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Abstract

The human colon is an anaerobic bioreactor with an enormous number of microorganisms,

which collectively are named the human colonic microbiota.This community performs

the breakdown of polysaccharides that are not digested in the upper intestine, mediat-

ing some of the effects of diet on health. As a result of its limited accessibility and its

complexity, the human colon remains largely unexplored.

Mathematical models can play a central role for a better insight of the human colon

complexity. In this context, this work presents the development of a mathematical model

of carbohydrate degradation. Our aim was to provide anin silico approach to contribute

to a better understanding of the fermentation pattern in such an ecosystem. Our mathe-

matical model is knowledge-based, derived by writing down mass-balance equations. It

incorporates physiology of the intestine, metabolic reactions and transport phenomena.

As a result, it has a complex structure with a large number of state variables and parame-

ters. In order to handle such a complexity, we made use of mathematical and engineering

tools. They included theoretical concepts on identification and model order reduction,

and practical aspects of parameter estimation and parameter reduction by knowledge inte-

gration. Model simulations provided an adequate qualitative representation of the human

colon. The methodology that we have contributed to develop should enable one to assess

nutritional scenarios and to address questions that are difficult or impossible to elucidate

by experimentation.

Our model is a promising tool in predicting the fermentationpattern by human colonic

microbiota. It should help in development of strategies aimed at promoting healthy gut

function.

Keywords: anaerobic digestion; complex systems; human colon; mathematical mod-

elling; parameter estimation
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Résumé

Le côlon humain (ou gros intestin) fait partie du tractus gastro-intestinal. Il constitue un

écosystème anaérobie, dans lequel on trouve de nombreuses espèces de microorganismes,

donc l’ensemble forme le microbiote intestinal. Cette communauté est composée de plus

de 1000 espèces (Rajilic-Stojanovic et al., 2007). Ce microbiote est spécifique à l’hôte

et il a pour fonction la dégradation des polysaccharides quin’ont pas été digérés dans la

partie supérieure de l’intestin. Il joue de ce fait le rôle demédiateur de l’effet du régime

alimentaire sur la santé (Flint et al., 2007).

Malgré l’importance de son rôle dans la santé humaine, le côlon reste un organe mal

connu en raison de sa complexité et de son accessibilité difficile. Les étudesin vivo sur

l’humain sont en effet restreintes pour des raisons éthiques et techniques. Ces contraintes

ont motivé le développement de modèlesin vitro pour simuler le comportement du côlon

humain (voir, par exemple, Molly et al. (1994) ; Macfarlane et al. (1998a)). Les mod-

èlesin vitro ont été particulièrement utiles dans l’étude de la fermentation des hydrates

de carbone provenant de différents substrats. Cependant, la plupart d’entre eux ne prend

pas en compte des facteurs biotiques tel que l’absorption des acides gras à chaîne courte

(AGCC), l’interaction avec l’hôte, et les échanges entre les micro-habitats du système

que sont le lumen et le mucus intestinal. Parallèlement à cesétudesin vitro, des modèles

animaux (principalement des rongeurs et des cochons) ont aussi été utilisés pour étudier

différents phénomènes comme l’absorption des AGCC (Fleming et al., 1991), la distribu-

tion spatiale bactérienne (Sarma-Rupavtarm et al., 2004),et les interactions symbiotiques

hôte-bactérie (Samuel and Gordon (2006) ; Mahowald et al. (2009)).

21



22 Résumé

La contribution des modèlesin vitro et in vivo sur modèles animaux a été cruciale dans

la compréhension de l’organisation et du fonctionnement dutractus gastro-intestinal hu-

main. Il faut néanmoins être prudent dans l’extrapolation de ces études au côlon humain.

Les différences physiologiques entre le côlon des animaux et celui de l’être humain sont

importantes. De plus, les approchesin vitro et in vivo utilisent des cultures bactériennes

provenant de matériels fécaux. Or seulement 20 à 40% du microbiote du côlon humain

peut être cultivé (Suau et al., 1999) et des différences majeures entre le microbiote fécal

et le microbiote du côlon ont été mises en évidence.

Les modèles mathématiques peuvent grandement contribuer àune meilleure compréhen-

sion de la dynamique du côlon humain. Les travaux ici présentés ont été consacrés au

développement d’un modèle de la dégradation des hydrates decarbone dans le côlon hu-

main. Nous avons construit un modèle à base de connaissances. Notre objectif a donc été

de contribuer, par une approchein silico, à une meilleure compréhension du processus de

fermentation dans cet écosystème microbien.

Malgré ses spécificités, notre cas d’étude est représentatif d’une grande classe de systèmes

biologiques d’intérêt où les données expérimentales sont très limitées et où plusieurs

sources d’information hétérogènes doivent être utiliséespour obtenir un modèle utile.

Description du côlon humain

Du point de vue biochimique, le côlon humain est un environnement caractérisé par un

potentiel redox bas et une température contrôlée constantede 37°C (Savage, 1977). Il est

consistué de trois régions anatomiques bien définies qui sont: le côlon proximal (cecum et

côlon ascendant), le côlon transversal et le côlon distal (sigmoïde et rectum). Le côlon est

alienté par les effluents en provenance de l’iléon. Le contenu colonique est retenu dans le

côlon proximal et le chyme va dans le côlon distal où il est, finalement, dégradé ou excrété.

Les hydrates de carbone constituent environ 85% des substrats disponibles pour le pro-

cessus de fermentation dans le côlon. Les substrats sont principalement d’origine alimen-

taire. Les hydrates de carbone principaux sont l’amidon résistant (RS) et les polysaccha-

rides d’amidon non-résistant (NSP). La première étape de dégradation des hydrates de
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Figure 1: Représentation schématique de la section transversale du côlon humain. Le

côlon comprend le lumen et le mucus. L’épithélium est l’interface des interaction entre

l’hôte et l’intestin.

carbone est l’hydrolyse des polysaccharides. L’hydrolyseest effectuée par des hydrolases

associées aux cellules bactériennes. Les polymères sont décomposés en monomères, qui

sont ensuite assimilés par les micro-organismes dans la suite du processus de fermenta-

tion. Les principaux produits de la fermentation sont les AGCC, le CO2, l’hydrogène, la

biomasse, et le méthane chez certains individus. Ce processus de fermentation confère au

système une distribution spatiale de métabolites et un profil de pH avec des valeurs qui

sont approximativement de 5.5 dans le côlon proximal, 6.2 dans le côlon transversal et 6.9

dans le côlon distal (Macfarlane and Cummings, 1991).

L’intestin est délimité par une paroi épithéliale, dont lescellules sécrètent une couche de

mucus. Le mucus a les caractéristiques d’une matrice polymérique qui permet l’attachement

de micro-organismes et leur résistance à l’arrachement (Sonnenburg et al., 2004). C’est

également une source de carbone qui peut contribuer à la survie des bactéries intestinales

in vivo en l’absence de fibres alimentaires (Macfarlane and Cummings, 1991). Le micro-

biote du gros intestin est donc principalement localisé dans deux micro-habitats, le lumen

et le mucus (voir la figure reffig:corteA). Des études montrent de plus que les espèces

bactériennes présentes dans le mucus sont distinctes de celles présentes dans le lumen

(Zoetendal et al. (2002) ; Eckburg et al. (2005)).

Base des connaisances

Grâce à la similarité de fonctionnement entre le côlon humain et les réacteurs anaérobie

pour le traitement des eaux usées, nous avons pu tirer profit des efforts de modélisation

déjà accomplis dans le domaine des réacteurs anaérobie pourconstruire notre modèle. Le
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Host Host Host

Mucus Mucus Mucus

Lumen Lumen Lumen

Proximal colon Transverse colon Distal colon

Figure 2: Représentation hydraulique du côlon humain. Le rectangle pointillé représente

la limite du système modélisé.

modèle de digestion anaérobie ADM1 (Batstone et al., 2002) aété utilisé comme point de

départ. Nous avons modifié sa structure pour prendre en compte des caractéristiques spé-

cifiques du côlon humain, telles que la présence dans le processus de fermentation d’une

étape d’acétogénèse réductrice ou des spécificités du métabolisme du lactate.

Dans notre modèle, le côlon humain est divisé en trois régions qui correspondent aux

trois régions physiologiques. Dans chacune d’elles, on distingue le lumen et le mucus

(figure 2). Le lumen et le mucus sont modélisés comme des réacteurs à alimentation

continue parfaitement mélangés. Comme dans les réacteurs àhaut rendement (voir, par

exemple, Lettinga et al. (1980)), les micro-organismes du côlon humain forment des agré-

gats denses pour résister aux forces hydrodynamiques et prévenir le phénomène de “lessi-

vage”. Ces agrégats sont constitués de microbes, de particules alimentaires, de cellules

épithéliales et de mucus (Sonnenburg et al., 2004). Dans notre modèle, afin de prendre

en compte l’agrégation microbienne, nous considérons que les micro-organismes ont un

temps de résidence plus élevé que le temps de résidence hydraulique.

Le microbiote du côlon humain catalyse un réseau de transformations métaboliques com-
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plexes pour dégrader les sources de carbone disponibles. Dans notre modèle, ces transfor-

mations sont représentées de façon agrégée. Le microbiote est associé au micro-habitat

où il réside, lumen ou mucus. Il est structuré en groupes fonctionnels jouant chacun

un rôle dans la chaîne trophique. Ainsi, à chaque consommation de substrat est associé

un groupe microbien qui catalyse la transformation. Outre les réactions biochimiques,

on observe dans le côlon humain des phénomènes de transport tels que l’absorption de

métabolites. L’absorption de l’eau et celle des métabolites sont indispensables pour main-

tenir une physiologie normale du système (Minekus et al., 1999). Dans notre modèle,

nous considérons qu’il se produit une diffusion des sucres entre le lumen et le mucus,

une absorption d’ AGCC, de lactate et d’eau dans le lumen et lemucus, un transfert entre

les phases liquide et gazeuses, et un phénomène de détachement pour le microbiote de la

muqueuse.

La figure 3 montre un schéma qui intègre la dégradation des hydrates de carbone et les

phénomènes du transport, en accord avec Macfarlane et al. (2006) et Louis et al. (2007b).

Les figures 2 et 3 résument donc les bases sur lesquelles repose notre modèle.

Formulation mathématique

Nous avons divisé le côlon humain en ses trois régions physiologiques. Chacune de ces

régions comprend deux compartiments, un pour le lumen et un pour le mucus. Notre mod-

èle comprends donc six compartiments. Les équations du modèle s’obtiennent en écrivant

les bilans de masse des métabolites et des groupes microbiens dans chacun des compar-

timents, en supposant que les concentrations dans chaque compartiment sont homogènes.

Le système d’équations différentielles ordinaires obtenua comme vecteur d’état

ξ =[ssu, sla, sH2, sac, spro, sbu,sCH4, sCO2, sH2O, z,

xsu, xla, xH2a, xH2m, sg,H2, sg,CH4, sg,CO2]
T,

oùsi est la concentration du composant solublei, zest la concentration en polysaccarides

complexes,xi est la concentration du groupe microbieni, etsg,i la concentration du com-

posanti dans la phase gazeuse. Notre modèle a donc 102 (17×2×3) variables d’état.
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Figure 3: Schéma réactionnel de la dégradation des hydratesde carbone dans le côlon

humain, et transferts de masse entre le lumen et le mucus et entre le mucus et l’hôte. Les

lignes pointillées représentent des phénomènes du transport, et les lignes continues des

transformations métaboliques.

Détaillons, par exemple, les équations associées au lumen dans le côlon proximal. Elles

sont définies par

ṡl
i =

qin

V l sl
i,in−

qout

V l sl
i − γ l

i s
l
i +

5

∑
j=1

Yl
i, jρ j(ξ

l)−Ql
i , (1)

żl =
qin

V l zl
in +

qm
out

V l zm− qout

V l zl −ρ1(ξ
l), (2)

ẋl
i =

qin

V l xl
i,in−

1
τi +V l/qout

xl
i +bi

Vm

V l xm
i −aix

l
i +

9

∑
j=2

Yl
i, jρ j(ξ

l), (3)

oùV est le volume du compartiement etq est le flux à l’entrée (in) et à la sortie (out) du

système. Les exposantsl et m désignent les micro-habitats “lumen” et “mucus”. Tous

les flux sont des fonctions positives de l’état du système, sauf celui provenant du tractus

digestif supérieur, qui est une entrée exogène.Q est le taux de transfert liquide-gaz et
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γi est un coefficient du transport. Le coefficientai se rapporte à l’adhésion de groupes

microbiens provenant du lumen au mucus. Le coefficientbi se rapporte au détachement

des micro-organismes du mucus.τi est le temps de résidence supplémentaire du groupe

microbienxi mentionné plus haut. La cinétique du processus de transformation j est

dénoté parρ j(ξ). Yi, j est le rendement du composanti dans le processusj. La cinétique

de l’hydrolyse des polysaccharidesρ1(ξ) est décrite par l’équation de Contois pour pren-

dre en compte la dépendance de cette transformation en la concentration des bactéries

qui hydrolysent les sucres longs. Ensuite, la cinétique d’utilisation des autres substrats

est décrite par l’équation de Monod. La mortalité des biomasses est supposée suivre une

cinétique du premier ordre.

Le bilan de masse dans la phase gazeuse donne

ṡg,i =
qg,in

Vg
sg,i,in−

qg,out

Vg
sg,i +Qi

V
Vg

, (4)

oùVg etqg sont le volume et le flux dans la phase gazeuse. Le taux de transfert liquide-gaz

est représenté par la loi de Henry

Qi = kLa(si −KH,iRTsg,i). (5)

Les équations du modèle pour le mucus sont obtenues de la mêmefaçon. Tous les com-

partiments du mucus ont la même structure. Les compartiments du lumen dans les sous-

modèles du côlon proximal et du côlon transversal ont la mêmestructure. Dans le côlon

distal, le lumen est modélisé comme un réacteur semi-batch,donc l’équation de la dy-

namique du volume est incluse. Le modèle complet comporte 333 paramètres.

Stratégie face à un modèle complexe

Notre modèle comprend un grand nombre de variables d’état etde paramètres. Sa mise

en œuvre, son analyse et sa simulation ne sont par conséquentpas des tâches simples.

En plus de la complexité, l’insuffisance des données expérimentales est un réel obstacle à

l’estimation des paramètres. Pour contourner ces difficultés, nous avons tout d’abord col-

lecté des informations sur certains des paramètres en procédant à l’identification de sous-

modèles correspondant à des données expérimentalesin vitro. Nous avons en outre utilisé

deux approches pour simplifier le modèle. L’exploitation des relations stoïchiométriques
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nous a permis de réduire le nombre des paramètres inconnus, tandis que la méthode des

perturbations singulières nous a permis de réduire le nombre des variables d’état. Ces

approches sont décrites ci-dessous.

Exploitation des données expérimentales disponibles

Il y a peu de données expérimentales disponibles concernantla dégradation des hydrates

de carbone dans le côlon humain. La plupart des connaissances sur le sujet provien-

nent d’expériencesin vitro de croissance bactérienne. Ces études fournissent des in-

formations sur des réactions spécifiques de la voie métabolique complète, et permet-

tent l’estimation de leurs paramètres cinétiques. Nous avons réalisé la modélisation et

l’identification de deux systèmesin vitro qui avaient pour objectif l’analyse de la cinétique

de l’homoacétogénèse (Bernalier et al., 1996b) pour l’un, et l’analyse de la production de

butyrate par des bactéries du côlon humain (Duncan et al., 2004b) pour l’autre.

Homoacétogénèse par la bactérie du côlon humaineRuminococcus hydrogenotrophi-

cus

L’homoacétogénèse est une des trois voies pour l’utilisation de hydrogène par le micro-

biote du côlon humain. Cette réaction joue un rôle central dans le transfert d’hydrogène

entre micro-organismes, qui est une condition indispensable au bon déroulement de la

fermentation (Thauer et al., 1977). On a démontré l’existence de liens entre l’excès de

production de H2 et des maladies comme la maladie de Crohn. Cet excès provoquedes

douleurs abdominales, des distensions, des flatulences et des borborygmes (Boever et al.,

2000). De plus, la consommation de H2 par les homoacétogènes, les réducteurs de sulfate

et les méthanogènes (Archaea) représente la dernière étaped’extraction d’énergie dans la

dégradation des hydrates de carbone. Elle affecte aussi la thermodynamique du processus

biochimique dans son ensemble (Bäckhed et al. (2005) ; Ley etal. (2006a)).

L’étude cinétique effecutée par Bernalier et al. (1996b) a été réalisé sur l’espèce bac-

térienneRuminococcus hydrogenotrophicus, cultivée dans des conditions de température

contrôlées. Le substrat était un mélange gazeux H2/CO2, qui a diffusé dans la phase liq-

uide pour être utilisé comme source d’énergie par les bactéries. L’acétate produit l’a été

par la voie réductrice. Dans ce métabolisme autotrophique,les bactéries réduisent deux
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moles de CO2 à une mole d’acétate. La cinétique a été suivie en mesurant laconcentration

de H2 dans la phase gazeuse, la concentration d’acétate, et la densité optique de cultures

à 600 nm (OD600).

Le modèle cinétique est

ẋH2a = µH2a−kdxH2a, (6)

χ̇ = kdxH2a−kiχ, (7)

ṡg,H2 = kLa(sH2 −KH,H2RTsg,H2)
V
Vg

, (8)

ṡac =
1−YH2a

YH2a
µH2a, (9)

ṡH2 = − 1
YH2a

µH2a−kLa(sH2 −KH,H2RTsg,H2), (10)

oùV est le volume dans la phase liquide,Vg le volume dans la phase gazeuse, etµH2a la

cinétique de croissance bactérienne, exprimée par la loi deMonod,

µH2a = µmax,H2a
sH2xH2a

Ks,H2a+sH2

. (11)

Les cinq variables d’état sont la concentrationxH2a de la biomasse active, la concentration

χ des bactéries inactives qui ont encore une structure cellulaire, la concentrationsg,H2

de l’hydrogène dans la phase gazeuse, la concentrationsac de l’acétate, et la concentra-

tion sH2 de l’hydrogène dans la phase liquide. Toutes les concentrations sont exprimées

en kilogrammes de demande chimique d’oxygène (COD) par mètre cube (kg COD m−3).

Les valeurs numériques des paramètreskLa etKH,H2 ont été tirés de Batstone et al. (2002).

Le vecteur de sortie du modèle à l’instantti est

ym(ti,θ) = (α(xH2a(ti)+ χ(ti)), sg,H2(ti), sac(ti))
T, (12)

où α est un facteur de conversion entre la densité optique (OD) etles kg COD m−3. Les

cinq paramètres inconnus à identifier sontµmax,H2a, Ks,H2a, kd, ki , etYH2a. Le vecteur des

données collectés à l’instantti est modélisé par

y(ti) = ym(ti,θ
∗)+ǫi, i = 1, ...,nt, (13)

oùnt est le nombre d’instants d’observation etθ∗ la valeur vraie du vecteur des paramètres.

On suppose que les vecteurs d’erreurs de la mesureǫi (i = 1, ...,nt) sont indépendants
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et identiquement distribués. Ils suivent une loi Gaussienne de moyenne nulle, donc

ǫi ∼ N(0,Σ).

Avant d’estimer les paramètres du modèle, nous avons étudiéleur identifiabilité. Comme

le modèle n’est pas commandé et est non linéaire, nous avons utilisé une variante de

l’approche par isomorphisme d’état locale qui peut être trouvée dans Denis-Vidal and

Joly-Blanchard (2004). Nous avons montré que le modèle est structuralement globale-

ment identifiable. Pour estimer les paramètres de sous-modèles, nous avons développé

la boîte à outils Matlab IDEAS (Muñoz-Tamayo et al., 2009), qui réalise l’estimation de

paramètres au sens du maximum de vraisemblance pour des modèles multi sorties, sous

diverses hypothèses concernant le bruit de mesure. IDEAS calcule aussi les fonctions

de sensibilité et la matrice d’information de Fisher à l’optimum, permettant de ce fait la

quantification approchée de l’incertitude sur les valeurs estimées.

Nous avons identifié les paramètres du modèle en minimisant plusieurs critères qui corre-

spondent à différentes hypothèses sur le bruit de mesure. Les meilleurs résultats ont été

obtenus sous l’hypothèse queΣ est inconnue et diagonale. Dans ce cas, l’estimateur au

sens du maximum de vraisemblance deθ minimise

J(θ) =
ny

∑
k=1

ntk

2
ln

[ ntk

∑
i=1

[yk(tik)−ymk(tik,θ)]2

]
, (14)

où tik est lei-ième instant de mesure pour la sortieyk. La valeur estimée de la matrice de

covariance du bruit au sens de maximum de vraisemblance est

Σ̂ = diag(σ̂2
1 , · · · , σ̂2

ny
), (15)

avec

σ̂2
k =

1
ntk

ntk

∑
i=1

[yk(tik)−ymk(tik, θ̂)]2. (16)

Le modèle cinétique de l’homoacétogénèse, identifié avec IDEAS, représente de façon

satisfaisante les données expérimentales (figure 4). Cependant, les intervalles de confi-

ance pour les paramètres de l’équation Monod, à savoir le taux de croissance spécifique

maximal (µmax,H2a) et la constante de Monod (Ks,H2a), sont très mauvais (voir la deuxième

colonne de la table 1). Ce résultat n’est pas vraiment surprenant, à cause d’une part du
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Figure 4: Modèle identifié pour l’homoacétogénèsein vitro. * : données expérimentales,

trait plein : sorties du modèle.

nombre limité de données et d’autre part de problèmes d’identifiabilité pratique connus

pour ce type de modèle (voir, par exemple, Dochain and Vanrolleghem (2001)). La simu-

lation du modèle avec les valeurs estimées des paramètres indique que les valeurs prises

par la variable d’étatsH2 sont toujours bien inférieures à la valeur du paramètreKs,H2a. À

la fin de l’expérience, la simulation fournit une valeur desH2 = 0.0038 qui est 7 fois in-

férieure à la valeur estimée deKs,H2a. Cela nous a conduits à approcher l’équation Monod

par une cinétique quadratique

µmax,H2asH2xH2a

Ks,H2a+sH2

≈ kr,H2asH2xH2a, (17)

aveckr,H2a le rapportµmax,H2a/Ks,H2a.

La représentation des données avec le modèle cinétique quadratique est qualitativement

aussi satisfaisante que celle du modèle original (les courbes pour les deux modèles sont

superposées). L’estimation du modèle modifié avec IDEAS a amélioré grandement les in-

tervalles de confiance, comme on peut le constater dans la troisième colonne de la table 1.

Les valeurs estimées des paramètres communs aux deux modèles sont du même ordre de

grandeur, mais les intervalles de confiance sont plus étroits pour le modèle modifié.
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Table 1: Paramètres estimés avec leur intervalles de confiance approximatifs à 95% pour

les modèles de Monod et à cinétique quadratique.

Paramètres Cinétique de Monod Cinétique quadratique

Ks,H2a 0.027±0.165

µmax,H2a 0.195±0.900

kr,H2a 5.45±0.465

YH2a 0.039±0.013 0.040±0.011

kd 0.031±0.026 0.027±0.003

ki 0.061±0.128 0.071±0.088

La même procédure a été appliquée pour analyser des données expérimentalesin vitro

concernant la production de butyrate à partir de lactate. Lebutyrate est la source d’énergie

préférée des cellules épithéliales du côlon et il joue un rôle important dans la santé hu-

maine (voir,e.g., McIntyre et al. (1993) ; Hamer et al. (2008)). A l’opposé, l’accumulation

de lactate dans le côlon est nuisible (voir, par exemple, Vernia et al. (1988) ; Belenguer

et al. (2007)). Des étudesin vitro ont permis d’identifier la voie butyryl CoA:acetate

CoA transferase comme étant le processus dominant dans la formation du butyrate dans

l’écosystème du côlon humain (Louis et al., 2004).

Nous avons analysé des données expérimentales obtenues parDuncan et al. (2004b).

Cette étude cinétique a été realisée avecEubacterium halliiet la souche SS2/1. Ces

deux espèces sont capables d’utiliser le lactate et l’acétate en suivant la voie du butyryl-

CoA:acetate-CoA-transferase. Nous avons utilisé le critère d’information d’Akaike pour

comparer les trois cinétiques données par l’équation de Monod, la cinétique quadratique

et une cinétique du premier ordre et choisir le meilleur modèle. Ce critère établit un

compromis entre l’ajustement des données et la complexité du modèle. Nous avons ainsi

retenu le modèle à cinétique quadratique. Il a représenté defaçon satisfaisante les données

expérimentales pour les deux bactéries (Fig. 5). Les données pour la souche SS2/1 sont

plus dispersées, ce qui explique pourquoi l’ajustement estmoins satisfaisant que pourE.

hallii . Les écarts types d’estimation sont satisfaisants.
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Figure 5: Modèle identifié pour la production de butyratein vitro. Carrés : données

expérimentales, trait plein : sorties du modèle.
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Les valeurs des paramètres obtenues grâce à l’identification de ces deux sous-modèles ont

été utilisées dans le modèle complet. Les valeurs des paramètres cinétiques de l’hydrolyse,

l’utilisation du glucose et la méthanogénèse ont été tiréesprincipalement de Batstone et al.

(2002). Les coefficients de transport ont été sélectionnés pour garantir la positivité des flux

tout en restant en accord avec des valeurs données dans la littérature sur le pourcentage

d’absorption d’eau et des AGCC (voir, par exemple, Macfarlane and Cummings (1991)).

La méthodologie que nous avons utilisée pour réduire les dimensions des vecteurs de

paramètres et de l’état est décrite ci-dessous.

Réduction du nombre de paramètres

Nous avons tout d’abord fait les hypothèses simplificatrices suivantes :(i) la constante

d’ Henry KH,i est la même dans tous les compartiments,(ii) kLa a la même valeur pour

les trois gaz dans tous les compartiments,(iii ) les constantes de mortalité, d’adhésion

et de détachement sont les mêmes pour tous les groupes microbiens dans tous les com-

partiments,(iii ) les paramètres de la cinétique pour un processus donné sont les mêmes

dans tous les compartiments,(iv) le facteur de rendementYi, j est le même dans tous les

compartiments. De plus, les facteurs de rendement sont fixéspour garantir le respect des

bilans de carbone et hydrogène. Cette méthodologie est basée sur la procédure proposée

par Batstone et al. (2002), expliquée ci-dessous.

On peut obtenir des rapports entre les facteurs du rendementà partir de la stoïchiométrie.

Considérons, par exemple, les réactions impliquées dans l’utilisation du glucose

C6H12O6 ⇒ 2CH3CHOHCOOH (R1)

C6H12O6 + 2H2O ⇒ 2CH3COOH +2CO2 + 4H2 (R2)

3C6H12O6 ⇒ 4CH3CH2COOH + 2CH3COOH + 2CO2 + 2H2O (R3)

C6H12O6 ⇒ CH3CH2CH2COOH + 2CO2 + 2H2 (R4)

5C6H12O6 + 6NH3 ⇒ 6C5H7O2N + 18H2O (R5)

Le glucose est utilisée dans les réactions cataboliques R1-R4, et dans la réaction an-

abolique R5 qui représente la croissance bactérienne. Soitfsu la fraction de glucose util-

isée dans le catabolisme. D’après R5, le rendement de la production de biomasseYsu est
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alors

Ysu =
6
5
(1− fsu).

Le glucose utilisé dans le catabolisme est dégradée via R1-R4. Notonsηk (k = 1,2,3,4)

la fraction transformée dans la réaction Rk. Il est clair queη4 = 1− (η1+η2 +η3).

Tous les facteurs de rendement impliqués peuvent donc être exprimés comme des fonc-

tions defsu, η1, η2 et η3, de la façon suivante

Yla,su= 2 fsuη1,

Yac,su= 2 fsuη2+
2
3

fsuη3,

Ypro,su=
4
3

fsuη3,

Ybu,su= fsuη4,

YH2,su= 4 fsuη2+2 fsuη4,

YCO2,su= 2 fsuη2+
2
3

fsuη3+2 fsuη4,

YH2O,su= −2 fsuη2 +
2
3

fsuη3 +
18
5

(1− fsu).

Outre le fait d’assurer la conservation des espèces chimiques, cette approche permet de

réduire le nombre de paramètres. Par exemple, le nombre de paramètres à estimer pour

l’utilisation du glucose serait huit sans ces considérations. En utilisant la stoïchiométrie,

le nombre de paramètres est réduit à quatre. Cette procédurea été utilisée pour tous les

substrats.

En prenant en compte toutes les simplifications ci-dessus, le nombre de paramètres du

modèle global est réduit de 333 à 60.

Réduction du nombre de variables d’etat

La méthode des perturbations singulières est une techniqueclassique de réduction d’ordre

des modèles qui présentent des échelles de temps multiples.Elle repose sur le théorème

Tikhonov (voir, par exemple, Khalil (2000)). Notre modèle,comme beaucoup de mod-

èles mathématiques pour les réacteurs de digestion anaérobie (voir, par exemple, Rosen
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et al. (2006)), présente des échelles de temps multiples. C’est donc un bon candidat à

l’application de cette technique. Nous avons tout d’abord vérifié l’applicabilité de la ré-

duction au petit modèle de l’homoacétogénèsein vitro ci-dessus. Le résultat a ensuite été

étendu au modèle complet.

Réduction du modèle cinétique de l’homoacétogénèsein vitro

Considérons le modèle décrit par (6)-(10). Puisque la concentration d’acétate est obtenue

par intégration d’une expression qui ne dépend que des autres concentrations, et qu’elle

n’apparait pas dans les autres équations du modèle, nous pouvons ignorer l’acétate et nous

focaliser sur le reste du modèle.

Un modèle à deux échelles de temps (lente/rapide) peut être mis sous la forme standard

des perturbations singulières

ẋ = f(x,z, t,ε), x(t0) = ξ(ε), (18)

δ ż = g(x,z, t,ε), z(t0) = ζ(ε), (19)

où x comprend lesn variables d’état lentes etz lesm variables d’état rapides. Nous sup-

posons les fonctions vectoriellesf et g continûment différentiables par rapport à leurs

arguments(x,z, t,δ ).

Quandδ ≈ 0, nous obtenons une approximation quasi-statique dans laquelle (19) devient

g(x,z, t,0) = 0. (20)

En résolvant (20), nous obtenons le vecteur quasi-statiquez∗

z∗ = h(x, t). (21)

Le modèle réduit est alors donné par

ẋ = f(x,h(x, t), t,0), x(t0) = ξ(0). (22)

Pour mettre en évidence la séparation d’échelle de temps dans le modèle de l’homoacétogénèse,

nous avons normalisé les variables d’état du modèle. Les équations d’état pour les vari-

ables normalisées sont toutes de la forme

ẋi = di(x)xi + pi(x̃i), (23)
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Table 2: Comparaison des échelles de temps locales pour le modèle de

l’homoacétogénèse.

xi τi(x)

Biomasse active ≥20

Biomasse inactive ≈ 20

H2 dans la phase gazeuse≈ 27

H2 dans la phase liquide ≤0.12

oùxi est la variable normalisée,x = (x1,x2,x3,x4)
T et x̃i = (x j) j=1,...,4

j 6=i
. On pose alors

τi(x) =
1

|di(x)|, (24)

oùτi(x) est l’échelle de temps locale associée àxi .

