a complex structure.n&myincorporation of ad-
ditional mechanisms in the current structure must be dotte aaire. We identified some
limitations of the model in representing the physiologyre# human colon. We think that
the main one relates to the simplification of the rheologyhmtystem and the character-
ization of flow pattern. A further study in modelling suchtig@s may help to provide a
closer approach. Residence time theory used in chemioatbreengineering provides a
useful tool that may be applied to the human colon. For detaimethods for residence
time distributions, sees.g.,Nauman (2002).
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We did not include acid-base reactions in our model. Thesateans are useful to cal-
culate the pH, which is an important factor that may be rel&wehysiological disorders.
We think that including such reactions should be considarédgture work (see Batstone
et al. (2002) for further details).

We gathered all the available complex polysaccharidesangongle variable. Somia
vitro studies have suggested that fermentation rates differ gri@navailable substrates
(seee.g, Stewart et al. (2008)). In order to evaluate the impact etdj functional ali-
ments, it may be useful to split the polysaccharide coneaéntr in its components, such
as xylan, starch, fructo-oligosaccharides and inulin.

Our model does not account for protein degradation. To pm@te such a process, it
will be needed to include the proteolysis step and furthewvession of amino acids. This
implies an additional functional bacterial group for amamds utilization. Information
on protein degradation pathway can be found, in (Macfarlane and Cummings (1991);
Bernalier-Donadille (2004)). Sulfate reduction was nafudled in the model. This re-
action has a deleterious effect on gut health via the foonatf toxic sulfide. Its incor-
poration into the model structure may be useful to evaluatdegjies aimed at reducing
colonic sulfide concentrations.

We oversimplified the dynamics of the mucus. The mucus is frioLiterature reports
complex models to represent biofilms (seqy, Picioreanu et al. (2004); Xavier et al.
(2005b), Xavier et al. (2005a)). Such approaches, oftelectahdividual-based mod-
elling (IbM), are also hampered by lack of experimental gdataich is our main obstacle
to model validation. As a theoretical framework, IbM appie@s can provide interesting
qualitative results on the distribution of bacterial spsalong the intestine.

Advances in metagenomics should offer a better insighttimodiversity and functions
of the human colonic microbiota. How to incorporate infotima given by molecular
ecology techniques into kinetic modelling is an interggtiopic of research. For biologi-
cal reactors some approaches have been recently proposetlie microbial diversity
and functional assigning (seeg, Harmand et al. (2008); Dumont et al. (2009); Ramirez
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et al. (2009b)). These approaches are still in open dismussid further work is needed
for their validation and acceptance, providing interestpportunities for future research.
It will be interesting to model mathematically the dynamaésn vivo metabolic cross-
feeding studies, where functional genomic data are availdthe ongoing experimental
work with gnotobiotic rats could be exploited in such a canhte

Finally, it has been suggested that studies on bioreactrscontribute to the under-
standing of the factors that shape the microbiota (Sonngredwal. (2004); Backhed et al.
(2005); Ley et al. (2008)). We also think that our work couévé, in the long term, im-
plications on biological reactor design. Living systenmsslaigh performance reactors and
their study could be used in an attempt at reverse engirgee@iven the strong link be-
tween the human colon and anaerobic reactors, a continmoisiatful feedback both in
modelling and system behavior analysis could be expectadexample, the particularity
of colonic SCFA absorption may inspire the design of reactmfigurations in order to
drive the thermodynamics of the metabolic conversions. Alseamical engineer who has
borrowed concepts of process engineering and wastewasgntent for the construction
of a model in the human colonic microbiology, | would be magppy if the microbiology
of the large intestine could in turn provide useful concéptshemical engineering.

For sure, the rest is not silence.
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Appendix A

Numerical values of the model

parameters

Parameters of the model were defined according to our stodiestimation of kinetic

submodels (Chapter 5). Other parameters were selectedifeyature review. Parame-

ters whose values we did not find in the literature were defbasegd on available biolo-

gical knowledge. Physiological constants and parametdtges used in the simulations

presented in Chapter 7 are given below.

Physiological parameters

Physiological Value Sources Comments

parameters

Patm 1.013 bar

PH,0 0.08274bar a

R 0.08314 bar/(M K) a

T 310.15K b

in 151d c Input flow in the proximal lumen

\ It is assumed that gas phase occupies
10% of the volume in each microhabi-
tat

r 5g/d d,e Each of the three sections is assumed
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Numerical values of the model parameters

a. Smith et al. (2005); b. Savage (1977); c. Cummings and aiacfe (1991);
d. Macfarlane and Cummings (1991); e. Egert et al. (2006).

Kinetic parameters
Kinetic
parameters
khyd,z
Kx,z
Ysu,z
km7su
Ks7su
YSU

YH2,|a

Yac,la

Value

1.20% 103
29.99
0.005
7.92
0.0026
0.120
0.499
1.440
0.567
0.240
0.270
1.100
1.440

103
6.626e-3
0.120
0.400
0.133

f

—

Sources Kinetic

parameters

Ypro,la
Ybu,la
Yco,,la
YH,0,la
Km,Ha
KsHoa
YH2a
Yac,Hza
Yco,,Hpa
YH,0,Hpa
km,Hgm
Ks,Hzm
YH2m
YCH,,H,m
Yco,,H,m

YH,0,H,m

Kg

Value Sources
0.267
0.200
0.533
0.493
108.837
0.0017
0.043
0.143
-0.5
0.629
22.581 h
1.563*10°6 h
0.062
0.095
-0.450
0.686
0.01 h

f. Ramirez et al. (2009a); g. Rodriguez et al. (2006b); h.stae et al. (2002).
When the reference is not specified, parameters were ddrivadour kinetic stud-

ies in Chapter 5. Yield factors were calculated following tfirocedure explained

in Section 6.1.1. Kinetics parameters are the same in alpeotments.
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Parameters associated to mass-transfer phenomena

Parameter Value

kLa 20041
KH,H, 7.29*10-4 M/bar
KH.co, 0.0255 M/bar
KH,cH, 0.0011 M/bar

All values were taken from Batstone et al. (2002).

Parameter Value

Proximal colon Transverse colon Distal colon

Vs 1.60 I/d 3.801/d 6.30 I/d
Yo 0.88d? 0.43d? 2.03d?
Vie 1.32d? 0.64 d1 3.05d1?
Yoro 1.07d*t 0.62d? 2.47 d1
Yo 0.90 d! 0.57 d! 2.49d1
Y0 1.60 d? 0.77d? 3.66d?
ya 12.60d1 12.60 d1 12.60d1
Y 18.90 d1 18.90 d1 18.90 d1
Voro 15.32d? 15.32d1 15.32d?
VoL 12.88d? 12.88d? 12.88 d?
ino 0.01d? 0.01d? 0.01d?

Definition of these parameters was based on informationrteghan the literature
on percentage of water absorption and SCFA concentrationg the human colon.

Parameters associated to microbial phenomena
We did not consider microbial adherence, thus/as set to zero. The shear coeffi-
cient for all microrganisms was definedlas= 0.08 d 1. The additional residence
time 1; was set to 1.0 d, in order to achieve high microbial density, as reported in
the literature.
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