La table 2 compare les échelles de temps locales des variables normalisées. Il y a au moins

un facteur 100 entre l’échelle de temps associée à l’hydrogène dans la phase liquide et les

autres échelles de temps ; donc les variables d’état du modèle peuvent être séparées en

variables lentes et variables rapides,x = (xH2a, χ, sg,H2), z= sH2. Ensuite, nous avons

vérifié que les trois hypothèses de l’énoncé du théorème Tikhonov proposé dans Khalil

(2000) étaient satisfaites.

Les simulations ont confirmé la validité de la réduction du modèle. La proximité entre le

modèle réduit et le modèle complet dépend de la condition initiale pour la concentration

d’hydrogène dans la phase liquide, ici inconnue. Cependant, nous savons que

0 < sH2(0) < KH,H2RTsg,H2(0) ≈ 0.013. (25)

Nous avons simulé les modèles complet et réduit en donnant àsH2(0) les valeurs ex-

trêmes de l’intervalle (25). Dans les deux cas, les réponsesdes deux modèles ont été

superposées. Dans un but d’illustration, nous avons fixésH2(0) = 0.1 (ce qui est physique-

ment impossible pour les conditions expérimentales) pour observer le comportement de

l’approximation par perturbation singulière sur un horizon de temps long. Les réponses

des deux modèles sont montrées en figure 6. Nous observons quela concentration de
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Figure 6: Comparaison du modèle complet et modèle réduit pour l’homoacétogénèse. La

différence entre les conditions initiales desH2 a été exagérée à des fins d’illustration.

l’hydrogène donnée par le modèle complet converge rapidement vers la concentration

quasi-statique de l’hydrogène calculée par perturbation singulière. Les réponses des vari-

ables lentes dans les deux modèles sont presque identiques.

Réduction du modèle complet de la dégradation des hydrates de carbone

Le résultat précédent nous poussé à étendre l’approche de réduction par perturbation sin-

gulière au modèle complet de la dégradation des hydrates de carbone. Considérons, par

exemple, le modèle associé au lumen de la section du côlon proximal, défini par (1)-(4).

Ces équations peuvent également s’écrire sous la forme générique (23), ce qui nous per-

met de borner les constantes de temps locales. En appliquantla même procédure que dans

le modèle de l’homoacétogénèse, on obtient un modèle à deux échelles de temps dans la

forme standard de perturbation singulière. Le vecteur des variables rapidesz est

z = [sH2, sCH4, sCO2]
T.
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Les hypothèses du théorème de Tikhonov sont également satisfaites. Nous avons illus-

tré par simulation la proximité du comportement du modèle réduit avec celui du modèle

complet pour le micro-habitat du lumen dans la section proximale. Comme observé pour

le modèle de l’homoacétogénèse, lorsque les conditions initiales dans le modèle complet

sont physiquement acceptables, la réponse du modèle réduitest superposée à celle du

modèle complet. Nous avons simulé le système avec des conditions initiales des concen-

trations en hydrogène, méthane et dioxyde de carbone dans laphase liquide anormalement

élevées pour observer des différences entre les deux modèles. Le résultat est illustré en

figure 7, et confirme la validité de la réduction.

La figure 8 compare les réponses, pour les modèles complet et réduit, du compartiment du

lumen dans la partie distale. La réduction d’ordre du modèlesemble améliorer la stabilité

des simulations. Toutefois, plus de recherche sur cette question est nécessaire.

La réduction du modèle a permis une économie d’au moins 30% entemps de calcul,

parce que la raideur du modèle est réduite. L’application decette approche dans les com-

partiments du mucus et du lumen dans le modèle complet permetde réduire le nombre de

variables d’état de 102 à 84.

Exemples d’applications du modèle

Le modèle présenté ici peut être considérée comme une plate-forme expérimentale virtuelle,

utilisable pour répondre à des questions biologiques. Le but des simulations suivantes est

d’illustrer le caractère plausible du modèle et son utilisation potentielle pour étudier des

interactions et des phénomènes difficiles à évaluer par un travail expérimental.

Une image dynamique et spatiale

Les figures 9 et 10 montrent une image dynamique et spatiale dela fermentation prédite

par le modèle. L’entrée des fibres est passée de 10 g par jour à 25 g par jour àt = 0. Le

côlon proximal semble être la partie la plus active. La plupart des fibres y sont dégradées

(figure 9). On y observe le niveau de monosaccharides le plus haut; les monosaccha-

rides sont rapidement épuisés dans les sections suivantes.Les concentrations simulées
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Figure 8: Comparaison de la stabilité numérique pour les simulations des modèles com-

plet et réduit dans le lumen du côlon distal. Le comportementoscillatoire est causé par la

réinitialisation périodique du volume due à l’excrétion. La réduction d’ordre du modèle

semble améliorer la stabilité des simulations.

des AGCC sont très élevées dans le côlon proximal, et décroissent progressivement vers

le côlon distal (figure 10). Les profils de concentrations milimolaires prédits par le modèle

en acetate: propionate: butyrate dans les sections luminales sont 82:37:39 dans le côlon

proximal, 74:35:37 dans le côlon transversal, et 57:31:33 dans le côlon distal. Ces valeurs

sont en accord avec des étudesin vivo (voir Topping and Clifton (2001) et les références

citées).

La concentration microbienne prédite dans le côlon distal est d’environ 70 g par jour.

Si nous supposons une densité de la matière fécale de 1 g/ml etque 15% des matières fé-

cales sont solides, ceci implique que les micro-organismesreprésentent 47% des solides,

ce qui est en accord avec les valeurs expérimentales (Stephen and Cummings, 1980).

La figure 10 résume la variation temporelle et spatiale des concentrations microbiennes et

en métabolites. Si le profil de la concentration microbiennedans le lumen est croissant de

la section proximale à la section distale (figure 10C), la concentration microbienne dans

le mucus présente un comportement inverse (figure 10D). Ce profil peut être expliqué par

la diminution du sucre dans les compartiments du lumen, qui réduit la disponibilité du

substrat pour la diffusion vers le mucus. Dans les compartiments du lumen, le chyme

perd de l’eau en voyageant le long du côlon et donc la densité microbienne augmente.
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Figure 9: Modèle dynamique de la fermentation dans les compartiments du lumen. Le

comportement oscillatoire dans les résultats du côlon distal est causé par la réinitialisation

périodique du volume due à l’excrétion.

Les figures 10A et 10B montrent l’évolution des métabolites et des concentrations de

micro-organismes au long du côlon lorsque l’entrée des fibres change de 10 g par jour à

25 g par jour. Elles suggèrent que, quand une perturbation sur le régime alimentaire est

appliquée sur le système, au moins 10 jours sont nécessairespour voir l’effet global d’un

tel changement. On peut également remarquer que les donnéesrecueillies lors des études

de la section distale, qui est la seule accessible expérimentalement, ne sont pas suffisantes

pour avoir une image complète du comportement du système. Après d’avoir incorporé

les phénomènes de transport tels que l’agrégation microbienne, et l’absorption des AGCC

et d’eau, il est possible d’obtenir une représentation globale du système du côlon humain

qui soit cohérente avec des données physiologiques.

Quel est le rôle du mucus ?

Le mucus affecte la dynamique du lumen sous trois formes.(i) il rend possible l’agrégation

microbienne,(ii) les mucines représentent une source supplémentaire de carbone et, enfin,

(iii ) les micro-organismes dans le mucus peuvent enrichir la communauté microbienne
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Figure 10: Schéma global de fermentation dans le côlon humain. P : côlon proximal, T :

côlon transversal, D : côlon distal. La concentration en AGCC décroit au long du côlon

humain, tant dans le lumen que dans le mucus. La densité microbienne totale augmente

de la section proximale à la section distale dans le lumen, tandis que la flore microbienne

dans le mucus suit un comportement inverse.

dans le lumen grâce au phénomène de détachement. Nous avons utilisé notre modèle

mathématique afin d’évaluer l’importance de chacun de ces facteurs sur la dynamique du

côlon humain. Ces effets sont illustrés dans la figure 11. La courbe continue représente

la réponse du modèle qui prend en compte le mucus et les trois mécanismes mentionnés

ci-dessus. Les autres courbes ont été obtenues en mettant tout à tour à zéro les paramètres

associés à chacun des trois mécanismes.

Quand aucune mucine n’est disponible comme substrat pour lamicroflore du lumen (pas

de transfert), la dynamique du système reste identique. Cela signifie que la quantité de

glucides dans les fibres exogènes est beaucoup plus élevée que celle contenue dans les

mucines qui ne sont pas utilisées dans le mucus. La figure 11 suggère également que le

microbiote du mucus enrichit celui du lumen. Ces simulations suggèrent que l’agrégation

microbienne, qui est représenté par le temps de rétention supplémentaireτ pour les micro-

organismes, est nécessaire pour atteindre des conditions physiologiques, à savoir la dégra-
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Figure 11: Le rôle du mucus dans le côlon humain. Les concentrations correspondent au

compartiment du lumen proximal. L’entrée de fibre été fixée à 25 g par jour. L’agrégation

apparaît comme le facteur le plus pertinent pour maintenir des conditions physiologiques.
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dation élevée de fibres et la densité microbienne élevée. Ainsi, ce mécanisme apparaît

comme le facteur le plus pertinent pour expliquer le rôle du mucus sur la dynamique du

côlon humain.

Conclusions

Nous avons présenté ici le développement d’un modèle à base de connaissance de la

dégradation des hydrates de carbone dans le côlon humain. Pour autant que nous sachions,

ce modèle est le premier à intégrer la physiologie de l’intestin, des réactions biochim-

iques et les phénomènes de transport entre les micro-habitats du lumen et du mucus. Pour

faire face à la complexité du modèle, nous avons fait usage d’outils et de concepts de la

théorie des systèmes, tels que la méthode des perturbationssingulières, l’identifiabilité et

l’estimation de paramètres.

Les simulations du modèle suggèrent que nous avons obtenu une représentation qualita-

tivement adéquate du côlon humain. Notre modèle permet de représenter la dynamique du

processus de fermentation tout le long des sections physiologiques, incluant les compar-

timents du lumen et du mucus. Il permet de faire des analyses qui sont difficiles à réaliser

expérimentalement. Ce modèle permet d’aborder facilementune longue liste de questions

de type :et si ? Nous en avons donné ci-dessus quelques exemples. Aborder ces ques-

tions à travers la modélisation mathématique devrait contribuer à notre compréhension

de l’écosystème du côlon humain. Un facteur clé pour parvenir à cette compréhension

est l’intégration des informations provenant de nouvellesexpériences. L’estimation des

paramètres du modèle complet est la principale tâche à poursuivre dans un avenir proche.

Compte tenu de la complexité du modèle, de la rareté et l’hétérogénéité des données, du

caractère asynchrone des observations et de la méconnaissance des conditions initiales,

l’estimation Bayésienne nous semble être l’approche la plus prometteuse.

Notre modèle dois être considéré comme complémentaire des travaux expérimentaux (à

la fois in vivoet in vitro). Nous espérons qu’il contribuera à donner un meilleur aperçu de

la dynamique du côlon humain. Il pourrait également être un outil pour l’élaboration de

stratégies nutritionnelles axées sur la promotion de métabolites bénéfiques pour la santé.
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Notation and nomenclature

Abbreviations / Acronyms

AD Anaerobic digestion

AIC Akaike’s information criterion

COD Chemical oxygen demand

CSTR Continuous-flow stirred-tank reactor

DAE Differential algebraic equation

FIM Fisher information matrix

GI Gastrointestinal

IBD Inflammatory bowel disease

IDEAS IDEntification and Analysis of Sensitivity

LI Linear in its inputs

LP Linear in its parameters

ML Maximum-likelihood

NSP Nonstarch polysaccharides

OD Optical density

ODE Ordinary differential equation

OTU Operational taxonomic unit

PCA Principal component analysis

PFR Plug-flow reactor

RS Resistant starch

SCFA Short chain fatty acids

s.g.i. structurally globally identifiable

w.r.t. With respect to

47
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Typography

Matrix Upper case letter in bold,e.g., A

Vector Lower-case letter in bold,e.g., z

Scalar Italic,e.g., k,Y

Set Upper case letter in italic,e.g., S

Symbols

Cor Parameter correlation matrix

M (·) Model structure

N(0,σ2) Distribution of a Gaussian random variable

with zero mean and varianceσ2

N(0,Σ) Distribution of a Gaussian random vector

with zero mean and covarianceΣ

np Number of parameters

nx Number of state variables

ny Number of outputs

P Covariance matrix of the ML estimator

R Set of real numbers

x State vector

y Output vector

ε Vector of measurement errors

θ Parameter vector

θ∗ True value ofθ

θ̂ Estimated value ofθ
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Table 3: Nomenclature of the model. For hydrolysis,km,i is given in gsj d−1 /mol x j , and

Yi, j in mol si/ g sj . γi for sugars is given in l/d.

Definition Units

State variables

si Concentration of soluble componenti in liquid phase M (mol/l)

sg,i Concentration of soluble componenti in gas phase M

xi Concentration of bacterial groupi M or OD

z Concentration of polysaccharides g/l

Parameters

ai Adherence coefficient of bacteria in lumen d−1

bi Shear loss coefficient of bacteria in mucus d−1

fi Fraction of the componenti used for catabolic reactions

kd Decay constant of bacteria d−1

KH,i Henry’s law coefficient of componenti M/bar

khyd,i Maximum specific hydrolysis rate d−1

ki Inactivation constant of bacteria d−1

kLa Liquid-gas transfer coefficient multiplied by the specific transfer area d−1

km,i Maximum specific rate of substrate consumption molsj d−1 /mol x j

Ks,i Half-saturation constant for microbial growth (constant of Monod) M

Kx,i Half-saturation coefficient for ratios/x M sj / M x j

r i Density of componenti g/l

wi Molecular weight of componenti g/mol

Yi, j Yield of componenti in processj mol si / mol sj

Yj Biomass yield factor for bacteria utilizing substratej mol x j / mol sj

γi Transport coefficient of componenti d−1

ηi Reaction yield

λi Reaction coordinate

µmax,i Maximum specific growth rate d−1

τi Additional residence time of bacteria in lumen d
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Nomenclature of the model (continued).

Functions

ρ j Kinetic rate of processj

Qi Liquid-gas transfer rate of componenti

Subscripts and superscripts

g Gas phase

in Influent

l Lumen

lgt Liquid-gas transfer

m Mucus

out Effluent

n net

For soluble components

ac Acetate

bu Butyrate

la Lactate

pro Propionate

su Sugar (glucose)

For particulate components

H2a Hydrogen-utilizing bacteria (acetogenic)

H2m Hydrogen-utilizing bacteria (methanogenic)

la Lactate-utilizing bacteria

su Glucose-utilizing bacteria
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Nomenclature of the model (continued).

Physiological parameters

L Length of colon section (cm)

Patm Atmospheric pressure (bar)

pH20 Water pressure (bar)

R Ideal gas constant (bar/(M K))

q Flow rate (l/d)

qn Net flow rate in the distal lumen (l/d)

T Temperature (K)

V Volume in liquid phase (l)

Vg Volume in gas phase(l)

Γ Endogenous production of mucins (g/d)

φ Diameter of the colon (cm)
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Chapter 1

Introduction

I have deeply regretted that I did not proceed far enough at

least to understand something of the great leading principles of

mathematics.

Charles Darwin

Mathematical models (sometimes calledin silico models) are central for a better un-

derstanding of the behavior of systems in all fields of pure and applied sciences. They

can be used to estimate quantities that cannot be measured, to test hypotheses, to predict

behaviors, to control processes, to teach, among others. Basically, mathematical models

can be derived by induction (data-driven modelling) or by deduction (see,e.g., Kell and

Oliver (2004); Teusink and Smid (2006), and the references therein for discussion of both

approaches in biological systems).

Inductive models describe the input-output behavior of a system by means of equations

that are physically meaningless. By contrary, in the deductive modelling approach, the

model construction is based on fundamentals laws (e.g., thelaw of conservation of mass)

and relationships that are supposed to govern the system behavior. Therefore, the mod-

eller is interested to identify the phenomena that take place on the system, and to translate

such a prior information into equations that contain parameters with physical meaning.

Estimation of such parameters provides a link between the model and the real world.
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Mathematical models that are derived deductively are oftencalled knowledge-based mod-

els. Given the comprehensive structure of such models, theyallow for lateral transfer of

insight between scientific domains (Picioreanu and van Loosdrecht, 2003).

In recent decades, mathematical modelling has come to play an essential role in biology

(May, 2004). Biological systems are often complex. Their complexity resides in the large

numbers of elements with diverse functionalities that interact nonlinearly to produce co-

herent behaviors (Kitano, 2002a). As rational and formal representations, mathematical

models are central to achieve a system-level understandingof such a complexity (Baldwin

et al. (1984); Legay (1997); Bailey (1998); Stelling (2004)).

In this work, we tackle the construction of a knowledge-based model of a biological sys-

tem: the human colon. More precisely, the modelling of carbohydrate degradation in the

human colon. Our work is built on three main pillars, namely biology, system theory and

chemical engineering.

Why a mathematical model of human colonic fermenta-

tion? A biological point of view

The human colonic microbiota is recognized as a key component in gastrointestinal (GI)

tract homeostasis. This microbial population is involved in the development of immune

function (Hooper and Gordon, 2001) and in pathologies such as inflammatory bowel dis-

ease (IBD) (Manichanh et al. (2006); Seksik et al. (2006); Frank et al. (2007); Sokol et al.

(2008)) and obesity (Ley et al. (2005); Ley et al. (2006b); DiBaise et al. (2008)). More-

over, fermentation produces essential vitamins and co-factors (Zoetendal et al., 2008),

and contributes up to 10% of the energy of the body’s metabolic requirements (Macfar-

lane and Cummings, 1991). The principal products of fermentation are short chain fatty

acids (SCFA), microbial biomass, H2, CO2, and CH4 in some individuals. SCFA (mainly

acetate, propionate and butyrate) are recognized for theirhealth-promoting effects (Top-

ping and Clifton, 2001).

Despite its important role in human health, the human colonic ecosystem remains largely

unexplored due to the complexity of the microbiota. This dynamic microbial consortium
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is host-specific, spatially distributed along the GI tract (Zoetendal et al. (2004); Dethlef-

sen et al. (2006)). Humanin vivo studies are restricted by ethical considerations and the

limited accessibility of the GI tract. These constraints have motivated the development of

in vitro models to simulate the dynamic conditions of the human colon(see Section 2.4).

In parallel toin vitro studies, animal models have also been used to investigate different

aspects of the colonic fermentation.

Both in vitro and in vivo models have been crucial for the understanding of the human

GI tract. Nevertheless, extrapolation of such studies to the human colon has to be done

with caution.In vitro models do not account for biotic factors such as SCFA absorption,

interaction with the host, and exchange between the lumen and mucus microhabitats. An-

imal intestines present physiological differences with the human colon. In addition, both

in vitro and in vivo approaches use mixed culture of fecal matter, but only 20−40% of

human colonic microbiota can be cultivated (Amann et al. (1995); Suau et al. (1999))

and major differences have been found between fecal microbiota and colonic microbiota

(Marteau et al. (2001); Zoetendal et al. (2002); Sarma-Rupavtarm et al. (2004)).

Mathematical modelling can complementin vitro and in vivo studies. It is a promis-

ing approach to circumvent some obstacles associated with experimental work. Although

mathematical models have shown to be useful in animal nutrition (see,e.g., Baldwin et al.

(1981); Jumars (2000); Hanigan et al. (2006); Dumas et al. (2008)), up to now, mathemati-

cal models have rarely been used to study the complexity of the carbohydrate degradation

in the human colon and few results have been reported in the literature. Mathematical

approaches do not seem to have been applied to the study of thehuman colonic ecosys-

tem as a whole. Only parts of the system have been considered.Studies in fermenta-

tion addressed the modelling of bacterialin vitro experiments and attempted to analyze

specific reactions of the fermentation process by human colonic strains (Amaretti et al.,

2007). Modelling studies based on13C-labeled carbohydrates have been used to evaluate

fermentation in the small and large intestine of infants (Christian et al., 2002). Belenguer

et al. (2006) also used labeled components to identify carbon flows in the metabolism of

lactate-utilizing bacteria to produce butyrate. This metabolism is affected by exogenous

acetate. In this direction Duncan et al. (2004a) and Morrison et al. (2006) estimated, by

modelling, the contribution of acetate in butyrate formation. Other phenomena taking
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place in the human colon have been studied by mathematical modelling. The colonization

of microorganisms in the gut and dynamics of pathogens have received most attention

(Kirschner and Blaser (1995); Ballyk et al. (2001); Davis and Gordon (2002); de Jong

et al. (2007)). Absorption of organic pollutants in the intestine (Moser and Mclachlan,

2002) and drug metabolism (Haddish-Berhane et al., 2009) have also been modelled. A

mathematical approach was presented to describe the spatial distribution of intestinal bac-

teria with respect to their tolerance to oxygen, taking intoaccount the variable geometry

of the intestine (Wilkinson, 2002).

To the best of our knowledge, today there is still no mathematical model integrating the

physiology of the intestine, the carbohydrate fermentation process and mass transfer be-

tween the lumen and mucus. The purpose of the work reported inthis thesis was to

develop such a mathematical model in order to provide a virtual platform describing the

dynamics of the fermentation pattern in the human colon. We hope that the mathematical

model presented here will contribute usefully to coping with the complexity of the human

colon, enabling further insight into the microbial metabolism in the human GI tract.

Why a mathematical model of human colonic fermenta-

tion? Mathematical challenges

In the human intestinal ecosystem many processes take placeat different time scales. No

mechanistic explanations are available yet for some phenomena. We are often left with

hypotheses, some of which may be contradicted by experimental studies.

Phenomena occurring in the human colon comprise metabolic conversions and mass trans-

fer. Such processes are made possible by interactions (mostof them nonlinear) of a large

number of components, namely host cells, microorganisms and metabolites. The human

colon is a distributed system. A full representation of the system in state-space form

would then lead to a mathematical model with an infinite number of state variables. We

were then interested in reducing such a complexity and providing a model that could rep-

resent the main phenomena with a reasonable number of state variables. In order to handle

model complexity, we used mathematical tools, such as parameter identification, singular

perturbation, and optimization algorithms to provide a model with an acceptable qualita-
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tive representation of system behavior.

One of the main obstacles towards model validation (or rather model falsification) is the

scarcity of data. Experimental studies usually provide information on the last section of

the colon and no data is available along its length. Few studies provide dynamic data. In

addition, the measurements are often asynchronous, some variables can only be measured

once, and others are not measured.

Most of the knowledge of human colonic fermentation has comefrom studies onin vitro

andin vivomodels.In vitro bacterial growth experiments provide information on specific

reactions of the full metabolic pathway. In this work, we performed the modelling and

identification of some of such experiments to define parameters of the complete model.

Estimating the parameters of the complete model is not trivial. For the time being, we do

not prove a quantitative validation of the model. However, we showed that the model pre-

dictions were qualitatively in agreement with existing knowledge reported in the literature.

The strategy presented here is a generic procedure. It may beuseful to tackle other mod-

elling tasks, where the model is too complex and data are scarce.

Outline of the thesis and reader’s guide

The work presented here integrates concepts of biology, mathematics and biochemical

engineering. To facilitate navigation, we have tried to indicate the relative weights of

each knowledge domain for each chapter, which is illustrated in Fig. 1.1. The route we

take to construct our mathematical model begins with a description of the human colonic

ecosystem with a brief overwiew of the existing approaches to its study (Chapter 2).

Chapter 3 is the thesis core. It comprises the integration of biological knowledge of the

system towards the formulation of the mathematical model. In Chapter 4, we describe

the methodological tools that we used, and developed, to handle our mathematical model.

In Chapter 5, we tackle the mathematical modelling and parameter estimation of two

bacterial growth experiments. The reactions that take place in such experiments are part of

the complete fermentation process. The results in this chapter provide useful information

in the definition of parameter values of the full model.Chapter 6 describes our results
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Figure 1.1: Map of the thesis

in reducing the number of parameters of the model and the number of its state variables.

Chapter 7 presents the simulations of the mathematical model under various nutritional

scenarios. This chapter aims to illustrate a potential use of the model to get insight into the

dynamics of the human colonic ecosystem.Chapter 8 describes a preliminary study on

selection of bacterial strains, in the framework of an experimental work with gnotobiotic

rats to analyze,in vivo, the dynamics of the fermentation pattern.Chapter 9 summarizes

the results of the thesis and propose future directions of research.



Chapter 2

Description of the human colon

. . . These (the microbes) were located in the choicest places

the interiors of the Family could furnish: in the lungs, in the

heart, in the brain, in the kidneys, in the blood, in the guts.In

the guts particularly. The great intestine was the favoriteresort.

There they gathered, by countless billions, and worked, andfed,

and squirmed, and sang hymns of praise and thanksgiving; and

at night when it was quiet you could hear the soft murmur of it.

The large intestine was in effect their heaven.

Letters From the Earth. Mark Twain

The human colon (also called large intestine) is an anaerobic ecosystem within the

gastrointestinal tract (Fig. 2.1). Its function is the absorption of water and sodium, and

breakdown of alimentary polysaccharides that escape degradation in the upper digestive

tract. A brief description of this ecosystem is presented below.

2.1 Physiology and anatomy

The human colon is a unique biochemical environment, characterized by low redox poten-

tial (Mackie et al., 1999) and a constant controlled temperature of 37°C (Savage, 1977).

Its surface has been estimated somewhere between 250 and 400m2 (Bengmark, 1998).

59
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It consists of three well-defined anatomical regions: the proximal colon (cecum and as-

cending colon), the transverse colon and the distal colon (sigmoid and rectum) (Fig. 2.1).

The colon receives the food material from the ileum. The contents are retained in the

proximal colon and the digesta (chyme) goes to the distal colon to be, finally, degraded

or excreted. The intestinal region where the flow of digesta takes place is called the lu-

men. The passage of the digesta through the intestinal lumenis carried out by peristaltic

movements. During this travel, the chyme changes its physical and chemical properties,

because of fermentation, and water and metabolite absorption (Minekus, 1998). The pat-

tern of fermentation products confers a spatial distribution of metabolites and a pH profile

with values of about 5.5 in the proximal colon, 6.2 in the transverse colon and 6.9 in the

distal colon (Macfarlane and Cummings, 1991).

The intestine is lined with the epithelium, where the secretion of a mucus gel layer is

carried out by goblet cells. The mucus layer can be partitioned into an inner layer and a

sloppy outer layer (Matsuo et al. (1997); Atuma et al. (2001)). The outer layer has a lower

resistance to flow and acts primarily as a lubricant. The inner layer is a shear-resistant gel

that provides a physical barrier against invading pathogens. Mucus thickness varies along

the sections of the large intestine, and takes its largest value in the rectum. Measurements

of mucus thickness are very sensitive to manipulation. It appears that an important loss of

mucus in the floppy layer takes place during the procedure. This may explain divergent

results. Studies report mucus thickness varying from 26µm to 300µm (Lichtenberger

(1995); Matsuo et al. (1997); Pearson and Brownlee (2005); Swidsinski et al. (2007)). By

extrapolating results fromin vivo studies with rats, where the two layers could be quan-

tified (Atuma et al. (2001); Strugala et al. (2003)), one can estimate that the complete

bilayer may have a thickness up to 2000µm.

Figure 2.2 displays a cross section view of the large intestine. Table 2.1 shows an approx-

imation of the volumes of the anatomical regions of the colon. Calculations are based on

the dimensions reported in literature (de Jong et al. (2007); Rajilic-Stojanovic (2007) and

the references therein).
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Figure 2.1: Representation of the human GI tract. (source: wikipedia)

Figure 2.2: Cross section view of the human colon. The large intestine comprises the

lumen and the mucus. The epithelium is the interface of interaction between the host and

the intestine.
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Table 2.1: Approximate dimensions of the human colon.

Anatomical Length Volume of lumen Volume of mucusa

region (cm) microhabitat (l) microhabitat (l)

Cecum 6

Ascending colon 15

Proximal colon 21 0.41 0.017

Transverse colon 50 0.98 0.042

Descending colon 25

Sigmoid colon 40

Rectum 18

Distal colon 83 1.63 0.070

Total 154 3.02 0.129

a The volume of the mucusVm is calculated assuming a perfect cylinder shape

asVm = 0.25π(φ2 − (φ −2∗em)2)L. The thickness of the mucusem is taken

to be equal approximately to 0.0830 cm;φ is the diameter of the colon (5 cm),

andL is the length of each section. The volume of the lumen is calculated as

0.25πφ2L−Vm.

The large intestine is a very active organ. Many of its functions are assigned to the mi-

crobes that it harbors. These microbes conform the human colonic microbiota. Some

features about this microbial community are introduced below.

2.2 Human colonic microbiota

The human gut is one of the densest microbial systems on Earth(Whitman et al., 1998),

with population densities ranging from 108 cell per ml in the cecum to 1011 cells per ml

in the distal colon. It has been estimated that microbial communities associated with the

human body surfaces outnumber the human somatic and germ cells by a factor of ten

(Savage, 1977).
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The microbial consortium in the human large intestine is host-specific, appearing as a

personalized fingerprint (Zoetendal et al. (1998); Eckburget al. (2005)), which is sta-

ble over time in healthy adult individuals (Tannock et al. (2000); Seksik et al. (2003)).

However, the term of stability has to be used with caution, asthe human colon is not

well characterized in terms of its dynamics and the timescale of the observations is lim-

ited. The microbial community is affected by dynamic factors such as diet, antibiotic

treatment, physiological stress, lifestyle, environmental and stochastic factors (Dethlefsen

et al. (2006); Flint et al. (2007); Zoetendal et al. (2008); Phillips (2009)). For example, it

has been demonstrated that bacterial species have distinctive dynamic sensitivities when

humans are exposed to stress (Holdeman et al., 1976) and thatsome members of this com-

munity can show temporal populations shifts while others remain stable (Vanhoutte et al.,

2004).

The human colonic microbiota is mainly located in two microhabitats, namely lumen

and mucus (Fig. 2.2). The mucus gel is a polymer-based matrixsecreted by goblet cells.

It mainly consists of water (95%) and mucins, which are high molecular weight glycopro-

teines with an important role in microbial life (Laux et al. (2005); Pearson and Brownlee

(2005)). This matrix favors the attachment of microorganisms and their resistance to shear

forces (Sonnenburg et al., 2004). In the words of Krause et al. (2006), microbes in the

large intestine cannot hope a more suitable microhabitat than mucus. Some of the ad-

vantages of this bacterial niche are the increase of nutrients availability, protection from

antimicrobial agents and proximity to other bacteria. In addition, the mucus is a car-

bon source that can support intestinal bacteriain vivo in the absence of any dietary input

(Macfarlane and Cummings, 1991). Bacteria specialized in mucin degradation have been

isolated (Salyers et al. (1977); Derrien et al. (2004)). Bacterial species such asB. thetaio-

taomicroncan turn to host glycans when dietary polysaccharides become scarce (Bäckhed

et al. (2005); Sonnenburg et al. (2005)). In terms of the bacterial species present, the pre-

dominant mucosa-associated population is distinct from the luminal one (Zoetendal et al.

(2002); Eckburg et al. (2005); Lepage et al. (2005)). Their metabolic activity can also

differ (Probert and Gibson, 2002). For example,in vitro studies with biofilm chemostats

in series showed that biofilm-associated bacteria were highly active for acetate production

while planktonic bacteria made a higher contribution to propionate and butyrate forma-

tion (Macfarlane et al., 2005). In the lumen microhabitat, the microbiota is attached to the
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surfaces of particulate food material or it can be free-living (not surface associated) (Akin

(1976); Walker et al. (2008)). Functional differences between particulate-associated mi-

crobiota and free-living microbiota have also been suggested (Macfarlane et al. (1997);

Macfarlane and Macfarlane (2006)).

The complexity of the human colonic microbiota has been tackled by ecology to elu-

cidate two central questions: who are present and what are they doing (Zoetendal et al.,

2004). Culture-based methods provided an initial picture of the microbial diversity in the

human GI tract (Moore and Holdeman (1974); Savage (1977); Miller and Wolin (1982);

Finegold et al. (1983)). This approach is still useful to study microbial species of interest

in the human large intestine (Bernalier et al. (1996b); Barcenilla et al. (2000); Duncan

et al. (2002b); Pryde et al. (2002)). The picture of the humancolonic microbiota has

remarkably improved thanks to the development of molecularmicrobial ecology, where

diversity is assessed by culture-independent approaches,such as first targeting 16S rRNA

genes (Wilson et al. (1997); Suau et al. (1999)). Today, the microbial diversity in the hu-

man colon is estimated about 1000 species (Rajilic-Stojanovic et al., 2007). Taking into

account interindividual variability, it is estimated thatmore than 45000 bacterial species

comprise the microbial consortium in lower human GI tract (Frank et al., 2007). This mi-

crobial community is dominated by relatively few divisionsthat are highly diverse at the

level of species and strains. Most of the members of this consortium belong either to the

bacterial phylaFirmicutesor Bacteriodetes. The domainArchaeaalso inhabits the human

colonic ecosystem, withMethanobrevibacter smithiithe dominant phylotype (Miller and

Wolin (1982); Eckburg et al. (2005); Mihajlovski et al. (2008)). Minor populations of

Eukaryahave been recently found (Scanlan and Marchesi, 2008). Viruses and bacterio-

phages are also present in the human colon (Breitbart et al. (2003); Lepage et al. (2008)).

The second ecological question relates to the metabolic function of community members

in the ecosystem. The human intestinal microbiota can be considered as an additional

organ. Microbes are provided with a set of enzymes catalyzing metabolic functions that

confer physiological properties that the human genome lacks (Gill et al. (2006); O’Hara

and Shanahan (2006); Goodacre (2007)). However, due to the complexity of the human

colonic microbiota, elucidation of the function of microorganisms is a very difficult task.

Advances on the genomics-related techniques at the level ofgene expression (DNA-based
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approach: genomics; RNA-based approach: transcriptomics, protein: proteomics, and

metabolites: metabolomics) have greatly improved our understanding of bacterial func-

tionality in the human gut ecosystem (Gill et al. (2006); Zoetendal et al. (2006); Gloux

et al. (2007) Kurokawa et al. (2007); Louis et al. (2007a); Liet al. (2008); Zoetendal

et al. (2008); Brugère et al. (2009); Mahowald et al. (2009)). Metagenomics is therefore

central to shed light on the diversity and function of the microbial ecosystem residing in

the human large intestine.

Today, the microbiota is recognized as a key component in GI tract homeostasis by medi-

ating many of the effects of diet upon gut health (Flint et al., 2007). Fermentation produces

essential vitamins and co-factors. Fermentation productssuch as short chain fatty acids

(SCFA) are recognized for their health-promoting effects (Topping and Clifton, 2001).

The next section is devoted in describing the main mechanisms of carbohydrate degrada-

tion by the human colonic microbiota.

2.3 Anaerobic trophic chain

The human colonic microbiota performs a series of metabolicreactions to breakdown and

ferment complex polysaccharides. Carbohydrates constitute 85% of available substrates

for colonic fermentation. The substrates are mostly from dietary origin. Main dietary

carbohydrates are resistant starch (RS) and nonstarch polysaccharides (NSP). NSP are

a diverse group of homo and heteropolymers, including xyloglucans, glucuronomanans,

arabinoxylans and xylans (Chassard et al., 2007). Whereas starch is a glucose homopoly-

mer found in the amylose and amylopectin forms. NSP is the major component of dietary

fiber. However, on a high starch diet, the amount of RS may exceed the amount of NSP

(Macfarlane and Cummings, 1991). The quantity of NSP entering the human colon may

be up to 28 g/day for a western diet (Baghurst et al., 1996). The estimation of RS entering

to the colon is more difficult to assess, because of the lack ofdata on food composition,

partial digestion in the small intestine, and individual physiological influences such as

chewing. In addition to dietary carbon sources, endogenousproduction of mucins con-

tribute to carbon supply (Bernalier et al., 1999). Mucins are glycoproteins consisting of

80% carbohydrates (Pearson and Brownlee, 2005). Table 2.2 shows the available sub-

strates for the human colonic microbiota.
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Substrate Amount (g/day)

Carbohydrates Resistant starch 5-40

NSP 8-30

Sugars and sugar alcohols 2-10

Oligosaccharides 2-8

Mucins 3-5

Chitin and amino sugars 1-2

Synthetic carbohydrate Variable

Food additives Variable

Therapeutic agents Variable

Protein Dietary origin 1-12

Pancreatic enzymes 4-8

Sloughed epithelial cells 30-50

Others Urea, nitrate 0.5

Bacterial recycling Unknown

Table 2.2: Substrates available for the human colonic microbiota (from Macfarlane and

Cummings (1991); Egert et al. (2006)).
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Microbial metabolism consists of catabolic reactions thatyield energy and anabolic re-

actions that lead to bacterial growth. The first stage of carbohydrate degradation is the

hydrolysis of polysaccharides that cannot be used by the human (Topping and Clifton,

2001). Hydrolysis is effected by bacterial cell-associated and secreted hydrolases. The

polymers are therefore broken down to their constituent monomers, which can then be

assimilated by the microorganisms in the fermentation. This process occurs in the ab-

sence of external electron acceptors, such as oxygen or nitrate. The principal products of

the fermentation are SCFA, CO2, H2, biomass, and CH4 in some individuals (it has been

estimated that approximately 1/3 of the human population produces methane (Cummings

and Macfarlane, 1991)). SCFA are further absorbed by the host.

The carbohydrate fermentation process is affected by a number of factors, including host

genotype, ingestion of microorganisms and microbial interactions, stochastic events and

physicochemical factors such as pH, retention time, physical structure of the food matrix

and composition of substrates (Macfarlane and Gibson (1997); Dethlefsen et al. (2006);

Louis et al. (2007a)). In addition, the methane status of theindividual appears to be

linked to the activity and structure of cellulose-degrading species (Robert and Bernalier-

Donadille (2003); Chassard et al. (2007)).

Anaerobic digestion has a low energy yield in comparison with aerobic processes. This

forces the microbial community to cooperate efficiently andthus obtain the energy re-

quired for its survival. A special case of such cooperationsis syntrophism, in which two

metabolic types of microorganisms depend on each other to perform the degradation of a

given substrate (Schink, 1997). The term syntrophy has alsobeen used to denote harmful

and neutral relationships (Relman, 2008). Syntrophic associations (in the sense described

by Schink (1997)) favor the thermodynamics of the conversion process. The fermentation

products released from the metabolism of microbial speciesare utilized by other microbes,

driving in this manner the energetics of the reactions and improving the overall utilization

of substrates (Voolapalli and Stuckey (1999); Kleerebezemand Stams (2000); Jackson

and McInerney (2002); Rodríguez et al. (2008); Madigan et al. (2009)). The human colon

can thus be viewed as an extremely efficient reactor, where the thermodynamic feasibility

of the reactions is enhanced by microbial syntrophism and metabolite absorption.
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2.3.1 Main fermentation pathways

The metabolic pathways of anaerobic fermentation are well documented (Gottschalk

(1986); Miller and Wolin (1996); Bernalier et al. (1999); Macfarlane and Gibson (1997);

Moat et al. (2002); Madigan et al. (2009)). Anaerobic digestion by the human colonic bac-

teria comprises several reaction pathways. The main fermentation pathways are described

below.

2.3.1.1 Embden-Meyerhoff-Parnas pathway

The Embden-Meyerhoff-Parnas (EMP) pathway has been identified as the major route of

glucose metabolism (Miller and Wolin, 1996). However, bacteria can use other pathways,

such as the Entner-Doudoroff pathway (see,e.g., Madigan et al. (2009)). The EMP is

divided into three stages. In Stage I, glucose is activated and the intermediate glyceralde-

hide 3-phospate is produced. This stage is characterized bythe absence of redox reactions

and thus no energy is released. In Stage II, glyceraldehide 3-phospate is oxidized to pyru-

vate. Two molecules of pyruvate are formed by one molecule ofglucose. During the

oxidation reaction, NAD+ is reduced to NADH and four molecules of ATP are formed.

Stage I requires two molecules of ATP. Thus, the energy yieldat the second stage is two

moles of ATP per molecule of glucose fermented. Stage III comprises the formation of

final products. All products are made from pyruvate, which appears as the central pivot of

fermentation. At this stage the NADH produced from NAD+ is oxidized back to NAD+

in order for glycolysis to continue.

2.3.1.2 Pyruvate metabolism

Pyruvate is oxidized to acetyl coenzyme A (acetyl-CoA) thatcan be routed in various

pathways. Acetyl-CoA is routed to acetate via acetate kinase, in which ATP is generated.

This reaction requires low partial pressure of H2. Hence, the action of H2-utilizing mi-

croorganims is central for thermodynamic feasibility. Acetyl-CoA can also be routed

to butyrate. There, two molecules of acetyl-CoA are condensed to one molecule of

acetoacetyl-CoA, which is subsequently reduced to butyryl-CoA. Finally, butyryl-CoA

is converted to butyrate by the enzyme butyrate kinase. ATP yield of this reaction is

one half of the one generated in acetate formation. Another route for butyrate synthe-

sis is the butyryl CoA:acetate CoA transferase pathway. There, butyryl-CoA reacts with
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acetate to produce butyrate and acetyl-CoA. This mechanismhas been identified as the

main metabolic pathway for butyrate synthesis in the human large intestine. Propionate is

formed either from pyruvate or the intermediates succinateand lactate. The reaction path-

ways of propionate formation are the succinate pathway or the lactate-acrylate pathway.

In the succinate pathway, pyruvate is carboxylated to form methylmalonyl-CoA that pro-

duces propionyl-CoA. This latter reacts with succinate, ina conversion catalyzed by the

enzyme CoA transferase, producing succinyl-CoA and propionate. In the lactate-acrylate

pathway, pyruvate is reduced from lactate, which is converted into the ester lactyl-CoA.

This ester is dehydrated into acrylyl-CoA and subsequentlyreduced into propionyl-CoA

to form propionate. In general, propionate production is associated with acetate produc-

tion. In the overall reaction three moles of pyruvate produce two moles of propionate, one

mole of acetate, one mole of CO2, one mole of H2O and three to five moles of ATP.

2.3.1.3 Lactate formation and utilization

Pyruvate forms lactate in its two isomers (D, L). Separate lactate dehydrogenases are

responsible of the isomers to be produced. Lactate is generally produced by the homofer-

mentative or heterofermentative pathway. In the homofermentative pathway, one mole

of glucose yields two moles of lactate and two moles of ATP. The heterofermentative

pathway yields one mole each of lactate, ethanol, CO2 and ATP per mol of glucose.Bifi-

dobacteriause a distinctive pathway that yields two moles of lactate, three moles acetate

and five moles of ATP from two moles of glucose. Lactate participates in a reversible

reaction with pyruvate. It is thus a precursor for the formation of acetate, propionate

and butyrate. In these conversions, lactate is oxidized to pyruvate and the corresponding

pathways are those described above for pyruvate.

2.3.1.4 Hydrogen formation and utilization

Hydrogen can be formed from pyruvate by the enzyme pyruvate:ferredoxin oxidoreduc-

tase linked to hydrogenase or through the action of NADH:ferredoxin oxidoreductase and

hydrogenase (Macfarlane and Macfarlane, 2003). In the human colon, hydrogen is used

by three main routes, described below.

Methanogenesis.It is attributed toArchaeamembers. Interestingly, the two methanogens

that have been identified in the large intestine, namelyMethanobrevibacter smithii
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andMethanosphaera stadtmaniae(Miller and Wolin, 1985) carry out the conver-

sion through two different pathways. WhileM. smithii uses four moles of H2 to

reduce one mole of CO2 to one mole of CH4 following

4H2+CO2 → CH4 +2H2O,

M. stadtmaniaeconsumes H2 to reduce methanol to CH4 (Miller and Wolin (1985);

Fricke et al. (2006)) by the reaction

H2+CH3OH→ CH4 +H2O.

Homoacetogenesis.It is also known as reductive acetogenesis. Colonic bacteria reduce

CO2 to produce acetate following

4H2+2CO2 → CH3COOH+2H2O.

Sulfate reduction. In this route, H2 reacts with one mole of sulfate to produce H2S.

For more details on H2 utilization pathways, see Macfarlane and Gibson (1997).

The exclusion and coexistence between H2-utilizers microorganisms in the human colonic

ecosystem are not yet entirely elucidated (see,e.g., Cummings and Macfarlane (1991);

Doré et al. (1995); Bernalier et al. (1996a)). In our model, we assumed that the main

pathways for H2 utilization are homoacetogenis and methanogesis, and so, sulfate reduc-

tion is not accounted for.

2.4 In vitro and in vivomodels to study the human colonic

ecosystem

The term model is used to denote an approximate representation of a given system. Such

a representation can be physical or abstract. In this thesiswe developed a mathematical

model (abstract representation) of the human colonic fermentation. This section is devoted

to a brief review of physical models that have been developedto study the human gut

ecosystem. They includein vitro andin vivo models.
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Figure 2.3: Simulator of the human intestinal microbial ecosystem (SHIME model).

2.4.1 In vitro models

In vitro models have been designed as simplified representations of the human GI tract.

Complexity of these systems varies according to the goal of the study to be pursued. In

terms of their operation, they can be categorized with respect to the number of bacterial

strains cultivated (pure or mixed culture), the carbon sources for bacterial growth, the op-

eration mode (batch, semibatch or continuous), the metabolic reactions taking place and

their complexity. Miller and Wolin (1981) developed a semicontinuous culture system,

consisting of a single glass vessel. The fermenter was inoculated with fecal sample to

study the fermentation by human intestinal microbiota. More sophisticated configura-

tions were developed to incorporate continuous multistageculture systems (chemostats)

connected in series to mimic the physiological parts of the large intestine. In these sys-

tems, temperature, pH and residence time of the compartments are controlled to reproduce

physiochemical characteristics of the human colon (Gibsonet al. (1988); Macfarlane et al.

(1998a)). Molly et al. (1993) developed the SHIME model (Simulator of the human in-

testinal microbial ecosystem). Thisin vitro model couples compartments representing the

stomach, small intestine and large intestine (see Fig. 2.3). In addition, the TNO gastro-

Intestinal Model (TIM), developed by the Dutch company TNO Nutrition and Food Re-

search, accounts for biotic factors such as water and SCFA absorption (Minekus (1998);

Minekus et al. (1999)). It is equipped with a control system to regulate food transit. Probet
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and Gibson (2004) developed a fermentation model of the proximal colon that includes

mucin beads to mimic mucus gel layer microhabitat. To represent the colonic fermenta-

tion in infants, Cinquin et al. (2004) developed a single-cultured chemostat where bacteria

were immobilized in polysaccaharide gel beads. Thus, microbial population was either

in suspension or biofilm-associated. This model was furtherimproved by incorporating

two additional chemostats to represent the three physiological regions of the human colon

(Cinquin et al., 2006b). It was used to study the effects of exopolysaccharides excreted by

lactic acid bacteria on the infant colonic microbiota (Cinquin et al., 2006a). Spratt et al.

(2005) developed a three-stage tubular model equipped witha membrane, allowing for

water and SCFA removal. The membrane also enabled biofilm growth and led to a higher

concentration of microorganisms than in conventional chemostat models. Interestingly, in

this work, a simplified mathematical model was presented to define, in steady state, the

hydraulic conditions that prevent bacterial washout.

In vitro models with various degrees of complexity are still being used. Thein vitro

system TIM has been used to study biopharmaceutical behavior under various physio-

logical gastrointestinal conditions (Blanquet et al., 2003). Macfarlane and colleages have

been using their model to study the impact of retention time on bacterial population and

fermentation patterns (Macfarlane et al. (1998b); Child etal. (2006)), microbial coloniza-

tion of mucus gel layer and metabolic activities between biofilm-associated bacteria and

planktonic bacteria (Macfarlane et al., 2005). The SHIME model has been used for the

screening of potential probiotics and to evaluate the effect of prebiotics such as inulin and

soy on bacterial metabolism (Alander et al. (1999); Boever et al. (2000); van de Wiele

et al. (2004); van de Wiele et al. (2007); Vanhaecke et al. (2009)). Other applications ofin

vitro models include studies on interspecies interactions (cross-feeding) (Belenguer et al.

(2006); Chassard and Bernalier-Donadille (2006); Falony et al. (2006)), effects of diet on

fermentation pattern and microbial growth (Duncan et al. (2003); Langlands et al. (2004);

Amaretti et al. (2006), van der Meulen. et al. (2006), Stewart et al. (2008); Falony et al.

(2009), among others).

The main limitations ofin vitro models reside in that they do not account for host inter-

actions, absorptive process, and differentiation betweenlumen and mucus microhabitats.

These physiological factors are difficult to reproduce artificially, hence the use of animal
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Figure 2.4: Sterile isolators for experiments with animal rodents. Facilities at UEPSD-

INRA.

models is of great value.

2.4.2 In vivo models

The use of animals to study the human colon offers various advantages. Their diet can be

controlled. In addition, intestinal contents, tissues andorgans are accessible at autopsy.

However, in comparison within vitro models, animal experiment work is expensive and

require specialist facilities (Smith et al., 2007) (see Fig. 2.4). Rodents, pigs and dogs

have been used as animal models for studying human colonic fermentation. Rodents are

coprophagic and their large intestine differs substantially from humans. Pigs and dogs

appear to be better models (Topping and Clifton, 2001), however rodents remain the most

broadly used models. Le-Blay et al. (1999) showed the butyrogenic effect of long-term

ingestion of resistant starch in rats. Lan et al. (2007) studied the survival and metabolic

activity of propionibacteria on the gastrointestinal tract of rats. Sato et al. (2008) studied

the effect of administration of lactate-utilizing bacteria, coupled with ingestion of galacto-

oligosaccarides (GOS), on the fermentation pattern in rats. Fleming et al. (1991) used rat

models to study the SCFA absorption in the cecum.

A novel approach to the study of symbiotic host-bacterial relationships in the human GI

tract is based on the use of germ-free (axenic) rodents (Hooper et al. (2002); Xu and Gor-

don (2003); Phillips (2009)). These animals are born and raised in sterile environments

(see Fig. 2.4). They can be colonized with specified members of the human colonic mi-
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crobiota. The colonized animal is referred to as gnotobiotic (known-life). Studies with

gnotobiotic rodents includes colonization, interspeciesinteraction, host responses, among

others. For example, Sarma-Rupavtarm et al. (2004) used mice inoculated with the altered

Schaedler flora (Orcutt et al., 1987) to study the spatial distribution of this microbial con-

sortium along the GI tract. Quantitative PCR analysis showed that bacterial distributions

in feces and the colon largely differ.

The bacterial speciesBacteriodes thetaiotaomicronhas special characteristics that favored

its selection as candidate for gnotobiotic experiments (see e.g. Xu and Gordon (2003);

Bäckhed et al. (2005)). Samuel and Gordon (2006) used a gnotobiotic model to demon-

strate cross-feeding interactions betweenB. thetaiotaomicronandM. smithii. M. smithii

drove the metabolic activity ofB. thetaiotaomicronand this latter produced formate that

was used byM. smithii. Interestingly, cocolonization with these strains produced an in-

crease in host adiposity. Mahowald et al. (2009) studied bacterial and host interactions

in gnotobiotic mice inoculated withB. thetaiotaomicronandE. rectale. Metagenomic

analysis in this study suggested that both bacterial species worked in symbiosis. More-

over, such a cross-feeding produced a bacterial signal thatinduced the host to synthesize

mucosal glycans that can be metabolized byB. thetaiotaomicron. These approaches have

shed substantial light onin vivo metabolism of the human colonic microbiota and its in-

teraction with the host.

2.5 Conclusions

The human colon is a complex ecosystem with three well definedphysiological regions:

the proximal colon, the transverse colon and the distal colon. It harbors a myriad of

microorganisms that constitutes the human colonic microbiota, which is located in two

microhabitats: lumen and mucus. This microbial collectioncan be regarded as a special-

ized organ that confers to mankind specific metabolic functions that human genome lacks.

The colonic microbiota mediates many of the effects of diet upon gut health. It performs

a complex series of anaerobic reactions to degrade polysaccarides from diet and host ori-

gin. Main products of this conversion are SCFA, CO2, H2, biomass (microorganisms),

and CH4. Due to its physiological characteristics and microbial syntrophism, the human

colon can be regarded as a high-performance reactor.
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The large intestine is largely inaccessible for routine investigation. Therefore, a variety of

in vitro and in vivo models have been developed to get insight on microbial metabolism

and interactions that shape the dynamics of such a complex system. Those models have

been crucial for the understanding of the human GI tract. Nevertheless, extrapolation of

such studies to the human colon ecosystem has to be done with caution, becausein vitro

models do not account for biotic factors and animals models are physiologically different

from human beings. Hence, a mathematical model appears as aninteresting approach to

complement the existing physical models.
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Chapter 3

Mathematical model construction

The construction of a model, therefore, was for him a mira-

cle of equilibrium between principles (left in shadow) and expe-

rience (elusive), but the result should be more substantialthan

either. In a well-made model, in fact, every detail must be con-

ditioned by the others, so that everything holds together inab-

solute coherence, as in a mechanism where if one gear jams,

everything jams.

Palomar. Italo Calvino

3.1 Knowledge basis

Part of this section was published In Proc. 11th World Congress Anaerobic Digestion

Bio-energy for our Future. Brisbane, Australia (Muñoz-Tamayo et al., 2007).

The human colon can be viewed as a complex bioreactor. As chemical reactor mod-

els do (see,e.g., Fogler (1999)), our mathematical model structure integrates a hydraulic

representation of the system, and a description of the transport phenomena and reaction

77
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mechanisms. These three aspects are described below.

3.1.1 Hydraulic representation

A hydraulic representation of the large intestine is displayed in Fig. 3.1. The three physio-

logical sections described in the previous chapter (see Fig. 2.1, page 61) are accounted for.

In each of these sections, the lumen and mucus microhabitatsare distinguished. Lumen

and mucus compartments are described as continuous-flow stirred tank reactors (CSTR).

The lumen reactors are connected in a series configuration. The representation of the hu-

man colon as series of complete-mixed reactors is in agreement with similar studies on

animal guts (Hume (1997); Jumars (2000)).

We assume that the compartments are completely mixed. This is partially justified by

the presence of mixing forces such as peristaltic movement and gas production. However,

its is clearly an approximation. In its travel, the chyme looses water, increases its viscos-

ity, and thus the mixing is only partial, so the hydraulic regime in the lumen may be closer

to that of a plug-flow reactor (PFR). Because of the lack of data to justify an increase

in complexity, we do not, however, consider changes in the hydraulic regime along the

human colon.

Roughly speaking, the human colon has a cylinder shape. For hand-made reactors, such

geometry does not seem to favor microbial growth. If the growth rate of microorgan-

isms is slower than the dilution rate (the inverse of the retention time), then microbial

washout occurs. The human colon lacks carrier material to enable the microbes to anchor.

Similarly to what takes place in high-rate reactors (see,e.g., Lettinga et al. (1980); Liu

et al. (2003)), human colonic microorganisms form dense aggregates (a process known

as self-immobilization) to resist hydrodynamic forces andprevent washout. These aggre-

gates consist of microbes, food particles, shed epithelialcells, and mucus gel (Sonnenburg

et al., 2004).

To take into account microbial aggregation in our model, we consider that microorganisms

have a higher residence time than the hydraulic residence time.
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Host Host Host

Mucus Mucus Mucus

Lumen Lumen Lumen

Proximal colon Transverse colon Distal colon

Figure 3.1: Hydraulic representation of the human colon. The dotted rectangle represents

the boundary of the system to be modelled.

3.1.2 Transport phenomena

The human colon involves transport phenomena such as absorption of metabolites by

the host. Removal of water and metabolites are prerequisites to maintaining the normal

physiology of the system (Minekus et al., 1999). In our model, we consider diffusion of

sugars between the lumen and mucus microhabitats, SCFA, lactate and water absorption

in the lumen and mucus, liquid-gas transfer, and shear-lossphenomenon for the mucus-

associated microbiota.

3.1.3 Carbohydrate degradation

The human colonic microbiota catalyzes a complex metabolicnetwork to degrade avail-

able carbon sources. In Section 2.3.1, we described the mainconversions taking place in

the large intestine. In our mathematical model, these conversions are represented in an

aggregated pathway. Figure 3.2 displays a scheme integrating carbohydrate fermentation

and transport phenomena, in agreement with Macfarlane et al. (2006) and Louis et al.

(2007b). Figures 3.1 and 3.2 thus summarize the basis of the mathematical model.
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Figure 3.2: Reaction pathway of carbohydrate degradation in the human colon and mass

transfer between the lumen and mucus, and mucus and host. Dotted lines represent trans-

port phenomena, while continuous lines represent metabolic transformations.

The microbiota is associated to the microhabitat where it resides, lumen or mucus. It

is represented in functional groups according to its role inthe trophic chain. Thus, for

each substrate utilization, there is a microbial group thatcatalyzes the conversion. This

approach is often used for modelling ecological systems (Ballyk et al., 2001). Functional

representation of the microbiota enables one to conciliatethe paradox of host specificity

of the GI tract microbiota and functional homogeneity amongindividuals. Studies in

anaerobic reactors indicated that complex communities of different compositions may

have similar functional characteristics (Fernández et al.(1999); Fernández et al. (2000)).

For the human colon, it has been suggested that the limited number of biochemical routes

in the metabolic pathway of fermentation leads to functional redundancy in the microbial

consortium (Egert et al., 2006). Functional redundancy in the microbial community en-

sures that key processes are robust to diversity (Goebel andStackebrandt, 1994). A very

recent study suggests that humans share a common phylogenetic core of microorganisms
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in their lower GI tract (Tap et al., 2009). The existence of a set of bacterial species present

in all healthy individuals may be linked to a common functional core. Indeed, a large

range of metabolic functions of carbohydrate metabolism were inferred from the species

identified in the phylogenetic core. Moreover, it has been suggested that host-driven se-

lection favors functionally stable communities (Ley et al., 2006a) and that in spite of

inter-individual bacterial diversity, there is a core gut microbiome responsible for a uni-

form pattern of functional categories of genes and metabolic pathways (Turnbaugh et al.,

2009). In the same direction, metagenomic studies have showed high functional unifor-

mity between healthy individuals (Gill et al. (2006); Kurokawa et al. (2007)). Thus, a

functional representation of the microbiota in the mathematical model appears feasible.

3.1.4 Gaining knowledge from anaerobic digestion modelling

We took advantage of the extensive research that has been carried out on anaerobic re-

actors. Anaerobic modelling dates from 1970 (see,e.g., Lyberatos and Skiadas (1999);

Gavala et al. (2003) for reviews). The model structure proposed by Mosey (1983) and

further developed by Costello et al. (1991) served as basis of various model extensions.

Many of further developments kept the same structure with slight differences (see,e.g.,

Batstone et al. (2000); Skiadas et al. (2000); Bernard et al.(2001)). In 2002, the IWA Task

Group for Mathematical Modelling of Anaerobic Processes developed the generic model

ADM1 (Batstone et al., 2002), with the aim of establishing a common platform for anaer-

obic process analysis. Nowadays, ADM1 represents the stateof the art in the modelling

of anaerobic digestion processes. It has been extensively used and extended to represent

a large number of wastewater processes, and limitations andneed for further improve-

ments have been identified (Batstone et al. (2006a); Kleerebezem and van Loosdrecht

(2006)). ADM1 has also been used to explore novel approachessuch as individual-based

modelling (Batstone et al., 2006b) and variable stoichiometry (Rodríguez et al. (2006b);

Penumathsa et al. (2008)). Recently, ADM1 was extended to account for microbial diver-

sity (Ramirez et al., 2009b).

We used ADM1 as a basis and modified it to account for the specific characteristics of

the human colon. For example, in our model, reductive acidogenesis is included, as well

as the contribution of lactate to butyrate production. Experimental observations have in-
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dicated the role of lactate as a precursor for butyrate production (Duncan et al. (2004b);

Bourriaud et al. (2005)). Oxidative acetogenesis is not considered in our model, because

SCFA are rapidly absorbed by the host. As in ADM1, glucose is considered as the sugar

gathering the constituent monomers from polysaccharides hydrolysis. The current version

of the model does not include acid-base reactions, pH calculation and inhibition terms for

the kinetic rates. The mathematical model is derived from mass balances of the metabo-

lites and microbial groups that participate in the conversion process.

3.2 Formulation of the mathematical model

3.2.1 Proximal colon and transverse colon

The sections corresponding to the proximal colon and transverse colon have the same

structure. It is assumed that the volumes of all the phases ineach compartment are con-

stant. For the lumen, the mass balance equations of the components in the planktonic

phase yield the following differential equations, where the dot symbol denotes derivation

with respect to time. The model nomenclature is given in Table 3, page 49 .

For soluble componentsi

ṡl
i =

qin

V l sl
i,in−

qout

V l sl
i − γ l

i s
l
i +

5

∑
j=1

Yl
i, jρ l

j −Ql
i , (3.1)

whereV is the volume andq denotes the flow rate at the input (in) and output (out) of

the system. The superscript l indicates the lumen microhabitat. Q is the liquid-gas trans-

fer rate andγ is a transport coefficient. In the case of SCFA,γ is the absorption factor.

Here, absorption is modelled as a convective transport phenomenon. For sugars, the trans-

port term is associated to a diffusion phenomenon. Therefore, γ l
i s

l
i in (3.1), is replaced

by γi(sl
i − sm

i )/V l , with the superscript m indicating the mucus microhabitat.Microbial

shear and adherence are expressed by first-order equations,as proposed by Hsien and Lin

(2005) and de Jong et al. (2007). The kinetic rates of the transformation processes (hy-

drolysis, substrate utilization and decay of microorganisms) are represented byρ j , with

j denoting the process.Yi, j is the yield of componenti in processj. The hydrolysis rate

of polysaccharides (ρ1) is described by the Contois equation to account for dependence

on sugar-utilizing bacteria. Contois equation is well adapted to a wide range of organic

wastes in anaerobic digestion and is considered as a generalmodel of the complex process



3.2 Formulation of the mathematical model 83

of hydrolysis (Vavilin et al., 2008). The kinetic rates for substrate utilization are described

by the Monod equation. Decay rate for the biomasses are assumed to follow a first-order

biomass-based kinetics. The biochemical process rates andstoichiometry matrix are de-

picted in Table 3.1. This representation is often called as the Petersen matrix (Petersen,

1965).

The carbohydrates brought in by the alimentary diet are gathered into the single polysac-

charidez, which obeys the equation

żl =
qin

V l zl
in +

qm
out

V l zm− qout

V l zl −ρ l
1. (3.2)

Microbial groupxi satisfies

ẋl
i =

qin

V l xl
i,in−

1
τi +V l/qout

xl
i +bi

Vm

V l xm
i −aix

l
i +

9

∑
j=2

Yl
i, jρ

l
j . (3.3)

The coefficientsai andbi refer to the adherence and shear phenomena. Aggregation of

the microbial groupxi is represented by incorporating an additional residence timeτi.

For the hydrogenotrophic methanogenesis, inhibition due to pH is taken into account as

proposed in Batstone et al. (2002).

IpH =






exp

(
−3
(

pH−pHU
pHU−pHL

)2
)

if pH < pHU,

1 if pH ≥ pHU,

(3.4)

whereIpH is the pH inhibition function,pHU andpHL are upper and lower values of pH

in which microorganisms are not inhibited.

The kinetic rateρ5 (see Table 3.1) for hydrogenotrophic methanogenesis is then given by

ρ5 = km,H2m
sH2mxH2m

Ks,H2m +sH2m
IpH (3.5)

To maintain a constant volume in lumen, the output flow rate iscalculated as

qout = qin +
14

∑
i=11

bix
m
i Vmwi/r i +qm

out−
9

∑
i=2,i 6=3,7,8

γ l
i s

l
iV

lwi/r i −
14

∑
i=11

aix
l
iV

lwi/r i , (3.6)

with r i the density andwi the molecular weight of componenti.
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For soluble components

Component→ i 1 2 3 4 5 6 7 8 9 Kinetic

j Process↓ ssu sla sH2 sac spro sbu sCH4 sCO2 sH2O rate

1 Hydrolysis Ysu,z ρ1 = khyd,z
zxsu

Kx,zxsu+z

2 Glucose utilization −1 Yla,su YH2,su Yac,su Ypro,su Ybu,su YCO2,su YH2O,su ρ2 = km,su
ssuxsu

Ks,su+ssu

3 Lactate utilization −1 YH2,la Yac,la Ypro,la Ybu,la YCO2,la YH2O,la ρ3 = km,la
slaxla

Ks,la+sla

4 Hydrogen utilization:

Homoacetogenesis

−1 Yac,H2a YCO2,H2a YH2O,H2a ρ4 = km,H2a
sH2axH2a

Ks,H2a+sH2a

5 Hydrogen utilization:

Methanogenesis

−1 YCH4,H2m YCO2,H2m YH2O,H2m ρ5 = km,H2m
sH2mxH2m

Ks,H2m+sH2m
IpH

For particulate components

Component→ i 10 11 12 13 14 Kinetic

j Process↓ z xsu xla xH2a xH2m rate

1 Hydrolysis −1 ρ1

2 Glucose utilization Ysu ρ2

3 Lactate utilization Yla ρ3

4 Hydrogen utilization:

Homoacetogenesis

YH2a ρ4

5 Hydrogen utilization:

Methanogenesis

YH2m ρ5

6 Decay ofxsu −1 ρ6 = kdxsu

7 Decay ofxla −1 ρ7 = kdxla

8 Decay ofxH2a −1 ρ8 = kdxH2a

9 Decay ofxH2m −1 ρ9 = kdxH2m
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Equation (3.6) imposes conditions for the selection of the transport coefficients to en-

sure the positivity ofqout. In the mucus layer, the mass balance equations in the gel phase

lead to the following differential equations.

For soluble componenti

ṡm
i = γ l

i s
l
i
V l

Vm − γm
i sm

i +
5

∑
j=1

Ym
i, jρ

m
j −Qm

i . (3.7)

The polysaccharides are the mucins (glycans) produced by the host. Their concentration

is assumed to satisfy

żm =
Γ

Vm − qm
out

Vm zm−ρm
1 , (3.8)

with Γ the endogenous production of mucins.

The concentration of microbial groupi is assumed to satisfy

ẋm
i = ai

V l

Vmxl
i −bix

m
i +

9

∑
j=2

Ym
i, jρm

j . (3.9)

To maintain a constant volume in mucus, the output flow rate iscalculated as

qm
out =

Γ
1000∗0.05

+
14

∑
i=11

aix
l
iV

lwi/r i −
9

∑
i=2,i 6=3,7,8

γm
i sm

i Vmwi/r i −
14

∑
i=11

bix
m
i Vmwi/r i .

(3.10)

The denominator forΓ in (3.10) comes from the mucus density (1000 g/l), and the as-

sumption that mucins represent 5% of the mucus. The remaining 95% is considered as

water.

For each microhabitat, the mass balance equation for the components in the gas phase

(subscript g) yields

ṡg,i =
qg,in

Vg
sg,i,in−

qg,out

Vg
sg,i +Qi

V
Vg

. (3.11)

The liquid-gas transfer rate is expressed as

Qi = kLa(si −KH,iRTsg,i), (3.12)

wherekLa is the liquid-gas transfer coefficient multiplied by the specific transfer area,KH

the Henry law coefficient,R the ideal gas constant andT the absolute temperature.
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The output gas flow rate is calculated as

qg,out= qg,in+qg,lgt, (3.13)

whereqg,lgt is the gas flow rate due to the liquid-gas transfer, calculated as proposed in

Batstone et al. (2002)

qg,lgt =
RT

Patm− pH20
V (QH2 +QCH4 +QCO2) , (3.14)

wherePatm is the atmospheric pressure andpH20 is the water vapor pressure. At 37°C,

pH20 = 0.08274 bar (Smith et al., 2005).

In reactors, when the headspace pressure is variable, the gas flow is calculated as

qg,out= kp(Pgas−Patm), (3.15)

with kp a resistance coefficient andPgas the sum of the partial pressures of the gaseous

components. We consider that the headspace of the human colon reactor is the atmo-

spheric pressure, hence (3.13) is used in our model.

All concentrations are in molar units (M), except for polysaccharides concentration, ex-

pressed in g/l.

3.2.2 Distal colon

The lumen compartment in the distal colon section is modelled as a semi-batch reactor.

Therefore, its volume cannot be considered as a constant. Itsatisfies

V̇ l = qn. (3.16)

The net flow rateqn is calculated as the right-hand side of (3.6). Consequently, the behav-

iors of concentrations in the lumen, derived from the mass balance equations, differ from

what was obtained in the proximal and transverse sections.

Soluble componenti satisfies

ṡl
i =

qin

V l sl
i,in−

qn

V l s
l
i − γ l

i s
l
i +

5

∑
j=1

Yl
i, jρ

l
j −Ql

i . (3.17)
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For polysaccharidez

żl =
qin

V l zl
in +

qm
out

V l zm− qn

V l z
l −ρ l

1. (3.18)

The evolution of the concentration of microbial groupi is described by

ẋl
i =

qin

V l xl
i,in−

qn

V l x
l
i +bi

Vm

V l xm
i −aix

l
i +

9

∑
j=2

Yl
i, jρ l

j . (3.19)

Excretion is modelled as a periodic reset of the volumeV l .

In view of the dynamics of the volume of the liquid phase, the gas phase volume also

evolves and the concentrations of gas components follow

ṡl
g,i =

ql
g,in

V l
g

(
sl
g,i,in−sl

g,i

)
−

ql
g,lgt−qn

V l
g

sl
g,i +Ql

i
V l

V l
g
, (3.20)

whereV l
g = Vd−V l with Vd the total volume of the luminal distal compartment.

For the sake of simplicity, the equations do not include an index referencing the phys-

iological region to which they correspond (i.e. proximal colon (P), transverse colon (T),

distal colon (D)). The reader should consider this implicitassignment.

Although the scope of this work does not cover the modelling of the small intestine,

we included a simple model of three CSTRs in series, to dampenthe oscillatory nature

of feeding. The concentration of polysaccharidez in the jth CSTR for the small intestine

satisfies

żj = D(zj−1−zj), (3.21)

with D the dilution rate, set to 9 d−1 according to Boever et al. (2000).

The resulting model consists of 102 first-order ordinary differential equations. Table 3.2
shows the number of model parameters. The parameter vector has 333 components. In
Section 6.1, we show how the dimension of the parameter vector is reduced.
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Table 3.2: Number of model parameters

Parameters Lumen Mucus In each physiological Whole system

subsystem subsystem region

Reactions

Hydrolysis

Contois parameters 2 2 4 12

Yield coefficients 1 1 2 6

Glucose utilization

Monod parameters 2 2 4 12

Yield coefficients 8 8 16 48

Lactate utilization

Monod parameters 2 2 4 12

Yield coefficients 7 7 14 42

Hydrogen utilization

Homoacetogenesis

Monod parameters 2 2 4 12

Yield coefficients 4 4 8 24

Methanogenesis

Monod parameters 2 2 4 12

Yield coefficients 4 4 8 24

Decay rate

Decay constants 4 4 8 24

Subtotal 38 38 76 228
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Number of model parameters(continued).

Parameters Lumen Mucus In each physiological Whole system

subsystem subsystem region

Transport

Glucose 1 1 3

Lactate 1 1 2 6

Acetate 1 1 2 6

Propionate 1 1 2 6

Butyrate 1 1 2 6

Water 1 1 2 6

Microbial phenomena

Shear constants 4 4 12

Adherence constants 4 4 12

Additional residence time 4 4 12

Liquid-gas transfer

H2 2 2 4 12

CH4 2 2 4 12

CO2 2 2 4 12

Subtotal 20 15 35 105

Total 58 53 111 333

3.3 Conclusions

A major part of the time devoted to this work was dedicated to the understanding of the

phenomena involved in carbohydrate degradation in the human colon ecosystem, and to

the incorporation of such a knowledge into a mathematical model. Hence, this chapter

is the core of the thesis. The model developed here is to the best of our knowledge the

first one that integrates the physiology of the intestine, biological reactions and transport

phenomena between the lumen and mucus microhabitats. It should provide a close picture

of the complexity of the human colon ecosystem.

Our model construction process was based on mathematical models for anaerobic re-

actors, that we adapted to the specificities of the human colon. Our model is unstructured

and unsegregated. It has a high dimension structure, both inits state vector and its pa-



90 Mathematical model construction

rameter vector. In the following chapter, the strategy thatwe advocate for handling such

a model complexity is described. In Chapter 7, the strengthsand limitations of the model

are discussed.



Chapter 4

Handling a complex model

Diviser chacune des difficultés que j’examinerais, en autant

de parcelles qu’il se pourrait, et qu’il serait requis pour les

mieux résoudre. Conduire par ordre mes pensées, en commençant

par les objets les plus simples et les plus aisés à connaître,pour

monter peu à peu comme par degrés jusques à la connaissance

des plus composés, et supposant même de l’ordre entre ceux qui

ne se précèdent point naturellement les uns les autres.

Discours de la méthode pour bien conduire sa raison, et chercher

la vérité dans les sciences. René Descartes

Although our mathematical model is already a simplificationof the real system, its

structure remains highly complex. It comprises a large number of state variables and pa-

rameters. Hence, model implementation, analysis and simulation are not simple tasks.

In addition to model complexity, scarcity of data is a serious obstacle for parameter es-

timation (identification). This section is dedicated to describing how we dealt with this

situation. While some of the methods we use are natural and their analysis is straightfor-

ward, other methods deserve a more detailed description. The theoretical background of

our strategy is recalled.
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4.1 Model simplification

Model simplification relates to the principle of parsimony (also know as Occam’s razor).

This principle states, as a general rule, that simpler theories should be preferred to more

complex ones. Translating to model construction, one wouldlike to build the less complex

model that can still adequately represent the system under study. Model simplification

offers various advantages in identification, computer simulation, state observation and

design of control strategies. We may be interested in reducing the number of parameters

of our model, the dimension of its state vector, or both. The approaches that we used in

this work to simplify our model are described below.

4.1.1 Model structure simplification

When dealing with complex systems, model structure can be defined at different levels

of aggregation. For example, the reaction scheme of our model (Fig. 3.2, page 80) is

an aggregated representation of the multiple intermediatesteps implied in the microbial

metabolism, where the main fermentation pathways are included. In our first attempt

towards conceptual structure definition (Muñoz-Tamayo et al., 2007), we thought to in-

corporate the intermediate component succinate into the model. Further analysis led us to

discard this idea. Succinate is rapidly metabolized by the microorganisms and, in normal

conditions, does not accumulate. This is why we decided to embed succinate metabolism

into both glucose and lactate metabolisms. Including succinate in the model structure

would have implied twelve additional ODEs and a subsequent increase in the number of

parameters.

Microbial population models can be categorized with respect to what the modeller as-

sumes on the homogeneity of individuals of the population, and on the intracellular be-

havior. If the model accounts for the presence of heterogeneous individuals, the model is

calledsegregated. If the model accounts for various chemical components and their in-

teractions within the cell, the model is calledstructured(see,e.g., Bailey (1998)). In this

sense, our mathematical model is unstructured and unsegregated. We already mentioned

that the colonic microbiota in a given human being consists of more than 1000 micro-

bial species. Considering the dynamics of individual species would lead to an intractable

model. Instead of having an individually-based description, we represent the microbial



4.1 Model simplification 93

consortium in functional groups according to their role in the trophic chain.

Structure simplification may also be directed to reducing the number of model param-

eters. Indeed, when various model structures compete for the representation of a given

system, the dimension of the parameter vector provides criteria for model selection (see,

e.g., Akaike’s information criterion (AIC) (Akaike, 1974)). Mathematical tools such as

sensitivity analysis are available to identify the most relevant parameters of the model and

thus neglect those with little effect (see Section 4.4).

4.1.2 Knowledge-based parameter reduction

The use of knowledge on the system under study can considerably reduce the number of

parameters to be estimated. We refer here to relationships between parameters or laws

that have to be fulfilled (e.g. the law of mass conservation). In Section 6.1.1 we define

a set of reactions describing carbohydrate fermentation. By taking stoichiometry into

account, relationships between yield factors can be obtained. Thanks to this procedure,

we maintain the balance of chemical elements and reduce considerably the number of

model parameters.

4.1.3 Model order reduction

Model order reduction aims at reducing the dimension of the state vector. Order reduc-

tion can be carried out by methods based on singular-value decomposition (SVD), or by

singular perturbation. For example, Bernard et al. (2006) showed, by means of principal

component analysis (PCA), that the complex reaction pathway of anaerobic digestion can

be efficiently represented by simpler models. They showed that with two bacterial groups

and two reactions it was possible to represent the global behavior of the ADM1 model

which comprises nineteen reactions and seven bacterial groups. The singular perturbation

approach relies on the dynamical properties of the model. Biochemical models may have

multiple time scales. In numerical computation, this property is also referred to as stiff-

ness. In linear models, model stiffness can be checked by comparing the eigenvalues of

the state matrix. The higher the ratio between the real partsof the largest and the small-

est eigenvalues is, the stiffer the model. Multiple time scales hamper integration, and

an appropriate method must be used to solve the ODEs. Otherwise, the simulation can



94 Handling a complex model

be time-consuming or even numerically unstable. The Matlabsoftware provides several

ODE solvers adapted to stiff models.

When a model has several time scales, the singular perturbation method can be used to re-

duce the number of ODEs, by considering the fast variables asinstantaneous. After such a

transformation, the model is referred to as a differential algebraic equation (DAE) model

or a quasi-steady-state model. The singular perturbation method has proved to be useful

in analyzing complex chemical reaction networks (Okino andMavrovouniotis (1998); Pé-

cou (2005); Ropers et al. (2009)). Application of this approach on wastewater treatment

plant models are presented by Breusegem and Bastin (1991); Steffens et al. (1997). The

principle of the singular perturbation method is recalled in the next section (see Khalil

(2000) for more details).

4.1.3.1 Singular perturbation method

When some model variables move faster than others, the statecan be represented as

ẋ = f(x,z, t,δ ), x(t0) = ξ(δ ), (4.1)

δ ż = g(x,z, t,δ ), z(t0) = ζ(δ ). (4.2)

Here,x comprises then slow state variables andz them fast state variables. The vector-

valued functionsf andg are assumed to be continuously differentiable in their arguments

(x,z, t,δ ) ∈ Dx×Dz× [0, t1]× [0,δ0], whereDx ⊂ Rn, Dz ⊂ Rm are open connected sets.

The state depends on the positive scalar parameterδ . Whenδ = 0, (4.2) is transformed

into the algebraic equation

g(x,z, t,0) = 0, (4.3)

thus reducing the number of ODEs. The model (4.1)-(4.2) is called a standard singular

perturbationmodel if (4.3) hask ≥ 1 isolated real roots. Letz∗ be one of these roots,

defined by

z∗ = h(x, t). (4.4)

The reduced model is then given by

ẋ = f(x,h(x, t), t,0), x(t0) = ξ(0). (4.5)

This model is referred to as a quasi-steady state model ifz rapidly converges toz∗.
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With x ∈ Rn and z ∈ Rm, the initial value problem for the ODE model shifts to solv-

ing n ODEs instead ofn+m. The quasi-steady statez∗ is computed by solving (4.5) and

using (4.4). Hence,z∗ is not free to start from a prescribed value att0, so the computed

initial condition may largely differ from that of the original model (4.2). Thus,z∗ cannot

be a uniform approximation ofz. To guarantee thatz will converge toz∗, certain stability

conditions must be satisfied. Such conditions are presentedbelow.

Consider the change of variablesy = z−h(x, t). The vectory satisfies

δ ẏ = g(x,y+h(x, t), t,δ )−δ
∂h(x, t)

∂ t
−δ

∂h(x, t)
∂x

f(x,y+h(x, t), t,δ ),

y(t0) = ζ(δ )−h(ξ(δ ), t0). (4.6)

Denote byυ the new time variableυ = (t− t0)/δ . In theυ time scale, (4.6) is represented

by

dẏ
dυ

= g(x,y+h(x, t), t,δ )−δ
∂h(x, t)

∂ t
−δ

∂h(x, t)
∂x

f(x,y+h(x, t), t,δ ),

y(0) = ζ(δ )−h(ξ(δ ), t0). (4.7)

The variablest andx will be slowly varying since, in theυ time scale, they are given by

t = t0+δτ, x = x(t0+δτ,δ ).

Settingδ = 0, we get

x = ξ(0) = ξ0, t = t0

and (4.7) is reduced to

dẏ
dυ

= g(ξ0,y+h(ξ0, t0), t0,0), y(0) = ζ0−h(ξ0, t0), (4.8)

which has an equilibrium aty = 0. If this equilibrium point is asymptotically stable and

y(0) belongs to its region of attraction, it is expected that the solution of (4.8) will reach an

O(δ ) neighborhood of the origin during anO(δ ) time interval. Beyond this interval, we

need to guarantee thaty(υ) will remain close to zero, while the slowly varying variables

(t,x) move away from the initial values(t0,ξ0) . In order to guarantee this property, the

following model is introduced

dẏ
dυ

= g(x,y+h(x, t), t,0), (4.9)
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which is referred to as the boundary-layer model. It is derived from (4.8), where the

slow variables are not frozen to the initial values anymore.The crucial stability property

to guarantee is the exponential stability of the origin of (4.9). This stability property is

defined below.

Definition 1 Let Dx be a domain ofRn, and t1 > 0. The equilibrium pointy = 0 of the

boundary-layer model(4.9) is exponentially stable, uniformly in

(t,x)∈ [0, t1]×Dx,

if there exist positive constantsκ , ω, andν such that the solutions of(4.9)satisfy

‖y(υ)‖ ≤ κ‖y(0)‖e−ωυ , ∀‖y(0)‖ < ν,∀(t,x) ∈ [0, t1]×Dx,∀υ ≥ 0.

The singular-perturbation theory relies on the Tikhonov theorem (see Khalil (2000)), re-

called below.

Theorem 1 Assume that the following conditions are satisfied for all

(t,x,z−h(x, t),δ )∈ [0, t1]×Dx×Dy× [0,δ0],

for some domains Dx ⊂ Rn, Dy ⊂ Rm, in which Dx is convex and Dy contains the origin.

• The functionsf, g and their first partial derivatives with respect to(x,z,δ ) are

continuous.

The first partial derivatives ofg with respect to t are continuous.

The functionh(x, t) and the Jacobian[∂g(x,z, t,0)/∂z] have continuous first partial

derivatives with respect to their arguments.

The initial dataξ(δ ) andζ(δ ) are smooth functions ofδ .

• The reduced model(4.5) has a unique solutionx ∈ S, for t∈ [t0, t1], where S is a

compact subset of Dx.

• The origin is an exponentially stable equilibrium point ofthe boundary-layer model

(4.9), uniformly in(t,x).

Let Ry ⊂ Dy be the region of attraction of(4.8) and Ωy a compact subset of Ry. Then,

there exists a positive constantδ ∗ such that for allζ0−h(ξ0, t0) ∈ Ωy and0 < δ < δ ∗,
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the singular perturbation model(4.1)-(4.2)has a unique solutionx(t,δ ), z(t,δ ) on [t0, t1],

and

x(t,δ )−x(t) = O(δ )

z(t,δ )−h(x(t), t)− ŷ(υ) = O(δ )

hold uniformly for t∈ [t0, t1], whereŷ(υ) is the solution of boundary-layer model(4.8).

Moreover, given any tb > t0, there isδ ∗∗ 6 δ ∗ such that

z(t,δ )−h(x(t), t) = O(δ )

holds uniformly for t∈ [tb, t1] wheneverδ < δ ∗∗.

The representation of the model in singularly perturbed form may be difficult. Such a

representation is often omitted and the identification of the fast state variables is based

on prior knowledge of the dynamical properties of the model (see,e.g., Volcke et al.

(2005); Rosen et al. (2006)). Singular perturbation is thenstraightforward to implement,

and the analysis described above is seldom presented. Our intention in this section was

to recall such theoretical issues that help understand the conditions under which singular

perturbation can be applied validly. In Section 5.1.3, the singular perturbation method is

applied on a small part of our model. This result is extended to the complete model in

Section 6.2.

4.2 Analyzing the whole by its parts

Dividing a complex problem into smaller subproblems is a natural way of reasoning

(Descartes, 1637). For our model, an aggregated representation of the human colonic fer-

mentation was depicted in Fig. 3.2 (page 80). Literature reports in vitro bacterial growth

experiments dedicated to specific reactions, corresponding to susbsystems of our system

of interest. These simpler subsystems can then be modelled,and their parameters esti-

mated. The resulting estimates can then be used to tackle theestimation problem for the

complete model. Integration of this knowledge can be carried out in various ways. We

may simply use the estimated parameters of the submodels as known parameters for the

complete model. Or the information of the estimates may be used to define prior distribu-

tions of the parameters in the context of Bayesian estimation. Indeed, given the scarcity of
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data on the human colon, the Bayesian approach appears as promising tool for estimating

the parameters of the complete model. Although we did not have time yet to fully imple-

ment it, we have included a brief description of such an approach, attempting to provide

some directions for future research.

For the time being, we have performed the estimation of two kinetic submodels of the

complete fermentation pathway (see Chapter 5). The estimates of these models, and

values selected from literature review are used to define theparameters of the complete

model. Parameters whose values are not reported in literature were selected in regard of

available biological knowledge, in order to provide plausible results. Integration of such a

knowledge into the parameter estimation framework is essential. Note, for example, that

transport coefficients in (3.6) (page 83) must be selected toguarantee positivity of flux.

4.3 Parameter identification

Once a mathematical model has been defined to represent the behavior of a system, we

must address the following questions(i) Can the parameters of the model be identified,

(ii) What are their numerical values? and(iii ) What is the accuracy of the estimation?

These questions are analyzed below.

4.3.1 Identifiability

Before attempting numerical estimation of the model parameters, it is important to investi-

gate their identifiability. The question of identifiabilitycan be addressed on the sole basis

of the model structure (theoretical or structural identifiability) but also taking available

data into account (practical identifiability).

4.3.1.1 Structural identifiability

Let M (·) be a mathematical model structure. Denote byM (θ∗) = M (θ̂) the fact that the

modelM (·) with the parameter vectorθ∗ has the same input-output behavior as the model

M (·) with the parameter vector̂θ. Theoretical identifiability addresses the question of

whether this identical input-output behavior implies thatthe parameter vectorθ∗ is equal

to the parameter vector̂θ. The parameterθi will be structurally globally identifiable
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(s.g.i.) if, for almost anyθ∗,

M (θ∗) = M (θ̂) ⇒ θ∗
i = θ̂i .

Moreover, the model structureM (·) will be s.g.i. if all its parameters are s.g.i. (see,e.g.,

Walter and Pronzato (1997)). Various methods are availablefor testing structural identi-

fiability. For models that are linear in their inputs (LI), they include the Laplace transform

approach and the similarity transformation approach. For nonlinear models, they include

methods based on Taylor series expansion and local state isomorphism. For further de-

tails on these methods, the interested reader is referred to(Walter (1982); Walter (1987)

and the references therein; Vajda et al. (1989); Vajda and Rabitz (1989); Chappell et al.

(1990); Walter and Pronzato (1997); Dochain and Vanrolleghem (2001)). Denis-Vidal

and Joly-Blanchard (2004) proposed a variant of the local state isomorphism approach to

test the identifiability of nonlinear uncontrolled systems. This method was used in one of

our studies on parameter estimation and it is discussed in Section 5.1.4.

Testing the structural identifiability of complex models turns out to be difficult. Com-

puter algebra provides useful tools (Raksanyi et al., 1985), and softwares have become

available (see,e.g., Bellu et al. (2007); Sedoglavic (2001).

4.3.1.2 Practical identifiability

Contrary to structural identifiability, which is defined independently of properties of the

actual values taken by the data, practical identifiability depends on the quality of the avail-

able measurements. The question to be addressed becomes: Are the available data infor-

mative enough to allow an accurate identification the model parameters? Data are always

corrupted by noise and usually in short supply. Hence, even if the model is s.g.i., the

parameter estimates may be correlated and the optimizationproblem ill-conditioned. Es-

timates may even take values that are physically meaningless.

To illustrate the principle of practical identifiability, consider the example described in

Dochain et al. (1995). The modely = θ1x1 +θ2x2 is s.g.i. ify,x1,x2 are measured. How-

ever, it is clear that ifx1 andx2 are almost proportional (x1 ≃ αx2), the parametersθ1,θ2

cannot be estimated accurately. Only the combinationθ1α + θ2 can be identified. Op-

timal selection of experimental conditions may help to improve the quality of the esti-
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Figure 4.1: Scheme of the estimation process.

mates, when there are some degrees of freedom in the procedure for data collection. In

Section 4.3.3, we return to practical identifiability and related concepts are introduced.

4.3.2 Parameter estimation

Once experimental data are available, estimation is classically translated into an optimiza-

tion problem, namely that of finding a feasible parameter vector that best fits the model to

the data. Figure 4.1 displays a possible scheme for this purpose.

Consider the state-space model

ẋ = f(x,θ, t), x(0) = x0(θ), (4.10)

wherex(t,θ) is the state vector (x : R+×Rnp →Rnx), θ is the parameter vector (θ ∈Rnp),

and f is a C1 (continuous with continuous first-order partial derivatives) vector-valued

function of the state and parameters (f : (Rnx ×Rnp ×R+) → Rnx).

In the special case of synchronous observations, the model output is theRny vector

ym(t,θ) = h(x(t,θ),θ, t), (4.11)

whereh is aC1 vector-valued function (h : (Rnx ×Rnp ×R+) → Rny).

We would like to findθ to bring the error as close to0 as possible in the sense of some

appropriately chosen cost function. The definition of such acost function depends on the

statistical hypotheses about the data collected. In the sequel, the maximum likelihood

(ML) approach and the maximuma posteriori(MAP) estimators are introduced.
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4.3.2.1 Maximum likelihood

The ML estimator is broadly used in parameter estimation. For the sake of simplicity, we

shall present it here assuming that the vector of data collected at timeti is modelled as

y(ti) = ym(ti,θ
∗)+ εi, i = 1, ...,nt, (4.12)

with nt the number of observation times,ym(ti,θ∗) the output of a deterministic model

andθ∗ the true value of the parameter vector. We will assume that the measurement errors

εi (i = 1, ...,nt) are independent, homoscedastic, zero mean and Gaussian, soεi ∼N(0,Σ).

The likelihood ofy is then defined as the probability densityπy(y|θ ,Σ) of the datay

being generated by (4.12). The ML estimator maximizesπy(y|θ ,Σ), or equivalently its

logarithm. Under our hypotheses, the ML estimator is

(θ̂,Σ̂) = arg min
θ,Σ

L(θ,Σ), (4.13)

whereL(θ,Σ) = −ln πy(y|θ ,Σ), given by

L(θ,Σ) =
nynt

2
ln2π +

nt

2
lndetΣ+

1
2

nt

∑
i=1

[y(ti)−ym(ti,θ)]TΣ−1[y(ti)−ym(ti,θ)]. (4.14)

The cost function derived from (4.14) depends on the hypotheses made on the covariance

matrix (see,e.g., Goodwin and Payne (1977) or Walter and Pronzato (1997)). Inthe se-

quel, some of such hypotheses are presented.

If Σ is known, then the ML estimator corresponds to the Gauss-Markov estimator, which

minimizes

J1(θ) =
nt

∑
i=1

[y(ti)−ym(ti,θ)]TΣ−1[y(ti)−ym(ti,θ)]. (4.15)

If Σ is proportional to the identity matrix, the ML estimator forθ is the unweighted least-

squares estimator, which minimizes

J2(θ) =
nt

∑
i=1

[y(ti)−ym(ti,θ)]T[y(ti)−ym(ti,θ)], (4.16)

and the ML estimate of the covariance matrix is

Σ̂ =
J2(θ̂)

nt
Inp, (4.17)
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with Inp the(np×np) identity matrix.

If the covariance matrix is completely unknown, the ML estimator forθ minimizes

J3(θ) = ln

[
det

nt

∑
i=1

[y(ti)−ym(ti,θ)][y(ti)−ym(ti,θ)]T

]
, (4.18)

and the ML estimate of the covariance matrix is

Σ̂ =
1
nt

nt

∑
i=1

[y(ti)−ym(ti, θ̂)][y(ti)−ym(ti, θ̂)]T. (4.19)

The above approaches require all components ofy to be measured synchronously. In the

case of asynchronous measurements, it can be shown that ifΣ is unknown and diagonal,

the ML estimator forθ minimizes

J4(θ) =
ny

∑
k=1

ntk

2
ln

[ ntk

∑
i=1

[yk(tik)−ymk(tik,θ)]2

]
, (4.20)

wheretik is theith measurement time foryk. The ML estimate of the covariance matrix is

Σ̂ = diag(σ̂2
1 , · · · , σ̂2

ny
), (4.21)

with

σ̂2
k =

1
ntk

ntk

∑
i=1

[yk(tik)−ymk(tik, θ̂)]2. (4.22)

Note that (4.20)-(4.22) can also be applied for the synchronous case(tik = ti, ntk = nt).

The estimators in (4.17), (4.19) and (4.22) are biased. However, under some technical

conditions that include global identifiability, the bias tends to zero asnt tends to infinity.

The minimization of the cost function corresponding to the hypothesis onΣ providesθ̂.

4.3.2.2 Bayesian estimation: maximuma posteriori

Parameter estimation is an inverse problem that is often illposed . Non-Bayesian estima-

tors require at least that the number of measurements equalsthe number of parameters.

This condition is not mandatory for Bayesian estimation, because it allows the incorpo-

ration of prior knowledge of previous studies into the problem formulation. Literature in

this approach is extensive. The description presented hereis mainly taken from Walter



4.3 Parameter identification 103

and Pronzato (1997). More details can be found for example inGelman et al. (2004).

In the framework of ML estimation,θ is considered as unknown but with a single ac-

tual value. Bayesian approaches instead consider a distribution of possible values forθ.

Hence,θ is assumed to have a known prior probability densityπp(θ). The joint probabil-

ity density ofy andθ satisfies

π(y,θ) = πy(y|θ)πp(θ) = πp(θ|y)πy(y), (4.23)

whereπy(y) is the marginal distribution of the observed data, defined by

πy(y) =

∫

Θ
πy(y|θ)πp(θ)dθ. (4.24)

The posterior probability density forπp(θ|y) is given by the Bayes rule

πp(θ|y) =
πy(y|θ)πp(θ)

πy(y)
. (4.25)

The maximuma posteriori(MAP) estimator maximizesπp(θ|y). Sinceπy(y) does not

depend onθ, taking logarithm on (4.25), we see that the MAP estimator maximizes

JMAP(θ) = ln πy(y|θ)+ ln πp(θ). (4.26)

An important feature of Bayesian estimation is the need for the prior distributionπp(θ),

which may be considered as the most critical issue. The priordistribution can be esti-

mated from previous measurements on the same process or on similar processes, which

is the case when observations are performed on individuals of a population (see Walter

and Pronzato (1997) for further details). Methods are available to determine prior distri-

butions. Some of them are for example themaximum entropyapproach, and the use of

noninformative priors. The interested reader is referred to (Box and Tiao (1973); Robert

(2001)). Bayesian theory also provides criteria for model selection (see,e.g., Robert

(2001); Vyshemirsky and Girolami (2008)).

We recall that parameter estimation of the complete model ishampered by data scarcity.

The Bayesian approach will make it possible by incorporating information resulting from

our studies on estimation of submodels (Chapter 5), and alsoinformation from existing

knowledge on the human colonic ecosystem into the parameterestimation framework.

Bayesian estimation of the complete model is thus a central subject that must be pursued

in our future work.
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4.3.2.3 Optimization

Many methods are available to the solution of optimization problems (see,e.g., Fletcher

(1987). Optimization itself is a major subject in mathematical research. Applications of

optimization methods on modelling of biological systems are many (see,e.g., Mendes and

Kell (1998); Banga (2008)). They include traditional localmethods such as the Nelder-

Mead simplex approach, Levenberg-Marquardt algorithm, and Quasi-Newton methods

(see,e.g., Haag et al. (2003); Hoops et al. (2006); Schmidt and Jirstrand (2006); Checchi

et al. (2007)). Metaheuristic approaches aiming to global optimization have also been de-

veloped to circumvent difficulties of local methods (i.e., sensitivity to initial guess of the

parameter vector). In our work, we did not tackle global optimization methods. We used

the Quasi-Newton algorithm implemented in Matlab (Mathworks, 2008), which is based

on the method developed by Broyden, Fletcher, Goldfarb and Shanno (BFGS). The BFGS

method is considered as the most effective of the Quasi-Newton methods. Vanrolleghem

and Keesman (1996) evaluated the performance of a miscellaneous group of optimization

methods on parameter estimation for Monod-based models. The BFGS method was the

most efficient algorithm, but also the most sensitive to local minima. The BFGS method

is summarized below.

Let J a cost function ofθ to be optimized andH its Hessian. Starting from a initial

point θ̂k, the general iterative equation of the Quasi-Newton methodis

θ̂k+1 = θ̂k−β kBkgk, (4.27)

with β k is the step length, to be optimized by line search,gk the gradient ofJ at θ̂k, andBk

a symmetric positive definite matrix that approximates the inverse of the Hessian(Hk)−1.

The BFGS method updates the matrixB by

Bk+1 = Bk +

(
1+

(∆gk)TBk∆gk

(∆θk)T∆gk

)
∆θk(∆θk)T

(∆θk)T∆gk −
∆θk(∆gk)TBk +Bk∆gk(∆θk)T

(∆θk)T∆gk , (4.28)

where∆θk = θ̂k+1− θ̂k and∆gk = gk+1−gk.

4.3.3 Parameter uncertainty

The parameters of knowledge-based models are usually physically meaningful. They

need to be estimated from experimental data, with confidenceintervals associated to the
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estimates. Oncêθ has been found, one must ask about the accuracy of the estimation. The

uncertainty attached to the estimation can be assessed by different approaches, including

Monte-Carlo methods and methods based on the density of the estimator. This latter group

comprises uncertainty evaluation via the computation of the Fisher information matrix

(FIM). In this work, the FIM was selected as our approach of uncertainty assessment

because of its simplicity of implementation. The FIM satisfies

F(θ∗) = −E

[
∂ 2

∂θ∂θT ln πy(y|θ ,Σ)

]

θ=θ∗
. (4.29)

In the general case, whenΣ is unknown, the( j,k)th element of the FIM satisfies

F(θ∗) j ,k =
nt

∑
i=1

[
∂ym

∂θ j

]T

(ti ,θ∗)
Σ

−1
[

∂ym

∂θk

]

(ti ,θ∗)
+

1
2

nt

∑
i=1

tr

(
Σ

−1
[

∂Σ

∂θ j

]

(ti ,θ∗)
Σ

−1
[

∂Σ

∂θk

]

(ti ,θ∗)

)
,

(4.30)

whereθ is the extended parameter vector

θ =



 θm

θσ



 ,

with θm the vector of the parameters of the deterministic model andθσ the vector of the

parameters of the covariance matrixΣ.

If the covariance matrix is known,Σ = Σ0 and the FIM can be written as

F(θ∗) =
nt

∑
i=1

[
∂ym

∂θ

]T

(ti ,θ∗)
Σ

−1
0

[
∂ym

∂θ

]

(ti ,θ∗)
. (4.31)

In practice, whenΣ is unknown, instead of using (4.30) to calculate the FIM, a widely

used approach is to approximateΣ by its ML estimatêΣ and to use (4.31) withΣ0 = Σ̂.

Under a number of technical assumptions that include theoretical identifiability, the co-

variance matrixP of the ML estimator satisfies

P≥ F−1(θ∗). (4.32)

The inequality (4.32) is known as the Cramér-Rao inequality. Often, the covariance matrix

for θ is approximated by the inverse of the FIM computed atθ̂ as

P̂ = F−1(θ̂). (4.33)
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However it must be kept in mind that, except in very special cases, approximating the co-

variance of the parameter estimates by the inverse of the FIMis only valid asymptotically,

when the number of data points tends to infinity, the statistical hypotheses on the noise are

satisfied, and the estimatêθ is close to the true parameter vectorθ∗. When these idealized

conditions are far from being satisfied, this evaluation of the uncertainty on the estimates

has to be considered with care.

The covariance matrix̂P can be used to compute approximate confidence intervals of

the estimated parameters since the square rootη j of the jth diagonal element of̂P is an

estimate of the standard deviation ofθ̂ j . The confidence interval calculation depends on

whetherΣ is known or not (see,e.g., Walter and Pronzato (1997)). In the case whenΣ is

known, an approximate 95% confidence interval forθ j is

[θ̂ j −2η j , θ̂ j +2η j ]. (4.34)

The expression above is derived from the properties of the MLestimator. Instead of using

the FIM, the Hessian of the cost function can also be used to compute confidence inter-

vals. This approach consider the curvature of the expected surface (also called solution

locus). In non-LP models, the curvature may be significant and confidence intervals cal-

culated from the FIM and the Hessian may differ (see,e.g., Marsili-Libelli et al. (2003)).

Discussion about the effect of the curvature on the computation of confidence intervals

can be found in Seber and Wild (1989).

To evaluate (4.31), the first-order sensitivity of the output with respect to the parame-

ters must be computed. Letsj denote the first-order sensitivity∂x
∂θ j

of the state w.r.t. the

parameterθ j . It is the solution of

ṡj =

[
∂ f
∂x

]

(x,θ,t)
sj +

[
∂ f

∂θ j

]

(x,θ,t)

, (4.35)

wherex is computed via (4.10) and the initial conditions are

sj(0) =
∂x(0)

∂θ j
, j = 1, ...,np. (4.36)

When the initial conditions on the state are supposed to be known sj(0) = 0. According

to (4.11), the sensitivity of the output w.r.t. the parameter θ j at ti is then evaluated as
[

∂ym

∂θ j

]

ti

=

[
∂h
∂x

]

(x,θ,ti)
sj +

[
∂h
∂θ j

]

(x,θ,ti)
. (4.37)
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Equation (4.35) is also calledforward sensitivity equation. The evaluation of the sensiti-

vities can be handled in various ways. They include finite-difference approximation, ana-

lytic differentiation, automatic differentiation (Schittkowski (2002)) and the complex-step

approximation method (Squire and Trapp (1998)). The most popular method is certainly

finite-difference approximation. It is easy to implement, but its accuracy is subordinated

to an adequate selection of the step sizes on the parameters.For complex models, hand-

made analytic differentiation requires complicated, error-prone and time-consuming ma-

nipulations. An interesting option to overcome these difficulties is symbolic manipulation.

The condition number of the FIM for the spectral norm,i.e., the ratio of the largest singu-

lar value of the FIM to the smallest, provides information onthe numerical conditioning

of the optimization problem and is a useful indicator of the practical identifiability of the

model given the available data. The higher the condition number, the more difficult the

optimization is and the lower practical identifiability. Since the FIM is symmetric, posi-

tive definite, this amounts to computing the ratio of its largest eigenvalue to its smallest.

Moreover, the matrix̂P is used to compute an estimateCor of the parameter correlation

matrix, with the elementCor(i, j) an approximate correlation coefficient between theith

and jth estimated parameters given by

Cor(i, j) =
P̂(i, j)

[P̂(i, i)∗ P̂( j, j)]1/2
. (4.38)

In addition to the applications described above, the FIM canbe exploited to look for

suitable experimental conditions providing high informative content. This problem is

tackled by optimal experiment design. Various methods are devoted to such a problem

( see,e.g. Seber and Wild (1989); Walter and Pronzato (1990); Walter and Pronzato

(1997); Dochain and Vanrolleghem (2001); Franceschini andMacchietto (2008)). Here,

we do not enter into the details associated to this problem. However, we may intuitively

think that a good experiment will be one that makes the FIM well-conditioned. We can

also seek to minimize the determinant ofP̂ (or maximizes the determinant of the FIM).

As we mentioned above, optimal experiment design is only possible when there are some

degrees of freedom in the procedure for data collection.
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4.4 Local sensitivity analysis

Sensitivity equations are not only instrumental in uncertainty assessment. Other appli-

cations include for example sensitivity analysis, which aims to study how the outputs of

a model are affected by different sources of variation (Saltelli et al., 2000). Sensitivity

analysis is an important tool to identify influential parameters and variables in the model.

This information is, indeed, very useful. We could realize that some parameters have lit-

tle influence on model behavior and thus decide to discard them to simplify the model

structure. In knowledge-based models, sensitivity analysis is central to identifying the

phenomena that play a major role in system behavior. Theoretical background and meth-

ods for sensitivity analysis can be found in Saltelli et al. (2000). Here, we are particularly

interested in local sensitivity analysis, which is based inthe computation of (4.37) at̂θ.

Let sk
j be the normalized first-order sensitivity of the model output ymk w.r.t. the parameter

θ j , defined as (Turányi and Rabitz, 2000)

sk
j(ti, θ̂) =

θ̂ j

ymk(ti, θ̂)

[
∂ymk

∂θ j

]

(ti ,θ̂)

. (4.39)

The normalized sensitivity is dimensionless, allowing forcomparison of the effect of va-

rious parameters on the model output. We can construct the matrix Sy where the element

(k, j) is the L1 norm ofsk
j alongt

Sy(k, j) = ‖sk
j‖1 =

nt

∑
i=1

∣∣∣sk
j(ti, θ̂)

∣∣∣ . (4.40)

When the model has high dimension both in its state and parameter vectors, some methods

have to be used for summarizing the information inSy (Saltelli et al., 2000). The matrix

Sy has very interesting applications. We can represent it graphically. In our study, we

used the functionimagescimplemented in Matlab to represent grafically the matrixSy.

Such a function scales matrix data to the full range of a givencolormap and displays the

associated image. This gives us the opportunity to visualize the effect of the parameters

on the model outputs. Moreover if we sum the components in each column, we will obtain

a quantification of the overall sensitivity for each parameter. Then, a parameter ranking

can be performed that enables one to identify the more sensitive parameters of the model.

This information can be used to reduce the number of parameters in the model or in the

parameter estimation framework. For example, we could conduct the optimization by tar-

geting the most sensitive parameters (Abusam et al. (2001);Lei and Jørgensen (2001);
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Degenring et al. (2004); Juillet et al. (2006)).

In the following, the development of a toolbox for parameterestimation with sensitivity

analysis capabilities is described. This software integrates many theoretical aspects that

have been underlined above.

4.5 IDEAS: a Matlab toolbox for parameter estimation

The main part of this work was published in Preprints of 15th Symposium on System

Identification, Saint-Malo, France. (Muñoz-Tamayo et al.,2009).

In the expanding field of systems biology a number of softwarepackages devoted to mod-

elling, simulation, parameter estimation and sensitivityanalysis have been developed.

Software development is a critical component of research insystems biology, which

is characterized by a multidisciplinary work that assembles technology, computational

modelling, biological foundations and the analysis of dynamic systems (Kitano, 2002b).

Given the disparity of modelling environment between research groups, an important in-

ternational effort was undertaken to establish a common software environment. The re-

sult of such a effort is the creation of the Systems Biology Markup Language (SBML;

http://www.sbml.org/), which is particularly applied to represent biochemical reaction

networks (Hucka et al., 2003). SBML has become accepted as a standard format for

representing formal, quantitative and qualitative modelsat the level of biochemical reac-

tions and regulatory networks (Hucka et al., 2004). However, to our knowledge, the use

of SBML has not been pervasive in the field of anaerobic modelling where many model

implementations have been performed in the software package Matlab (see,e.g., the work

of Rosen et al. (2006) and the recent work of Rodríguez et al. (2009)). However, SBML

applications to anaerobic modelling may be object of further discussion and some tools

are available to facilitate interfacing between SBML and Matlab environments (see,e.g.,

Keating et al. (2006)).

Among the numerous softwares devoted to systems biology, COPASI (Hoops et al., 2006)

and SBML-PET (Zi and Klipp, 2006) allow for parameter estimation (among other fea-
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tures). SBML-SAT (Zi et al., 2008) is devoted to sensitivityanalysis. Other softwares

have been built as toolboxes to be run in the Matlab environment, which allows the use of

functions already implemented in Matlab. They include the recently launched commercial

software SimBiologyr and the freely available toolboxes PEAS (Checchi et al., 2007),

System Biology (SBtoolbox) (Schmidt and Jirstrand, 2006) and PottersWheel (Maiwald

and Timmer, 2008). All of the parameter-estimation softwares mentioned above use a

(possibly weighted) quadratic cost function as their measure of optimality. PEAS and

PottersWheel quantify the accuracy of the estimated parameters through afinite-difference

evaluation of the FIM or an approximation of this matrix at the estimates. They also pro-

vide a Monte-Carlo analysis particularly adapted for models with non-differentiable dy-

namics. Even though SBtoolbox and SimBiology estimate parameters, they do not assess

their uncertainty. Both toolboxes provide routines for sensitivity analysis, which can be

used to assess the accuracy of the estimates, but this not so trivial calculation is left to the

user. For sensitivity analysis, SimBiology uses the complex-step approximation method

(Squire and Trapp, 1998). SBtoolbox only provides sensitivity analysis at steady state, but

an extension to non-steady state trajectories was developed (Schmidt, 2007) to accomplish

this task through an interface with the free software CVODES, using the forward or ad-

joint method (Hindmarsh and R.Serban, 2006). The current version SBToolbox2 allows

forward sensitivity analysis.

To tackle the parameter estimation of submodels describingbacterial growth experiments

dedicated to specific reactions of the trophic chain, we decided to develop the Matlab tool-

box IDEAS (IDEntification and Analysis of Sensitivity). It is devoted to knowledge-based

ODE models. Therefore, its application is not restricted tobiological models.

4.5.1 Why develop IDEAS?

Our interest in developing the toolbox IDEAS (IDEntification and Analysis of Sensiti-

vity) was to provide a convenient and easy-to-use tool to tackle parameter estimation for

knowledge-based models from available data with carefullydesigned sensitivity analy-

sis capabilities. The estimation is carried out via the ML approach, and can easily be

extended to MAP estimation. As some of the above mentioned toolboxes, IDEAS takes

advantage of the functions implemented in Matlab for the optimization and simulation of

ODE models. The main originality of IDEAS compared to the previous toolboxes resides
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Figure 4.2: IDEAS Interface.

in the analytic computation of the sensitivity functions that are used for the evaluation of

the FIM. IDEAS performs an exact and automatically generated formal evaluation of the

right-hand sides of (4.35) and (4.37), using the Symbolic Toolbox of Matlab to differen-

tiate f andh with respect to the state and parameters. There is thus no need for the user

to provide supplementary routines to evaluate the right-hand sides of (4.35) and (4.37).

Then, the toolbox integrates the augmented model (4.10), (4.35) atθ̂ to solve (4.37). The

solutions for the sensitivity functions are used to computethe FIM according to (4.31)

with Σ0 = Σ̂, and thus assess parameter uncertainty. IDEAS also provides the parame-

ter correlation matrix and condition number of the FIM for the spectral norm, which are

useful indicators of the practical identifiability of the model given the available data. A

graphical representation of the local sensitivity analysis is also provided, similar in spirit

to that in Zi et al. (2008) (see Section 4.4). Another original feature of IDEAS is the op-

portunity offered to use four different optimization criteria suggested by the ML approach

(see Section 4.3). The minimization of any of these cost functions is performed using the

BFGS method, as implemented in Matlab for unconstrained optimization (Mathworks,

2008).
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4.5.2 How to use IDEAS?

IDEAS is freely available athttp://www.inra.fr/miaj/public/logiciels/ideas/index.html for

academic usage. A user’s guide is also available at the same address. The toolbox runs

in Matlab v7.0 or later versions. It requires the optimization and symbolic toolbox to be

executed.

The software interface not only facilitates the use of the software itself, but also plays

an important role as a learning tool in the topic of identification (Ljung, 2003). Our aim

was to provide a friendly interface with open source code available to the user. IDEAS

is operated through the graphical interface displays in Fig. 4.2 and dialog boxes in the

command window.

To illustrate its main features, consider the simplistic model

ẋ = µ
x

K +x
−kdx, x(0) = 5, (4.41)

ym = x, (4.42)

with µ,K andkd to be estimated.

The user provides the data in a .txt file. Afterwards, the names of the parameters and

the state variables are requested in the command window (Fig. 4.3). The user defines

the mathematical model following the instructions of a template automatically genera-

ted (Fig. 4.4a). From the input files, the software automatically generates the routines

required for estimation and visualization, using symbolicdifferentiation to generate the

sensitivity computation routine from the equations provided by the user. Fig. 4.4b shows

the code generated to evaluate the augmented model. The terms dFdpvand dFdxvare the

automatically generated derivatives of the vectorf in (4.10) with respect to the parameters

and the state, respectively.
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Figure 4.3: Naming the parameters, state and output variables of the model.
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Figure 4.4: Operation of IDEAS: (a) Defining the state equation; (b) Automatically gene-

rated code to evaluate the augmented model (4.10), (4.35).
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Figure 4.5: Steps followed in a typical execution of IDEAS.

The Optimization Toolbox and ODE solver are used to find the estimates and compute

the FIM. Finally, at the visualization step, plots of the data fit and the sensitivity trajecto-

ries are displayed. Figure 4.5 shows the integration of these steps in a typical execution.

All the functions generated are accessible and can be used inother user-defined routines,

and modified if needed.

4.5.3 Future extensions

IDEAS is still at an early stage of its development. Some extensions are planned in the

near future in order to enhance its capabilities. The additional features in the next version

will include the possibility to consider the initial conditions as parameters to be esti-

mated. This issue is a serious matter, especially for biomass concentrations, which are

technically difficult to measure for mixed culture systems.The next version will also take
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into account missing data in the output vector components atsome measurement times,

or asynchronous measurements. This situation is frequently encountered in biological ex-

periments.

Concerning the statistical framework used in IDEAS, the main extensions will be to allow

for heteroscedastic errors and for Bayesian estimation. Special interest will be devoted to

the maximum a posteriori estimator, which enables one to deal with situations where few

experimental data are available. Another extension will bethe computation of the exact

FIM given by (4.29) for each estimator.

At the optimization stage, a multi-start routine will be included in order to decrease the

sensitivity to the user-provided initial guess on the parameters, and stand-alone optimiza-

tion and automatic differentiation routines will be implemented to make IDEAS usable

without the Optimization Toolbox. Another additional feature will be the symbolic com-

putation of the gradient of the cost function, which should speed-up optimization. This

computation will be based on the sensitivity functions thatare already being evaluated by

IDEAS.

The finite-difference approximation method as well as direct integration of the augmented

model can become numerically intensive for large-scale models. Under this condition, a

very attractive alternative is the use of adjoint methods (Valko and Vajda (1984); Cao et al.

(2003)).

4.6 Conclusions

In this chapter, we presented the strategy that we pursued inour modelling task. The na-

ture of our model implied the interpretation of biological knowledge to provide a mech-

anistic representation of the human colon. Given the complexity of the the system, we

decided to aggregate certain phenomena to reduce the level of such a complexity.

We described technical background on the mathematical tools employed in this work.

They included the singular perturbation approach and the parameter estimation frame-
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work. For the singular perturbation method, we emphasized the conditions under which it

can be applied validly. For parameter estimation, we recalled the central concept of iden-

tifiability, and the maximum likelihood and Bayesian estimation approaches. Bayesian

estimation appears to be the most promising approach for theestimation of the com-

plete model. Finally, we presented the development of the parameter estimation toolbox

IDEAS. The strategy presented here is a generic approach that could be applied to many

other types of modelling problems where the experimental data are scarce.

Examples of applications of the above methods are presentedin the following two chap-

ters. The next chapter presents our results on the modellingand identification of two small

parts of the full fermentation pathway performed by human colonic bacteria.



118 Handling a complex model



Chapter 5

Kinetic modelling of in vitro bacterial

growth experiments

Kinetics is nature’s way of preventing everything from

happening all at once.

Steven E. LeBlanc

In this chapter, we present our studies on parameter estimation of mathematical mod-

els describing two kinetic processes, namely homoacetogenesis and butyrate production

by human colonic bacteria. According to our strategy (see Section 4.2), the parameters

obtained for the kinetics studied here are used as known parameters for the complete

model.

5.1 Homoacetogenesis by the human colonic bacteria

Ruminococcus hydrogenotrophicus

The main part of this work was published in Proc. 16th IEEE Mediterranean Confer-

ence on Control and Automation. Ajaccio, France (Muñoz-Tamayo et al., 2008).

Homoacetogenesis is one of the three routes for hydrogen utilization by the human colonic

microbiota (see Section 2.3.1.4). Figure 5.1 shows the location of homoacetogenesis in the

119
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whole process of carbohydrate degradation. Homoacetogenesis is an autotrophic process,

in which colonic microorganisms reduce two moles of CO2 to one mole of acetate. It has

been estimated that acetate from the reductive pathway represents about 40% of the total

acetate produced in the human (Bernalier et al., 1999). Thisconversion process is cen-

tral for transfer of hydrogen between microorganisms, which is required for fermentation

(Thauer et al., 1977). Excess of H2 production has been related to irritable bowel syn-

drome. It causes abdominal pain, distention, flatulence andborborygmus (Boever et al.,

2000). Moreover, H2 utilization by homoacetogens, sulfate reducers and methanogens

(Archaea) provides the final step in energy extraction from carbohydrate degradation and

affects the thermodynamics of the whole biochemical process (Bäckhed et al. (2005); Ley

et al. (2006a)). H2 levels affect the NAD/NADH redox couple (Costello et al., 1991) and

thus the thermodynamic feasibility of some of the fermentation reactions (Madigan et al.,

2009).

We present now a mathematical model that we developed to represent thein vitro ex-

periments described in Bernalier et al. (1996b) to study thekinetics of homoacetogenesis

by the human colonic bacteriaRuminococcus hydrogenotrophicus.

5.1.1 Experimental setup

The kinetic study was carried out in culture tubes connectedto pressure sensors (Fig. 5.2).

The bacteria were cultivated in the medium AC-21 modified using H2/CO2 (60:40, v/v) at

202 kPa. Temperature was controlled at 37°C. The substrate was a gas mixture H2/CO2

that diffused to the liquid phase to be used as energy source for the bacteria. Acetate was

produced via the reductive pathway. The variables measuredin the experiment were the

concentration of H2 in the gas phase, estimated from manometric measurements and gas

chromatography, the concentration of acetate, measured enzymatically, and the optical

density of cultures at 600 nm (OD600).

5.1.2 Mathematical model

Two main phenomena occur, namely biological reaction and mass transfer between the

gas and liquid phases. The decay of bacteria is described by afirst-order equation. Bac-

terial growth was quantified through optical density measurements, which relate light
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Figure 5.1: Location of the homoacetogenesis in the full process of carbohydrate degra-

dation.

dispersion with cell concentration. Unfortunately, thesemeasurements are imprecise be-

cause the bacteria that become biologically inactive keep their structure, so they will still

be counted although they no longer participate to the reaction. For these reasons, we ex-

plicitly model the inactive bacteria concentration and assume a first-order dynamic for

this variable. This makes it possible to relate optical density as given by the model with

the experimental data. For liquid-gas transfer, a modification of the Henry law is used

(Stumm and Morgan, 1996).
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Figure 5.2:In vitro system to study homoacetogenesis reaction (taken from Leclerc et al.

(1997)).

The equations of the model are

ẋH2a = µH2a−kdxH2a, xH2a(0) = 0.0193, (5.1)

χ̇ = kdxH2a−kiχ, χ(0) = 0, (5.2)

ṡg,H2 = kLa(sH2 −KH,H2RTsg,H2)
V
Vg

, sg,H2(0) = 0.677, (5.3)

ṡac =
1−YH2a

YH2a
µH2a, sac(0) = 0.218, (5.4)

ṡH2 = − 1
YH2a

µH2a−kLa(sH2 −KH,H2RTsg,H2), sH2(0), unknown, (5.5)

with V the volume in liquid phase,Vg the volume in gas phase, andµH2a the bacterial

growth kinetics, expressed by the Monod law (Monod, 1949)

µH2a = µmax,H2a
sH2xH2a

Ks,H2a+sH2

. (5.6)

The five state variables are the concentrationxH2a of active biomass, the concentrationχ
of inactive bacteria that keep the cell structure, the concentrationsg,H2 of hydrogen in the

gas phase, the concentrationsH2 of hydrogen in the liquid phase, and the concentration

sac of acetate. All of them expressed in kilograms of chemical oxygen demand (COD) per

cubic meter (kg COD m−3). Initial condition forsH2 is unknown.

The output vector is

ym = (α(xH2a+ χ), sg,H2, sac)
T, (5.7)
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whereα is a conversion factor between optical density and kg COD m−3, which depends

on the physical properties of the bacteria. We looked at the literature and 1 unit of opti-

cal density may be equal from 1*107 cells/ml to 1*1010 cells/ml. Assuming an average

weight of a cell of 4.2*105 kg and considering a conversion factor of 1.4 kg COD/kg for

the biomass, the factorα ranges from 0.1 OD/(kg COD m−3) to 40 OD/(kg COD m−3).

Including this factor in the estimation lead to practical identifiability problems, thus we

decided to set it to a value that provided acceptable resultsfor the other kinetic parame-

ters.α was set to 5.95 OD/(kg COD m−3).

Parameterkd (h−1) is the decay factor for the biomass,µmax,H2a (h−1) is the maximum

growth rate,Ks,H2a (kg COD m−3) is the saturation constant of the Monod law,ki (h−1) is

a lysis constant.YH2a is the yield factor that gives the biomass produced by hydrogen con-

sumed,kLa (h−1) is the liquid-gas transfer coefficient multiplied by the specific transfer

area,KH,H2 is the Henry law coefficient for hydrogen, in molar units per bar (M bar−1), R

is the ideal gas law constant andT is the absolute temperature. The numerical values of

the physical parameters involved are:

kLa = 8.33 h−1, KH,H2 = 7.28 10−4 M bar−1,

R= 8.31 10−2 bar m3 kmol−1 K−1,

T = 310.15 K,Vg = 22.57 ml, andV = 5.3 ml.

The five unknown parameters to be identified areµmax,H2a, Ks,H2a, kd, ki , andYH2a.

5.1.3 Reducing the number of state variables

The dynamics of hydrogen concentration in the liquid phase appears to be fast, leading

to a multi time scale model, as proposed by Rosen et al. (2006). Thus, we can apply

the singular perturbation method to perform model order reduction (See Section 4.1.3.1).

We first observe that the dynamics of the active and inactive biomass and the liquid and

gaseous hydrogen concentrations are decoupled from the dynamic of the acetate concen-

tration. This last concentration is obtained by integration of an expression depending on

the other concentrations, and plays no role in the first four equations. Hence we can dis-

card this last equation from our study and concentrate on theothers.



124 Kinetic modelling ofin vitro bacterial growth experiments

For the sake of readability, we adopt the following notation: µmax,H2a will be denoted

asµmax, Ks,H2a asK, YH2a asY andKH,H2 asKH .

We first put the model in singularly perturbed form (Eqs. (4.1)-(4.2), page 94). This is

is usually carried out by scaling and possibly changing variables. Here, scaling is suffi-

cient, so we introduce constantsm,hg andhl such that the normalized variablesx1, x2, x3,

x4 defined by

x1 =
xH2a

m
, x2 =

χ
m

,x3 =
sg,H2

hg
, x4 =

sH2

hl
,

all belong to the interval[0,1]. These scaling coefficients can be obtained from the exper-

imental data.m is chosen to be the maximum value of the measured OD, divided by α,

hg is taken to be the maximum value of hydrogen concentration inthe gas phase, and we

sethl = KHRThg.

The state equations for these normalized variables are

ẋ1 = (µmax
x4

K
hl

+x4
−kd)x1, (5.8)

ẋ2 = kdx1−kix2, (5.9)

ẋ3 = (x4−x3)kLaKHRT
V
Vg

, (5.10)

ẋ4 = −
(

µmaxm
hlY

x1
K
hl

+x4
+kLa

)

x4 +kLax3. (5.11)

The scaling factors and the order of magnitude of the parameters are computed from the

experimental data or drawn from the literature

m=
0.26
5.974

= 0.044, hg = 0.677, hl = 0.013,

K,kd,ki ,Y ≈ 0.05, µmax≈ 0.1 .

Equations (5.8)-(5.11) share the generic form

ẋi = di(x)xi + pi(x̃i), (5.12)

wherex = (x1,x2,x3,x4)
T andx̃i = (x j) j=1,...,4

j 6=i
.

We set the local time scaleτi(x) associated toxi as



5.1 Homoacetogenesis by the human colonic bacteriaR. hydrogenotrophicus 125

τi(x) =
1

|di(x)|. (5.13)

As the dynamical system is positive, we easily obtain that starting from a non-negative

initial state

kLa≤ |d4(x)|= µmaxm
hlY

x1
K
hl

+x4
+kLa≤ µmaxm

KY
+kLa,

−kd ≤ d1(x) = µmax
x4

K
hl

+x4
−kd ≤ µmax−kd

so

1
µmaxm

KY +kLa
≤ τ4(x) ≤ 1

kLa
≈ 0.12,

and

τ1(x) ≥ 1
max(kd, |µmax−kd|)

≈ 20.

Moreover,τ2(x) = 1/kd ≈ 20 , and finallyτ3(x) =
Vg

kLaVKHRT ≈ 27. Hence, there is at

least a 100 fold change between the time scale associated tox4 and the other time scales,

and the state variables of the model can be separated into slow and fast ones.

We perform the time scale changets = t
τs

, whereτs = 20, in order to express the model

in the slow time scale and obtain the standard form for the singular perturbation problem.

The dot symbol will now refer to time differentiation w.r.t.ts. We setδ = 1
kLaτs

= 0.006

and obtain

ẋ1 = (τsµmax
x4

K
hl

+x4
− τskd)x1,

ẋ2 = τskdx1− τskix2,

ẋ3 = (x4−x3)τskLaKHRT
V
Vg

,

δ ẋ4 = −
(

µmaxm
kLahlY

x1
K
hl

+x4
+1

)
x4 +x3,
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where all the coefficients have orders of magnitude ranging from 0.5 to 4. Coming back

to the original variables, the model is in the standard form (4.1-4.2), with

x =





xH2a

χ

sg,H2



 , z = (sH2),

f(x,z) =





τsµH2a− τskdxH2a

τskdxH2a− τskiχ

τskLa(sH2 −KHRTsg,H2)
V
Vg




,

g(x,z) = −µmax

kLaY
sH2xH2a

K +sH2

− (sH2 −KHRTsg,H2),

and initial conditionsx(0) = x0 andz(0) = z0. Note that in our case,f andg are time

invariant and do not depend onδ . They are continuously differentiable onDx×Dz, with

Dx = R3
+ andDz = (−K,+∞).

The quasi-steady-state hydrogen concentration in the liquid phasel(x) satisfies the al-

gebraic equation

−µmax

kLaY
l(x)xH2a

K + l(x)
− (l(x)−KHRTsg,H2) = 0, (5.14)

which can be reformulated as a second-degree polynomial equation. It is easy to check

that it has a positive discriminant and a unique positive root l(x), which is the quasi-steady

hydrogen concentration in the liquid phase, given by

l(x) =
−c1 +

√
c2

1+4c2

2
, (5.15)

with

c1 =
µmaxxH2a

YkLa
+K −KHRTsg,H2,

c2 = KHKRTsg,H2.

The reduced model is then given by˙̄x = f(x̄, l(x̄)), that is

˙̄xH2a = τsµmax
l(x̄)

K + l(x̄)
x̄H2a− τskdx̄H2a, (5.16)

˙̄χ = τskdx̄H2a− τski χ̄, (5.17)

˙̄sg,H2 = τskLa(l(x̄)−KHRTs̄g,H2)
V
Vg

, (5.18)
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with initial conditionx̄(0) = x0.

We can now check that the three assumptions of the Tikhonov theorem are satisfied.

Assumption 1 (regularity). The vector functionsf, g and their first partial derivatives

w.r.t. x andz are continuously differentiable onDx×Dz. The functionl(x) and

Jacobian matrix∂g
∂z are also continuously differentiable onDx×Dz.

Assumption 2 (existence of bounded solutions of the reduced-order model). It must be

shown that for allT > 0, there exists a compact subsetSof Dx such that any trajec-

tory of the reduced model starting inSis well defined, unique on[0,T], and remains

in S. We proved a stronger result. Notice that the complete and reduced models are

both positive: the vector fields of both models have no outward component when

reaching the boundary of the positive cone (R4
+ andR3

+ respectively) from the in-

side. Moreover, settingAr(t) = x̄H2a(t)+ χ̄(t)+
YVg
V s̄g,H2(t), we have from (5.16),

(5.17) and (5.18)

Ȧr(t) = −τski χ̄ ≤ 0.

Therefore, for allC > 0, if we define the following compact subset ofDx:

SC = {x ∈ R
3
+, x1 +x2 +

YVg

V
x3 ≤C},

we have

x̄0 ∈ SC ⇒ ∀t ≥ 0, x̄(t) ∈ SC.

Hence, trajectories starting inSC are uniquely defined and remain inSC for ever.

Assumption 3 (stability of the origin of the boundary-layer model). Consider now the

boundary layer differential equation

dy
dυ

= −µmax

kLaY
x̄H2a(y+ l(x̄))

K +y+ l(x̄)
− (y+ l(x̄)−KHRTs̄g,H2), (5.19)

where x̄ is considered to be constant in theυ = ts
δ time scale, and the unknown

function υ 7→ y(υ) takes its values inDz. By construction,l(x̄) is positive when

x̄ ∈ Dx, soy∈ Dz impliesK +y+ l(x̄) > 0. Term to term subtraction of (5.19) and

(5.14) yields
dy
dυ

= − µmaxx̄H2aK
kLaY(K + l(x̄))

y
K +y+ l(x̄)

−y. (5.20)
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SettingK1 = K + l(x̄) andK2 =
µmaxx̄H2aK

kLaY(K+l(x̄)) , we can rewrite (5.20) as

dy
dυ

= −K2
y

y+K1
−y. (5.21)

It is easy to see that when starting from an initial conditiony(0) > −K1, we have

y(υ) > −K1 for all υ > 0, since lim
y→−K+

1

−
(

K2
y

y+K1
+y

)
= +∞. Therefore, if

y(0) > −K > −K1, we have, for allυ > 0,

1
2

dy2

dυ
= −y2

(
K2

y+K1
+1

)
≤−y2.

It implies that∀υ ≥ 0, |y(υ)| ≤ |y(0)|e−υ . Hence, the boundary layer model is

exponentially stable, uniformly in(t, x̄) ∈ R+ ×Dx, with region of attractionRy =

Dz.

The hypotheses of the Tikhonov theorem are thus verified, so there existsδ ⋆ > 0 and

ρ > 0 such that for all time intervals[0,T] whereT is of orderτs, we can findC > 0 such

that

∀t ∈ [0,T], ‖x(t)− x̄(t)‖ < Cδ ,

for all δ < δ ⋆ and all initial conditionsz(0) that satisfy‖z(0)− l(x(0)‖ ≤ ρ .

Simulations confirm the validity of the model reduction. Thecloseness between the two

models depends on the initial condition of hydrogen in the liquid phase, which is unknown

in our study. However, we know that

0 < sH2(0) < KH,H2RTsg,H2(0) ≈ 0.013. (5.22)

We simulated the complete and reduced models withsH2(0) taking the values of the

bounds in (5.22). For the two conditions, the responses of both models were superim-

posed. For illustration purpose, we setsH2(0) = 0.1 (which is physically impossible for

the experimental conditions) to observe the singular perturbation approximation in a large

time horizon. The responses of both models are displayed in Fig. 5.3. We observe that the

hydrogen concentration given by the complete model converges rapidly to the hydrogen

concentration calculated from the singular perturbation approach. The responses of the

slow variables in both models are almost identical.
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Figure 5.3: Comparison of the complete model and reduced model for homoacetogene-

sis. Discrepancy in initial conditions forsH2 has been exaggerated for the purpose of

illustration.

5.1.4 Identifiability study

The study of identifiability is important before tackling the estimation problem (see Sec-

tion 4.3.1.1). This issue is particularly central when dealing with biological systems for

which critical significance is often attached to the value ofthe parameters.

Let θ = (µmax, K, kd, ki , Y)T be the parameter vector in the parameter spaceU ⊂R5
+ and

x = (xH2a, χ, sg,H2, sac)
T be the state vector of the model.x(t,θ) denotes the trajectory of

the model with parameterθ at timet, andx0 is the vector of initial conditions. Denote by

l(x,θ) the unique positive solution of (5.14), byf(x,θ) the vector function whose entries

are the right-handsides of (5.1-5.4) and byh(x,θ) = (α(xH2a+χ), sg,H2a, sac)
T the vector

of measurements.

As the model under consideration is an uncontrolled nonlinear ODE model with initial

conditions, we use a sufficient condition for the model to be globally identifiable that can
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be found in Denis-Vidal and Joly-Blanchard (2004):

Proposition 1 Let (θ, θ̃) ∈ U2 be such thatf(x0(θ),θ) 6= 0 and f(x0(θ̃), θ̃) 6= 0. If the

existence of an open neighborhoodṼ of x0(θ̃) and an analytic diffeomorphismσ : Ṽ →
σ(Ṽ) such that

(i) σ(x0(θ̃)) = x0(θ),

(ii) ∀z̃∈ Ṽ, f(σ(z̃),θ) =
∂σ(z̃)

∂ z̃
f(z̃, θ̃),

(iii ) h(σ(x(t, θ̃)),θ) = h(x(t, θ̃), θ̃),

for all t such thatx̃(t, θ̃) ∈ Ṽ ,

impliesθ = θ̃, then the model is globally identifiable atθ.

Definition 2 The model is said to be globally structurally identifiable ifit is globally

identifiable for almost anyθ in U.

Initial conditions are denoted byx0 and x̃0. We assume that the initial conditions are

identical for both models and known. Moreover we assume thatx01 > 0, x02 = 0, and that

the experiment starts at the bacterial growth phase, which implies thatσ̇1(x̃(0)) > 0 and

˙̃x1(0) > 0. The parameter setU is such that

U =






v ∈ R5
+/ v1

v2+0.5
(
−c1+

√
c2

1+4c2

) −v3 > 0,

wherec1 = v1x01
v5kLa +v2−KHRTx03, andc2 = KHRTx03v2






We prove that the sufficient condition in Proposition 1 is met, so that the model is struc-

turally globally identifiable.

proof:

For conciseness we use in the sequel the notationx̃(t) = x(t, θ̃) andx(t) = x(t,θ). For all

t such that̃x(t) ∈ Ṽ we have from(iii )

σ3(x̃(t)) = x̃3(t), (5.23)

σ4(x̃(t)) = x̃4(t), (5.24)

σ1(x̃(t))+σ2(x̃(t)) = x̃1(t)+ x̃2(t). (5.25)
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Let us now differentiate (5.23)-(5.25) w.r.t. time in combination with(ii) in Proposition 1.

Differentiating (5.23) in time and using(ii) we get

(ii3) kLa(l(σ(x̃),θ)−KH,H2RTσ3(x̃(t))
V
Vg

= kLa(l(x̃, θ̃)−KH,H2RTx̃3(t))
V
Vg

.

It follows from (5.23) that

l(x̃(t), θ̃) = l(σ(x̃(t)),θ) = l(t). (5.26)

Eq. (5.26) can be used in (5.14) and we get

Y

Ỹ

µ̃maxx̃1(t)

K̃ + l(t)
=

µmaxσ1(x̃(t)
K + l(t)

. (5.27)

Differentiating (5.24) in time and using(ii) we get

(ii4)
1−Y

Y
µmax

σ1(x̃(t))
K + l(t)

=
1−Ỹ

Ỹ
µ̃max

x̃1(t)

K̃ + l(t)
.

The combination of(ii4) with (5.27) yieldsY = Ỹ, and

µ̃maxx̃1(t)

K̃ + l(t)
=

µmaxσ1(x̃(t))
K + l(t)

. (5.28)

Differentiating (5.25) in time and using(ii), we obtained

(ii1+ ii2) µmax
σ1(x̃(t))l(t)

K + l(t)
−kiσ2(x̃(t)) = µ̃max

x̃1(t)l(t)

K̃ + l(t)
− k̃i x̃2(t). (5.29)

By using (5.28) on (5.29), we obtain

kiσ2(x̃(t)) = k̃i x̃2(t). (5.30)

Assumingki 6= 0, the substitution of (5.30) in (5.25) proves that

σ1(x̃(t)) = x̃1 +(1− k̃i

ki
)x̃2(t). (5.31)

Now, if we assumekd 6= 0, differentiating (5.30) in time and using(ii), we get

kdσ1(x̃(t))−kiσ2(x̃(t)) =
k̃i

ki
(k̃dx̃1(t)− k̃ix̃2(t)).
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Substituting (5.30) in the above equation yields

σ1(x̃(t)) =
k̃i k̃d

kikd
x̃1(t)+

k̃i

kd
(1− k̃i

ki
)x̃2(t). (5.32)

At t = 0, using(i) in (5.32), we get thatk̃i k̃d
kikd

= 1.

Now, combining (5.31) with (5.32) we get

(1− k̃i

kd
)(1− k̃i

ki
)x̃2(t) = 0. (5.33)

There exists at least one timet such that ˜x2(t) 6= 0, (5.33) yields that(1− k̃i
kd

)(1− k̃i
ki
) = 0.

Then, we have

ki = k̃i andkd = k̃d, (5.34)

or

kd = k̃i andki = k̃d. (5.35)

If (5.34)holds. Combining (5.31) and (5.34), we obtain thatσ1(x̃(t)) = x̃1, which im-

plies in (5.28) that
K̃ + l(t)

µ̃max
=

K + l(t)
µmax

. (5.36)

It follows that

(µmax− µ̃max)l(t) = µ̃maxK −µmaxK̃.

Two cases arises: eitherµmax = µ̃max which impliesK = K̃, or µmax 6= µ̃max and in

this case,l(t) is constant.

In this last situation, let us defineζ = l(x̃)
K̃+l(x̃)

, then differentiating (5.14) in time

leads to the following differential equation forζ

ζ̇ =
−µ̃maxx̃1

µ̃maxx̃1+ YkLaK̃
(1−ζ )2

ζ (µ̃maxζ −κ), (5.37)

whereκ = k̃d− kLaKHRTV
Vg

. Due to the assumptions on the initial conditions, we have

ζ (0) > k̃d
µ̃max

> max(0, κ
µ̃max

), and thereforėζ (0) < 0. However, a constant value of

l(t) implies a constant value ofζ (t), and thereforėζ (0) = 0. This contradiction

shows that this case is not possible.
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If (5.35)holds.At t = 0, (5.28) yields

K̃ + l(0)

µ̃max
=

K + l(0)

µmax
. (5.38)

It follows that

(µmax− µ̃max)l(0) = µ̃maxK −µmaxK̃.

In this equation, eitherµmax = µ̃max, which impliesK = K̃, or µmax 6= µ̃max and

l(0) =
µ̃maxK −µmaxK̃

µmax− µ̃max
.

Let us consider the case whereµmax = µ̃max. From (5.28), we deduce that

x̃1(t) = σ1(x̃(t)). (5.39)

The substitution of (5.39) in (5.31) leads tok̃i = ki , andk̃d = kd from (5.32). From

(5.35), we finally obtain thatkd = k̃i = ki = k̃d.

In the case whereµmax 6= µ̃max, we can eliminatel between the two second de-

gree equations that we obtain writing (5.14) for both systems, and eliminateσ1(x̃)

using (5.31) in the resulting equation.

The computation were performed with the symbolic computation software Maple,

and led to a nonlinear polynomial relationshipN1(t) = 0 between the parameters of

both systems and the first three components of the state vector x̃. Evaluating this

expression att = 0 leads to

kLaYKHRT(µmax− µ̃max)(K− K̃)x03+

(µ̃maxK −µmaxK̃)((µmax− µ̃max)x01+kLaY(K − K̃)) = 0 (5.40)

Setting∆µ = µ̃max−µmax and∆K = K̃−K, the above expression becomes

N01(∆K,∆µ) = kLaYKHRTx03∆K∆µ − (K∆µ −µmax∆K)(x01∆µ +kLaY∆K) = 0.

(5.41)

Note thatN01 is a second degree nonlinear multivariate polynomial equation in ∆K

and∆µ , whose coefficients depend on the initial conditions and on parametersµmax

andK.

Differentiating the nonlinear polynomial relationshipN1(t) = 0 obtained above along
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the system’s trajectories, we obtain an additional nonlinear polynomial relation-

ship N2(t) = 0, which we can evaluate att = 0. We obtain a new expression

N02(∆K,∆µ) = 0, whereN02 is a fourth degree nonlinear multivariate polynomial

equation in∆K and∆µ , whose coefficients depend on the initial conditions and on

the full vector of parameters(µmax,K,kd,ki)
T, thanks to the assumption (5.35).

Elimination of∆K between the two equationsN01(∆K,∆µ) = 0 andN02(∆K,∆µ) = 0

for a given initial condition and parameter vector(µmax,K,kd,ki)
T shows that, ex-

cept possibly on a zero measure set of parameter(µmax,K,ki ,kd)
T, we have ei-

ther∆µ = ∆K = 0 (and it follows that the model is globally identifiable), or∆µ =

f1(µmax,K,kd,ki ,x30,x10) and∆K = f2(µmax,K,kd,ki ,x30,x10).

In this last situation we can differentiateN2(t) = 0, and obtain an additional nonlin-

ear polynomial relationshipN3(t) = 0, which can be evaluated att = 0. This pro-

vides a nonlinear multivariate polynomial equation in∆K and∆µ , N03(∆K,∆µ) = 0,

whose coefficients depend on the initial conditions and on the full vector of parame-

ters(µmax,K,kd,ki)
T. Substituting the expressions of∆µ and∆K in N03(∆K,∆µ) = 0

shows that the existence of the non zero solution∆µ = f1(µmax,K,kd,ki ,x30,x10)

and∆K = f2(µmax,K,kd,ki ,x30,x10) may be possible on the zero measure set for

(µmax,K,kd,ki)
T defined by

N03( f2(µmax,K,kd,ki ,x30,x10), f1(µmax,K,kd,ki ,x30,x10)) = 0,

and is not possible elsewhere.

In all cases, we have shown that except on a zero measure set, the model is globally

identifiable inU . It follows that the model is structurally globally identifiable.�

5.1.5 Parameter estimation

Estimation was performed by the maximum likelihood (ML) approach, using the toolbox

IDEAS (see Section 4.5). Three estimators were evaluated. The estimatorC1 minimizes

the cost function (4.15) (page 101)

J(θ) =
nt

∑
i=1

[y(ti)−ym(ti,θ)]TΣ−1[y(ti)−ym(ti,θ)],

with

Σ = σ2diag[v1,v2,v3]
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andvk = (ykmax−ykmin)
2, whereykmax andykmin are respectively the maximum and min-

imum value among all the collected data for outputk. The estimatorC2 minimizes again

the cost function defined by (4.15) but with a diagonal matrixΣ computed from the data

reported in Bernalier et al. (1996b), which are mean values of three determinations. At

each time the standard deviations were calculated and used to compute the matrix. The

kth diagonal elementσ2
k of Σ was calculated as

σ2
k =

1
nt

nt

∑
i=1

σ2
k,i . (5.42)

The estimatorC3 minimizes (4.18) (page 102)

J(θ) = ln

[

det
nt

∑
i=1

[y(ti)−ym(ti,θ)][y(ti)−ym(ti,θ)]T

]

,

and finally, the estimatorC4 minimizes the cost function defined by (4.20) (page 102)

J(θ) =
ny

∑
k=1

nt

2
ln

[
nt

∑
i=1

[yk(ti)−ymk(ti,θ)]2

]
.

5.1.6 Results and discussion

Figure 5.4 compares the experimental data and the outputs ofthe mathematical model

with the parameters obtained for the four criteria. From a qualitative point of view, the

optimal set of parameters for each cost function gives a veryclose fit for the optical den-

sity. However for the acetate and hydrogen concentrations,it is seen that more weight

is given either to acetate or to hydrogen, depending of the cost function considered. The

estimatorsC1 andC2 tend to favor the fit of acetate concentrations. To the contrary, the

more sophisticated estimatorsC3 andC4 tend to favor the fit of hydrogen concentrations.

This is consistent with the experimental conditions, from which it seems reasonable to

give more importance to the fit of the measured hydrogen concentrations, because hydro-

gen is only consumed through homoacetogenesis. As for acetate, it could be produced by

other reactions, for instance within the yeast fermentation pathway, not modeled here.

The resulting parameter estimates are shown in Table 5.1 with their approximate confi-

dence intervals calculated from (4.34) (page 106). The values obtained for the Monod

constantKs,H2a and the yield factorYH2a are in accordance with the information reported
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Figure 5.4: Comparison of the ML estimators.
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in Lokshina and Vavilin (1999) for different anaerobic systems. The maximum growth

rateµmax,H2a is higher than the maximum value reported. This could be due to the fact

that, in the experiment considered here, the medium resistance to growth is low compared

to the systems referenced in Lokshina and Vavilin (1999) (all of them solids). We did not

find theoretical values to compare the estimates ofkd for homoacetogens. However, the

estimated values ofkd are in the range reported in Batstone et al. (2002) for hydrogen-

utilizing methanogenic bacteria.

The confidence intervals of the estimates turn out to be very disappointing, owing to the

limited set of data and well-known practical identifiability problems (Dochain and Van-

rolleghem, 2001). The parametersµmax,H2a andKs,H2a show a very strong correlation, as

shown in Table 5.2. Other parameters are also strongly correlated. In Fig. 5.5, we observe

the sensitivities of the model outputsac with respect to the parametersKs,H2a andµmax,H2a.

The curves are nearly proportional. Simulations of the model with the estimated param-

eter values indicate that the values taken by the state variable sH2 are always lower than

the value of the parameterKs,H2a. At the end of the experience the simulation provides a

value ofsH2 = 0.0038, which is 7 times lower than the estimate ofKs,H2a. We decided to

approximate the Monod equation by a quadratic kinetics

µmax,H2asH2xH2a

Ks,H2a+sH2

≈ kr,H2asH2xH2a, (5.43)

with kr,H2a the ratioµmax,H2a/Ks,H2a.

Table 5.1: Comparison of estimated parameters with their approximate 95% confidence

intervals.

C1 C2 C3 C4

Ks,H2a 0.025±6.940 0.020±2.326 0.020±0.338 0.027±0.165

µmax,H2a 0.186±3.760 0.157±12.354 0.154±1.760 0.195±0.900

YH2a 0.030±0.030 0.029±0.022 0.040±0.020 0.039±0.013

kd 0.034±1.392 0.036±0.645 0.033±0.097 0.031±0.026

ki 0.029±1.040 0.025±0.338 0.052±0.270 0.061±0.128
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Table 5.2: Correlation matrix for the estimates in the Monodmodel.

Ks,H2a µmax,H2a YH2a kd ki

Ks,H2a 1 0.9999 0.4423 −0.9830 0.8357

µmax,H2a 1 0.4542 −0.9848 0.8429

YH2a 1 −0.5705 0.8501

kd 1 −0.9147

ki 1

Table 5.3: Estimates with their approximate 95% confidence intervals for the Monod and

quadratic kinetic models.

Parameters Monod kinetics Quadratic kinetics

Ks,H2a 0.027±0.165

µmax,H2a 0.195±0.900

kr,H2a 5.45±0.465

YH2a 0.039±0.013 0.040±0.011

kd 0.031±0.026 0.027±0.003

ki 0.061±0.128 0.071±0.088

The estimatorC4 was the best ML estimator for the Monod-based model. It was also

used to estimate the parameters of the modified model. Confidence intervals are greatly

improved, as shown in Table 5.3, column 3. The estimates of the parameters that are

shared by the two models have the same order of magnitude, butthe confidence intervals

are smaller for the modified model.

The data fit with the parameters estimated from the modified-kinetics model are quali-

tatively as satisfactory as those of the original model. Theresponses for the two models

are superimposed and cannot be distinguished. Without the assessment of the uncertainty

of the estimates, we would have had no reason to prefer the modified model to the Monod-

based model.
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Figure 5.5: Sentivities of acetate concentrationsac with respect to the parameters of

Monod equation.

The procedure employed here is generic, and can be applied toestimate model parameters

related to othersin vitro experiments. In the following section, we perform the modelling

and identification of bacterial growth experiments devotedto study the metabolism of

butyrate production by two human colonic bacteria.

5.2 Lactate utilization and butyrate production by key

human colonic bacterial species

Butyrate is the preferred energy source for the colonocytes(colonic epithelial cells) and

plays an important role in human health (see,e.g., McIntyre et al. (1993); Pryde et al.

(2002); Scheppach and Weiler (2004); Ewaschuk et al. (2005); Hamer et al. (2008)),

whilst accumulation of high concentrations of lactate is detrimental (see,e.g., Vernia

et al. (1988); Chan et al. (1994); Hove et al. (1994); Kaneko et al. (1997); Belenguer

et al. (2007)). Butyrate can be synthesized from two metabolic pathways: butyrate kinase

and butyryl CoA:acetate CoA transferase (Miller and Wolin (1996); Diez-Gonzalez et al.
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(1999); Duncan et al. (2002a); Macfarlane2003).In vitro studies have identified the latter

mechanism as the dominant route for butyrate formation in the human colonic ecosys-

tem (Louis et al., 2004). Lactate and and acetate are considered as important precursors

for butyrate production (Bourriaud et al. (2005); Morrisonet al. (2006); Belenguer et al.

(2008)). Lactate is the energy source for the bacteria, while acetate participates as electron

sink. Different groups of butyrate producing bacteria, mostly belonging to the Firmicutes,

have been isolated from the human GI tract (Barcenilla et al., 2000).Eubacterium hallii

and strain SS2/1 are dominant member of clostridial clusterXIVa, and are able to utilize

lactate and acetate via the butyryl-CoA:acetate-CoA-transferase route.

Here, we develop a mathematical model to describe the conversion of lactate and acetate

into butyrate by human colonic bacteria. Figure 5.6 shows the location of the metabolism

analyzed here in the whole process of carbohydrate degradation. The model is assessed

by comparing, for the speciesEubacterium halliand strain SS2/1, the model output with

in vitro data (Duncan et al., 2004b).

5.2.1 Mathematical model and reactions stoichiometry

The mathematical model is derived by writing down mass-balance differential equations

for a batch system. The kinetic model is an aggregated representation of the butyryl-

CoA:acetate-CoA-transferase pathway represented in Fig 5.7. In vitro experiments have

shown that acetate cannot be used as a sole source energy for the bacteria (see,e.g.,

Hino et al. (1991); Duncan et al. (2002a)). Therefore, bacterial growth is assumed to be

dependent on lactate concentration only.

According to this, the model equations are

ẋla = Ylaρla, (5.44)

ṡla = −ρla, (5.45)

ṡac= Yac,laρla, (5.46)

ṡbu = Ybu,laρla, (5.47)

with ρla is the specific consumption rate of lactate. A miscellany of expressions have been

developed to represent biological kinetic rates (see,e.g., Dochain and Bastin (1990)). In

this work we evaluate the following equations
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Figure 5.6: Location of butyrate metabolism in the full process of carbohydrate degrada-

tion.

Monod equation:

ρla = km,la
slaxla

Ks,la +sla
, (5.48)

Quadratic kinetics:

ρla = km,laslaxla, (5.49)

First-order kinetics

ρla = km,lasla, (5.50)

The state variables of the model are the bacterial concentration xla in units of optical den-

sity (OD), lactate concentrationsla, acetate concentrationsac and butyrate concentration

sbu, in mM units.km,la is the consumption rate constant. For the Monod kinetics, the units

of km,la are mM Lactate (OD h)−1, for the quadratic kinetis they are (OD h)−1 and for first-

order kinetics h−1. The Monod constantKs,la is in mM units.Yla (OD/mM Lactate) is the

yield factor for biomass with respect to the consumed lactate. The yield factorsYac,la (mM

Acetate/mM Lactate) andYbu,la (mM Butyrate/mM Lactate) represent the molar change of
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Figure 5.7: Simplified scheme of the reaction pathway for butyrate production; pyruvate

is the central intermediate of the conversion. It is oxidized to acetyl-CoA, that can be

routed either into acetate or butyrate formation, by mediation of the enzymatic activities

of acetate kinase and butyryl-CoA:acetate-CoA-transferase respectively. Adapted from

Papoutsakis (1984) and Duncan et al. (2004b).

acetate and butyrate with respect to the moles of lactate that are consumed. These factors

are related to the stoichiometry of the metabolic conversions. It is thus interesting to look

at the reactions implied in the pathway to maintain balance of the elements participating

in the conversion.

Based on the reactions for butyrate production (Papoutsakis, 1984) and lactate consump-

tion (Costello et al., 1991), the next set of reactions are derived to group the intermediate

steps of butyrate production

CH3CHOHCOOH+ H2O ⇒ CH3COOH+ 2H2 + CO2 (a)

CH3CHOHCOOH+ CH3COOH⇒ CH3CH2CH2COOH+ H2O+ CO2 (b)
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In addition to the above reactions, we consider the following anabolic reaction

5CH3CHOHCOOH + 3NH3 ⇒ 3C5H7O2N + 9H2O (c),

which allows for the calculation of biomass to be produced. Reaction (c) is based on

the work of Costello et al. (1991). It expresses lactate contribution to bacterial growth.

The empirical formula C5H7O2N is used to represent biomass as proposed in Henze et al.

(1987); Batstone et al. (2002).

We can use the above metabolic reactions to define the yield factors in the kinetic model.

Consider(1− fla) the fraction of lactate that is used for reaction (c), in which biomass is

produced. Denote byηa the part of the fractionfla of lactate that is converted in reaction

(a). ηb applies for the reaction (b), such thatηa+ηb = 1. By means of the stoichiometry,

we get

Yla = α
3
5
(1− fla), (5.51)

Yac,la = fla(ηa−ηb), (5.52)

Ybu,la = flaηb, (5.53)

whereα is a conversion factor between optical density and mM. This procedure is further

recalled in Section 6.1.1,

Note thatYac,la is a net factor representing the difference between production and con-

sumption of acetate . Thus, ifYac,la is positive, this means that lactate is routed to reaction

(a) in higher proportion than to reaction (b).

Another application of setting the reactions implied in theconversion is to establish

stoichiometric relationships between the components.

Consider the following reaction

|ν1|A + |ν2|B ⇒ |ν3|C + |ν4|D,

with |ν j | the stoichiometric coefficient of the componentj. The stoichiometric numberν j

is negative when the componentj is a reactant, and is positive when the componentj is a

product.
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The changes of moles for the components participating of thereaction are related to their

stoichiometric numbers as follows

dnA

ν1
=

dnB

ν2
=

dnC

ν3
=

dnD

ν4
= dλ ,

where dn j is the change in the number of moles of the componentj. The term dλ char-

acterizes the differential change of moles for all the components.λ is called the reaction

coordinate (see,e.g., Smith et al. (2005)).

For multiple reactions, it is satisfied that

dn j =
N

∑
i=1

ν j ,idλi, i = 1, ...,N, (5.54)

whereν j ,i is the stoichiometric number of the componentj in the reactioni, λi the reaction

coordinate for the reactioni, andN the number of reactions. It is assumed that at the initial

state, there is no reaction and thusλi(0) = 0. Equation (5.54) is then transformed to

dn j =
N

∑
i=1

ν j ,iλi, i = 1, ...,N. (5.55)

Assuming that the reaction coordinate of the reaction for biomass production is much

lower than the reaction coordinates for reactions (a) and (b) (which is usually the case for

anaerobic systems), and applying (5.55) for lactate, acetate and butyrate, we get

dnla = −λa−λb, (5.56)

dnac = λa−λb, (5.57)

dnbu = λb, (5.58)

so,

dnbu≈−dnla+dnac

2
, (5.59)

which gives an approximative relationship between the butyrate produced and the lactate

and acetate utilized.

The mathematical model does not take into account biomass decay, and no distinction

between D-lactate and L-lactate is attempted. ForE. hallii, the sum of the two isomers is

considered as a sole substrate. In the case of strain SS2/1, D-lactate is the single substrate,

because this strain was not able to utilize L-lactate.
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5.2.2 Parameter estimation and model selection

Experimental data formerly obtained (Duncan et al., 2004b)were analyzed to estimate the

parameters of our mathematical model. The published data are means of triplicate cultures

experiments with pure cultures ofE. hallii and strain SS2/1. Bacterial strains were grown

in YCFA medium with 45 mM DL-lactate, 10 mM glucose or DL-lactate plus glucose

as added carbon sources in Hungate tubes under anaerobic conditions. Fermentation was

monitored by synchronous measurements of the optical density (OD650) and concentra-

tions of glucose, lactate (DL and L), acetate and butyrate. Concentrations of L-lactate and

glucose were determined by enzymatic methods. Concentrations of SCFA and DL-lactate

were determined by capillary gas chromatography. D-lactate was obtained by difference

between total lactate and L-lactate concentrations.

Parameter estimation focused onE. hallii and strain SS21/1 growth experiments in DL-

lactate containing medium. Data in the lag phase were not considered.

Parameter estimation of the Monod, quadratic and first-order kinetic models was per-

formed by using the toolbox IDEAS. The cost function to be optimized was derived from

the assumption that measurement errors followed a normal distribution with unknown and

diagonal covariance matrix (see Eq. (4.20), page 102), hererecalled

J(θ) =
ny

∑
k=1

nt

2
ln

[
nt

∑
i=1

[yk(tik)−ymk(tik,θ)]2

]
.

In section 4.1.1, we mentioned Akaike’s information criterion (AIC) (Akaike, 1974) as

a broadly used criterion for model selection. Denote byMi(θ
i) a fixed model structure.

The estimated information criterion AIC is defined by

AIC(Mi, θ̂
i) =

1
nt

[
−ln πy(y|θ̂i ,Σ̂i)+dim(θ̂i)

]
, (5.60)

whereθ̂i ,Σ̂i are the optimal values forθi and the covariance matrixΣi .

The log-likelihood is computed by (4.14) (page 101) atθ̂i ,Σ̂i

−ln πy(y|θ̂i ,Σ̂i) =
nynt

2
ln2π +

nt

2
lndetΣ̂i +

1
2

nt

∑
j=1

[y(t j)−ym(t j , θ̂
i)]T(Σ̂i)−1[y(t j)−ym(t j , θ̂

i)].

When there are several competing models, the best model in Akaike’s information crite-

rion sense is the one with the smallest AIC. After parameter estimation, Eq. (5.60) was
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Table 5.4: Comparison of model candidates.

Model −ln πy(y|θ̂i ,Σ̂i) AIC(Mi, θ̂
i)

Monod kinetics 39.762 4.974

Quadratic kinetics 25.182 3.242

First-order kinetics 55.451 6.606

evaluated for each model candidate.

5.2.3 Results and discussion

The construction of the mathematical model describing the kinetics of butyrate production

by E. hallii and strain SS2/1 is inspired by standard models of anaerobicreactors. We

adapted such models to the specificities of human colonic bacteria. For instance, lactate

contribution to butyrate is not considered in mathematicalmodels for anaerobic reactors

(Costello et al. (1991), Skiadas et al. (2000)), whereas lactate is known to be an important

precursor of butyrate production in the human colon.

5.2.3.1 Selecting the best model

Table 5.4 compares the candidate models to represent the experimental data forE. hallii.

The model with quadratic kinetics is the best one with respect to Akaike’s criterion, and

also provides the smallest value of the optimized cost function. The model with quadratic

Table 5.5: Estimates of the parameters for the quadratic kinetic model with their approxi-

mate 95% confidence intervals.

km,la fla ηla α

E. hallii 1.307±0.089 0.844±0.097 0.222±0.072 0.140±0.087

SS2/1 1.894±0.249 0.562±0.231 0.005±0.375 0.060±0.032

kinetics adequately represents thein vitro experimental data of both strains (Fig. 5.8).

Data for strain SS2/1 is more scattered, thus the fit is less satisfactory than forE. hallii. A
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discrepancy for acetate concentration is observed in the experiments for both strains. In

the case ofE. hallii, this mismatch occurs for the first three sampling times after the initial

condition. According to the model, acetate concentration will either always increase or

always decrease. It is therefore impossible to account for the first four data points if the

decreasing trend observed on the remaining data is consistent. This transient mismatch

may be due to extra carbon sources in the medium, such as yeastextract, not accounted

for by the model. This argument is also valid for strain SS2/1. For E. hallii, the math-

ematical model slightly overestimates the biomass concentration at the final point of the

experiment. Apart from measurement uncertainty, this could be explained by the fact that

the kinetic model considers that biological activity is growth-associated. It is known that

bacteria can remain metabolically active without cell division. Thus, the optical density

will not always be a good indicator for bacterial activity.

The estimates of the parameters are shown in Table 5.5 with their approximate 95% con-

fidence intervals, calculated from Eq. (4.34), page 106. Theconfidence intervals are re-

markably narrow forE. hallii and less satisfactory for strain SS2/1, specially forηla. For

strain SS2/1, it appears that reaction (a) can be neglected to represent biochemical con-

versions, explaining the large standard deviation forηla. Keeping in mind that the data

for strain SS2/1 is very scattered, large variance ofηla may be due to measurement un-

certainty. The yield factors of the quadratic kinetic modelare computed by using (5.51)-

(5.53). Their values are given in Table 5.6.

Table 5.6: Yield factors for the quadratic kinetic model.

Yla Yac,la Ybu,la

E. hallii 0.013 −0.470 0.657

SS2/1 0.016 −0.556 0.559

We also assessed the accuracy of parameters for the Monod-kinetic based model. Re-

sults are shown in Table 5.7. While the standard deviations of the parametersfla, ηla, α
have the same order of magnitude that those for the quadratickinetic model,km,la and the
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Figure 5.8: Comparison of the model outputs (solid lines) with the experimental data

(squares).

affinity constantKs,la present high standard deviations in the Monod-based model.Diffi-

culties in attaining good accuracy for estimate the Monod affinity constant may relate to

sampling times, limited amount of data available, and theirpoor informative content.

5.2.3.2 Reactions stoichiometry

We integrated reactions stoichiometry with our kinetic model. The equations resulting

from the simplified set of reactions for butyrate productionhas enabled us to present

stoichiometric relationships between metabolites. For instance, the number of moles of
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Table 5.7: Estimates of the parameters for Monod kinetic model with their approximate

95% confidence intervals.

Ks,la km,la fla ηla α

E. hallii 6.626±10.168 43.998±14.331 0.791±0.123 0.219±0.075 0.098±0.059

SS2/1 7.722±16.099 42.632±29.683 0.574±0.249 0.035±0.390 0.060±0.036

butyrate formed is half the number of reacting moles of lactate plus acetate. This rela-

tionship was indeed verified in the experimental data. In addition, the reaction equations

explain why acetate could not be utilized when lactate was depleted in the medium. This

phenomenon was also observed for other butyrate-producingbacteria grown in glucose

or fructose, where the conversion of acetate and bacterial growth ceased with the disap-

pearance of glucose or fructose (Duncan et al. (2004a); Falony et al. (2006)). Acetate is

not an energy source for the bacteria in this process and its utilization is regulated by the

availability of other carbon sources, such as fructose or here lactate.

5.2.3.3 Model limitations and applications

The model adequately describes the kinetics for butyrate production byE. hallii and strain

SS2/1. The parameters were estimated fromin vitro data obtained under a specific set of

conditions and these could change for experiments carried out under other conditions.

For instance, lactate consumption rate and SCFA productionare known to depend on

hydrogen partial pressure (Costello et al. (1991); Macfarlane and Macfarlane (2003)).

Belenguer et al. (2007) showed that lactate utilization andfermentation products formed

by human fecal microbiota depended on pH. Amaretti et al. (2007) reported that the es-

timates of kinetic parameters can also change with pH conditions. The model presented

here does not take into account the influence of pH or of hydrogen partial pressure on the

kinetics.

Environmental conditions impose thermodynamic limitations on the spectrum of fermen-

tation products. The Gibbs free energy change (∆G′) of the reactions is the driving force

that determines the concentration profile of the metabolites. Thus, initial concentration
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and accumulation of metabolites will strongly affect the progress of the reactions (Ro-

dríguez et al. (2006a); Madigan et al. (2009)).In vitro experimentswith the ruminal

butyrate-producing bacteriumM. elsdeniishowed the impact of the initial concentration

of acetate on butyrate metabolism. Under low initial concentrations of extracellular ace-

tate (< 4mM), the production rate of acetate was higher than its consumption rate. When

the initial concentration increased, however, productiondecreased and consumption in-

creased, concomitant with an increase in butyrate production (Hino et al., 1991). For the

experimental data analyzed here, the acetate consumption rate was higher than its pro-

duction rate. In the kinetic model, the estimated value ofηla was lower than 0.5, which

implies a negative value of the yield factorYac,la. Under other experimental conditions,

where acetate production is higher than its consumption, the model structure advocated

here will remain identical, butηla will be higher than 0.5 andYac,la will become posi-

tive. This shift in the progress of the reaction may be handlemathematically by using

thermodynamic-based models as proposed in Rodríguez et al.(2008).

The mathematical model presented here focuses onE. hallii and strain SS2/1. These

two strains differ in their affinity for lactate enantiomers. While E. hallii was able to use

both D and L-lactate, strain SS2/1 only utilized D-lactate.The model does account for

these differences. In addition, the mathematical model should not be restricted toE. hallii

or strain SS2/1 as it could be applied to other phylogenetically distinct bacterial groups

that share enzymatic reactions. Kinetic rates may differ between species as demonstrated

for the two strains analyzed here, but the model structure will be identical. Changing the

key carbon source from, for example, lactate to glucose would allow the model to be em-

ployed in studying other key butyrate producing bacteria that are unable to utilize lactate,

such asR. intestinalisandF. prausnitzii.

The aggregated model structure could also be applied for butyrate producing strains re-

gardless of their different enzymatic activities. For example, in vitro studieswith R. in-

testinalisDSM 14610 andA. caccaeDSM 14662 with fructose as the main carbon source

showed that exogenous acetate stimulates bacterial growthin both strains. Acetate how-

ever was essential for the growth ofR. intestinalis, but not forA. caccae(Falony et al.,

2006). In this case, endogenous acetate production compensates for the lack of exogenous

acetate. This could be explained by a higher acetate kinase activity, such as shown for the
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strainA. caccaeL1-92 compared toR. intestinalisrelated strains (Louis et al., 2004).

Integration of the results presented here into the completemodel may enables one to

assess strategies aimed at reducing colonic L-lactate concentrations and enhance butyrate

production.

5.3 Conclusions

In this chapter, we presented the parameter estimation of two submodels of the full reac-

tion pathway of carbohydrate fermentation performed by thehuman colonic microbiota.

We tackled such a task with a systematic methodology, that can be extended to other re-

action steps of the trophic chain. The toolbox IDEAS was instrumental to detect practical

identifiability problems. For the kinetic model of butyrateproduction, it also enabled us

to easily test various model structures. Quadratic kinetics were selected to describe mi-

crobial growth rates. The resulting models described satisfactorily in vitro experimental

data and provided a better accuracy in the estimates than Monod-based models.

In vitro experiments have shown transfer of hydrogen and acetate between butyrate pro-

ducing bacteria and hydrogen utilizers (Chassard and Bernalier-Donadille, 2006). It would

be interesting to reproduce such experiments in order to integrate the resulting data into

a model that couples the two kinetic models studied here. Such a model would allow

valuable cross-feeding interactions to be studied. In addition, we could assess the role of

hydrogen in the metabolic process.

The application of the singular perturbation method on the model of homoacetogene-

sis is a preliminary step towards model order reduction of the complete model. Such an

approach will enable us to reduce simulation time, which maybe time consuming for the

parameter estimation of the full model.

The Monod equation, which is derived from the Michaelis-Menten equation (1913), is

the most widely used expression to describe microbial growth rate. However, parameter

estimation of Monod based-models is known to be hampered by practical identifiability

problems (see,e.g., Holmberg (1982); Vanrolleghem et al. (1995); Kesavan and Law
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(2005)), as we also showed in the present study. Other kinetics expressions with less pa-

rameters can be used to avoid those difficulties. For instance, several authors (Jeppsson

and Olsson (1993); Castillo et al. (1999); Soto-Cruz et al. (2002); Kong et al. (2006)) have

showed that simple equations such as first-order kinetics can be effective to represent bio-

logical activity. Holmberg (1982) suggests that the practical identifiability obstacles of

Monod based models should not limit its applicability, in virtue of its excellent expla-

nation of bacterial growth. In this direction, Monod kinetics has been recommended for

comprehensive models of biological processes (Batstone, 2006). In the complete model

structure, Monod kinetics is kept to represent microbial activity.

In our modelling studies, more informative data would have helped improving the es-

timation of Monod parameters. Selection of experimental conditions is not a simple task,

and, as mentioned in Section 4.3.3, it is an area of research.It would be interesting to

identify the degrees of freedom in the procedure for data collection of the two submodels

here studied. This information could be used in future studies on optimal experiment de-

sign. We think that the toolbox IDEAS could be exploited in such a task.

The parameter estimation performed here provides useful information for building prior

knowledge to tackle the estimation problem for the completemodel. Currently, the param-

eter estimates of the two kinetic models, together with values extracted from the literature,

are used to set the parameters of the complete model. In the future, this information could

be integrated in a Bayesian estimation framework, when datafrom in vivo experiments

become available.

We analyzed here the whole by its parts. In the following chapter, we show the method-

ology used to reduce the dimensions of the parameter and state vectors of the complete

model.



Chapter 6

Reducing model complexity

A theory should be made as simple as possible,

but no simpler.

Albert Einstein1

The first part of this chapter describes the integration of knowledge to reduce the

dimension of the parameter vector in our model. In the secondpart, we show prelimi-

nary results on model order reduction of the complete model by the singular perturbation

method.

6.1 Reducing the dimension of the parameter vector

In order to reduce the number of unknown parameters, the following is assumed:(i) all

compartments share the same Henry law constant,(ii) kLa takes the same value for the

three gases in all compartments;(iii ) decay constants, adherence and detachments coeffi-

cients are the same for all microbial groups in all compartments,(iii ) kinetics parameters

for processj are the same in all compartments,(iv) the yield factorYi, j is the same in

all compartments. In addition, the yield factors are set to guarantee carbon and hydrogen

balances as proposed by Batstone et al. (2002). This procedure is explained below.

1This quotation is often attributed to Einstein. However, noone has found yet its original source. The

quotation may be a paraphrase of Einstein’s statements about simplicity (Caprice, 2000).
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6.1.1 Determination of yield factors based on stoichiometry

The reactions considered in the model are illustrated in Table 6.1. Relationships between

the yield factors can be obtained from stoichiometry (see,e.g., Batstone et al. (2002);

Kleerebezem and van Loosdrecht (2006)).

Consider, for example, the reactions implied in glucose utilization. Glucose is used in

catabolic processes R1-R4, and the anabolic process R5 for bacterial growth. Letfsu de-

note the fraction of glucose used for catabolism. From R5, the yield of biomassYsu is

then

Ysu =
6
5
(1− fsu).

Glucose used in the catabolism is degraded via R1-R4. The fraction that is converted in

reaction Rk is denoted byηk (k= 1,2,3,4). For R4, it is clear thatη4 = 1−(η1+η2+η3).

In a reacting system,ηk can change as a function of the thermodynamic conditions. We

take them as constants.

The yield factors for the components can be expressed as functions of fsu, η1, η2 and

η3, as

Yla,su= 2 fsuη1,

Yac,su= 2 fsuη2+
2
3

fsuη3,

Ypro,su=
4
3

fsuη3,

Ybu,su= fsuη4,

YH2,su= 4 fsuη2+2 fsuη4,

YCO2,su= 2 fsuη2+
2
3

fsuη3+2 fsuη4,

YH2O,su= −2 fsuη2 +
2
3

fsuη3 +
18
5

(1− fsu).

In addition to maintaining elementary balances, this approach enables us to reduce the

number of parameters. For example, without these considerations, the number of param-

eters to be estimated for glucose utilization would be 8. Using the stoichiometry, it is

reduced to 4. This procedure is used for all substrates.
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Table 6.1: Stoichiometric reactions used in the model. The biomass is assumed to have

the empirical formula C5H7O2N (Batstone et al., 2002).

Glucose utilization

C6H12O6 ⇒ 2CH3CHOHCOOH (R1)

C6H12O6 + 2H2O ⇒ 2CH3COOH +2CO2 + 4H2 (R2)

3C6H12O6 ⇒ 4CH3CH2COOH + 2CH3COOH + 2CO2 + 2H2O (R3)

C6H12O6 ⇒ CH3CH2CH2COOH + 2CO2 + 2H2 (R4)

5C6H12O6 + 6NH3 ⇒ 6C5H7O2N + 18H2O (R5)

Lactate utilization

3CH3CHOHCOOH⇒ 2CH3CH2COOH + CH3COOH + CO2 + H2O (R6)

2CH3CHOHCOOH⇒ CH3CH2CH2COOH+ 2H2 + 2CO2 (R7)

5CH3CHOHCOOH + 3NH3 ⇒ 3C5H7O2N + 9H2O (R8)

Hydrogen utilization: homoacetogenesis reaction

4H2 + 2CO2 ⇒ CH3COOH + 2H2O (R9)

10H2 + 5CO2 + NH3 ⇒ C5H7O2N + 8H2O (R10)

Hydrogen utilization: methanogenesis reaction

4H2 + CO2 ⇒ CH4 + 2H2O (R11)

10H2 + 5CO2 + NH3 ⇒ C5H7O2N + 8H2O (R12)

Hydrogen has to be considered carefully, as it participatesas substrate in two reactions.

In our model we defined a total fractionfH2, which is split in the reactions of homoaceto-

genesis and methanogenesis in the proporpotionsfH2a, fH2m, such thatfH2 = fH2a+ fH2m.

Taking into account the above assumptions, the number of themodel parameters is re-

duced from 333 to 60 (Table 6.2).
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Table 6.2: Reduction of model parameters.

Parameters Lumen Mucus In each physiological Whole system

subsystem subsystem region

Reactions

Hydrolysis

Contois parameters 2 2 2 2

Yield coefficients 1 1 1 1

Glucose utilization

Monod parameters 2 2 2 2

Yield coefficients 4 4 4 4

Lactate utilization

Monod parameters 2 2 2 2

Yield coefficients 2 2 2 2

Hydrogen utilization

Homoacetogenesis

Monod parameters 2 2 2 2

Yield coefficients 1 1 1 1

Methanogenesis

Monod parameters 2 2 2 2

Yield coefficients 1 1 1 1

Decay rate

Decay constants 1 1 1 1

Subtotal 20 20 20 20
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Reduction of model parameters (continued).

Parameters Lumen Mucus In each physiological Whole system

subsystem subsystem region

Transport

Glucose 1 1 3

Lactate 1 1 2 6

Acetate 1 1 2 6

Propionate 1 1 2 6

Butyrate 1 1 2 6

Water 1 1 2 6

Microbial phenomena

Shear constants 1 1 1

Adherence constants 1 1 1

Additional residence time 1 1 1

Liquid-gas transfer

H2 1 1 1 1

CH4 1 1 1 1

CO2 1 1 1 1

kLa 1 1 1 1

Subtotal 12 10 18 40

Total 32 30 38 60
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6.2 Reducing the dimension of the state vector

The previous result of model order reduction for the submodel of homoacetogenesis (see

Section 5.1.3) motivated us to extend the singular perturbation approach to the complete

model of carbohydrate degradation.

Consider, for example, the model associated with the lumen in the proximal colon section,

defined by

ṡl
i =

qin

V l sl
i,in−

qout

V l sl
i − γ l

i s
l
i +

5

∑
j=1

Yl
i, jρ j(ξ

l)−Ql
i , (6.1)

żl =
qin

V l zl
in +

qm
out

V l zm− qout

V l zl −ρ1(ξ
l), (6.2)

ẋl
i =

qin

V l xl
i,in−

1
τi +V l/qout

xl
i +bi

Vm

V l xm
i −aix

l
i +

9

∑
j=2

Yl
i, jρ j(ξ

l), (6.3)

ṡg,i =
qg,in

Vg
sg,i,in−

qg,out

Vg
sg,i +Qi

V
Vg

. (6.4)

The scaling factors and the order of magnitude of the parameters are again deduced from

those obtained fromin vitro experimental data or drawn from the literature. Equations

(6.1)-(6.4) also share the generic form (5.12)

ẋi = di(x)xi + pi(x̃i),

which allows us to bound the local time constants. By applying the same procedure as

in the homoacetogenesis model, we obtain a two-scale model in the standard singular

perturbed form. The vector of fast variablesz is

z = [sH2, sCH4, sCO2]
T.

Denote byx the vector of slow variables, and consider for instance the dynamics ofsH2,

expressed in the slow time scale. It can be written as

1
τskLa

ṡH2 = k(x)−
(

qout(x)+ γ l
H2

kLa
+1

)

sH2 −µmax,H2a
xH2a

Ks,H2a+sH2

sH2

−µmax,H2m
xH2m

Ks,H2m +sH2

sH2, (6.5)
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wherek(x) is a function of the slow variables. Consequently, the quasisteady state value

for the concentration in the liquid phase,l(x), is the unique positive solution of the third-

degree polynomial equation that can be deduced from

k(x)−
(

qout(x)+ γ l
H2

kLa
+1

)
l(x)−µmax,H2a

xH2a

Ks,H2a+ l(x)
l(x)

−µmax,H2m
xH2m

Ks,H2m + l(x)
l(x) = 0. (6.6)

As we did for the homoacetogenesis model, we obtain a boundary-layer equation of the

form
dy
dυ

= −
(

K1

K2+y
+

K3

K4+y
+K5

)
y, (6.7)

where the coefficientKi is a positive constant in the fast time scale. The origin of the

boundary layer model is easily shown to be exponentially stable. The other hypotheses of

the Tikhonov theorem are also satisfied. The computation forthe other fast variables are

similar, so the model can be simplified.

This result is very convenient on many aspects. First, concentrations of hydrogen, methane,

and carbon dioxide are difficult to measure, and their initial conditions are usually un-

known. By applying the singular perturbation approach, we are no longer interested in

estimating the initial conditions of such state variables.In addition, model order reduc-

tion leads to savings in simulation time and contributes to simulation stability.

We illustrated, by means of simulations, the closeness of the behavior of the reduced

model to that of the complete model for the lumen microhabitat in the proximal section.

As observed for the homoacetogenesis model, when initial conditions in the complete

model are in the acceptable physical range, the response of the reduced model is superim-

posed to the response of the complete model. We set the initial conditions of hydrogen,

methane and carbon dioxide in the liquid phase to unrealistically high values to observe

differences between the two models. The result is illustrated in Fig. 6.1, which confirms

the validity of the reduction.

Figure 6.2 compares the responses for the complete (continuous curves) and reduced

(dashed curves) models of the lumen compartment in the distal section. Model-order

reduction seems to improve the stability of the simulations. However, further investiga-
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tion in this issue is needed.

Model reduction allows a saving of at least 30% in computational time, because the stiff-

ness of the model is reduced. Applying this approach to the mucus and lumen compart-

ments in the complete model reduces the number of state variables from 102 to 84.

6.3 Conclusions

Under the assumptions that some parameters of the model takethe same value in all

compartments, and by taking stoichiometry into account, wesubstantially reduced the di-

mension of the parameter vector of our model. However, we should keep in mind that the

reduced parameter vector may not be sufficient to represent experimental data and thus

its reformulation might be needed. To provide a more conclusive argument, it would be

necessary to perform sensitivity analysis to evaluate to what extent the parameters affect

the system behavior, and to confirm the validity of these assumptions. Such an analysis is

an important step to be performed in future work. Given the complexity of the model, the

local sensitivity approach described in Section 4.4 may notbe suitable and more sophisti-

cated methods should be needed (see,e.g., the methods described in Saltelli et al. (2000)).

Results on model-order reduction for the homoacetogenesismodel were extended to the

complete model. Theoretical analysis and simulations results confirmed the validity of the

singular perturbation approach. Model-order reduction seemed to improve the stability of

the simulations, and allowed savings of computational time.

Up to now, we have presented the methodology to construct ourmodel and to define

its parameters. In the next chapter, we show our first resultson simulating the model

under various nutritional scenarios.
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Figure 6.1: Comparison of the complete and reduced model forthe full fermentation

pathway in the lumen of the proximal colon. Discrepancy in initial conditions has been

exaggerated for the sake of illustration.
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order reduction seems to improve the stability of the simulations.



Chapter 7

The mathematical model as a virtual

experimental platform

Il n’existe pas une catégorie de sciences auxquelles on puisse

donner le nom de sciences appliquées. Il y a la science et les ap-

plications de la science, liées entre elles comme le fruit à l’arbre

qui l’a porté.

Louis Pasteur

This chapter is dedicated to illustrate the potential use ofour mathematical model in

the analysis of the human colonic ecosystem. The simulations presented here address

specific questions. Some of them aim to assess the plausibility of the model on the basis

of existing knowledge, while others attempt to study interactions and phenomena that are

difficult to evaluate through experimental work. The mathematical model is implemented

in Simulink/Matlab (Fig. 7.1). Simulink provides a graphical interface that facilitates the

communication with biologists. The ordinary differentialequation solver ODE15s was

selected, because it is well adapted to stiff models. It is based on an implicit method

proposed by Klopfenstein (1971) (see Shampine and Reichelt(1997) for more details).
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Figure 7.1: Model implementation in Simulink.

Simulation conditions

The input flow rate was set to 1.5 l/d. Fiber intake was set as a periodical pulse, with

three meals per day of 30 min duration each. The amplitude of the pulse was calculated

according to the desired fiber intake. Initial conditions were determined by simulating

the model with a total periodic feed of 10 g of fiber per day until stationary state was

reached in the proximal and transverse colon. Afterward, the stationary state variables

were saved to be used as initial conditions for the evaluation of various scenarios. Mucins

production was set as 5 g/d. Volume in the distal colon was initialized to 100 ml. The

volume of one excretion was adjusted to 200 ml according to values reported in literature

(Birkett et al. (1997); Topping and Clifton (2001)). Simulations were carried out on a

Dell PowerEdge 1950 server (32 GB RAM). In average, each run took about 30 min of

computer time. The distal colon is the most demanding section in terms of computational

time. Numerical values of the model parameters used for the simulations are presented in

Appendix A.

7.1 A dynamic and spatial picture

The purpose of this section is to illustrate the dynamics of the fermentation pattern along

the physiological regions of the human colon and to assess the plausibility of our model.

Fiber intake was taken as a periodical signal providing 25 g/d of fiber. Figures 7.2-7.8 dis-
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play a dynamic and spatial picture of the fermentation pattern as predicted by the model.

The proximal colon appears to be the most active section. Most of the fiber is degraded

there (Fig. 7.2). It presents the highest level of monosaccharides that are depleted in the

following sections . Simulated SCFA concentrations turn out to be high in the proximal

colon and fall progressively towards the distal colon (Fig.7.3). The predicted molar ratio

Acetate:Propionate:Butyrate in each luminal section were:

in the proximal colon 82:37:39,

in the transverse colon 74:35:37, and

in the distal colon 57:31:33.

These values are in agreement within vivostudies (Cummings et al. (1987); Topping and

Clifton (2001) and the references therein).

It is interesting to observe in Fig. 7.4 that homoacetogens and methanogens in the luminal

microhabitats coexist. However, in the mucus the competition is more critical. In Fig. 7.8,

it is observed that in the proximal colon, hydrogen utilizers are mainly homoacetogens,

while for the transverse and distal colon methanogens predominate. Little is known about

the dynamics of the mucus. The simulations presented here provide a view of such a mi-

crohabitat.

The predicted microbial concentration in the distal colon is about 70 g/l. If we assume a

density for fecal matter of 1 g/ml and that 15% of fecal matterare solids, this implies that

microorganisms represent 47% of the solids, which agrees with the experimental values

reported in the literature (Moore and Holdeman (1974); Stephen and Cummings (1980)).

The responses of the concentration of methanogens (Fig. 7.4), and gas concentrations

of H2 and CO2 in the distal colon (Fig. 7.5) illustrate some problems of graphical rep-

resentation (note the peaks). This can be linked to the fast dynamics of the liquid-gas

transfer phenomenon, which lead to multiple time scales.

Figure 7.9 summarizes the spatial and time variation of microbial and metabolite con-

centrations. While the profile of microbial concentration in the lumen is increasing from
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Figure 7.2: Dynamic fermentation pattern along the lumen compartments.

the proximal to the distal section (Fig. 7.9 C), the microbial concentration in the mucus

presents an opposite behavior (Fig. 7.9 D). This may be explained by the sugar depletion

in luminal compartments, which reduce substrate availability for diffusion to the mucus.

In luminal compartments, the chyme looses water traveling along the colon and thus the

microbial density increases. Figure 7.10 shows the frequency of excretion. The model

predicts a number of 1.5 defecations per day, which is in the range reported in Birkett

et al. (1997).
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Figure 7.6: Dynamic fermentation pattern along the mucus compartments.
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Figure 7.7: Dynamic fermentation pattern along the mucus compartments.
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Figure 7.9: Overall fermentation pattern in the human colon. P: proximal colon, T: trans-

verse colon, D: distal colon. Concentration of SCFA falls along the human colon, both in

lumen and mucus. Total microbial density increases from proximal to distal section in the

lumen, while the microbiota in the mucus follows an oppositebehavior.
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Figure 7.10: Excretion frequency. The number of defecations per day is 1.5.

These figures summarize the prediction of the evolution of metabolites and microor-

ganisms concentrations along the colon when fiber intake changes from 10 g/d to 25 g/d.

From there, we can infer that when a perturbation on dietary regime is applied on the

system, at least 10 days are needed to see the overall effect of such a change. It is also

observed that studying data collected from the distal section, which is the only one exper-

imentally accessible, is not enough to have a full picture ofthe behavior of the system. By

including transport phenomena such as microbial aggregation, SCFA and water absorp-

tion, it was possible to obtain a global representation of the human colonic ecosystem that

was consistent with physiological data.

7.2 What is the impact of dietary fiber?

Literature relates the benefits of fiber intake on the large intestine function. The assess-

ment of the impact of fibers on the fermentation pattern can bebased on human nutritional

trial, on model simulations, or both. In this section, we address that question by means

of simulation of our model. Three nutritional strategies were evaluated, varying the daily

amount of dietary fiber as follows: 10 g/d (low-fiber diet), 25g/d (average-fiber diet) and

40 g/d (high-fiber diet). The selection of the values of fiber intake was based on a real
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Figure 7.11: Predicted impact of fiber intake on fermentation pattern. Concentrations are

taken at last excretion. They correspond to the lumen compartment in the distal colon.

human clinical trial performed within the AlimIntest project. Fig. 7.11 compares the pre-

dicted effect of these strategies after a simulation periodof 40 days. Simulations show

the fermentation pattern in the lumen of the distal section.They predict that increasing

fiber intake leads to an increase in SCFA production, as has been observed (reviewed in

Topping and Clifton (2001)). In addition, gas production increases, which could be detri-

mental. While SCFA production has a health-promoting effect, increase of gas causes

abdominal pain, distention, and may be related to inflammatory bowel disease. Total

amount of gas produced from fermentation is estimated from 0.5 l/d to 4 l/d (Macfarlane

and Cummings (1991); Bouhnik et al. (1997)), and the values given by the mathematical

model are in accordance with the literature.

Our model could be useful to evaluate the relationship between fiber intake and gas pro-

duction, which is difficult to carry out bothin vivo and in vitro, with contradictory ex-

perimental results (see,e.g., Topping and Clifton (2001)). We can also use the model

to characterize the dynamic response of the system and thus determine when the main
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changes in the fermentation pattern occur. In the future, our model may be helpful to the

establishment of nutrition guidelines.

7.3 What is the role of the mucus?

The mucus affects the dynamics of the lumen in three forms.(i) it provides conditions

for microbial aggregation.(ii) the mucins represent an additional carbon source and,

finally, (iii ) microorganisms in the mucus can enrich the luminal microbial community

by means of the shear phenomenon. We have used our mathematical model to assess the

importance of each of the above factors on the human colon dynamics. Such effects are

illustrated in Fig. 7.12. The continuous blue curve represents the response of the model

taking into account the mucus and the action of the three mechanisms mentioned above.

The other curves were obtained by setting to zero the parameters associated to each of

the three mechanisms in turn. When no mucins were available as substrates for luminal

microbiota, the dynamics of the system remained identical.This means that the amount of

carbohydrates in the exogenous fiber is much higher than thatcontained in the mucins that

are not utilized in the mucus. Figure 7.12 also suggests thatmicrobiota from the mucus

enrich that of the lumen. The simulations predict that microbial aggregation, which is

represented by the additional retention timeτ for the microorganisms, is necessary to

achieve physiological conditions, namely high degradation of fiber and high microbial

density. Thus, this mechanism appears as the most relevant factor to explain the role of

the mucus on human colon dynamics.

7.4 Model limitations

The current version of our model does not account for some physiological mechanisms

that are important for the system behavior. For example, dietary fiber is known to mod-

ify colonic transit time. The water-holding capacity of fiber contributes to fecal bulking,

which has been shown to be a health-promoting factor by diminishing risk of large bowel

cancer (Cummings and Stephen (1980); Topping and Clifton (2001)). Fecal bulking re-

lates to structural properties of the fiber, mechanisms of digesta flow through the intestine,

such as peristaltic movement and change in the rheology. Viscosity of the digesta passing

along the colon is progressively increasing, imposing a physical barrier to substrate up-
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Figure 7.12: Role of mucus in the human colon. Concentrations correspond to the proxi-

mal lumen compartment. Fiber intake was set to 25 g/d. Aggregation appears as the most

relevant factor to maintain physiological conditions.
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take by the microbiota. In biofilm reactors, as in heterogeneous systems (see,e.g., Bird

et al. (1960)), the process can be diffusion controlled. Theconversion rate may then differ

to the one predicted by a model where conversions are assumedto be controlled by biolo-

gical kinetics (Bernet et al. (2005); Gonzalez-Gil et al. (2001)). In addition, the increased

chyme viscosity changes the flow characteristics of the system which are more likely to

be that of a plug flow reactor. These factors are not yet included in our model, and should

be considered in future work to take into account both biochemical and physical effects

of fiber intake on the human colonic ecosystem.

In our model, we did not include protein as carbon source bothin lumen and mucus.

Protein contribution from dietary origin ranges from 1-12 g/d (see Table 2.2, page 66).

Thus, in certain individuals, protein may be an important substrate for the microbiota. In-

corporation of protein into the model, implies the integration of its degradation pathway.

Extension of our model to account for protein degradation should then consider amino

acids (which are the constitutes of proteins) and the functional bacterial group for amino

acids utilization.

As previously mentioned in Section 2.3.1.4, the mathematical model does not account

for sulfate reduction. This reaction has deleterious consequences for gut health via the

formation of toxic sulfide (Flint et al., 2007). Incorporation of such a metabolic con-

version into the model may be useful to evaluate strategies for reducing colonic sulfide

concentrations.

7.5 Conclusions

In this chapter, we illustrated the potential use of our mathematical model. Simulation

results strengthen the plausibility of the model with respect to information reported in the

literature. Our model enables one to represent the dynamicsof the fermentation process

along the physiological sections, including lumen and mucus compartments. It was tested

under various nutritional strategies to assess the impact of fiber intake on fermentation pat-

tern. We could evaluate such strategies in a reasonable computational time. Simulations

showed that increases in fiber intake lead to increases in SCFA and microbial concen-

tration, but also in gas production, as expected. Furthermore, the simulations indicated
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interesting features about the dynamics in the mucus. An advantage of the model is that

it allows for analysis that are difficult to carry out by experimental routines. By means

of simulations we could study the mechanisms in which the mucus affects the behavior

of the luminal subsystem. It was suggested that the most relevant of such mechanisms

relates to providing conditions for microbial aggregation.

We also identified the main limitations of the model. They include for example the lack of

modelling of the rheology of the chyme, which is an importantphysiological factor. Such

a mechanism may be an interesting element to be considered infuture research.

This model makes it easy to address a wide list ofWhat if questions, of which those pre-

sented here are only examples. Tackling these questions through mathematical modelling

should contribute to our insight into the human colonic ecosystem. A key factor towards

such an understanding is the integration of information of new bench experiments. In this

direction, gnotobiotic rats has been used to evaluate the dynamics of carbohydrate degra-

dation. Preliminaries of such a study are discussed in the following chapter.

Our model should be a complementary approach to the experimental work (bothin vivo

and in vitro). It could be a useful tool in developing nutritional strategies focusing on

health-promoting metabolites and diminishing gas production.



Chapter 8

Animal rodents inoculated with a

minimal human colonic microbiota: an

ongoing experimental work

What matters it how far we go? his scaly friend replied.

There is another shore, you know, upon the other side.

Alice’s adventures in wonderland. Lewis Carroll

Animal rodents have been broadly used asin vivomodels of the human colonic ecosys-

tem, as already discussed in Section 2.4.2. Information from metabolic studies of suchin

vivo models is a keystone to tackle the parameter estimation of our mathematical model.

Currently, in our lab, a study with gnotobiotic rats has beenevaluating the dynamics

of carbohydrate degradation. This study comprises three main steps.(i) selection of mi-

croorganisms from the human colonic microbiota to be inoculated into the axenic rodents,

(ii) preliminary study of microbial colonization, and(iii ) study on the impact of fiber in-

take on fermentation pattern. In this chapter, we describe the methodology used to select

human intestinal microorganisms.
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Animal rodents inoculated with a minimal human colonic microbiota: an ongoing

experimental work

8.1 Selection of a minimal functional microbiota

The main part of this work was published in Environmental Microbiology (Tap et al.,

2009).

In our mathematical model, the microbiota is represented inmetabolic functional groups.

Our criteria to select the group of microorganisms for inoculation were(i) coverage of

the metabolic pathway illustrated in Fig. 3.2 (page 80), and(ii) prevalence in the human

colonic microbiota. The recent study presented by Tap et al.(2009) suggested that hu-

mans share a common phylogenetic core of microorganisms in their large intestine. The

identification of such a microbial core is briefly presented below.

Sequencing of 16S rRNA genes was carried out from 17 human fecal DNA samples.

Clustering of the sequences led to the identification of 3180Operational Taxonomic Units

(OTU). Generally speaking, each OTU represents a bacterialspecies.

Under the hypothesis that there was not dependence between the individuals, it was as-

sumed that the presence/absence of the OTUs followed a binomial distribution on the

prevalence. LetΨ j be the probability that the OTUj is detected in an individual. The

probability that OTUj is detected ink individuals is
(n

k
)

Ψn
j (1−Ψ j)

n−k, (8.1)

with n the number of individuals (n = 17). The estimated probabilitŷΨ j is given by

Ψ̂ j =
k j
n , wherek j is the number of individuals where OTUj was detected.

In order to assess the uncertainty related to the sample size, confidence intervals were

computed by the method proposed by Wilson (1927) and discussed by Agresti and Coull

(1998).

The confidence interval has the form

Ψ̂ j +z2
α/2/2n±zα/2

[(
Ψ̂ j(1− Ψ̂ j)+z2

α/2/4n
)

/n
]1/2

1+z2
α/2/n

(8.2)

wherez2
α/2 denotes the quantile of the standard normal distribution. It was set to a value

of 1.96 to correspond to a 95% interval confidence.
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Table 8.1: Phylogenetic core.

OTU pj (%) Confidence OTU pj (%) Confidence

interval interval

Faecalibacterium prausnitzii 4.76 0.94 [0.73 ; 0.99] Roseburia intestinalis 0.8 0.59 [0.36 ; 0.79]

Anaerostipes caccae 3.11 0.88 [0.65 ; 0.97] Clostridium clostridioforme 1.84 0.59 [0.36 ; 0.79]

Clostridium spiroforme 0.95 0.88 [0.65 ; 0.97] Clostridium nexile 1.39 0.59 [0.36 ; 0.79]

Bacteroides uniformis 4.97 0.82 [0.59 ; 0.94] Alistipes putredinis 1.53 0.59 [0.36 ; 0.79]

Dorea longicatena 1.23 0.76 [0.52 ; 0.90] Eubacterium ramulus 0.77 0.59 [0.36 ; 0.79]

Bifidobacterium longum bio-

var Longum

0.86 0.76 [0.52 ; 0.90] Faecalibacterium prausnitzii 1.15 0.59 [0.36 ; 0.79]

Clostridium sp 2.17 0.76 [0.52 ; 0.90] Bacteroides capillosus 1.22 0.59 [0.36 ; 0.79]

Faecalibacterium prausnitzii 1.95 0.76 [0.52 ; 0.90] Ruminococcus obeum 0.8 0.59 [0.36 ; 0.79]

Clostridium bolteae 2.41 0.76 [0.52 ; 0.90] Ruminococcus luti 1.11 0.59 [0.36 ; 0.79]

Clostridium sp 1.9 0.76 [0.52 ; 0.90] Clostridium amygdalinum 0.56 0.59 [0.36 ; 0.79]

Lachnospira pectinoschiza 1.22 0.71 [0.47 ; 0.87] Clostridium straminisolvens 0.9 0.59 [0.36 ; 0.79]

Faecalibacterium prausnitzii 2.96 0.71 [0.47 ; 0.87] Ruminococcus obeum 0.73 0.53 [0.31 ; 0.74]

Roseburia intestinalis 2.12 0.71 [0.47 ; 0.87] Ruminococcus luti 1.7 0.53 [0.31 ; 0.74]

Ruminococcus obeum 0.55 0.71 [0.47 ; 0.87] Bacteroides capillosus 1.04 0.53 [0.31 ; 0.74]

Eubacterium hallii 1.39 0.71 [0.47 ; 0.87] Clostridium orbiscindens 0.58 0.53 [0.31 ; 0.74]

Hespellia porcina 2.61 0.71 [0.47 ; 0.87] Coprococcus eutactus 4.52 0.53 [0.31 ; 0.74]

Bacteroides vulgatus 8.18 0.71 [0.47 ; 0.87] Eubacterium hallii 0.93 0.53 [0.31 ; 0.74]

Ruminococcus obeum 1.04 0.71 [0.47 ; 0.87] Clostridium sp 0.97 0.53 [0.31 ; 0.74]

Eubacterium rectale 8.16 0.65 [0.42 ; 0.83] Clostridium xylanolyticum 0.77 0.53 [0.31 ; 0.74]

Faecalibacterium prausnitzii 1.58 0.65 [0.42 ; 0.83] Eubacterium rectale 0.66 0.53 [0.31 ; 0.74]

Faecalibacterium prausnitzii 1.42 0.65 [0.42 ; 0.83] Collinsella aerofaciens 0.73 0.53 [0.31 ; 0.74]

Dorea formicigenerans 0.85 0.65 [0.42 ; 0.83] Ruminococcus bromii 9.01 0.53 [0.31 ; 0.74]

Eubacterium rectale 1.23 0.65 [0.42 ; 0.83] Eubacterium eligens 1.47 0.53 [0.31 ; 0.74]

Eubacterium rectale 4.74 0.65 [0.42 ; 0.83] Clostridium bolteae 0.7 0.53 [0.31 ; 0.74]

Ruminococcus schinkii 1.74 0.59 [0.36 ; 0.79]
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The phylogetic core was defined as the subset of OTUs found in at least 50% of the

individuals. The resulting core was a set of 49 candidates (see Table 8.1). Taxonomic

characterization of the OTUs was performed using the RDP II Classifier program (RDP

II Release 9.58). The set of candidates were compared to fourhuman GI tract 16S rRNA

external databases obtained from different countries (Li (2003); Eckburg et al. (2005);

Manichanh et al. (2006); Gill et al. (2006)). The 81.6% of thecandidates were found in

more than three databases, which confirmed the selection. The uncertainty of the probabil-

ities estimates in the binomial distribution is high due to the small sample size. According

to the confidence intervals, the 10 most frequent OTUs were very likely to be part of the

core. After the assignation to the closet isolated type strain from RDP II, the ten most

prevalent species were:Faecalibacterium prausnitzii, Anaerostipes caccae, Clostridium

spiroforme, Bacteroides uniformis, Dorea longicatena, Bifidobacterium longum biovar

Longum, Clostridium sp, Faecalibacterium prausnitzii species 2, Clostridium bolteae,

Clostridium sp.

The parametersΨ j do not provide information about the abundance of the OTUs inthe

global dataset. In order to have a representation of the corein terms of abundance, the

numbers of sequences of each OTU were averaged on the subset of individuals where the

OTU was detected. So

pl =
1
kl

17

∑
i=1

ci,l , (8.3)

with pl the average abundance of the the OTUl belonging to the core andci,l the number

of sequences of the OTUl in the individuali.

Average abundances were normalized as

p̄l =
pl

∑49
l=1 pl

, (8.4)

with p̄l the normalized abundance of the OTUl .

The representation of the core is depicted in Fig 8.1. The normalized abundance of the

core OTUs varied from 0.5% to 9%. Each of the ten OTUs with highest normalized abun-

dance was assigned to the closet isolated type strain from RDPII. Ruminoccocus bromii,

Bacteroides vulgatus, Eubacterium rectale and Faecalibacterium prausnitziihad an im-

portant contribution in the phylogenetic core with respectto their normalized abundance.
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Figure 8.1: Representation of the phylogenetic core. Each fraction corresponds to the

normalized abundances of the bacterial strains.

The normalized abundances in Fig. 8.1 may be linked to the trophic chain and the stress

resistance. From the metabolic point of view, a high value onthe core composition could

represent a high flexibility of the species to utilize diverse substrates. It also can be related

to a high yield of biomass with respect to the substrate(s). In terms of conditions linked to

the stress induced by environmental variables such as the pHor mechanical forces (peri-

staltic movement, shed of epithelial cells), the value of the normalized abundance can be

associated to the capability of the species to resist the wash-out phenomenon.

Finally, taking into consideration the identification of a possible phylogenetic core for

the human intestinal microbiota, and metabolic functions of bacterial strains, a group of

seven bacterial strains was selected for thein vivo experiments (Fig. 8.2). This minimal

human colonic microbiota was inoculated in seven rats. Evaluation of bacterial coloniza-

tion (step(ii) of the experimental work) is being carried out by temporal temperature

gradient gel electrophoresis (TTGE) and polymerase chain reaction (PCR) techniques.



182
Animal rodents inoculated with a minimal human colonic microbiota: an ongoing

experimental work

Figure 8.2: Minimal human colonic microbiota selected forin vivoexperiments.

8.2 Conclusions

In this chapter, we showed a preliminary step of an ongoing experimental work with gno-

tobiotic rats. The aim of such experiments is to provide information on the dynamics of

carbohydrate degradation, and on the location of microorganisms of the trophic chain.

Data resulting from there are expected to be integrated intothe further validation of our

mathematical model. We presented here the strategy that we used to select a minimal

group of the human colonic microbiota to be inoculated in theaxenic rats. The selection

was based on information of bacterial metabolic activities, and on the prevalence of bac-

terial strains in a study with 17 individuals. Currently, members of domainArchaeaare

not yet incorporated, thus the methane reaction will not be part of the metabolic pathway.

Thein vivoexperiments referred here comprise one of the perspectivesof this work, which

are discussed in the following chapter.



Chapter 9

Concluding remarks and perspectives

The rest is not silence1

We present here the main conclusions of our work. Some of themwere already men-

tioned in the previous chapters. Because of time constraints, there are very interesting

subjects that we could not tackle. They are mentioned here. We believe that they consti-

tute important axes for future research towards the strengthening of a comprehensive and

plausible mathematical model of the human colonic ecosystem.

Conclusions

We have constructed a mathematical model of a complex process, namely the carbohy-

drate degradation in the human colon. We decided to build a knowledge-based model

in order to provide a structure with physical meaning that enable system theoreticians or

process engineers to discuss with microbiologists. The model building process was en-

riched by points of views of microbiologists, physiologists, mathematicians and process

engineers.

We considered the human colon as a biological reactor. This is way our mathematical

1The original phrase, pronounced by Hamlet is:the rest is silence. William Shakespeare
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model was based on modelling approaches usually employed for chemical reactors, par-

ticularly for anaerobic bioreactors. Our model takes into account the physiological regions

of the human colon. It integrates a hydraulic representation of the system, biological reac-

tions and transport phenomena. To the best of our knowledge,this is the first mathematical

model that achieves such an integration, providing a close picture of the complexity of the

human colon ecosystem.

The resulting model comprises a large number of state variables and parameters. To

deal with such a complexity, we applied a generic strategy that could be extended to

other modelling tasks where the model is too complex to be built from experimental data

alone and where large body of prior knowledge must be taken advantage of. This strategy

includes aggregation of mechanisms, integration of knowledge to reduce the number of

model parameters, modelling and identification of parts of the complete process. Such

parts corresponded here toin vitro bacterial growth experiments dedicated to studying

specific reactions of the complete trophic chain. The development of the toolbox IDEAS

enabled us to perform parameter estimation of such submodels and to detect practical

identifiability problems. We also applied the singular perturbation method to a submodel

related to homoacetogenesis. This study showed that it was possible to reduce the order of

the submodel. The extension of such an approach to the complete model was satisfactory,

leading to improvements on the stability of simulations andsavings in computational time.

We tested our mathematical under various nutritional scenarios. Simulation results showed

the plausibility of the model with respect to information reported in the literature. In addi-

tion, the mathematical model that we have developed appearsas promising tool to analyze

phenomena that are difficult to study experimentally. It should be viewed as complemen-

tary to in vivo andin vitro models. We hope that the mathematical model presented here

will help to provide a better insight into the dynamics of thehuman colon ecosystem. In

fact, our model was already used to simulate a real clinical trial aimed at evaluating the

impact of two dietary regimes (10 g and 40 g of fibers per day) onhuman volunteers.

Model simulations provided useful information to analyze the collected data (Tap, 2009)

(the results are not shown in this work).
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Outlook

A major part of the time available for the preparation of thisthesis was dedicated to the

understanding of the phenomena involved in carbohydrate degradation by human colonic

microbiota. The construction of the model and its implementation were also quite time

demanding. As a result, we could not tackle some interestingand important features as

much as we would have wished to. In the following, we mention some of them.

Parameter estimation

Estimation of the parameters of the complete model is, from our point of view, the main

task to be pursued in the near future. Such a step is obviouslydependent on availabil-

ity of data. However, our mathematical model can be used as virtual system to mimic an

experimental scenario, taking into consideration the nature and limitations of the real mea-

surements.In silico data could be further used to explore the estimation in the Bayesian

framework, which is for us a promising way to deal with the full estimation problem.

We mentioned that a current experimental work with gnotobiotics rats is being carried

out in our lab. Information from these experiments will provide useful data for validation

of our model. Microbiologists use to provide the concentration of bacteria by number of

cells per ml or by optical density. Such measurements imposean additional obstacle to

the estimation, because to relate the data with the model we need information about phys-

ical properties of each bacteria. Such an information is notalways available. Therefore,

hypotheses on these properties have to be formulated to allow the use of the data in the

estimation framework, which add other level of uncertainty. For the monitoring of bio-

logical reactors, a broadly used measurement for microbialconcentration is the volatile

suspended solids (VSS) (See the Standard Methods of the American Public Health As-

sociation, APHA (2005)). We suggest to include this measurement in the experimental

protocol. The measurement of VSS is given in units of mass pervolume, which could

facilitate the incorporation of the data in the model.

Some ideas on parameter estimation ofin vitro experiments

Modelling and identification ofin vitro bacterial growth experiments are of great value in

the definition of prior distributions of the parameters in the Bayesian framework. In our
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estimation studies on homoacetogenesis and butyrate production, identification of Monod

parameters was hampered by practical identifiability problems. We think that it would be

interesting to study the degrees of freedom of the procedurefor data collection in both

experiments, in order to assess the possibility of optimal experiment design. The tool-

box IDEAS may also be useful in this context, because it provides an approximate of the

Fisher information matrix on which most design optimality criteria are based.

The Monod equation has interesting properties that we did not exploit. In simple mod-

els, Monod kinetics can be arranged in LP form (see,e.g., Lineweaver and Burk (1934);

Ratkowsky (1986); Dochain and Vanrolleghem (2001); Doeswijk and Keesman (2009)).

For the estimation of the transformed LP model, it is then possible to apply the ordinary

least-squares estimator, which has a much lower computational complexity than nonlinear

estimation. It is known that nonlinear estimation is highlysensitive to the initial guess of

the parameters, so estimates given by the ordinary least-squares estimator could be used

as initial guesses of the nonlinear estimation algorithm.

Sensitivity analysis

Another interesting subject to be treated is the identification of the most influential pa-

rameters in the model. We already mentioned that this information could be used in the

estimation framework. In addition, it also provides insight into the phenomena that play

a major role in system behavior, and could lead to modifications on the model structure.

Methods for sensitivity analysis can be found,e.g., in Saltelli et al. (2000).

Model structure

Our mathematical model has already a complex structure. Anynew incorporation of ad-

ditional mechanisms in the current structure must be done with care. We identified some

limitations of the model in representing the physiology of the human colon. We think that

the main one relates to the simplification of the rheology in the system and the character-

ization of flow pattern. A further study in modelling such features may help to provide a

closer approach. Residence time theory used in chemical reactor engineering provides a

useful tool that may be applied to the human colon. For details in methods for residence

time distributions, see,e.g.,Nauman (2002).
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We did not include acid-base reactions in our model. These equations are useful to cal-

culate the pH, which is an important factor that may be related to physiological disorders.

We think that including such reactions should be consideredin future work (see Batstone

et al. (2002) for further details).

We gathered all the available complex polysaccharides intoa single variable. Somein

vitro studies have suggested that fermentation rates differ among the available substrates

(see,e.g., Stewart et al. (2008)). In order to evaluate the impact of specific functional ali-

ments, it may be useful to split the polysaccharide concentration in its components, such

as xylan, starch, fructo-oligosaccharides and inulin.

Our model does not account for protein degradation. To incorporate such a process, it

will be needed to include the proteolysis step and further conversion of amino acids. This

implies an additional functional bacterial group for aminoacids utilization. Information

on protein degradation pathway can be found,e.g., in (Macfarlane and Cummings (1991);

Bernalier-Donadille (2004)). Sulfate reduction was not included in the model. This re-

action has a deleterious effect on gut health via the formation of toxic sulfide. Its incor-

poration into the model structure may be useful to evaluate strategies aimed at reducing

colonic sulfide concentrations.

We oversimplified the dynamics of the mucus. The mucus is a biofilm. Literature reports

complex models to represent biofilms (see,e.g., Picioreanu et al. (2004); Xavier et al.

(2005b), Xavier et al. (2005a)). Such approaches, often called individual-based mod-

elling (IbM), are also hampered by lack of experimental data, which is our main obstacle

to model validation. As a theoretical framework, IbM approaches can provide interesting

qualitative results on the distribution of bacterial species along the intestine.

Advances in metagenomics should offer a better insight intothe diversity and functions

of the human colonic microbiota. How to incorporate information given by molecular

ecology techniques into kinetic modelling is an interesting topic of research. For biologi-

cal reactors some approaches have been recently proposed toinclude microbial diversity

and functional assigning (see,e.g., Harmand et al. (2008); Dumont et al. (2009); Ramirez
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et al. (2009b)). These approaches are still in open discussion and further work is needed

for their validation and acceptance, providing interesting opportunities for future research.

It will be interesting to model mathematically the dynamicsof in vivo metabolic cross-

feeding studies, where functional genomic data are available. The ongoing experimental

work with gnotobiotic rats could be exploited in such a context.

Finally, it has been suggested that studies on bioreactors can contribute to the under-

standing of the factors that shape the microbiota (Sonnenburg et al. (2004); Bäckhed et al.

(2005); Ley et al. (2008)). We also think that our work could have, in the long term, im-

plications on biological reactor design. Living systems are high performance reactors and

their study could be used in an attempt at reverse engineering. Given the strong link be-

tween the human colon and anaerobic reactors, a continuous and fruitful feedback both in

modelling and system behavior analysis could be expected. For example, the particularity

of colonic SCFA absorption may inspire the design of reactorconfigurations in order to

drive the thermodynamics of the metabolic conversions. As achemical engineer who has

borrowed concepts of process engineering and wastewater treatment for the construction

of a model in the human colonic microbiology, I would be most happy if the microbiology

of the large intestine could in turn provide useful conceptsto chemical engineering.

For sure, the rest is not silence.
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Appendix A

Numerical values of the model

parameters

Parameters of the model were defined according to our studieson estimation of kinetic

submodels (Chapter 5). Other parameters were selected fromliterature review. Parame-

ters whose values we did not find in the literature were definedbased on available biolo-

gical knowledge. Physiological constants and parameters values used in the simulations

presented in Chapter 7 are given below.

Physiological parameters

Physiological Value Sources Comments

parameters

Patm 1.013 bar

pH20 0.08274bar a

R 0.08314 bar/(M K) a

T 310.15 K b

qin 1.5 l/d c Input flow in the proximal lumen

Vg It is assumed that gas phase occupies

10% of the volume in each microhabi-

tat

Γ 5 g/d d,e Each of the three sections is assumed

to produceΓ/3
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a. Smith et al. (2005); b. Savage (1977); c. Cummings and Macfarlane (1991);

d. Macfarlane and Cummings (1991); e. Egert et al. (2006).

Kinetic parameters

Kinetic Value Sources Kinetic Value Sources

parameters parameters

khyd,z 1.20∗103 f Ypro,la 0.267

Kx,z 29.99 f Ybu,la 0.200

Ysu,z 0.005 f YCO2,la 0.533

km,su 7.92 g YH2O,la 0.493

Ks,su 0.0026 h km,H2a 108.837

Ysu 0.120 h Ks,H2a 0.0017

Yla,su 0.499 YH2a 0.043

YH2,su 1.440 Yac,H2a 0.143

Yac,su 0.567 YCO2,H2a -0.5

Ypro,su 0.240 YH2O,H2a 0.629

Ybu,su 0.270 km,H2m 22.581 h

YCO2,su 1.100 Ks,H2m 1.563*10−6 h

YH2O,su 1.440 YH2m 0.062

km,la 103 YCH4,H2m 0.095

Ks,la 6.626e-3 YCO2,H2m -0.450

Yla 0.120 YH2O,H2m 0.686

YH2,la 0.400 kd 0.01 h

Yac,la 0.133

f. Ramirez et al. (2009a); g. Rodríguez et al. (2006b); h. Batstone et al. (2002).

When the reference is not specified, parameters were derivedfrom our kinetic stud-

ies in Chapter 5. Yield factors were calculated following the procedure explained

in Section 6.1.1. Kinetics parameters are the same in all compartments.



195

Parameters associated to mass-transfer phenomena

Parameter Value

kLa 200 d−1

KH,H2 7.29*10−4 M/bar

KH,CO2 0.0255 M/bar

KH,CH4 0.0011 M/bar

All values were taken from Batstone et al. (2002).

Parameter Value

Proximal colon Transverse colon Distal colon

γ l
su 1.60 l/d 3.80 l/d 6.30 l/d

γ l
la 0.88 d−1 0.43 d−1 2.03 d−1

γ l
ac 1.32 d−1 0.64 d−1 3.05 d−1

γ l
pro 1.07 d−1 0.62 d−1 2.47 d−1

γ l
bu 0.90 d−1 0.57 d−1 2.49 d−1

γ l
H2O 1.60 d−1 0.77 d−1 3.66 d−1

γm
la 12.60 d−1 12.60 d−1 12.60 d−1

γm
ac 18.90 d−1 18.90 d−1 18.90 d−1

γm
pro 15.32 d−1 15.32 d−1 15.32 d−1

γm
bu 12.88 d−1 12.88 d−1 12.88 d−1

γm
H2O 0.01 d−1 0.01 d−1 0.01 d−1

Definition of these parameters was based on information reported in the literature

on percentage of water absorption and SCFA concentrations along the human colon.

Parameters associated to microbial phenomena

We did not consider microbial adherence, thusai was set to zero. The shear coeffi-

cient for all microrganisms was defined asbi = 0.08 d−1. The additional residence

timeτi was set to 1.0 d−1, in order to achieve high microbial density, as reported in

the literature.
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